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Abstract: High-resolution structure determination of homo-oligomeric protein complexes remains a
daunting task for NMR spectroscopists. Although isotope-filtered experiments allow separation of

intermolecular NOEs from intramolecular NOEs and determination of the structure of each subunit

within the oligomeric state, degenerate chemical shifts of equivalent nuclei from different subunits
make it difficult to assign intermolecular NOEs to nuclei from specific pairs of subunits with

certainty, hindering structural analysis of the oligomeric state. Here, we introduce a graphical

method, DISCO, for the analysis of intermolecular distance restraints and structure determination of
symmetric homo-oligomers using residual dipolar couplings. Based on knowledge that the symmetry

axis of an oligomeric complex must be parallel to an eigenvector of the alignment tensor of residual

dipolar couplings, we can represent distance restraints as annuli in a plane encoding the parameters
of the symmetry axis. Oligomeric protein structures with the best restraint satisfaction correspond to

regions of this plane with the greatest number of overlapping annuli. This graphical analysis yields a

technique to characterize the complete set of oligomeric structures satisfying the distance restraints
and to quantitatively evaluate the contribution of each distance restraint. We demonstrate our

method for the trimeric E. coli diacylglycerol kinase, addressing the challenges in obtaining subunit

assignments for distance restraints. We also demonstrate our method on a dimeric mutant of the
immunoglobulin-binding domain B1 of streptococcal protein G to show the resilience of our method

to ambiguous atom assignments. In both studies, DISCO computed oligomer structures with high

accuracy despite using ambiguously assigned distance restraints.

Keywords: nuclear Overhauser effect; residual dipolar coupling; paramagnetic relaxation

enhancement; nuclear magnetic resonance spectroscopy; alignment tensor; protein complex
structure determination; symmetric homo-oligomer; configuration space; computational geometry;

arrangement

Introduction

A vast number of macromolecules, including many

membrane proteins in higher eukaryotic cells, form

symmetrical oligomeric complexes containing multi-

ple subunits.1 The determination of high-resolution

solution structures of oligomeric protein complexes,

unfortunately, remains a difficult task.2 In NMR

studies, the fundamental challenge for such systems
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is that the equivalent atoms from different subunits

share identical chemical shifts. Therefore, even if it

is possible to narrow down the observed NOEs to

particular pairs of nuclei, it is still difficult to deter-

mine within which subunits these nuclei are located.

This dilemma can be partially resolved by isotope-fil-

tered experiments and elegant isotope labeling

schemes, which have made it possible to isolate

intermolecular NOEs. By excluding intermolecular

NOEs from the complete set of NOE distance

restraints, it is possible to determine the high-reso-

lution structure of each subunit based on entirely

intramolecular restraints.3–5 However, current tech-

niques are not able to differentiate which pairs of

subunits contribute to the observed intermolecular

dipolar interactions, giving rise to subunit ambigu-

ity6 (see Fig. 1). Subunit ambiguity hinders analysis

of not only NOEs but also distance restraints

derived from disulfide bonds. While identical chemi-

cal shifts for symmetric protons hinder subunit

assignment, merely similar chemical shifts also com-

plicate resonance assignment. Atom ambiguity6

characterizes an NOE that could be assigned to mul-

tiple pairs of nuclei when overlapping ranges of

chemical shifts are unable to be resolved. Therefore,

NOE assignment and structure determination of tri-

meric complexes or complexes with higher order

symmetry remains an unresolved challenge for NMR

spectroscopists.

Even with precise unambiguous distance re-

straint assignments, structure determination remains

a difficult task. Structure determination protocols

that rely on distance geometry calculations are com-

putationally expensive to perform on large proteins,

and protocols that rely on simulated annealing

require careful selection of annealing parameters,

may not converge, or can potentially miss structures

consistent with experimental restraints. However, by

considering distance restraint assignment and oligo-

meric structure determination simultaneously, we

arrive at an elegant solution. Our approach addresses

both assignment and structure determination by

incorporating information from residual dipolar cou-

plings (RDCs) into the analysis.

In traditional NMR structure determination pro-

tocols for symmetric homo-oligomers, RDCs are typi-

cally saved until the structure refinement phase, af-

ter calculation of an initial fold using a combination

of distance restraints and restraints on dihedral

angles. Work by Nilges7 focused on calculating

oligomer models where additional potentials guided

the protein structure to satisfy the symmetry con-

straints. The method relied primarily on simulated

annealing and molecular dynamics and has been

successfully used in structure determination of

homo-oligomers including a trimer8 and a hexamer.9

A non-crystallographic symmetry potential ensured

subunits shared the same local conformation modulo

relative placement and global orientation, while an

additional potential arranged the subunits symmet-

rically by minimizing differences in distances for a

chosen subset of the distance restraints. When it is

difficult to assign distance restraints unambiguously,

ARIA10 can be used to perform simultaneous

Figure 1. Subunit ambiguity: An ambiguous intermolecular NOE between an Hc proton of a threonine residue and an Hf3

proton of a tryptophan residue for a hypothetical symmetric trimer has two possible assignments. If we choose the Hc proton

to lie in the blue subunit, then the Hf3 proton could lie in either the green or red subunits. Therefore, the distance restraint

either relates the blue-green pair of protons or the blue-red pair of protons. The choice of assignment can potentially lead to

vastly different overall folds for the trimer. A: A ring-shaped scaffold satisfies the blue-green assignment but not the blue-red

assignment. B: A star-shaped scaffold satisfies the blue-red assignment but not the blue-green assignment. Satisfied

restraints are shown with solid grey lines. Unsatisfied restraints are shown with dashed grey lines. [Color figure can be viewed

in the online issue, which is available at wileyonlinelibrary.com.].
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structure calculation and distance restraint assign-

ment using ambiguous distance restraints and has

been improved by Bardiaux et al.11 who imple-

mented network anchoring12 and spin-diffusion cor-

rection13 into the framework.

We propose a new protocol for structure calcula-

tion of homo-oligomers with cyclic symmetry that

incorporates RDCs into the beginning of the oligo-

meric assembly method, so that we may take

advantage of the global nature of the restraint

provided by the RDCs. Our RDC-first approach cre-

ates a framework in which we analyze local intermo-

lecular distance restraints without requiring a com-

plete oligomer structure. Instead, the oligomer

structure can be represented in terms of its axis of

symmetry and the structure of its subunit (see Fig.

2). Therefore, we perform structure determination in

the configuration space of symmetry axes: two trans-

lational degrees of freedom (a plane, R2) and two

rotational degrees of freedom (a unit sphere, S2).

Our method, DISCO, uses the observation that

the symmetry axis of the oligomeric structure must

be parallel to one of the eigenvectors of the align-

ment tensor,14 and, therefore, uses RDCs to compute

the orientation (in S2) of the symmetry axis. Uncer-

tainty in the orientation of the symmetry axis (due

to experimental error) is considered by perturbing

the experimental RDC values via sampling from a

normal distribution, a basic technique that has been

previously used to model the experimental error of

RDCs for backbone structure determination of mono-

mers.15–17 DISCO computes a set of sampled RDC val-

ues by drawing a single sample from a normal distri-

bution for each recorded RDC value. Using the set of

sampled RDC values and the subunit structure,

DISCO computes an alignment tensor that describes a

possible orientation for the symmetry axis. By com-

puting a large number of alignment tensors from

perturbed RDCs, it is possible to estimate the set of

possible symmetry axis orientations, which DISCO

conservatively bounds, and then approximates using

a systematic grid search (see section Computing the

uncertainty in the symmetry axis orientation).

For each orientation on the grid (a grid orienta-

tion), DISCO uses experimental intermolecular dis-

tance restraints such as NOEs and disulfide bonds

to compute the position of the symmetry axis—even

when precise subunit assignments and atom assign-

ments are not known. Using the computed orienta-

tion of the symmetry axis, each possible assignment

for a distance restraint restricts the positions of the

symmetry axis to an annulus in the plane (R2). Each

annulus is the set of points lying between two con-

centric circles whose two radii are mathematically

derived from the upper and lower bounds of the

corresponding distance restraint (see section Com-

puting distance restraint unions of annuli and Fig.

12). Both the inner and the outer radii of each annu-

lus are also dependent on uncertainty in the subunit

structure (see section Calculating subunit structural

uncertainty). Multiple possible assignments for a dis-

tance restraint are encoded as a union of the annuli

resulting from each possible assignment. DISCO ana-

lyzes the unions of annuli using a geometric algo-

rithm to compute the maximally satisfying regions

(MSRs) of the plane (see section Computing MSRs),

each of which defines a continuous set of symmetry

axis positions representing the complete set of

oligomer structures that satisfy the greatest number

of intermolecular distance restraints.

Specifically, let us refer to any oligomer struc-

ture whose symmetry axis orientation has been com-

puted from RDCs as an oriented oligomer structure.

Therefore, the space of oriented oligomer structures

corresponds to the space of symmetry axis positions.

In the case that all distance restraints are simulta-

neously satisfiable, DISCO can guarantee the MSRs

describe all satisfying oriented oligomer structures

without missing any of them. If all distance,

restraints cannot be satisfied, DISCO can guarantee

that any oriented oligomer structure whose symme-

try axis position has been chosen from the MSRs

Figure 2. Generating a trimer structure using symmetry: A: Compute the position and orientation of the symmetry axis

(vertical arrow) relative to the subunit structure (blue a-helix). B: Copy the subunit structure and rotate by 120� about the

symmetry axis to place the second subunit (red a-helix). C: Copy the subunit structure again and rotate by 240� to place the

final subunit (green a-helix). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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will satisfy strictly more intermolecular distance

restraints than oriented oligomer structures whose

symmetry axis positions have been chosen from out-

side the MSRs.

Previous work6,18,19 also formulated structure

determination of homo-oligomers in a symmetry con-

figuration space. Potluri et al.6,19 computed the ori-

entation and position of the symmetry axis without

RDCs using hierarchical subdivision of the configu-

ration space (R2 � S2). The configuration space was

partitioned into regions which were pruned if geo-

metric bounds proved they did not contain any sym-

metry axes whose oligomer structures satisfied the

intermolecular NOEs. Otherwise, the regions were

subdivided and the search recursed on their chil-

dren. Wang et al.20 computed symmetry parameters

for oligomer models using ambiguously assigned dis-

tance restraints by partitioning Cartesian space

instead of axis configuration space. After choosing

three of the distance restraints as a geometric base,

AMBIPACK
20 computed symmetry axis parameters by

computing the rigid transformation across the inter-

face between two identical subunits. The three cho-

sen distance restraints were used to define a coarse

relative orientation between the subunits at the

interface, which was iteratively refined against the

remaining distance restraints. However, as random

sampling and numerical optimization were used to

calculate geometric bounds, AMBIPACK is unable to

guarantee that all satisfying structures will be dis-

covered. Wang et al.18 computed the orientation of

the symmetry axis using only RDCs. The axis posi-

tion was computed by generating putative dimer

models on a grid over R2 and scoring the intermolec-

ular interface using a residue-pairing molecular

mechanics function. Since dimer models were

ranked only according to molecular mechanics

scores, van der Waals energy, and agreement with

the RDCs, the method does not incorporate the

structural information provided by intermolecular

distance restraints into the calculation.

DISCO computes symmetry parameters explicitly

by analyzing RDCs and distance restraints such as

NOEs and disulfide bonds. DISCO computes dimer

models and also generalizes to trimers and higher-

order oligomers by considering subunit ambiguity.

Possible subunit and atom assignments for an inter-

molecular distance restraint are encoded as a union

of annuli in R2, allowing our method to analyze all

assignments simultaneously and avoid the need for

explicit (and expensive) enumeration of possible

assignment combinations. Furthermore, all distance

restraints are given the same geometric treatment,

avoiding the need to subjectively select a small num-

ber of distance restraints at the outset to bootstrap

the structure determination. Representing distance

restraints as planar annuli also allows us to analyze

each restraint independently. We characterize a dis-

tance restraint as inconsistent if its corresponding

union of annuli does not contain any of the MSRs.

No oriented oligomer structure whose symmetry axis

position is chosen from a MSR can satisfy an incon-

sistent restraint. Moreover, DISCO can compute the

MSRs exactly without relying on random sampling

or numerical optimization and, therefore, is able to

guarantee that no satisfying oriented oligomer struc-

tures will be missed.

To demonstrate the ability of DISCO to perform

structure determination without subunit assign-

ments, we show results for E. coli diacylglycerol ki-

nase (DAGK)21 using disulfide bonds as distance

restraints in section Structure determination of

DAGK under subunit ambiguity. Like intermolecular

NOEs, subunit assignments for disulfide bonds are

not known. In addition to considering subunit ambi-

guity, DISCO also considers atom ambiguity. To dem-

onstrate the resilience of DISCO under ambiguous

atom assignments for NOEs, we show results for a

dimeric mutant of the immunoglobulin-binding

domain B1 of Streptococcal protein G (the GB1

domain-swapped dimer)22 in section Structure deter-

mination of the GB1 domain-swapped dimer under

atom ambiguity. The GB1 mutant differs from the

wild type by the L5V/F30V/Y33F/A34F mutations

resulting in a domain-swapped dimer. The methodol-

ogy for our computational tests, is described in the

Materials and Methods section.

Results and Discussion

Structure determination of DAGK

under subunit ambiguity

To compute the oligomeric structure for the trimeric

DAGK, we used the following experimental data: 67

NH RDCs and 24 disulfide bonds per subunit.21 We

chose model 1 from PDB23 ID: 2KDC21 to serve as

the reference structure. The subunit structure used

by DISCO was the first subunit in the reference struc-

ture, which was determined using traditional proto-

cols. This mirrors the situation where the subunit

structure can be determined with confidence,3–5 but

the main bottleneck is subunit assignment and the

assembly of subunit structures to form the oligomer

structure.

To compute an initial coarse orientation for the

symmetry axis, DISCO first computes an alignment

tensor from the RDCs and the subunit structure (see

section Computing the central symmetry axis orien-

tation for more details). The rhombicity of the com-

puted alignment tensor is 0.02, which is near zero,

the value one expects for a symmetric trimer. The

alignment tensor fits well to the RDCs and the subu-

nit structure, which is shown by computing the

RMS deviation of the recorded RDC values to those

back-computed from the subunit structure (the RDC

RMSD, 0.28 Hz for the NH RDCs). Using 10,000
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sets of sampled RDCs (see section Computing the

uncertainty in the symmetry axis orientation), DISCO

computed 10,000 alignment tensors whose Dzz eigen-

vectors (the z-axes, using the notation of Clore

et al.24 and Wedemeyer et al.25) show possible sym-

metry axis orientations (shown in Fig. 3). The RDC

values were sampled from normal distributions with

standard deviations equal to 1 Hz, resulting in

sampled RDC values differing from the recorded

RDC values by as much as 4.7 Hz, which are signifi-

cant deviations for NH RDCs. Figure 4 shows the

symmetry axis orientation for the reference struc-

ture, which is within the range of the z-axes result-

ing from the RDC sampling, and also shows the grid

of orientations used by DISCO to approximate the z-

axes.

DISCO computed MSRs for each of the 17-grid ori-

entations (from Fig. 4), drawn from a uniform grid

with a resolution of 1�. Figure 5 shows the MSR

computed from the disulfide bonds for the most cen-

tral grid orientation (at coordinates (0,0) in Fig. 4).

The MSRs contain the position of the symmetry axis

for the reference structure, indicating that the dis-

tance restraint analysis is able to successfully

recover the symmetry parameters of the reference

structure. Since DISCO computes the exact set of ori-

ented oligomer structures consistent with the dis-

tance restraints, the absence of any additional MSRs

farther away rules out the possibility of a satisfying

oligomer structure that is dissimilar to those already

discovered by the algorithm.

To perform detailed structural analysis, we gen-

erate a set of discrete structures to represent the

MSRs by sampling symmetry axis positions from the

MSR interiors. One of the advantages of DISCO is

that by computing the exact MSRs, it is unnecessary

to sample the entire symmetry axis position configu-

ration space. Instead, we can sample only within the

MSRs at a much finer resolution than would be pos-

sible using a grid search over the full configuration

space. This is especially important when separate

MSRs are computed for each symmetry axis

Figure 3. Sampling 10,000 sets of perturbed values using the experimental NH RDCs for DAGK resulted in the symmetry axis

orientations (blue) shown on a sinusoidal or Sanson-Flamsteed projection.26 [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

Figure 4. A comparison of the reference symmetry axis

orientation (red cross) against the 10,000 z-axes resulting

from RDC sampling (grey squares) for DAGK. The

orientations illustrated by the blue triangles (the grid

orientations) were each used, in turn, to generate constraint

annuli. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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orientation represented by the grid points. Symme-

try axis positions were sampled from the MSRs from

the 17 grid orientations on a 0.75 Å resolution uni-

form grid resulting in 68 oligomer structures for

DAGK. All oligomer structures computed by DISCO

were within 1.5 Å backbone atom RMSD to the ref-

erence structure, with the closest at 0.3 Å.

We scored computed structures according to two

criteria6: RMS distance restraint violation and van

der Waals energy (measured in kcal/mol) after

energy minimization in XPLOR-NIH
27 where the back-

bone remains fixed, but side chains are allowed to

repack. The RMS distance restraint violation mea-

sure scores structural agreement with the intermo-

lecular distance restraints, and the van der Waals

energy scores the structures for intermolecular pack-

ing. Since DISCO can discriminate between consistent

and inconsistent distance restraints, it is easily pos-

sible to minimize the computed oligomer structures

subject to only the consistent distance restraints,

ensuring that inconsistent restraints cannot influ-

ence the final minimized structures. However, all of

the disulfide bonds were mutually consistent and

hence, the minimization was conducted with all

available distance restraints. Figure 6 plots the

scores of all computed structures for DAGK as well

as the score for the reference structure. The com-

puted structures have distance restraint satisfaction

scores distributed around the score of the reference

structure, with computed structures scoring as much

as 0.12 Å better. Since we expect an oligomer struc-

ture to have better packing than the subunit alone,

six structures with energies higher than the van der

Waals energy of the subunit in isolation (�367 kcal/

mol) were removed from the final computed ensem-

ble. Figure 7 shows all 68 oligomer structures com-

puted by DISCO aligned to the reference structure.

Since DISCO can compute the complete set of ori-

ented oligomer structures consistent with the dis-

tance restraints, the average RMS deviation from

the mean for each backbone atom of the computed

structural ensemble represents uncertainty about

the position of the symmetry axis inherent in the

distance restraints. Structure determination meth-

ods that can fail to report satisfying oligomeric con-

formations (possibly due to under-sampling) can

only report the RMS deviation from the mean for

each atom of the computed ensemble of structures,

which is unable to completely characterize uncer-

tainty about the symmetry axis position. DISCO com-

puted an average RMS deviation from the mean of

1.12 Å for all atoms and 1.08 Å for backbone atoms

for the 68 minimized oligomer structures for DAGK.

Structure determination of the GB1
domain-swapped dimer under atom ambiguity

To compute the dimeric structure of the GB1 do-

main-swapped dimer, we used 56 NH RDCs and 296

experimental intermolecular NOEs (initially

assigned unambiguously) per subunit.22 We chose

Figure 5. Distance restraint unions of annuli and MSR computed from the 24 disulfide bonds for DAGK using the central grid

orientation from Figure 4. This MSR is one of 17 computed for DAGK. [Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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model 1 from PDB ID: 1Q1022 to serve as the refer-

ence structure. The subunit structure used by DISCO

was the first subunit in the reference structure,

which was determined using traditional protocols.

Again, DISCO focuses on the oligomeric assembly bot-

tleneck, because the subunit structures can in many

cases be determined with confidence.3–5 While the

symmetry axis for a dimer must be parallel to one of

the eigenvectors of the alignment tensor, which

eigenvector satisfies this condition cannot be

uniquely determined from RDCs alone. A search

over the three possible choices revealed the Dxx

eigenvector as the best candidate (see section Com-

puting the central symmetry axis orientation for

more details about this search). The alignment

tensor computed from the recorded RDCs and the

subunit structure fits well, with a RDC RMSD of

0.57 Hz.

Using 10,000 sets of sampled RDCs (see section

Computing the uncertainty in the symmetry axis ori-

entation), DISCO computed 10,000 alignment tensors

whose x-axes show possible symmetry axis orienta-

tions. The RDC values were sampled from normal

distributions with standard deviations equal to 1

Figure 6. Distance restraint satisfaction scores (lower is better) and van der Waals energies for computed (blue diamonds)

and reference (red triangle) oligomer structures for DAGK after minimization. The energy cutoff at �367 kcal/mol is shown

with a black dashed line. One computed structure with a very high van der Waals energy has been omitted from the figure.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 7. The 68 oligomer structures computed by DISCO (thin blue strands, including the six removed by the energy cutoff)

are all within 1.5-Å backbone atom RMSD to the reference (thicker red backbone) for DAGK. [Color figure can be viewed in

the online issue, which is available at wileyonlinelibrary.com.]
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Hz, resulting in sampled RDC values differing from

the recorded RDC values by as much as 4.6 Hz. Sim-

ilar to DAGK, the symmetry axis orientation for the

reference structure for the GB1 domain-swapped

dimer was also within the range of x-axes resulting

from the RDC sampling. DISCO computed MSRs for

Figure 8. Distance restraint unions of annuli and MSR computed from the 296 NOEs for the GB1 domain-swapped dimer

using the central grid orientation. This MSR is one of 19 computed for the GB1 domain-swapped dimer. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 9. Distance restraint satisfaction scores (lower is better) and van der Waals energies for computed (blue diamonds)

and reference (red triangle) oligomer structures for the GB1 domain-swapped dimer. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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each of the 19 grid orientations, which were drawn

from a 0.75 Å resolution uniform grid. Figure 8

shows the single MSR computed from the NOEs for

the most central grid orientation.

DISCO sampled the 19 MSRs from the grid orien-

tations at a resolution of 0.25 Å, which produced 48

oligomer structures, all of which were within 0.72 Å

backbone RMSD to the reference with the closest at

0.07 Å. Figure 9 shows the scores for the energy-

minimized oligomer structures compared with a

minimized version of the reference structure. The

backbone was fixed during minimization, but side-

chains were allowed to repack, and all available

NOEs were used to restrain the oligomer structures,

because DISCO did not discover any inconsistent

NOEs. The structures computed for the GB1 do-

main-swapped dimer have distance restraint satis-

faction scores distributed around the score for the

reference structure, with some computed structures

scoring negligibly (almost 0.03 Å) better. A single

computed structure scored with a lower van der

Waals energy than the reference structure (by a nar-

row margin of 1.5 kcal/mol), and most of the remain-

ing computed structures scored within 200 kcal/mol

of the reference. The energy cutoff (�215 kcal/mol)

was determined as in section Structure determina-

tion of DAGK under subunit ambiguity. Two struc-

tures whose van der Waals energies were over the

energy cutoff were removed from the final computed

ensemble. Figure 10 shows all 48 of the oligomer

structures computed by DISCO aligned to the refer-

ence structure. The DISCO ensemble has an average

RMS deviation from the mean of 0.54 Å for all atoms

and 0.50 Å for backbone atoms for the 48 computed

oligomer structures for the GB1 domain-swapped

dimer.

DISCO analyzes distance restraints with atom

ambiguity as well as subunit ambiguity. All NOEs

for the GB1 domain-swapped dimer were deposited

as unambiguously assigned restraints,22 so we simu-

lated atom ambiguity by expanding the assignments

to include protons with similar chemical shifts. We

obtained 294 1H, 175 13C, and 61 15N chemical shifts

from the BMRB28 using the accession number 5875.

We chose a window size of 0.05 ppm for hydrogen

Figure 10. The 48 oligomer structures computed by DISCO

(thin blue strands, including the two removed by the energy

cutoff) are all within 0.72 Å backbone atom RMSD to the

reference (thicker red backbone) for the GB1 domain-

swapped dimer. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure 11. MSRs computed from the NOE assignments for the GB1 domain-swapped dimer with simulated atom ambiguity.

Structures sampled finely from the MSR (on a 0.05 Å resolution grid) are all within 0.81 Å backbone RMSD to the reference.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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shifts (dH), and a window size of 0.5 ppm for the

nitrogen and carbon shifts (dH, see section NOE

atom ambiguity simulation for more details). This

simulation increased the average number of assign-

ments per NOE from 1 to 6.7.

To evaluate the effect of these additional NOE

assignments on the range of oligomer structures

computed by DISCO, we computed MSRs for only the

central symmetry axis orientation, which was com-

puted from the original recorded RDC values with-

out perturbation. After comparison with the MSR

computed from the same symmetry axis orientation,

but using the original unambiguously assigned NOEs

(see Fig. 11), we discovered that the MSR computed

from the expanded NOE assignments completely con-

tains the MSR computed from the original NOE

assignments, as well as the symmetry axis position of

the reference structure. Structures sampled finely

from the single MSR computed from the expanded

NOE assignments on a 0.05 Å resolution grid are all

within 0.81 Å backbone RMSD to the reference. Since

the MSR computed from the expanded NOE assign-

ments is larger than the MSR computed from the

original assignments but still contains the reference

axis position, these results indicate that despite a

high degree of ambiguity in the distance restraints,

DISCO still computes the correct symmetry axis posi-

tions—just at a slightly lower precision.

Of the 1909 expanded possible assignments for

all the NOEs, DISCO discovered that 13.6% of them

could not be satisfied by any oriented oligomer struc-

ture, indicating a conflict between the expanded pos-

sible assignments and the RDC-determined symme-

try axis orientation. The annuli for this 13.6% of the

expanded assignments enclosed no points (i.e., are

the empty set) and therefore, no satisfying symme-

try axis positions exist. The section Computing dis-

tance restraint unions of annuli describes in more

detail the distance restraint geometry that results in

no satisfying symmetry axis positions for an assign-

ment. These expanded assignments with no satisfy-

ing symmetry axes were clearly incorrect and were

eliminated immediately using DISCO’s RDC-first

analysis.

Materials and Methods
To perform the structure determination of DAGK

and the GB1 domain-swapped dimer, we conducted

a number of computational tests. The NMR data

were downloaded from the PDB23 and the BMRB28;

deposition IDs are given in the Results and Discus-

sion section; the data collection is described previ-

ously.21,22 All computations were performed on a sin-

gle core of an Intel Core i7 processor at 1.6 GHz

that completed in time on the order of hours. The

number and type of distance restraints are described

in the Results and Discussion section. To compute

oligomer models, DISCO executes a seven-step proto-

col, which is outlined in the following sections.

Computing the central symmetry

axis orientation
DISCO considers uncertainty in the orientation of the

symmetry axis by first computing a central orienta-

tion and later perturbing it indirectly. The central

orientation is computed from an alignment tensor fit

to the recorded RDC values and the subunit struc-

ture using singular value decomposition.29 To evalu-

ate the fit of this alignment tensor, DISCO back-com-

putes RDCs for the subunit structure and computes

the RMSD from the experimental RDCs. For homo-

oligomers with cyclic symmetry, if the alignment

tensor has zero rhombicity, one of its eigenvectors

must be parallel to the symmetry axis.14 Further

details of computing the central orientation from an

alignment tensor depends on the oligomeric state of

the protein.

Trimers and higher order oligomers. For

trimers and higher-order oligomers, we expect an

alignment tensor with zero rhombicity. In this case,

the central symmetry axis is parallel to the eigen-

vector of the alignment tensor whose eigenvalue has

the largest magnitude (the principal axis, or z-axis).

Alignment tensors with nonzero rhombicity for

trimers and higher order oligomers do not reflect the

symmetry of the oligomer, and we are unable to

apply DISCO to the RDCs in that case.

Dimers. For dimers, any value of rhombicity is ac-

ceptable, although nonzero rhombicity is actually

preferred, because it guarantees the alignment ten-

sor will have at most three eigenvectors. Which

eigenvector corresponds to the symmetry axis cannot

be uniquely determined from a single set of RDCs

alone, so all possibilities must be examined. If an

alignment tensor has three distinct eigenvalues, as

the tensor for the GB1 domain-swapped dimer does,

then one needs to merely consider the three corre-

sponding eigenvectors. DISCO evaluates each choice of

eigenvector for distance restraint satisfaction by

computing MSRs (see section Computing MSRs).

The eigenvector whose MSRs satisfy the greatest

number of distance restraints is selected as the cen-

tral symmetry axis orientation.

Computing the uncertainty in the
symmetry axis orientation

Once the central symmetry axis orientation has

been computed, it is perturbed using the following

method that uses the experimental error of the

RDCs. For each recorded NH RDC value, define a

normal distribution with mean equal to the RDC

value and standard deviation equal to 1 Hz. Experi-

mental error for RDCs corresponding to different
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internuclear vectors can be modeled by varying the

choice of standard deviation. Next, compute one set

of sampled RDCs by sampling one value from each

distribution. Then, fit an alignment tensor using the

sampled set of RDCs and the subunit structure to

compute one possible symmetry axis orientation.

Repeat a large number of times (10,000 sufficed for

our computational tests) to compute a large number

of possible orientations. Next, bound the set of possi-

ble orientations within an elliptical cone. Finally,

sample orientations uniformly from the elliptical

cone at a desired resolution to compute the set of

grid orientations. DISCO uses the grid orientations to

represent uncertainty in the orientation of the sym-

metry axis and evaluates each grid orientation for

agreement with the distance restraints in sections

Computing distance restraint unions of annuli and

Computing MSRs.

Calculating subunit structural uncertainty

To account for uncertainty in the subunit structure,

DISCO adds a padding value ai to the upper and lower

bounds of each distance restraint similarly to how

NOEs are adjusted for pseudoatoms. The upper

bound for a distance restraint Di is increased by ai
and the lower bound is decreased by ai. In the case

where the subunit structure was determined by

NMR, the ensemble of structures for the subunit

directly represents the uncertainty of each atom

position. Alternatively (and for X-ray structures),

simulations of molecular dynamics can be used to

probe for structural variability in the subunit. DISCO

computes a padding value for each atom involved in

each possible assignment for the distance restraint.

For a unique atom a in the subunit, let E(a) be the

set of all instances of that atom in the ensemble.

Additionally, let M(E(a)) be a function that returns

the maximum distance of any atom in E(a) to the

centroid of E(a). Given a distance restraint Di ¼
{(pk,qk)} relating two atoms pk and qk for each

assignment k, DISCO computes ai ¼ maxk M(E(pk)) þ
maxk M(E(qk)). Hence, the upper bound of the dis-

tance restraint increases with the uncertainty in the

positions of the two related atoms, and the lower

bound decreases toward zero. The computation of

padding is automated and requires no user-defined

parameters or human choices.

Computing distance restraint unions of annuli
For each possible assignment of each intermolecular

distance restraint, DISCO computes one annulus,

which describes a continuous set of points in the

configuration space of symmetry axis positions (a

plane, R2). Each point in this annulus describes an

oriented oligomer structure that satisfies the

assignment.

To compute an annulus for a distance restraint

assignment, we first define a coordinate system in

which the z-axis (ẑ) is parallel to a chosen grid ori-

entation. Using the structure of a single subunit A,

we define the origin of this coordinate system to be

the centroid of all the atoms in the subunit. DISCO

computes the position of the symmetry axis in this

coordinate system using the distance restraints,

which have been padded according to section Calcu-

lating subunit structural uncertanity.

Figure 12. Symmetric distance restraint geometry for a hypothetical trimer: An intermolecular distance restraint (red dashed

line) between atom p (in subunit A, whose position is known) and atom q (in subunit B, whose position is unknown) is

satisfied when q lies between two 3D spheres with radii dl and du centered at p. The orientation of the symmetry axis (black

arrow), q, and qA (the symmetric partner of q in subunit A) define a plane P, which allows us to reduce the problem to two

dimensions: The distance restraint is satisfied when q lies between two circles with radii rl and ru centered at p0, which is the

projection of p onto P along the direction of the symmetry axis. The position of the symmetry axis t relates q to qA by a fixed

angle a. Positions of t that satisfy the distance restraint compose T, the green annulus in P. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]
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Consider a single assignment for an intermolec-

ular distance restraint with minimum and maxi-

mum distances dl, du between atoms p;q 2 R3 (see

Fig. 12). Since the restraint must be intermolecular,

let p lie in subunit A and q lie in subunit B. If we

assume the position and orientation of only subunit

A are known, then p is known, but q is unknown.

Let qA be the position of the symmetric partner of q

in subunit A. Because of the symmetry, q is related

to qA by a rotation about the symmetry axis (whose

orientation is parallel to ẑ, but whose position t is

unknown):

q ¼ RðqA � tÞ þ t (1)

where R denotes a rotation about ẑ by an angle

a ¼ 2p
n , and n is the oligomeric number of the protein.

Therefore, to compute positions of the symmetry

axis whose oligomer structures satisfy the distance

restraint assignment, DISCO computes values of t

such that the distance restraint is satisfied: dl �
|R(qA � t) þ t � p| � du.

Since we chose a coordinate system in which the

symmetry axis is parallel to ẑ, we can simplify this

problem to two dimensions instead of three. Con-

struct a plane P perpendicular to ẑ such that it con-

tains q and qA. Let A3(p, dl, du) be a three-dimen-

sional annulus centered at p whose radii dl, and du

are equal to the lower and upper distance bounds of

the distance restraint. The intersection of P with

A3(p, dl, du) yields a two-dimensional annulus A2(p
0,

rl, ru) where p0 is the projection of p along ẑ onto P

and the radii are: rl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2
l � jp� p0j2

q
and

ru ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2
u � jp� p0j2

q
. Therefore, the distance restraint

is satisfied when

q 2 A2ðp0; rl; ruÞ: (2)

By substituting Eq. (1) into Eq. (2), we relate the

symmetry axis position t to satisfying positions of q:

RðqA � tÞ þ t 2 A2ðp0; rl; ruÞ: (3)

To solve for t, we return to Eq. (1) which can be

rewritten: (R � I)t ¼ RqA � q. Next, we substitute

Eq. (2) for q and lift the operators to set operators to

consider set membership in place of strict equality:

(R � I)t [ RqA § A2(p
0, rl, ru) where § represents

the Minkowski difference.30 We evaluate the Min-

kowski difference by simply translating the annulus:

ðR� IÞt 2 A2ðRqA � p0; rl; ruÞ: (4)

Consider all solutions to Eq. (4) for t as a set T,

which represents the set of symmetry axis positions

whose oligomer structures satisfy the distance

restraint assignment:

T ¼ ft 2 R2 j ðR� IÞt 2 A2ðRqA � p0; rl; ruÞg: (5)

To analyze T, we first note that the matrix (R �
I) is the composition of a 2D rotation W and a scal-

ing h. To describe h and W, the 2D rotation matrix R

can be expressed as a matrix with two orthogonal

column vectors of unit length:

R ¼ u v½ �: (6)

Similarly, (R � I) can be expressed as

ðR� IÞ ¼ u� x̂ v� ŷ½ � (7)

where x̂ and ŷ are the 2D unit axes. Since ŷ ¼ Rp
2
x̂

and v ¼ Rp
2
u where Rp

2
is a rotation in the plane of p

2

radians, then the following must also be true:

v� ŷ ¼ Rp
2
ðu� x̂Þ, thus, showing that v� ŷ and

u� x̂ are orthogonal and right-handed. u� x̂ and

v� ŷ are not of unit length but share a common

scaling h that normalizes them:

1

h
ju� x̂j ¼ 1 (8)

1

h
jv� ŷj ¼ 1 (9)

h ¼ ju� x̂j ¼ jv� ŷj: (10)

Together, u� x̂ and v� ŷ form the basis for the

rotation W

W ¼ 1

h
u� x̂ v� ŷ½ �: (11)

Using h, W, and Eq. (5), we can rewrite Eq. (4):

hWT ¼ A2ðRqA � p0; rl; ruÞ: (12)

Since T represents a set and hW is invertible,

we have replaced the set inclusion of Eq. (4) with

strict equality. Solving for T, we see it must also be

an annulus in two dimensions:

T ¼ A2
1

h
W�1ðRqA � p0Þ; rl

h
;
ru
h

� �
: (13)

Therefore, DISCO computes the annulus T for a

single distance restraint assignment exactly and in

closed form using Eq. (13). If D ¼ fDig is the set of

distance restraints where Di ¼ (pi, qi), DISCO evalu-

ates Eq. (13) for each i to compute a set of annuli

T ¼ fT1; . . . ;TjDjg that lies on P. In the cases where

Ti ¼ 1 (when A3(pi, dl, du) and P do not intersect),

the restraint cannot be satisfied by any oriented

oligomer structure. Effectively, Ti ¼ 1 indicates the

corresponding restraint is inconsistent with respect

to the grid orientation and the symmetry.

To account for possible subunit assignments for

a distance restraint (e.g., subunit ambiguity), DISCO

computes an annulus for each possible subunit

assignment of q by varying the angle of rotation

described by R in Eq. (13) to choose different
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subunits. Since the restraint could be interpreted

with any one of these possible assignments, and all

of them are mutually exclusive, we conservatively

encode the choices using a logical OR operator to

avoid a combinatorial enumeration of assignment

possibilities. Hence, we redefine Ti to encode the

annuli from the possible subunit assignments using

set union:

Ti ¼
[n�1

j¼1

A2
1

h
W�1ðRjqA � p0Þ; rl

h
;
ru
h

� �
(14)

where Rj is a rotation about the ẑ axis by an angle

of ja. Ti now represents the set of symmetry axis

positions that satisfy at least one possible subunit

assignment for the distance restraint.

Atom ambiguity, which characterizes a distance

restraint that could be assigned to multiple pairs of

atoms, often due to overlapping chemical shifts, can

also be encoded using a union of annuli. We now

redefine Di to represent set of possible atom assign-

ments {(pk, qk)} where pk and qk are the two atoms

for assignment k. Then, Ti can be defined as the

union of annuli resulting from all possible atom

assignments for the distance restraint:

Ti ¼
[
k

A2
1

h
W�1ðRqðkÞ

A � pk0 Þ;
rl
h
;
ru
h

� �
(15)

where q
ðkÞ
A represents the symmetric partner of qk in

subunit A. Whether a distance restraint possesses

atom ambiguity or subunit ambiguity, DISCO repre-

sents the set of satisfying symmetry axis positions

as a union of annuli in P.

For the annulus analysis to be meaningful, we

require the distance restraints to be strictly intermo-

lecular. If a distance restraint were to possess possible

intramolecular assignments, then it is possible for the

true assignment of the distance restraint to be strictly

intramolecular. Since an intramolecular distance

restraint cannot possibly characterize the oligomeric

structure of the protein, no annulus can be computed

for an intramolecular assignment. Hence, the remain-

ing intermolecular assignments must all be incorrect,

resulting in an incorrect union of annuli. If the incor-

rect unions of annuli outnumber the correct unions of

annuli, and they all happen to conspire and share

some common region, then the resulting computed

MSRs may not correctly describe the oligomer struc-

ture. Therefore, distance restraints that have possible

intramolecular assignments, such as PREs, must not

be used, unless other reasoning or data can rule out

their intramolecular interpretations.

Computing MSRs

To compute positions of the symmetry axis whose

oligomer structures satisfy the maximal number of

distance restraints (the MSRs), DISCO simultaneously

evaluates the unions of annuli for all the distance

restraints computed in section Computing distance

restraint unions of annuli. Ideally, the intersection

of all unions of annuli will define a set of symmetry

axis positions, but noise and incorrect assignments

can result in an empty intersection. Instead, DISCO

computes the arrangement of the unions of annuli

(see Fig. 13 for explanation) using the CGAL soft-

ware library31 and chooses as MSRs the faces from

the arrangement that are contained in the greatest

number of unions of annuli. CGAL is a Cþþ soft-

ware library that implements algorithms from com-

putational geometry (such as computing arrange-

ments) and guarantees exact numerical precision.

Further details of our algorithm and an analysis of

its asymptotic complexity are presented in Ref. 32.

While the arrangement can, in theory, contain multi-

ple faces with equal restraint satisfaction, the com-

putational tests for DAGK (Fig. 5) and the GB1

domain-swapped dimer (Fig. 8) yielded only a single

simply-connected MSR in each case.

Computing discrete oligomer structures
The MSRs computed in section Computing MSRs

define continuous sets of symmetry axis positions

and consequently describe continuous sets of

oligomer structures, which are difficult to analyze

directly. Therefore, to perform detailed structural

analyses of the oligomer structures described by the

MSRs, DISCO samples discrete symmetry axis posi-

tions from the MSRs on a uniform grid at a user-

specified resolution. The axis position sampling is

repeated for each grid orientation resulting in a set

of complete symmetry axes that vary in orientation

as well as position, since each arrangement corre-

sponds to a different symmetry axis orientation. The

sampled axes define rigid transformations that,

Figure 13. Unions of annuli (grey) for three hypothetical

distance restraints (a, b, and c): Computing the

arrangement of the unions of annuli gives all intersection

points of the circles bounding the annuli, all edges between

intersection points, and all faces bounded by the edges.

This example shows two MSRs (blue), which are the two

faces of the arrangement contained in all three unions of

annuli. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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when applied to the subunit structure, generate

symmetric oligomer structures. Figure 2 illustrates

an example using a trimer.

Evaluating computed structures
DISCO evaluates each computed structure for

restraint satisfaction and intermolecular packing, as

measured by van der Waals energy. DISCO performs

local structure energy minimization using XPLOR-

NIH
27 where oligomer structures are refined with

1000 steps of Cartesian minimization. The backbone

is completely fixed, but the side chains are allowed

to move. They are restrained by a van der Waals

potential (with default parameters), an NOE poten-

tial (with a weight of 30), and the default chemical

potentials: BOND, ANGL, and IMPR. Inconsistent

distance restraints can optionally be excluded from

the NOE potential. After minimization, DISCO com-

putes the distance restraint satisfaction score by

evaluating the RMSD of the distance restraints

using their (unpadded) upper distances. DISCO also

computes the van der Waals packing score for each

minimized structure using the pairwise Lennard-

Jones potential. The structural ensemble returned

by DISCO is composed of the minimized structures.

Finally, since we expect an oligomer structure to

have better packing than the subunit in isolation,

structures with van der Waals energies higher than

the subunit structure are removed from the final

computed ensemble.

NOE atom ambiguity simulation
We simulated atom ambiguity for the NOEs for the

GB1 domain-swapped dimer [5] by expanding the

assignments to include protons with similar chemi-

cal shifts. Using the 1H, 13C, and 15N chemical shifts

deposited in the BMRB28 (1Q10: 5875) along with

the intermolecular NOEs deposited in the PDB23

(1Q10), we simulated two 3D X-filtered NOESY

experiments: 3D 15N-edited-HSQC-NOESY and 3D
13C-edited-HSQC-NOESY. We expanded the assign-

ments for an NOE between protons p and q in the

following way.

Let H(p) be the value of the 1H chemical shift

for proton p, and similarly H(q) for q. Let H(p) be

the chemical shift of the heavy atom covalently

bonded to p. For example, when p is bonded to a N

atom, H(p) is the 15N chemical shift of the bonded N

atom. We can view the point (H(p), H(p)) as residing

in a 2D chemical shift space. In this space, finding

protons with similar chemical shifts corresponds to

finding neighbors of p. We define a proton s to be a

neighbor of p if (and only if) the following criteria

are satisfied:

jHðpÞ �HðsÞj � dH (16)

jHðpÞ �HðsÞj � dH (17)

where dH and dH are user-specified similarity param-

eters. Since we are simulating 3D NOESY experi-

ments, we must treat q as if we do not know H(q).

Therefore, DISCO searches for neighbors of q using

only the criterion in Eq. 16. Alternatively, we could

interpret q as having a known H(q) instead of p,

but with only chemical shifts, we cannot determine

which interpretation was used during assignment.

Therefore, we arbitrarily chose p to have known

H(p) for all NOEs.

Conclusions

DISCO can accurately determine the oligomer struc-

tures of proteins with cyclic symmetry using RDCs

and distance restraints such as NOEs and disulfide

bonds. It provides a graphical analysis of the dis-

tance restraints and is able to differentiate between

consistent and inconsistent distance restraints using

the maximally satisfying regions. Since DAGK and

the GB1 domain-swapped dimer are both high-qual-

ity solved structures, it is not surprising DISCO did

not discover any inconsistent restraints. DISCO’s

inconsistency analysis is likely to be more useful

during earlier stages of structure calculation when

distance restraint assignments may be less certain.

DISCO computes oligomer structures using intermo-

lecular distance restraints even when precise atom

and subunit assignments are not known, thus,

reducing the need to assign distance restraints

unambiguously for structure determination. How-

ever, only distance restraints with strictly intermo-

lecular possible assignments must be used. Distance

restraints with possible intramolecular assignments

(such as PREs) cannot be used without first attempt-

ing to discard the distance restraints whose true

assignments are intramolecular.

DISCO requires a subunit structure to build mod-

els of the oligomeric state, but computing an accu-

rate model of the subunit structure in isolation

using intramolecular distance restraints can some-

times be challenging. If intramolecular distance

restraints are insufficient to adequately constrain

the subunit structure, it may be necessary to record

additional RDCs and use an RDC-first approach.17

As an alternative, one could model adjacent subunits

during subunit structure calculation using intermo-

lecular restraints to ensure the subunit structure

presents an interface amenable to oligomerization.

Additionally, for trimers and higher order oligomers,

we expect that an alignment tensor computed from

the RDCs and the subunit structure will have zero

rhombicity. If the rhombicity is significantly greater

than zero, the RDCs do not reflect the oligomeric

symmetry, they may not accurately describe the ori-

entation of the symmetry axis, and it will not be pos-

sible to apply DISCO. For dimers, the rhombicity is

not able to indicate agreement between the
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symmetry axis orientation and the RDCs, but DISCO

is able to search for the best symmetry axis orienta-

tion among the three available possibilities; namely,

the three eigenvectors of the alignment tensor.

Since DISCO can compute the exact set of ori-

ented oligomer structures that satisfy the distance

restraints for each grid orientation, the variance in

atom position of the computed ensemble of struc-

tures yields a meaningful measure of the range of

oligomer structures allowed by the distance

restraints. DISCO’s graphical analysis is easy to visu-

alize and can find distance restraints that are incon-

sistent with the RDCs or are inconsistent with

other distance restraints. The entire protocol has

been completely automated in a software package

that is freely available and open-source.
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