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What we did last class

o Contracting with unobservable action involves a tradeoff between risk
sharing (agent bears less risk) and incentive provision (agent bears
more risk)

@ For single task, always optimal to include as many performance
measures as possible so long as they are not subsumed by other
performance measures (i.e., the sufficient statistics condition not
satisfied) -> inconsistent with contracts observed in practice

@ Multiple task setting can explain why there is not much performance
measures (or no performance measure at all) -> too much incentive
may result in agents exerting excessive effort on tasks with easier to
measure performance, at the expense of insufficient effort on other
tasks that are hard to measure
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What we did last class

@ Single task multiple agent setting has two new insights :1) freeriding
on other agents require a penalty on the team when performance is
low; 2) relative performance measure improves risk sharing when there
is common uncertainty in all agents' performance measures

@ Risk-neutral/limited liability agents provide an alternative way of
modelling moral hazard with more tractability
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@ Another twist of the basic moral hazard model: dynamic models of
moral hazard -> contract may not be necessary as the market serves
as a disciplinary force (if you do not work hard, your reputation will
be damaged and you get paid less in the future) -> still unobservable
action

@ Models with unobservable information (basic adverse selection model)
-> last year we talk how the informed party can disclose private
information or take actions to signal private information -> this year
we can see how to solve the problem using contracts
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Holmstrom 1999 - career concern models

e Fama (1980) argues that moral hazard problem is not an issue as
market plays a disciplinary role -> if you do not work hard market
thinks your ability is low and your future wage will be low -> so
reputation serves as a substitute for explicit contract and is also called
“implicit contract” or “career concern”

@ Holmstrom (1999) formally shows when such argument is correct
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Holmstrom 1999 - why dynamic models with uncertainty

dare necessary

@ Holmstrom (1999) follows the logic of Fama (1980) and assumes that
there is no contract based on current performance-> relying solely on
reputation

@ Reputation requires a more than one period model (for one period
there is no reputation issue, no contract means no effort provision)

@ Reputation also requires uncertainty about the agent's reputation
that changes upon observing some performance measure -> if there is
no uncertainty about the reputation then again the manager will not
work as there is no contract based on current performance ->
Holmstrom calls such reputation “talent”
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H 1999 - Model setup

@ Every period t, the manager generates output y; = 1 + a; + & where
7 denotes the manager's talent, a; > 0 denotes the manager’s action
and & i.i.d. ~ N(O, h).

@ 77 is unknown both by the manager and the market and they perceive
7 to be normally distributed with mean m; and h;.

e Manager gets paid w;(y'™!) chooses a; to maximize
U(c,a) =) B c: — g(ar)] where g(a;) is increasing and convex
t=1

in a; with g’(0) =0, ¢ = we(yt™1) with y'=1 = (y1, ..., y4—1). The
manager can also choose a; based on yt_l.
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H 1999- Solving the model

Market sets w;(y' 1) = Ely:|yt ] = E[plyt '] +3:(y*!) where
3 is the market’s conjecture about the manager’s action (which will
be correct in equilibrium)

Given the market's choice, manager chooses a; at each period to
maximize Z ,BFI{E[Wt(yt_l)] — Elg(a:(y )]}
t=1

Based on 3;(y‘™!), market tries to infer the manager's talent through
ze = yr — ar(y'™1) = 11 + &, which is a noisy signal about 7 with
precision h;.
Bayesian updating then implies that after observing y;, the posterior
distribution of # is normal with mean
t

himi+he Zzs
Elnlyt] = mep1 = hf',:’::;':zf = h1+(t71)shjrhg and precision
hiv1 = hy + (t — 1)he + he = hy + the.
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H 1999 - Solving the model, continued

o We therefore have that the market sets w;(y®™1) = m; +3:(y'1).
So the manager expects

he—1 ~ ht

hym h, =1 S
= = Y (m+as— E[E(y )
hi—1 he—

s=1

+E[E (v )]

_ mm | h ‘&
Elwe(y™)) = 3=+ L Elz]
—ts=1

@ Therefore a; affects all future compensation, i.e., from wyy1(y?)

onwards. The marginal benefit of a; on E[w;;(y/~1)] is thus
he
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H 1999 - Solving the model, continued

@ First order condition therefore results in
= t he /
_ s— *
Yt = Z p he =g'(a;)
s=t S

@ Note that <, is decreasing in t so a;j decreases in t. As t — 400,
v — 0 and aj — 0. Intuition: When t — 4-c0 enough y;s and thus
z:s have been observed so the market is almost sure of the manager's
ability -> exerting effort does not bring any benefits in affecting the
market's inference of the manager’s ability so the manager chooses to
exert zero effort -> reputation effect is temporary
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H 1999 - Permanent reputation effect

@ For reputation effect to be permanent, need # to also evolve over
time, i.e., 77 is now a function of t. Assume that 17, evolves according
to

Nepr = e + 0,
where 6; i.i.d. ~ N(O, hs).
@ The Bayesian updating of the precision of the posterior of # will be

different. Before considering the evolving process of 77, ;, the
posterior on 77, ; will be

//;t = h; + he,
Considering the evolving, we will have
1 1 1
hes1 h, * hs'
resulting in
ht+1 — (ht + hs)h(S .
ht + hs + h(5
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H 1999 - Permanent reputation effect

@ Note that in the previous case, h;11— > +00 as t — +0c0 whereas in
this case, hyy1 will not as the é-shocks keep adding uncertainty. hsyq
will approach a steady state when the reduction of uncertainty
through learning more output exactly offsets the periodic increase in

uncertainty from the d-shocks.
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H 1999- Stationary equilibrium

@ Stationary equilibrium requires h;y1 = h; = h*. Solving results in

e Vhe(4hs + he) — he

- 2

@ For the manager's optimization problem, note that since J; is of mean
zero, the update of the mean of the posterior of 7, still follows

Meyr = peme + (1= p,)ze,

where
B bt b
@ Under steady state we have
W=
h* + h
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H 1999- Stationary equilibrium

o Note that through iterating m¢ =y, _;m; + (1 — p,_;)z:—1, we have

Hl’lsm1+2 1_1“[5 H HiZs.

i=s+1
@ Therefore
t—1
Elwe(y*™)] = [1In m1+2 1—u,) H piElz]
s=1 i=s+1
+E[a:(y" 1)]

tE (1—p) H Hi(ms + as — E[3:(y* ™))

i=s+1

—_

e
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H 1999- Stationary equilibrium

@ Again, a; affects all future compensation, i.e., from w11 (y?)

onwards. The marginal benefit of a; on E[ws;(y*/~1)] is thus
t4j—1

(1 - :ut) H Hi-

i=t+1
@ First order condition therefore results in
+

MRS SHCERT S §

s=t+1 i=t+1

o In steady state p, = pu* Vt, resulting in ﬁl(l_;y:) = g'(a%).

=
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H 1999 - Stationary Equilibrium

o If a;s are all observable, then there is no need to infer about ability
and the principal chooses a; to maximize m; + a; — g’(a;) and first
order condition results in g’(a"®) = 1. We therefore have a* < af8
-> Fama (1980) is incorrect as reputation alone is not able to get
back to first-best.

@ a* is closer to afB

o the higher B is (so the agent cares more about future and thus
reputation)

o the lower hs is (so the market relies more on future output to infer
about quality)

o the higher h; is (so the market relies more on future output to infer
about quality)
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Contracting with a privately informed agent

@ We now depart temporarily away from unobservable action and focus
on unobservable information

@ Two ways of dealing with a privately informed agent - ask the agent
to disclose or contracting with the agent and the payment depends on
the agent's reporting of information

@ When such disclosure cannot be verified, the agent will not fully
disclose -> cheap talk literature that we subsequently discuss (when
such disclosure can be verified, full disclosure is possible, per our
discussion last year)

@ We now look at contracting with the agent - “screening contract” ->
as the contract screens out the agent's private information
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Adverse selection - Model setup

@ Consider the principal as a seller and the agent as a buyer of a good.
The seller does not know the buyer's valuation of the good. The
seller offers the following contract (schedule): the seller sells g units
to the buyer and the buyer pays the seller T.

@ Buyer's utility function u(q, T,0) = 6v(q) — T where
v(0) =0,v >0, and v’/ < 0. The buyer privately observes 6 and the
seller only knows the distribution of 8 (CDF F(6) and PDF £(0))

o Seller’s utility function 7t(q, T,c) = T — cq where ¢ > 0 is the
marginal unit production cost

@ We first look at the simplest case: 6 € {6,,0y} (i.e., 6 is binary)
with 8y (high type) > 6, (low type) and Pr(6 =6,) = B.
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Adverse selection - first-best (when seller knows the

buyer's type)

o In this case the seller offers { T;, g;} for type i buyer. Under first-best
there is no such thing as IC constraint. The only constraint is IR.

@ The seller therefore chooses { T;, g;} for each type i that solves the
following problem:

maxT; — cq; s.t.
Ti.qi

9,-v(q,-) —T,>2u=0 (lR)
where U is the reservation utility of the buyer which we normalize to 0.

It is straightforward to show that /R binds so T; = 6;v(q;) — U. Insert
into the objective function and take the first order condition results in

0iv'(qf®) = c and T/® = 6iv(qf").
@ The seller’s total profit under first-best is thus

B(TL —cqfB) + (1 — B)(Ty — cqfP) and the buyer gets the
reservation payoff.
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Adverse selection - second-best (when seller does not know

the buyer’s type)

@ When the seller does not know the buyer's type, the seller chooses
contracts of different types for the buyer to choose

@ Question: how do we know which type of buyer will choose which
type of contract. Answer: by making the contract incentive
compatible, i.e., high type buyer has no incentive to choose the
contract chosen by lower type buyer, and vice versa.
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Adverse selection - second-best, problem setup

@ The seller therefore chooses { T;, g;} for each type /i that solves the
following problem:

rpaxﬁ(TL —cqr)+ (1= B)(Ty — cqn) s-t.
i

Onv(gy) — Ty > 0 (IRH)
0rv(qr) — T >0 (IRL)
Ouvi(gy) — Ty > 0v(qr) — Ty (ICH)
Orv(qr) — To > 0rv(qu) — Tw (ICL)

@ One can also view the contract design as if the buyer communicates
his type 6 and the the seller offers the contract {T(6), q(0)} ->
without loss of generality can focus on contracts that induce truthful
communication (the revelation principle ala Myerson 1979)
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A little more on revelation principle

@ Revelation principle does not say that people will not lie -> it simply
says it is without loss of generality to focus on contracts that induce
truthful communication, from the resource allocation perspective ->
and it is not equivalent to the principal knowing the truth as there are
additional IC constraints that make it incentive compatible for the
agent to communicate the truth
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A little more on revelation principle

@ An illustrative example: suppose you are an organizer of a fish
competition, a 10,000 prize awarded to the person who catches the
biggest fish. Problem: you only have 9 referees to verify the weight of
fish caught but 10 players. Say, John is the player that no referee is
present to verify. You have two methods:

e Give 10,000 prize to the person who claims to catch the biggest fish ->
John will lie even if he does not catch the biggest so he will get the
10,000 prize

e Give 10,000 prize to John and ask John to tell you truthfully the weight
of the fish he catches

e Those two solutions are resource allocationally equivalent

o Myerson (1979) says therefore it is without loss of generality to focus
on solving the eventual allocation using the second method, as the
second method is much easier
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Adverse selection - second-best, solving the problem

@ Observation 1: IRH can be safely ignored.

@ Proof:
Onvign) — Ty > Ouviqr) — Ty
> Ov(q) — TL
> 0,

where the first inequality is due to ICH, the second due to 8y > 6,
and v(q;) > 0, and the third due to IRL.

@ Intuition: the high-type buyer will be better off than the first-best
case (when the payoff is exactly zero) -> Informed party other than
the lowest type earn “information rents"”.
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Adverse selection - second-best, solving the problem

@ Observation 2: ICL can be safely ignored if ICH binds and gy > q; .
@ Proof: ICH binding implies that

Th—T. = 0u[vigy) —v(qL)]
> 0lv(gn) — v(qr)],

where the inequality is because 8y > 6, and

gy > q. = v(gy) > v(qr). We now assume that gy > ¢q; (a
monotonicity condition that usually arises in the adverse selection
settings) and later verify that this is the case.
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Adverse selection - second-best, solving the problem

@ Observation 3: Both IRL and ICH binds.

@ Proof of ICH binding: Suppose ICH slacks, then one can increase Ty
by € so that (IRL) and (ICL) are still satisfied but the seller's payoff
increases. This implies that ICL can be safely ignored

@ Proof of IRL binding: Suppose IRL slacks, then one can increase T,
by € so that (ICH) is satisfied but the seller’s payoff increases.

@ In adverse selection settings, it is generally true that the IC constraints
of the highest type and IR constraints of the lowest type bind.
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Adverse selection - second-best, solving the problem

@ The two binding constraints result in T, = v(q,) and
Ty = T +0u[v(gy) — v(qr)]. Insert into the objective function
results in

maxplOLv(qr) — cqu] + (1 = B)[6uv(qn) — can — (O — 61)v(qL)]-

@ The term, (85 —0;)v(qyr), is the “informational rent” earned by the
high type to prevent the high type from mimicking the low type.

@ First order condition results in
SB
QHV,(qH )=c,

0,v'(q78) = > c.

_1-Bbu=6,
1 B o
o Therefore we have v/(q78) > v/(q2P) as 0 > ;. Therefore
q;? > q;® so the monotonicity condition is satisfied.
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Adverse selection - second-best, solution analysis

° qf,B = qEB but qLSB < qu. Intuition: the seller reduces the amount
consumed by the low type to avoid mimicking of high type, as the
high type enjoys more from consuming

/ B FB 9” 01)

o V(qf®) ~v(af") = = 5(9 )

increasing in 0y — 0; = qL — qL increasing in B and 6y — 0.

Intuition: higher 8y — 0 and lower B implies more adverse selection

problems and thus more distortion from the first-best.

which is decreasing in 8 and
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Adverse selection - banking application: credit rationing

@ Borrowers (the agent) usually have more information about their
project than lenders (the principal) -> results in lenders provide less
loans relative to first best -> credit rationing

@ Two types of borrowers: more risky and less risky but having the
same NPV -> bank caters more to more risky borrower (as the upside
return is higher) -> ration credit for less risky borrowers to prevent
more risky borrower from mimicking

@ Two types of borrowers: more risky and negative NPV and less risky
and positive NPV -> banks only want to lend to less risky borrowers
-> to prevent more risky borrowers from mimicking less risky
borrowers the bank may decide to not lend to anybody -> complete
credit market collapse
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Credit rationing - model setup

A continuum [0, 1] of borrowers endowed with a project that requires
an investment of / = 1 and generates a random return X € {0, R}.

@ Borrowers have no wealth and have to obtain / from a bank.

@ Two types of borrowers i € {s, f} with p;R; = m > 1 (so positive
NPV) and ps > p, and Rs < R,.

@ Borrowers know their types but the bank only knows that a borrower
is s type with probability B.

@ The bank has & < 1 funds but @ > max(B, 1 — B) so the bank in
principle can lend to both types of borrowers.
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Credit rationing - first best

@ When the bank can observe the types of borrowers, the bank should
lend out all & funds as all borrowers have a positive NPV project. The
bank will specify face of the loan, D; = R; (we assume that the bank
has all the bargaining power)

@ The bank is indifferent between funding different types of borrowers
as their projects all have the same NPV
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Credit rationing - second best

@ The bank offers contract (x;, D;) that offers funds with probability x;
and requires repayment D;. The contract solves the following problem

max|[Bxs(psDs — 1) + (1 — B)x,(p, Dy — 1)] s.t.

xi, D
0<x; <1,
Di < R;, (IR)
xipi(Ri — D;j) > x;pj(Ri — Dj), (IC)
Bxs + (1= B)x- < a.
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Credit rationing - second best

@ We can similarly show that (IRS) and (ICR) binds. We therefore have
Ds = Rs and x,(R, — D,;) = xs(R, — Rs), or, equivalently, Ds = Rs,
and D, = R, — %(Rr — Rs). Insert into the objective function results

in the optimization problem being

max{Bxs(psRs — 1) + (1 — B)[x,(prRr — 1) — xspr (R — Rs)]} s.t.

Xs,Xr
0 <xs,x <1,

and
Bxs + (1 —B)x, < a.
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Credit rationing - second best

o Clearly the objective function is increasing in x, so x, = 1 -> no
rationing of risky borrowers

@ The objective function is decreasing in x; if and only if
B(psRs —1) — (1 — B)pr(R- — Rs) < 0so x; = 0 when
B(psRs —1) — (1 = B)pr(R- — Rs) < 0 and xs = # otherwise
-> distortion of the loan provided to safe borrowers to prevent risky
borrowers from mimicking safe borrowers

@ If we assume that psR; > 1 > p,R,, then x, = 0 and x; = 0 when
B(psRs —1) — (1 — B)pr (R — Rs) < 0 -> financial collapse when no
project is funded -> the bank would like to turn away risky borrowers
but unable to do so -> the bank chooses to not lend to anybody to
avoid mimicking of the risky borrowers.
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Adverse selection with continuous types

@ Going back to the buyer-seller example but assume now that 6 is
continuously distributed on [, 8] with CDF F and pdf f.

@ The optimization problem is

max

q(6),T(9) [T(0) — c(q(6))f(6)d0

‘%\cb\

s.t.
v(q(8)) — T(6) > 0 (IR)

Ov(q(0)) — T(0) = Ov(q(0')) — T(8') ¥0,8" (IC)
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Adverse selection with continuous types - Simplifying I1C

@ Theorem: IC constraints are satisfied if and only if

o Monotonicity d‘g—(g@ > 0.

o Differential equation Hv'(q(G))dZ—(;) =T/(6).
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Adverse selection with continuous types - Proof of
simplifying IC

e Only if: (IC) implies that VO > ¢’,

Ov(q(0)) — T(6) Ov(q(8')) — T(6")
0'v(q(8')) — T(¢'

v

)+ (0 —0")v(q(6"))
and

0'v(q(0) — T(0') = 0'v(q(0))—T(0)
= 0v(q(0)) — T(0) + (6" — 0)v(q(6))

Denote H(0) = 0v(q(6)) — T(6), we therefore have

H(0) — H(6")

0_¢ > v(q(@’))_

v(q(8)) >
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Adverse selection with continuous types - Proof of

simplifying IC

o Take 6 and 6’ to be sufficiently close results in

or, equivalently,

v(a(®)) + v (a(6) “L0  71(6) = v(q(6)),
ov'(a(0) ) — 7(s),

e In addition, v(q(6)) > v(q(#')) and 6 > 6’ imply that d‘;—((f) > 0.
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Adverse selection with continuous types - Proof of

simplifying IC

e If: Following the above derivation, the differential equation implies
that H'(6) = v(q(0)). We thus have, for arbitrary 6; and 65 such
that 6; < 65,

[ = [ aonao > [ (a0 = viaten) 6. o),

1 01

where the inequality is because g(6) is increasing in 6 and v is
increasing in gq. Therefore

Bov(q(62)) — T(62) — [B1v(q(61)) — T(61)]
> v(q(61))(02 —01),

resulting in

02v(q(62)) — T(62) = 62v(q(61)) — T(61).
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Adverse selection with continuous types - Proof of

simplifying IC

@ Using

6> , 0> 62
| H @ = [ vla)ds < [~ v(a(e))d = via(e2))(B: - ),

1 01

we can similarly obtain
01v(q(61)) — T(61) > 01v(q(62)) — T(62).

Therefore all IC constraints are implied.
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Adverse selection with continuous types - reformulate the

problem

@ The IC constraints also imply that we only need to consider IR
constrains for the lowest type. The optimization problem therefore
becomes

[E]
max /T(G — c(q(60))F(8)d6
Q

s.t.
6v(q(8)) — T(8) = 0 (IR)
ov'(a(6) 20 = 7/(9) and ) > 9 (1)

o We will first ignore the monotonicity condition in solving the problem
and later verify that the monotonicity condition holds.
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Adverse selection with continuous types - solve the problem

e Two ways of solving for this. One is optimal control theory (for
details, see Kanodia and Lee 1998). We adopt the more intuitive
approach first introduced by Mirrlees 1971.

o Note that H(0) = 0v(q(0)) — T(0) and we already show that
H'(0) = v(q(8)).
@ Integrating from 0 results in

0
/v ))dt + H(8).
[}

@ Clearly IR of the lowest type binds, resulting in H(8) = 0 so
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Adverse selection with continuous types - solve the problem

@ Since T(0) =0v(q(8)) — H(0), we can rewrite the seller's expected
profit as
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Adverse selection with continuous types - solve the problem

@ where we used integration by parts for the middle term, i.e.,

v(q(t))dtf (0)do

‘Q\m\
KD\CD

v(q(t))dtF ()]

[
—

0

i~ [F®)v(a(6))d6
0

0

v(a(e))dt — [ F(8)v((6))do
0

v(q(0))[1 — F(6)]d6.

\m\m‘ m\m\ 5=
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Adverse selection with continuous types - solve the problem

@ The integrand needs to be maximized for every 6, results in

0v'(q(0)) = c+ ;T)v%qw)).

or, equivalently,
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Adverse selection with continuous types - solve the problem

@ Still need to check that the monotonicity condition is satisfied, i.e.,
q(0) increases in .

o Note that when 6 increases, if q(0) increases in 0, then v/(q(0))

1;(9()9)]V’(q(6)) to be a constant of 0, need

9 — () ) to be i increasing in 6 -> a sufficient condition is that

f(
f( () ) decreases in 6, or, equivalently, h(8) = 153—?()9) increases in 0.

decreases in 0. For [0 —

@ This condition is called monotone hazard rate and satisfied for
conventional distributions (normal, uniform, exponential).
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Adverse selection with continuous types - properties of the

solution

Since first best solution satisfies 6v'(q(0)) = c, there is
underconsumption for all types 6 < 6.

@ Only the lowest type, i.e., type 6, has binding IR constraint. All
higher types are able to obtain “information rent”.
@ Tradeoff between allocative efficiency and rent extraction

(underconsumption of lower types to reduce the rent extracted by the
higher types)

@ General intuition from binary type adverse selection models extends
with continuous types.
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What if both moral hazard and adverse selection is present

@ Suppose the agent exerts unobservable effort and afterwards observe
also a private post-decision information signal.

@ The optimal contract may include the agent's report of the private
signal

@ Need to expand the incentive compatibility constraints to make sure
the contract is incentive compatible both for the agent to exert the
desired effort level and reveal the information truthfully

@ Interesting case: if there is one private signal (x) and one public signal
(y) but the private signal is a sufficient statistic of the pair -> if both
are public then under Holmstrom (1979) the optimal contract should
only include x -> Dye (1983) shows that when x is private the
optimal contract should include both x and y rather than y -> you
need to do a simplified binary version in the homework
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Takeaway of career concern models (dynamic moral hazard

models)

@ The argument that career concern itself can completely substitute
moral hazard issue is incomplete

@ When managerial ability is constant, sufficient observations will reveal
a lot about managerial ability -> managers have little incentive to
exert effort

@ When managerial ability is evolving over time, managers still exert
lower effort than first best -> the marginal benefit of exerting effort is
lower due to measurement noise (not dissimilar to that firms
underinvest when investment is measured with noise
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Takeaway of adverse selection models

@ Distortion is necessary to prevent one type from mimicking the other
type

@ All types other than the lowest type earn “information rent” (their IRs
do not bind) -> rent is necessary to prevent mimicking the lowest type

@ All types other than the highest type incurs allocation distortion
relative to first-best (i.e., when their types are observable to the
principal) -> distortion is necessary to prevent them mimicking the
highest type

@ Such distortion may result in credit rationing -> positive NPV
investment that should be funded without adverse selection is not
funded
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Next class

@ Cheap talk (Crawford and Sobel 1982) -> again one party is informed
and the other party is not and information not verifiable -> can some
information be disclosed in such communication game in the absence
of contracting?

@ Bayesian persuasion models (Kamenica and Genzkow 2011) ->

ex-ante information system design in communication games-> has
natural application in accounting
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