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Previous class

Studies on the liability side of bank balance sheet -> Banks exist as
liquidity providers to customers and the demand deposit liability
serves as a means of liquidity provision

Diamond and Dybwig (1983) -> banks provide liquidity so customers
can invest in long-term projects (through banks) and demand deposits
provide liquidity to customers should they need one -> expose the
banks to runs and banks not necessarily better than capital markets
Dang et al. (2017) -> similar issue but banks better than capital
markets because banks can keep customers from obtaining information
thus preserving the Hirshleifer effect
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Issues with Diamond and Dybwig (1983)

With banks, there is an equilibrium where everybody withdraws at
t = 1 and an equilibrium where only patient agents withdraw at
t = 1.

The reason for multiple equilibria: while there is no fundamental
uncertainty, the patient consumers do not know what other patient
consumers will do (i.e. whether to withdraw or not).

If everybody withdraws, I am better off withdrawing; if all patient
consumer stays, I am better off staying.

There is strategic uncertainty and strategic complementarity (do what
others are doing is better).
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Global games focus on settings with strategic uncertainty

Fundamental uncertainty vs. strategic uncertainty: weather tomorrow
vs. what people will be wearing tomorrow.

There are plenty of situations when there is strategic uncertainty even
when there is no fundamental uncertainty.

See Page 59 Table 3.1 of Morris and Shin (2003) for an example.

Higher order belief comes into play in those settings as strategic
uncertainty leads to higher order beliefs (beliefs about others’beliefs
and so on) and (possibly) multiple equilibrium.

One particular setting where higher order beliefs play a role but can
be solved without explicitly modelling those beliefs is global games.
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Global Games: Setup

A continuum of agents i ∈ [0, 1] each makes a binary decision (invest
versus not invest).
Payoff is: θ − 1+ l if invest and 0 if not. l is the proportion of agents
who invest.
Diffuse prior about θ (anywhere between −∞ and +∞ ).
Each agent i observes private signal xi = θ + σεi with εi ∼ N (0, 1),
and εi are independent cross agents.
Question: what is the equilibrium outcome?
Broader perspective: games of incomplete information;
Each player’s payoff depends on his information as well as other
players’strategy thus depends on his belief about others’strategy
which depends on others’signal as well as others’conjecture about
still others’strategy and so on.
An abstraction from a lot of real-life examples: bank runs, currency
attack, urban investment, network effect, etc.
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Solution: Conjecture a switching strategy equilibrium

Special case: θ is common knowledge. => Invest when θ > 1 and
none invest when θ < 0. When θ ∈ (0, 1), multiple equilibria. Not
satisfactory empirically.

No fundamental uncertainty but strategic uncertainty.

Conjecture a switching strategy equilibrium: invest iff x ≥ K . Guess
and verify approach.

Solve for the equilibrium K (show it is unique)
Explain how the seemingly complex equilibrium deduction process is
the same as if investors are “naive”
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Solution: Conjecture a switching strategy equilibrium,
continued

Step 1: under the cutoff equilibrium, conditional on x , invest if
expected payoff is positive:

E (θ|x)− 1+ E (l |x)

Step 1: E (θ|x) = x : pdf of θ|x is N
(
x , σ2

)
Step 2: E (l |x) = Pr (x ′ > K |x)=% of agents whose signals are
above K .

pdf x ′|x is pdf of θ|x+pdf of ε′i |x , thus is N
(
x , 2σ2

)
hence: Pr (x ′ > K |x) = 1− Pr (x ′ < K |x) = 1−Φ

(
K−x√
2σ

)
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Conjecture is verified

Hence invest if x is such that

x −Φ
(
K − x√
2σ

)
> 0

Notice expected payoff is increasing in x . So higher x is more likely to
invest.
Define k be the x that is indifferent b/w invest or not. Then k is

implicitly defined by k −Φ
(
K−k√
2σ

)
= 0: best response function for

K . ∂k
∂K > 0: more likely others investing=>more likely I am investing.

Is there a solution to this equation? Yes.
In equilibrium, k = K . Then solve for K = 1

2 . (Φ (0) =
1
2 ). Thus

invest if getting private signal that is greater than 1
2 .

Effi ciency loss due to “coordination failure?” If true θ = ε > 0,
effi ciency if ALL investing. However, ex ante probability of i investing
is pretty small Pr

(
x > 1

2 |θ → 0+
)
→ 0 when σ becomes very small.
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The equilibrium is the same as investors adopting agnostic
beliefs

Can show that this equilibrium survives iterated deletion of strictly
dominated strategies. (=> this cutoff strategy unique even among
the non-cutoff strategies.)

Step 2 above: calculation of the distribution of x ′|x is showing agents
take into account others’actions, which demands a lot calculation
from agents (although not nearly as much as REE models)

Notice that the same equilibrium is reached is investors just blindly
believe l ∼ uniform [0, 1]. It’s not a coincidence.
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Why not a coincidence?

Ex ante: for a given θ, the probability that l ≤ z is the same as
1− Pr (x ′ < K |θ) < z .

⇔ 1−Φ
(
K − θ

σ

)
≤ z ⇔ θ ≤ K − σΦ−1 (1− z)

in the mind of an agent seeing x , his cdf l is the probability that
θ ≤ K − σΦ−1 (1− z) has happened.

Pr
(
θ ≤ K − σΦ−1 (1− z) |x

)
= Φ

(
K − σΦ−1 (1− z)− x

σ

)
|x=K = z

a uniform distribution! (Only when x = K is the distribution exactly
uniform.)
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Introducing public information- Relevant to accounting and
important to policymakers

Recall that more precise public information always good in
non-strategic settings with a single decision maker.

Public information y = θ + η where η ∼ N(0, τ2).Now
θ|y ∼ N

(
y , τ2

)
. Everything else is the same.

Equilibrium strategy: agent invests iff θ̄ (x) ≡ E (θ|x) ≥ K .
Note: conditional pdf of θ|x , y is N

(
τ2

τ2+σ2
x + σ2

τ2+σ2
y , τ2σ2

τ2+σ2

)
.

Conditional pdf of x ′|x is normal with mean θ̄ (x) and variance of
τ2σ2

τ2+σ2
+ σ2 = 2τ2+σ2

τ2+σ2
σ2.
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Public vs Private information

Probability. x ′ investing (proportion of investing agents) is

Pr
(
θ̄ (x ′) ≥ K |x

)
=Pr

(
τ2

τ2+σ2
x ′ + σ2

τ2+σ2
y ≥ K |x

)
1− Pr

(
x ′ <

[
K +

σ2

τ2
(K − y)

]
|x
)

= 1−Φ

K − θ̄ (x) + σ2

τ2
(K − y)√

2τ2+σ2

τ2+σ2
σ2


= 1−Φ

 1
σ

√
τ2 + σ2

2τ2 + σ2

[
K − θ̄ (x) +

σ2

τ2
(K − y)

]
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Public vs Private information, continued

Then expected payoff from investment is v
(
θ̄ (x) ,K

)
≡ θ̄ (x)−Φ

 1
σ

√
τ2 + σ2

2τ2 + σ2

[
K − θ̄ (x) +

σ2

τ2
(K − y)

]
= θ̄ (x)−Φ

(√
γ

[(
1+

σ2

τ2

)
K −

(
θ̄ (x) + y

)])
Equilibrium K is given by setting θ̄ (x) = K in above. Doing that
gives us

v (K ,K ) ≡ K −Φ (
√

γ (K − y))

where γ = σ2

τ4
τ2+σ2

2τ2+σ2
= t2

s
s+t
2s+t (in precision terms). (Note

∂γ
∂t > 0 but

∂γ
∂s < 0.) (Recall in earlier case it’s x −Φ

(
(K−x )√
2σ

)
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Public vs Private information, continued

See graph 3.4 on page 80. ∂V ∗
∂K = 1−√γφ

(√
γ (K − y)

)
. Recall

slope of pdf can be steep and it’s further multiplied by
√

γ here. May
now have multiple equilibrium.

If t >> s ([don’t trust private signal;
√

γ is high]) player with θ̄ < y
confidently expect others will have observed a higher signal and
therefore will invest. Thus his expected utility is approximately θ̄. But
as his θ̄ > y , he rapidly became convinced that others see a lower
signal and won’t invest and therefore his expected utility from investing
drops too fast to negative and therefore won’t invest.
If t << s, players with θ̄ close to y attach probability 1/2 to opponents
either gets higher or lower signal and his utility doesn’t change much.
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Multiple equilibria:

Multiple equilibria: dV
∗(K ,K )
dK = 1−√γφ

(√
γ (K − y)

)
≥ 0 for all√

γ ≤
√
2π because φ achieves maximum of 1/

√
2π when K = y .

Then, there is a unique K = y . Any other K would only decrease V ∗.

But if
√

γ >
√
2π, then setting K = y achieves maximum of 1 but

dV ∗
dK |K=y < 0, meaning if everyone decreases K a little bit, I may have
a higher payoff. This implies that for some value of y , there may be
multiple equilibria, some of which may not be good. (Too precise a
public may be bad!!)
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Public information multiplier

Assuming unique equilibrium. Invert K = Φ
(√

γ (K − y)
)
to get

y = K − 1√
γ Φ−1 (K ) and plot it against K . For high γ (more precise

public info). Notice that it is downward sloping.
If θ̄ > 1 (θ̄ < 0), then optimal (not) to invest regardless of y . In
between, there is a trade-off. Higher y makes it more likely others will
invest and therefore K is lower. Vice versa for lower y . This is the
publicity effect of public info.
Specifically, express K = Φ

(√
γ (K − y)

)
as

τ2x + σ2y
τ2 + σ2

−Φ
(√

γ

(
τ2x + σ2y

τ2 + σ2
− y

))
= 0

Total differentiating:
dx
dy
= −

σ2

τ2
+
√

γφ

1−√γφ

measures how much PRIVATE info have to change to compensate
change in public to keep the same behavior.
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Take away from Morris and Shin (2003)

For settings with strategic uncertainty, higher-order beliefs (beliefs
about others’beliefs which determines others’strategies) play a role.

Global game is a natural setting to study those settings without
explicitly modelling higher order beliefs (although it is possible to do
so).

Public information has a larger effect than justified by the effect on
fundamentals because of its usage in forming higher order beliefs.

Underlying intuition: without public information there is no
coordination device. Public information serves as a coordination
device.
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Explicit modelling of higher order beliefs

Assume a continuum of agents uniformly distributed over [0, 1]
denoted by i .

The fundamental of the economy, denoted by θ, is a random variable
Each individual i forms an expectation of θ based on its information.

Ei (θ) is the first-order beliefs of agent i -> θ(1) ≡
∫ 1
0 Ei (θ)di is the

average first-order belief of the economy -> not known by individual i
but i can form beliefs about the average first-order belief, called
second-order beliefs of i
Ei [
∫ 1
0 Ei (θ)di ] is thus the second-order beliefs of i ->

θ(2) ≡
∫ 1
0 Ei [

∫ 1
0 Ei (θ)di ]di is the average second-order belief of the

economy -> again not known by individual i but i can form beliefs
about the second-order belief, called third-order beliefs of i ,
Ei [
∫ 1
0 Ei [

∫ 1
0 Ei (θ)di ]di ].

Keep on going to get an infinite-order hierachy of higher-order beliefs.
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All higher order beliefs collapse into one belief if agents
have common information

Suppose θ has a prior of mean θ and precision γ and each agent i
observes the same information, y = θ + ε with ε ∼ N(0, 1β ) and
independent of θ.

We then have

first-order beliefs: Ei (θ) =
γθ+βy

γ+β for any i and thus

θ(1) ≡
∫ 1
0 Ei (θ)di = Ei (θ) =

γθ+βy
γ+β .

second-order beliefs: Ei [
∫ 1
0 Ei (θ)di ] = Ei [

γθ+βy
γ+β ] =

γθ+βy
γ+β and

θ(2) ≡
∫ 1
0 Ei [

∫ 1
0 Ei (θ)di ]di =

∫ 1
0

γθ+βy
γ+β di =

γθ+βy
γ+β .

We can keep on going to show that all higher order beliefs will be equal

to γθ+βy
γ+β .
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All higher order beliefs collapse into one belief if agents
only have private information

Suppose θ has an improper prior (uniform on (−∞,∞)) and each
agent i observes a private signal xi = θ + εi with εi ∼ N(0, 1β ) and
independent for different i . Therefore θ|xi ∼ N(xi , 1β ).
We then have

first-order beliefs: Ei (θ) = xi and thus
θ(1) ≡

∫ 1
0 Ei (θ)di =

∫ 1
0 xidi = θ.

second-order beliefs: Ei [θ
(1)] = Ei [θ] = xi and

θ(2) ≡
∫ 1
0 Ei [θ

(1)]di =
∫ 1
0 xidi = θ.

We can keep on going to show that all higher order beliefs coincide
with first-order beliefs, even though individual first order beliefs and
average first-order beliefs differ.

Therefore need both public and private information to generate
differences in higher order beliefs.
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Explicit modelling of higher order beliefs, continued

Suppose θ has an improper prior (uniform on (−∞,∞)) and each
agent i observes both a private signal xi = θ + εi with εi ∼ N(0, 1β )
and independent for different i and a public signal z = θ + η where
η ∼ N(0, 1α ) and independent of all εi s. Therefore
θ|xi ∼ N(δz + (1− δ)xi , 1

α+β ), where δ = α
α+β .

We then have

first-order beliefs: Ei (θ) = δz + (1− δ)xi and thus
θ(1) ≡

∫ 1
0 Ei (θ)di = δz + (1− δ)θ.

second-order beliefs:
Ei [θ

(1)] = Ei [δz + (1− δ)θ] = [1− (1− δ)2 ]z + (1− δ)2xi and
θ(2) ≡

∫ 1
0 Ei [θ

(1)]di = [1− (1− δ)2 ]z + (1− δ)2θ.
We can keep on going to show that
Ei [θ

(n)] = [1− (1− δ)n+1 ]z + (1− δ)n+1xi and
θ(n) = [1− (1− δ)n ]z + (1− δ)nθ.
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Explicit modelling of higher order beliefs, continued

Public information has higher weight for higher order beliefs.
Intuition: higher order beliefs require inferring about others’
information and public information is better than private information
in such inferences.

Now put this insight into a model and address welfare questions.
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Two papers showing different effects of more precise public
information on welfare

Angeletos and Pavan (2004) shows that more precise public
information always increase welfare whereas Morris and Shin (2002)
shows that more precise public information may decrease welfare, in
settings when higher order beliefs play an important role -> games
with strategic complementarities when each agent wants to take
actions closer to others.

The difference: in Angeletos and Pavan, taking actions closer to
others is socially beneficial whereas in Morris and Shin, it is a
complete waste (pure “beauty contest” effect in the sense of Keynes
1936)

Angeletos and Pavan (2007) generalizes the settings in both Angeletos
and Pavan (2004) and Morris and Shin (2002) to find conditions
when more precise public information increase and decreases welfare.

Xu Jiang () BA 932 Session 6 Higher order beliefs and global gamesFebruary 20th, 2024 23 / 38



AP 2004 - Model setup

A continuum of agents on [0, 1] indexed by i .

Agent i chooses its level of investment ki , resulting in a payoff of
ui = Aki − 1

2k
2
i

Strategic complementarity (and thus higher order beliefs) is
introduced through A = αK + (1− α)θ where K =

∫ 1
0 kidi is the

aggregate investment.

Many justifications for such strategic complementarities: network
effect, investment spillovers, etc.

Information structure: θ has an improper prior; each agent i observes
xi = θ + εi where εi ∼ N(0, σ2ε ) and z = θ + η where η ∼ N(0, σ2η).
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AP 2004 - Solving the model

FOC with respect to ki results in

ki = Ei [A] = α Ei [K ]︸ ︷︷ ︸
undefined so far

+ (1− α) Ei [θ]︸︷︷︸ .
obtained by Bayes’Rule

We therefore have

K =
∫ 1

0
kidi = α

∫ 1

0
Ei [K ]di + (1− α)

∫ 1

0
Ei [θ]di ,

and thus

Ei [K ] = αEi [
∫ 1

0
Ei [K ]di ] + (1− α)Ei [

∫ 1

0
Ei [θ]di ].
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AP 2004 - Solving the model, continued

Insert the expression of Ei [K ] into the expression of ki results in

ki = α2Ei [
∫ 1

0
Ei [K ]di ] + α(1− α)Ei [

∫ 1

0
Ei [θ]di ] + (1− α)Ei [θ],

and thus

K =
∫ 1

0
kidi

= α2
∫ 1

0
Ei [
∫ 1

0
Ei [K ]di ]di + α(1− α)

∫ 1

0
Ei [
∫ 1

0
Ei [θ]di ]di

+(1− α)
∫ 1

0
Ei [θ]di .

Repeated iteration generates K = (1− α)
∞

∑
n=0

αnθ(n+1) and

ki = (1− α)
∞

∑
n=0

αnEi [θ
(n)] with θ(0) = θ.
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AP 2004 - Solving the model, continued

The information structure results in
Ei [θ

(n)] = [1− (1− δ)n+1]z + (1− δ)n+1xi and

θ(n) = [1− (1− δ)n ]z + (1− δ)nθ where δ = σ2ε
σ2ε+σ2η

.

Therefore we have

K = (1− α)
∞

∑
n=0

αn{[1− (1− δ)n+1]z + (1− δ)n+1θ}

= (1− α)[
z

1− α
− z(1− δ)

1− α(1− δ)
+

θ(1− δ)

1− α(1− δ)
]

=
(1− δ)(1− α)

1− α(1− δ)
θ +

δ

1− α(1− δ)
z ≡ βθ + (1− β)z ,

and we can similarly show that ki = βxi + (1− β)z . Note that β is
decreasing in α so higher strategic complementarity results in higher
weight (equivalently, overweight) on public information.

Xu Jiang () BA 932 Session 6 Higher order beliefs and global gamesFebruary 20th, 2024 27 / 38



AP 2004 - Welfare

Social welfare w =
∫ 1
0 uidi = AK −

1
2

∫ 1
0 k

2
i di ≤ AK − 1

2K
2 by

Jensen’s inequality. Thus, socially optimal choice is to set ki = K for
any i . Any dispersion of ki reduces the welfare. More precise public
information improves welfare by reducing such dispersion.

Algebraically,

w = (α− 1
2
)K 2 + (1− α)θK − β2

2
σ2ε

= (α− 1
2
)[βθ + (1− β)z ]2 + (1− α)θ[βθ + (1− β)z ]− β2

2
σ2ε .

Focus on the case when α ∈ (0, 12 ) -> games with weak strategic
complementarities (A puts more weight on fundamentals than
aggregate investment)
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AP 2004 - Welfare, continued

We have

E [w |θ] = (α− 1
2
){β2θ2 + (1− β)2E [z2|θ] + 2β(1− β)θE [z |θ]}

+(1− α)βθ2 + (1− α)(1− β)θE [z |θ]− β2

2
σ2ε .

Insert E [z |θ] = θ and E [z2|θ] = θ2 + σ2η into E [w |θ] eventually
results in

E [w |θ] = 1
2

θ2 − 1
2
[(1− 2α)(1− β)2σ2η + β2σ2ε ] ≡

1
2

θ2 − 1
2

Ω.

Thus E [w |θ] varies inversely with Ω.
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AP 2004 - Welfare, continued

One can show that

E [w |θ] decreases in σ2η
E [w |θ] decreases in σ2η if keeping the total precision

1
σ2η
+ 1

σ2ε
to be

constant.
E [w |θ] is ambiguous in σ2ε (two opposing effects: first total precision
increases but second more precise private information results in more
weight on private information and thus more investment dispersion)
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MS 2002 - Model setup

A continuum of agents on [0, 1] indexed by i .

Agent i chooses an action ai , resulting in a payoff of
ui (ai , a, θ) = −[(1− r)(ai − θ)2 + r(Li − L)] where
Li =

∫ 1
0 (ai − aj )2dj , L =

∫ 1
0 Lidi and r ∈ (0, 1). The first term

captures the loss of deviation from fundamentals whereas the second
term captures the beauty contest term: the loss from deviation from
others.

To see why the beauty contest term is a social loss, note that
∫ 1
0

(Li − L)di = 0.
Information structure: θ has an improper prior; each agent i observes
xi = θ + εi where εi ∼ N(0, 1β ) and z = θ + η where η ∼ N(0, 1α ).
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MS 2002 - Solving the model

First order condition with respect to ai results in

(1− r)(ai − Ei [θ]) + r(ai − Ei
∫ 1

0
ajdj) = 0,

so

ai = (1− r)Ei [θ] + rEi
∫ 1

0
ajdj .

Consider a benchmark when only public information is available, then
Ei [θ] = y and conjecturing that aj = y results in ai = y . Therefore
social welfare

w = −
∫ 1

0
ui (ai , a, θ)di = −(1− r)

∫ 1

0
(ai − θ)2di ,

and

E [w |θ] = (1− r){−E [a2i |θ] + 2θ2 − θ2} = −var(y |θ) = −1
α
.

Therefore when only public information is available, more precise
public information is unambiguously beneficial.
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MS 2002 - Solving the model, continued

Now consider both public and private information.

Use a reduced-form approach of solving instead of modelling explicitly
the higher order beliefs (MS 2002 did this) -> guess and verify.

Guess each agent i chooses ai = kxi + (1− k)y for some k ∈ (0, 1)
-> a = kθ + (1− k)y -> Ei [a] = kEi [θ] + (1− k)y .
We know from FOC that
ai = (1− r)Ei [θ] + rEi

∫ 1
0 ajdj = (1− r)Ei [θ] + rEi [a]. Inserting the

guess results in

ai = (1− r)Ei [θ] + rkEi [θ] + r(1− k)y .

Note that Ei [θ] =
αy+βxi

α+β . Insert into the above expression and
matching coeffi cients results in

k =
β(1− r)

α+ β(1− r) .
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MS 2002 - Solving the model, continued

Note that k < β
α+β implies that 1− k >

α
α+β , i.e., public information

will be overweighted relative to Bayesian updating based on relative
precisions of signals.

The welfare

E [w |θ] = −
∫ 1

0
(ai − θ)2di = −

∫ 1

0
[kxi + (1− k)y − θ]2di

= −
∫ 1

0
[kεi + (1− k)η]2di = −

k2

β
− (1− k)

2

α

= − β(1− r)2 + α

[(α+ β)(1− r)]2 .
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MS 2002 - Welfare comparative statics

Take the derivative of E [w |θ] with respect to α results in

∂E [w |θ]
∂α

= −α+ β(1− r)− 2[α+ β(1− r)2]
[(α+ β)(1− r)]3 .

Therefore ∂E [w |θ]
∂α > 0 if and only if α

β > (2r − 1)(1− r).

Clearly ∂E [w |θ]
∂α > 0 when r = 0, i.e., when there is no beauty contest

effect, or more generally when r ≤ 1
2 .

However, when r is very large and α very small, ∂E [w |θ]
∂α < 0.

Intuition: when the (socially wasteful) beauty-contest effect is
suffi ciently strong and the precision of public information suffi ciently
small -> more precise public information results in agents put
excessively more weight on the relatively imprecise public info instead
of the relatively more precise private info and this reduces welfare.
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Takeaway from AP and MS

When there is both heterogenous private information and public
information, higher order beliefs will diverge from first order beliefs.

Putting this information structure in games with strategic
complementarities will result in players putting an excessively high
weight on public information as public information is a better
predictor of what others’beliefs (and thus actions) will be.
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Takeaway from AP and MS, continued

Such excessively high weight on public information may or may not
result in more precise public information having a negative effect on
welfare:

In AP more precise public information is always good as coordinating
each player’s investment decision is socially good (due to the quadratic
investment cost function)
In MS more precise public information may not always be good as
coordinating each player’s action is socially wasteful.

Both AP and MS are games with weak strategic complementarities
-> players’actions result in a continuous change in payoffs. There are
games with strong strategic complementarities -> players’actions
may result in a discrete change in payoffs due to, e.g., regime change.
Bank runs is an example of such regime change.
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Next Class

Applications of higher order beliefs in capital markets

Higher order beliefs in capital markets play an important role when
there are heterogenous traders who live on different horizons (Allen,
Morris and Shin 2006)
Can more precise public information disclosure be bad as in MS
(2002)? (Gao 2008)
Can more precise public information disclosure induce more divergence
in higher order beliefs, resulting in increased disagreement and trading
volume (Kondor 2012)
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