BA 932 Session 7 Higher order beliefs in capital markets

Xu Jiang

February 27th, 2024

Xu Jiang () BA 932 Session 7 Higher order beliefs in capit February 27th, 2024 1/ 47



Previous class

e For settings with strategic uncertainty, higher-order beliefs (beliefs
about others’ beliefs which determines others’ strategies) play a role.
@ Global game is a natural setting to study those settings without
explicitly modelling higher order beliefs (although it is possible to do
s0).
@ Public information has a larger effect than justified by the effect on
fundamentals because of its usefulness in forming higher order beliefs.
@ The excessive weight on public information can be either good or bad
for welfare
e It is good in Angeletos and Pavan as moving closer to each other

improves social welfare
e It may be bad in Morris and Shin as moving closer to each other is a

social waste
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This class - introducing higher order beliefs in capital

markets

@ AP and MS are based on stylized models that, while illustrating
interesting and novel insights, do not directly apply to applied
settings.

o Capital market is one of the most important applied settings.

@ Allen, Morris and Shin (2006) first introduces higher order beliefs in
capital markets, providing a formal modelling of Keynes' analogy of
stock markets exhibiting “beauty contest” features.
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AMS - Model setup

A three-date economy, t = 1,2, 3.

Trade occurs at dates 1 and 2 and a liquidating dividend of 0 is paid
in date 3. 0 has an improper prior.

At each of dates 1 and 2 a new generation of traders on [0, 1] is born.
Each trader lives for only one period.

Let P; and P, be prices at the end of date 1 and of date 2,
respectively.

Consumption of a first (second) period generation trader with z;
(Zjvg) holding is (P2 - Pl)zi,l ((9 - P2)2j’2).
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AMS - Big picture intuition

@ P, will reflect the average beliefs that the second-generation investors
have of 0.

@ First generation traders need to form beliefs about P;, i.e., beliefs
about average beliefs of second-generation of traders.

@ Law of iterated expectations states that E[E[f|x;]] = E|[6]. If it holds
then higher order beliefs would not matter.

@ As we see previously, average beliefs of average beliefs of 6§ # average
beliefs of 6.

@ Real effects literature also requires the breakdown of law of iterated
expectations, but for different reasons.
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AMS - Information Structure and trader preference

A public signal at date 1 and thus observed by all traders: y =60+ 7
where 77 ~ N(0, 1).

Each trader (in each generation) gets an idiosyncratic private signal
xj = 60 + ¢ where € ~ N(0, %) and independent across traders (no
“new” information for the younger generation)

{y.,x;, P1} is the information set of the first generation, and
{y, xj, P1, PQ} is the information set of the second generation.

To prevent prices from fully revealing, need supply noise s;, where
t=1,2and s ~ N(O, %) across periods.

Each trader has CARA preference: u;(w;) = et
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AMS - Homogeneous information benchmark

@ Suppose that at any period of time everybody has exactly the same
information (think of B — 0), i.e., Ej[0] = Ej+[0] = E:[0] Vi,].

e Then P, = E;[0]+ risk-adjustment; P, = E1[Ex[0]]+
risk-adjustment= E; [6] by law of iterated expectations.

@ In general, P; = E;[0]+ risk-adjustment.
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AMS - Heterogenous information benchmark

@ Now suppose that there is heterogenous information among traders,
i.e., Ei[0] # Ejt[G] for some i, .

@ Then P, = fo :[0]dj = E»[0]+ risk-adjustment and P; = E;[Pa]+
risk-adjustment = E1[E5(0)]+ risk-adjustments E1[6] +
risk-adjustment , i.e., law of iterated expectations fails for the average
belief operator.

e Extending to T periods, P; # E;[0]+ risk-adjustment for
t=1,2,..., T —2-> at all dates other than T — 1, equilibrium price
does not reflect consensus belief about 8 — prices drift (but do not
equal) fundamentals over time.
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AMS - Date 2 equilibrium

EjVQ [9] —P>
Lvan (9] -

: Y E;ol6]dj—Py _ Eo[0]—P = 1ol :

e Aggregate demand is thus Lo éi‘gri[é} 2 = ;&a}q[ef, where E;[0] is
the average second-period expectation of 6.

@ Market clearing requires % = s, resulting in P, =

EQ [9] - %varg [9]

@ Standard asset-pricing result: zj, =
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AMS - Date 1 equilibrium

e Standard asset-pricing: zj1 = %ﬂ;ﬂl.

o Aggregate demand is thus %

o fO i1 P2 dl fO ,1 E1E2[9] as E,',l[SQ] =0 Vi
@ Market clearing requires EALG%PZ]PI = 51, resulting in Py =

Elfg [9] — 5?1 var [Pz] .
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AMS - Price has no information content benchmark

@ Suppose v — 0, i.e., price has no information content.

o Then E;2[6] = “5%, Eal6] = 3¢ and
ﬁ s 1

Py = a+ﬁy+ zxf—ﬁg_ fvar2[9] = aiiﬁ)’+ i’ ~ Tarp
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AMS - Price has no information content benchmark,

continued

o Ea[Pa] = tpy + 5l = [1— ()2 + ()% as
Ei,l[SZ] =0Vi.
o Therefore P1 = [1— (;£5)2]y + (;£5)20 — 2 .15 # E1[0]+

T Dc+
risk-adjustment and thus law of iterated expectatlons break down.

o We thus have E[P;] — E[P;] =
(1= Ly + gt — (1 (L 2ly — (20 = a0 ).
atp/Y T a¥B atp/) 1Y a+p a+p a+p Y
o Therefore when y < 6, E[P,] > E[P1] -> kind of post-earnings

announcement drift -> need short-term speculators to rationalize the
drift.
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AMS - Main result

e Proposition 2 states that there exists constants w € (0,1) and
z€(0,1) s.t. E[P1] = (1 —wz)y + wz6 and
E[P]) = (1—2z)y + z0, i.e., E[P;] that takes into account higher
order beliefs puts more weight on the public information y.

o (Partial) Proof: Linear conjecture P; = ki (A1y + 11,0 — s1) for some
coefficients k1, A1, pt; and s1.

@ The information content of P; is thus equivalent to that of
my = ’%1(% —My)=0-— ;—11 (Grossman and Stiglitz 1980). Note

~ 1
that m1 |6 ~ N(6, y%).

N
ay+pudymi+px; (a—pyyA)y+Bxi+ 5= Py
@ Therefore E[f|y, P1, xi] = D‘TﬁW%f = PR Ewn L
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AMS - Main result, continued

e For Py, similarly conjecture P> = ky(A2y, + p,0 — sp) where
l"l')’ Pl

Y2 = at+u3y atp3y
@ Similarly, the information content of P, is equivalent to that of
P —
my = i(k—j —Ay,) = 9— i+ and mo|6 ~ N(0, 1)

Elbly, py| = hidym _ onmrs

1y w3y’
(a—py Y A1)y +Bxi+ L Pr+pudymo
. J— 1 —_
o We therefore have E[f]|y, P, x;, mp| = BT =

((XZ ]/12’)’)\2)}/2"1“BX,+ k'yPZ — 2
T4 where &y = & + u{7y.
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AMS - Main result, continued

o Recall that P, = E;[0] — 2van (0] with var,[0] =
(@2~ YA2)Y o +B0+ 2T P2
Ty+p+udy

1
= 5. .90 _ n
B+pridy ° d

. This results in

Eolf] = [y Eal0]dj =

@ —A Yo+ p0— %2
<3 2M7)Y2 + B T = ko (AoYo + 10 — ).
xy + B+ ]/127(]42 - 72)

2 =

e Matching coefficient results in (expressing everything else as functions

Ofﬁz)

_ 1
XoT =+ 1By

=BT, Ay =—"F—,and kp = L

He = Pr e = gy Tt p+ TRy
@ Therefore
I + 12
E[P,] : + PETEY o (1- )y 420

T Mt BT Tt Bty
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AMS - Main result, continued

e Recall that P; = E1E[0] — Lvar [P] with
— = (@ — pyyA2)y2 + BE110] + L E1[P2)]

E{E>|0] =
1£2[0] @+ B+ sy
@ )y + 6] + (1 2)y + 2Er[6))
@+ B+ udy
{ (a2 — }4277\2)72 + Hﬂ(l —2z)y
1y o (a= ynAl)y+ﬁe+"”P1
_ [IB + 2 ] 0€+,B+}l 0 }
@ + B+ Uiy
_ (a—pyyA)y+5L0P
_ (w2 — pyrA2) la_:yh n +%(1_Z)y
@+ B+ U3y
(a—pyyAy)y+po+ 41 Py
B+
@+ B+ sy
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AMS - Main result, continued

@ This results in

_ (a—pyyAr)y+ELL Py
(®@ — pyrho) " 4 (1 - 2)y
@+ B+ udy
P‘z’Y z] (a—pyyA1)y +pO+ 5 Py
a+ﬁ+y17
a+ B+ .”2’)’

P =

B+

+

- S—lvarl[Pg].
T

@ Note that vari [P;] is a constant (of Py), so solving for P; and
matching coefficients result in

2 2
kl]’l]_ 7‘8_{— ]/l]_')’z , kl/\l =1 27‘34_‘14]")/2 ,
a+p+pry a+pB+pry
2
and kl Var]_[PQ](a + ﬁ + yll)/)

t(a+B+pudy—2)
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AMS - Main result, continued

@ Thus, define w = % then Py = (1 — wz)y + wz0 — kys; and

thus E[P;] = (1 — wz)y + wzf so short-horizon traders results in
price putting higher weight on public information.

@ Note that we can show that f < a & z < afﬂ i.e., even the weight

on E[P;] does not correspond to simple precision-based Bayesian
weight. Reason: P, is affected by P; which in turn is affected by
higher-order beliefs.
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AMS - Main result, continued

@ The two-period intuition can be shown to hold for arbitrary finite
number of periods: 1) price deviates systematically from the average
expectations of the fundamental value except for the terminal period
(Proposition 1); and 2) prices exert “drift” in adjusting to 6 (i.e., put
excessive weight on public signals and such excessive weight reduces
over time)

date0 1 2 T T+1

()

It
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Take away from AMS

@ Higher order beliefs matter in the stock market with two conditions:
traders with heterogenous horizons and heterogenous information.

@ Heterogeneous horizon traders means that some traders only care
about short-term prices, which reflects higher order beliefs of later
generation traders. Law of iterated expectations will no longer hold
for average beliefs for traders with heterogenous information.

@ Higher order beliefs again result in more weight on public information,
more so for earlier period prices when higher order beliefs are even
more important -> prices drift toward fundamentals
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Gao (2008) - Overview

@ MS (2002) shows that excessive reliance of public information in
settings featuring beauty contest feature may result in more public
information reducing social welfare.

e AMS (2006) shows that such beauty contest feature can be
introduced in capital markets.

@ Would more public disclosure reduce social welfare?

@ Gao's answer: No! Reason: in MS the weight on the beauty contest
term is exogenously fixed but in the capital market the weight is
endogenously determined. Imprecise public info -> endogenously less
overweight on it -> beauty contest feature endogenously matter less
-> more disclosure always improve welfare.
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G - Model setup

Similar to AMS: a three-date economy, t = 1,2, 3.

e Trade occurs at dates 1 and 2 and a liquidating dividend of 0 is paid
in date 3. 0 has an improper prior.

@ At each of dates 1 and 2 a new generation of traders on [0, 1] is born.
Each trader lives for only one period.

@ Let P; and P, be prices at the end of date 1 and of date 2,
respectively.

e Consumption of a first (second) period generation trader with z; 1
(Z,’vg) hoIdlng is (P2 - Pl)zi,l ((9 - P2)Zj'2).
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G - Information structure

Suppose 6 has an improper prior (uniform on (—o0, c0)) and each
agent / at date t observes a private signal x;; = 6 + &;; with
eii ~ N(0, 3) and independent for different /.

A public signal at date 1 and thus observed by all traders: z =6 + 17
where 77 ~ N(0, ).

i

{z, X1, P1} is the information set of the first generation, and
{z, xi2, P1, P>} is the information set of the second generation.

To prevent prices from fully revealing, need supply noise s;, where
t=1,2and s ~ N(O, %) across periods.
e Each trader has CARA preference: u;j(w;) = —e™ ~.
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G - The equilibrium

@ Proposition 1: P; = bz + ¢f — ds; and

wz+ (B+p+py)0 — B2 fsy — B,

P2— 102 ,
a+p+p+p,
where
u 1 B+p,
b = ———=1—¢,d=— 1—c),
a+p+pM ‘ Bt P, 1=e)
B+ p, Oy 2
M = , = )
ST U RLAY FRl

P = ,321’2’)’1, Py = 52T272-

@ The proof is similar to AMS but AMS did not complete the
characterization of coefficients but Gao did.
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G - Proof of Proposition 1

@ The signal P; = bz + c6 — ds; is informationally equivalent to
1 d
Pf==(P,—bz)=0——
1 = (P~ bz) et

which is a noisy signal of 6 with precision p = (£)?7,. For each
investor / at date 1, the information set is h; = (z, P}, x1;). Therefore

. Xz +pPik +,BX1,'

Ei[0|hi] = itptB
and 1
Vari[elllj] = m
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G - Proof of Proposition 1, continued

@ Conjecture that the second-period price
Py, = ayP; + byz + 0 — dbsp, which is informationally equivalent to
1 d
Pék = 7(P2 — 32P1 — bzz) = 9 — £52'
(o) (&)
which is a noisy signal of 6 with precision p, = ((%)272. For each
investor i at date 2, the information set is h; = (z, P, x2i, P3).

Therefore pr .
Ei[9|12i] — 062+p 1 +ﬁX2, +p2 2'
a+p+p+p,
and 1
vari[f0|hi] = ———.
x+p+p+p,
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G - Proof of Proposition 1, continued

@ Solve for prices backward, i.e., solve for P, first. Each investor i at
date 2's demand is

T(E[[9|12i] — P2)
VQI‘,‘[G“Q,’]
= tlaz+pP] + Pxoi + P — (x+p+ B+ py) P2

Dy; =

. b b2 1 an _
= t{(a— P gpz)ZWL (EP - ng)Pl + Bxai
1

ko B (- D)pylPa)

where the last equality can be obtained by Mathematica.
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G - Proof of Proposition 1, continued

1 .
o We have fo Dy; = sy, resulting in

b b, 1 a
tila——p- gpz)2+ (zp— gpz)Pl + po

1
—lat+p+p+(1- g)Pz]Pz
= 5.

@ Therefore we have

(a—20—2p,)z+ (tp— 2p,)P1 + 0 — 2
a+p+B+(1-2)p,

P, =
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G - Proof of Proposition 1, continued

@ Matching coefficients of P, = ayP; + byz + 0 — dbsy results in

an = —————— bh=—
atp+B+p, Ztp+B+p,
B+ p, 1
—PTR g — o,
2T atotprp, 2T

e In addition, since 2 = BT,
2

o)
Py = (7)272 = ,32T2’Yz-
p)
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G - Proof of Proposition 1, continued

@ We now solve for Py, and each investor j at date 1's demand is
D L T(Ej[PQ“l,‘]—Pl)
i = vari[Pg\Ilf] )

@ We have

Ei[P|hi]
= aP1+ bz + Ei[0]hi]

Pi + Bxy;
= ab +b22+C2“Z+p it hx

a+p+p
1 B+ 0,y b
- - (14— Ny =
oc+p+/3+p2[( a+p+ﬁ+p2)(“ cp)z
B+p, B+p, P
i =P,
irp B T e

where the last step can be obtained via Mathematica.
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G - Proof of Proposition 1, continued

@ We also have

1
var,-[P2|I2,-] = (62)2var,-[9|ll,'] + (d2)27
+ (@)
a+p+B+p, (a+p+pB)p,

2
1 1
= (@) ———= 220
a+p+p B T2
(B+p,)° 1
o Insert the expressions of E;[P,|h;] and var;[P,|h;] into Dy; and
rearranging terms result in

Dy = 5702 {(w o)+ B — (2= 2p) oy + AP,
where
M — 1 _ B+p,

atp+p :
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G - Proof of Proposition 1, continued

1 .
@ We have fo D1; = s1, resulting in

To B
5+j)2{<«x— P+ 0~ [(a— 2p)a; + P} = 51

@ Rearranging terms results in

(= 2p) 75 + O — Eif2s:

p, —
' (a—20) 3 + B
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G - Proof of Proposition 1, continued

@ Matching coefficients of P; = bz + cf — ds; results in

b = (ﬂc—cp) = bﬁl , and
(S0 g+ " (@ 2o)h P
m
d — TP2
(w—2p) g +B
@ Solving the equations using Mathematica results in
b = a c= p+pM
a+p+BM’ a+p+ pM’
and d = 1p+p, p+pM

BT p, atp+pM

@ In addition, since & J= ﬁT

/57L P2’

p=(5)m =

2
‘B_’_p)ﬁz,)/l
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G - Long-horizon benchmark

@ Assume that 0 is revealed at the end of date 1 so Py = 6. Itis a
long-horizon benchmark as the investors’ horizon is as long as the
firms’ life span.

@ Lemma 1 shows the equilibrium:

/F\)l :Bz+26—851,

where
o % ¢
a+p;+p
~ 1 R
d = E(l_c)vﬁ:ﬁlﬂ'ﬁ-

@ Proof: Follows from Grossman and Stiglitz (1980).
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G - Proof of Lemma 1

@ Each investor i at date 1's demand is
T(E,'[G‘/l,'] — //51)
var,-[@\ll,-]
= T(az+pPj + Bxi; — P1).

Dx;

@ Market clearing results in fol D1; = s1, which is equivalent to
T(OCZ—i-ﬁﬁik + ﬁ@ — ﬁl) = 5.

@ Rearranging term results in
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G - Proof of Lemma 1, continued

@ Matching coefficient with 151 =bz+730— 351 results in

b
~ —pz ~ 1
h=""Fc ¢= 'Bﬁ,anddziﬁ.
1-5 1-5 T(1-5)
@ Solving the equations with Mathematica results in
-~ 0 -~ 1
b % - PP gg-L1 %
a+p0+p a+p+p Bra+p+p

@ In addition, since

= ﬁTy

Q)0)

~

N ¢
p= (5)271 = 5272’)’1-

@ Lemma 1 in the paper uses p;.
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G - Comparison between short-horizon and long-horizon

benchmark

@ Sincep <p;and M <1, b> b so short-horizon prices put more
weight on public information. In addition, E[P1] # E[6|h] but
E[P,] = E[0]], which follows from AMS.

Keynesian beauty contest Effect Naise effect
A4
| | | |
% E.p # E6|1] Eyp = E[0]]] pm =0
Public Short-horizon price Long-horizon price The first-
information best price

F1G. 2—The Keynesian beauty contest effect and the noise effect.
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G - Effects of more public disclosure

e Efficiency metric: price efficiency (PE) = ﬁ and see how PE

Es,z[
changes with respect to «.

e Main result (Proposition 2): PE always increases in a -> the
informational role of public information always dominates the
coordination role.
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G - Proof of Proposition 2

1
PE = EP—op
B 1
= E[by —dsi?
B 1 - 1
- 2 2 T 2 2
Tt 5t S
pla+p+BM)?

ap+ (0 + BM)?’

where the last step follows Mathematica.

Xu Jiang () BA 932 Session 7 Higher order beliefs in capit February 27th, 2024 39/



G - Proof of Proposition 2, continued

@ The derivative of PE with respect to « is thus

dPE
o
20(x + BM +p) (1 + B4 [wo + (0 + BM)?]
[ap + (0 + ﬁM) ]2
_p(a+ BM +p)*[p+2(0 + BM) B ]
[ap + (p + pM)?]?
(& + BM + p)p[2B> M2 + 3BMp + ap + p* — 20 B> MM ]

- [ap+ (o + BM)]2 =0

as
oM B+ p,

o (a+2B+p+p,)?
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G - Intuition of the main result

@ Less precise public information also reduces the coordination role as
each investor knows the other will rely less on such information.

o Formally, R=1— the Keynesian beauty contest effect,

b E
increases in « (Proposmon 3)

@ Proof of Proposition 3:

oL BOM e
b5 B+p,
R___p M _,

on B+p, oa
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G - The importance of the endogeneity of the coordination

role of public information

o If R is exogenously fixed at r as in MS, then more public information
reduces PE if and only if « is sufficiently small and r sufficiently large
(as in MS) <- Observation 1.

@ Proof of Observation 1: Need to show that when a is sufficiently

- OPE
small and r sufficiently large, %~ < 0 at

_ _(_P2 2
R—1— 1t — PUEMERl ) g 1) as M e (0,1).

/b B+o,

alo
oo
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G - Proof of observation 1

° DenoteB:%:ﬁfpl.Then we can write
1
PE = bi_|_£
P
I ST
— TUbyol [ I /byl , 1
(Pa+, (Pats
_ o (2+?
— Tbyol , 1’
(21s+5

where the second equality is because b+ ¢ = 1.

o The definition of R implies that 2 = £, resulting in

(1-R+B)?>  ap(l—R+B)?

PE = =
8GR B+ (1-R)
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G - Proof of observation 1, continued

@ Therefore using Mathematica,
OPE p*(1—r+ B)a?

B P T (BT p)l( - P+ BRP

(o~ (14 ) (B +py)lL— 2(“";](1")1}.

e So %‘Emz, < 0 if and only if

)[1_ 2(‘B+P1>(1_r)]

o< (14+r)(B+p; 0

which can only be satisfied if

1— 2(B+py)(L—1r)
P

> 0, which is equivalent to

2(B+p,)

i.e., a sufficiently small and r sufficiently large.
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G - Takeaway

@ The informational role and coordinational role of public information
are interrelated.

@ More precise public information has higher informational value, which
also results in higher coordination value, as every agent expects others
to put more weight on it.

@ In a commonly used capital market setting, informational role always
dominate coordinational role, results in more public disclosure always
improving market efficiency.
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Follow up - Chen, Huang and Zhang 2014 JAR

@ In Gao (2008) every investor's private information have the same
precision.

@ Chen et al. 2014 relaxes this constraint by assuming that investors
may have private signals of different precision (information
asymmetry).

@ They show in this case more public disclosure may decrease market
efficiency

e information asymmetry among investors always reduces market
efficiency -> short-horizon investors with more private information
trades much less with respect to their private information -> increases
information loss through aggregation

e when public information is very imprecise to start with, investors put a
lot of weight on private information -> increasing public information
precision reduces dramatically short-horizon investors' trade sensitivity
of private information -> exacerbates information loss through
aggregation
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Next Class

@ Applications of higher order beliefs in capital markets, continued

e Can more precise public information disclosure induce more divergence
in higher order beliefs, resulting in increased disagreement and trading
volume (Kondor 2012)

@ Games with strong strategic complementarities - regime change
models
o Creditor run: when enough creditors choose to withdraw their debt the

firm cannot continue -> how does this ex-post coordination failure
affects the ex-ante pricing of debt (Morris and Shin 2004)
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