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Introduction to under-diversification

• Empirical literature finds that investors tend to hold too few
assets in their portfolios, contrary to what standard portfolio
theory predicts (hold a diversified portfolio)

• However, standard portfolio theory does not incorporate
information acquisition, not to mention how rational inattention
affects portfolio allocation through information acquisition

• Rational inattention can provide a potential explanation:
investors holding an asset and learning information about such
assets are complementary activities -> the higher the amount
they hold, the more valuable to learn the asset

• Discussion based on Van Nieuweiburgh and Veldkamp 2010
RESTUD “Information Acquisition and Under-Diversification”

• The study adds a rational inattention constraint on top of a
workhorse model in asset pricing under the traditional rational
expectations framework
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Traditional framework

• Consider a model with t = 1, 2, 3. There are many investors, who
chooses her wealth allocation among a portfolio of risky stocks
and riskless bonds. Riskless bonds generate a certain return of r
whereas N risky stocks generate a random dividend vector at
date 3 of f̃

• At date 2, each investor chooses her portfolio allocation decision,
represented by a vector q, to maximize her expected utility
E2[u(W3)] where u(c) = −e−ρc is the constant absolute risk
aversion utility function given her available information and

W3 = W0r + q′(f − pr)

where W0 represents initial wealth at t = 1, r is the risk-free
return and p is the price vector of the N stocks

• Her information of the dividend vectors at t = 2 consists of the
following: prior distributions: f̃ ∼ N(µ,Σ) where Σ is the
variance-covariance matrix. She also learns a noisy signal about
f̃ : η = f + eη where eη ∼ N(0,Ση)
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Traditional framework

• Under Bayesian updating, this implies that the posterior of f̃ is

normal with mean µ̂ ≡ Σ−1µ+Σ−1
η η

Σ−1+Σ−1
η

and variance Σ̂ ≡ 1
Σ−1+Σ−1

η

• First order condition over q will then result in q = 1
ρ Σ̂

−1(µ̂− pr),
prediction of standard asset-pricing models with rational
expectations. The equation implies that investors have a positive
demand for stocks that generate higher expected return than the
bond and a negative demand vice versa. In addition, the
magnitude of the demand will be larger when ρ is smaller and
larger when Σ̂−1 is larger
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Introducing rational inattention constraint

• Rather than being endowed with the signals with exogenous
precision at t = 2, investors can choose which signal needs to be
more or less precise at t = 1, i.e., ex-ante, subject to a total
capacity constraint

• Information reduces uncertainty; in the normal distribution
framework, it can be represented by variance reduction

• Assuming different stocks are independent, Σ and Σ̂ reduce to a
diagonal matrix. Variance reduction can then be represented as
reduction of Σ̂ii relative to Σii

• VV considers two learning technologies: 1) reduction in the sum
of precision, represented by the constraint∑N

i=1(Σ̂
−1
ii − Σ−1

ii ) ≤ K and 2) reduction in entropy, represented

by the constraint
∑N

i=1 log(Σ̂
−1
ii Σii) ≤ K. We also need to have

Σ̂−1
ii ≥ Σ−1

ii , a no-forgetting constraint

• Investors’ decision problem then becomes first choosing Σ̂ to
maximize E1[u(W3)], followed by choosing of q to maximize

E2[u(W3)] given she chooses Σ̂; the choice of Σ̂ and q are
interrelated
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Solving the model with additive constraint

• Portfolio allocation at t = 2 is still the same as in standard
portfolio theory, q = 1

ρ Σ̂
−1(µ̂− pr), except that Σ̂−1 and thus µ̂,

is now endogenously chosen

• One can decompose q into two components, qdiv = 1
ρΣ

−1(µ− pr)

and qlearn with E[qlearn ] = 1
ρ (Σ̂

−1 − Σ−1)(µ− pr)

• E[qlearni ] is higher when Σ̂−1
ii is higher, implying that the

investor wants to hold more of the assets that she learns more,
resulting in under-diversification
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CARA utility with additive constraint

• Substituting the expression of q into the budget constraint and

then the objective function results in E1[u(W3)] = −A(
Σ̂−1

ii

Σ−1
ii

)−1/2,

equivalent to maximizing
∑N

i=1 log(Σ̂
−1
ii Σii). The solution is then

Σ̂−1
ii = max(σ−1,Σ−1

ii ) where σ−1 solves∑N
i=1 max(σ−1,Σ−1

ii ) = K. This implies when K is large enough
so that K > NΣ−1

ii then learning results in all stocks having the
same ex-post variance - not learn stocks with an already low
prior uncertainty but will learn about stocks that have a high
prior uncertainty; in all cases, investor devotes more attention to
stock with higher prior uncertainty and hold more

• The implication of under-diversification in portfolio allocation is
empirically equivalent to overconfidence but in this case investors
should earn higher abnormal return
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Mean-variance utility with entropy constraint

• Assuming that

U1 = E1[ρE2(W3)− ρ2

2 var2(W3)] = E1[u1(E2[u2(W3)])] where
u1(c) = − log(−c) and u2(c) = −e−ρc; this utility function
represents that investors prefer early resolution of uncertainty

• Since time-2 utility is still CARA, we still have
q = 1

ρ Σ̂
−1(µ̂− pr), and, after some tedious algebra, results in

U1 = E1[
1
2 (µ̂− pr)′Σ̂−1(µ̂− pr)] + rW0 =

1
2{−N +N

i=1 Σ̂
−1
ii Σii(1 + θ2i )}+ rW0} where θ2i ≡ (µi−pir)

2

Σii
is the

squared Sharpe ratio of stock i; note that θ2i = (µi − pir)ρE[qdiv].
Thus, it increases with expected abnormal return and increases
with expected portfolio holding.

• Solving the maximization of this objective function with entropy
constraints results in a corner solution where all capacity is used
to learn about the asset with the highest Sharpe ratio; this
implies that for two stocks with the same expected return,
investor will devote all learning capacity to the stock with the
lower volatility, i.e., the one that she is more familiar about
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Intuition

• Since all uncertainty is resolved at t = 3, choosing Σ̂−1 merely
changes the timing of the allocation of the uncertainty

• Mean-variance investor prefers early resolution of uncertainty and
would like uncertainty about her portfolio payoffs to be resolved
as much as possible at t = 2

• This results in her specializing in one stock and learn all the
information about this stock as this is the most efficienty way of
resolving portfolio payoff uncertainty at t = 2

• CARA investors are indifferent from early or late resolution of
uncertainty and thus would like the ex-post variance of each
stock to be close as a diversification benefit. However, the
feedback from learning still results in more holding for portfolios
with high prior uncertainty
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Intuition

• With additive constraints, adding a fixed amount of precision
increase precision more when the prior uncertainty is high,
resulting in generalized learning

• With multiplicative constraints, adding a fixed proportion of
precision is more cost-efficient when the prior uncertainty is low,
resulting in specialized learning
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Concluding slide for lesson 4

• Incorporating information processing constraints in a standard
portfolio theory model results in interrelation between portfolio
holding and what kind of information to process -> investors
hold more of the asset if they learn more about this asset ->
investors’ holding concentrates in a few assets that they learn a
lot about (portfolio under-diversification)

• Van Nieuweiburgh and Veldkamp 2009 JF “Information
immobility and the home bias puzzle” focus on how different
priors of different info affects investors’ attention allocation ->

info with more precise prior results in more learning to gain more
information advantage -> explain home bias

• Next lesson: Rational inattention determines whether firms
would prefer aggregating information

• A review quiz of this lesson can be found at
https://forms.gle/ee6vBG7puarbHr8G7
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