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Abstract

Among the most important and most difficult open problems in the field of analysis are
questions about the behavior of solutions to differential equations modeling the dynamics
of fluids. The main issues that one must overcome in addressing them are frequently
the nonlinearity and nonlocality of these equations. In this thesis we study these and
related models, focusing on the possibility of singularity formation for their solutions as
well as on ways such singular behavior can be suppressed.

In the first chapter of this thesis, we discuss the small scale creation and possible
singularity formation in PDEs of fluid mechanics, especially the Euler equations and the
related models. Recently, Tom Hou and Guo Luo proposed a new scenario, so called the
hyperbolic flow scenario, for the development of a finite time singularity in solutions to
3D incompressible Euler equation. We first give a clear and understandable picture of
hyperbolic flow restricted in 1D. Then, based on the recent work by Alexander Kiselev
and Vladimir Sverak, we look into the hyperbolic geometry in 2D. Finally, we go back
to 3D problem, and analyze a simplified 1D model for the potential singularity of the
3D Euler equation by Tom Hou and Guo Luo.

In the second chapter of this thesis, we investigate the problem about how to suppress
the blowup. At the end of the second chapter, we demonstrate that incompressible
mixing flow can indeed arrest the finite time blow up phenomenon. We first concentrate
on understanding the mechanisms involved in mixing, studying mixing properties of the
flows with different structure, and finding most efficient mixing flows. We resolve the

problem of finding the optimal lower bound of the “mixing norm” under an enstrophy
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constraint on the velocity field. On the basis of this result, we evaluate the role of mixing
in systems where chemotaxis is present. We prove the result that the presence of fluid
flow can affect singularity formation by mixing the density thus making concentration
harder to achieve. This is an example to show that the fluid advection can regularize
singular nonlinear dynamics.

This thesis resulted in the publications [31,32,48,57,87].
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Chapter 1

Singularity Formation for Some

Active Scalar Equations

1.1 Introduction

The following transport equation
w+u-Vw=0. (1.1)

is a basic mathematical model in fluid dynamics. If v depends on w, (1.1) is called an
active scalar equation. The problem of deciding whether blowup can occur for smooth
initial data becomes very hard if the dependence of w is nonlocal in space.

The relationship expressing v in terms of w is commonly called Biot-Savart law. We

have the following examples in 2D:
u=V(-A)"w, (1.2)

where V+ = (—9,,0,) is the perpendicular gradient. Equations (1.1) and (1.2) are the

vorticity form of 2D Euler equation. When we take
u=V+(—-A) 2w,

(1.1) becomes the surface quasi-geostrophic (SQG) equation, which has important ap-

plications in geophysics, or can be regarded as a toy model for the 3D Euler equations.



For more details we refer to [19].

The 3D incompressible Euler equation describes the motion of an ideal (inviscid
and incompressible) fluid. Whether the solution of this equation exists globally has
remained open for over 250 years and has a close connection to the Clay Millennium
Prize Problem on the Navier-Stokes equations [1]. Recently, Tom Hou and Guo Luo
proposed a new scenario for the development of a finite time singularity in solutions
to 3D axisymmetric Euler equation at a boundary point in [44]. This part of this
thesis involves development of the analytical approach to understand this new numerical

simulation based on analyzing some active scalar equations.

1.1.1 1D model

In [44], so called hyperbolic flow scenario was proposed to obtain singular solutions for
the 3D Euler equations. The hyperbolic flow scenario in two dimensions can be explained
in the following way. Consider e.g. a flow in the upper half-plane {z5 > 0}. The essential

properties required are (see Figure 1 for an illustration):

e There is a stagnant point of the flow at one boundary point (e.g. the origin) for

all times.
e Along the boundary, the flow is essentially directed towards that point for all times.

Such flows can be created by imposing symmetry and other conditions on the initial
data. For incompressible flows the stagnant point is a hyperbolic point of the velocity

field, hence the name.



/ /
/ /
/ /
I
/
/

|

/ I‘-"‘I‘ \ \

~ \\ ~
~ // \\\ S~
_7_,_,.,-—-*"/

Figure 1 Ilustration of hyperbolic flow scenario in two dimensions.

The scenario is a natural candidate for creating flows with strong gradient growth or
finite-time blowup, since the fluid is compressed along the boundary. Due to non-linear
and non-local interactions however, the flow remains hard to control, so a rigourous
proof of blowup for the 3D Euler equations using hyperbolic flow remains a challenge.

One way to make progress in understanding and to gain insight into the hyperbolic
blowup scenario is to study it in the context of one-dimensional model equations. This
was begun in [12, 13|, where one-dimensional models for the 2D-Boussinesq and 3D
axisymmetric Euler equations were introduced and blowup was proven.

One-dimensional models capturing other aspects of fluid dynamical equations have a
long-standing tradition, one of the earliest being the celebrated Constantin-Lax-Majda
model [18]. We refer to the introduction of [80] for a more thorough review of known
one-dimensional model equations, and to [12] for discussion of the aspects relating to

the hyperbolic flow scenario. In section 1.2, we study a 1D model of this scenario.



1.1.2 2D Euler equation

The 1D models may help people to understand the hyperbolic scenario intuitively, nev-
ertheless we still need to look into the incompressibility structure, which can hardly be
modelled by 1D model. In section 1.3, we study the 2D Euler equation given by (1.1)
and (1.2).

Global regularity of solutions to 2D Euler equation is well-known, it was first proved
in [86] and [39], and see also [50], [68], [11] for more work. By the standard estimates
(see [89]), to obtain the higher regularity of the solution corresponding to smooth initial
data, we only need to bound the L* norm of the gradient of vorticity. The best known
upper bound for this quantity has double exponential growth in time. This result is
well-known and has first appeared in [89].

The sharpness of the double exponential growth bound has remained open for a long
time. In [90], Yudovich provided an example showing unbounded growth of the vorticity
gradient at the boundary of the domain. Nadirashvili [73] constructed an example on the
annulus where the gradient of vorticity grows linearly in time. In recent years, Denisov
did a series of work on this problem. In [26], he constructed an example on the torus
with superlinear growth in time. In [27], he proved that double exponential growth can
be possible for any fixed but finite time. In [28], he constructed a patch solution to
smoothly forced 2D Euler equation where the distance of two patches decreases double
exponentially in time. We refer to [56] and [92] for more information on these questions.

In 2014, Kiselev and Sverak [56] constructed an example of initial data in the disk
where such double exponential growth was observed. This means the double exponential

growth in time is the best upper bound we can get for the gradient of vorticity, at least for



solutions to 2D Euler equation in the disk. How generic is such growth is an interesting
question. If this growth happens in many situations, it would highlight the challenges
involved into numerical simulation of the solutions. In section 1.3, we make the first
step towards better understanding of this question, by generalizing the construction
of Kiselev and Sverdk to the case of an arbitrary sufficiently regular domain with a
symmetry axis. The main new ingredient of our proof is a more general version of the
key lemma in [56]. The lemma captures hyperbolic structure of the velocity field near
the point on the boundary where the fast growth happens. The analysis in [56] is specific
to the disk, and the Green’s function estimates used to prove the lemma do not translate
easily to the more general case. We develop a more flexible natural construction that

allows to carry the estimates through.

1.1.3 A modified 1D model

The main purpose of section 1.4 is to generalize the results of [12]. In [12], the authors
derive a 1D model to study regularity for axisymmetric 3D Euler with swirl, which is

the following system:

Oy (ru?y +u" (ru’), + v (ru?), = 0, (1.4)

where u” and u® can be calculate by the following equations:

r_’l/}Z
- )

u

r
c_ Y
)

u =
T

(1.5)

(1.6)



where 1) satisfies the following elliptic equation:

0 (100 1 ur

ror \ror r2 022
One can write " and »* in terms of w by computing the Green’s function of the above
elliptic PDE, more details can be found on [67].
The 1D model was inspired by the numerics presented in [44], which strongly suggest
singularity formation on the boundary of a cylindrical domain. The 1D model suggested

by Hou and Luo [44] to study the dynamics near the boundary is following:

wi + uw, = 0, (1.8)
0, +ub, =0 (1.9)
u, = Hw (1.10)

where H is the Hilbert transform and the space domain is taken to be R or S!(periodic).

Equivalently, we can write u as
1
u(z,t) = kxw(x,t) where k(x)= —log|z|. (1.11)
T

In [12], blow up is shown for (1.8)-(1.10) for a large class of smooth initial data.

There are numerous related 1D models that have been used to study fluid equations.
One of the earliest of these models was the one proposed by Constantin-Lax-Majda [18],
which have later inspired other models [25] [21]. We refer the reader to [12] for a survey
of results on this subject.

In section 1.4, for one of our results, we generalize their results to the model with

the following choice of Biot-Savart law:

1
u(z,t) = kxw(x,t) where k(x)=—log (1.12)



Using the reduction scheme from [12] to reduce 3D Euler to a 1D system, we will see that
(1.12) is perhaps a more natural choice of Biot Savart law in section 1.4.1. The choice
of (1.11) considerably simplifies estimates needed to prove finite time blow-up. In the
section ??, we prove blow up of the system (1.8) and (1.9) with law (1.12). The main
task will be to prove estimates that allow the framework for the blow-up with (1.11) to

remain.

For our second and closely related result, we prove the solutions to (1.8), (1.9) with
even more generalized kernels can blow-up as well. We will modify (1.11) by adding a
smooth function, which preserve the symmetries of (1.8), (1.9). The details will be in
section ??. To prove blow-up, in vague terms, we show that to “leading order” that the
dynamics which lead to (1.8)-(1.10) to form singularity persist even with a more general
law. Below, it will be apparent that our first result is not a direct corollary of our second

result as we will see that the class of initial data used in the first result will be larger.

One can think of our results as strengthening the case for studying this family of
equations. By proving singularity formation for more general Biot-Savart laws, one can
view the blow up of (1.8)-(1.10) as not being solely the result of algebraic cancellations
and manipulations due to the particular choice of Biot-Savart law, but as a more general

phenomenon.

1.2 Hyperbolic fluid flow: 1D model equations

The results in this section come from a joint work with Tam Do, Vu Hoang and Maria

Radosz [31].



1.2.1 Model discussion and the main results

In this section, we will study 1D models of (1.1) on R with the following two choices of

u:

u, = Huw, (1.13)

u = (=A)2w= —ca/ ly — |7 Yw(y, t) dy. (1.14)
R

The choice (1.13) leads to a 1D analogue of the 2D Euler equation. One arrives at this
model simply by restricting the dynamics to the boundary. In section 1.2.2 we give
a brief heuristic argument which works by assuming that w is concentrated in a small
boundary layer.

We note that the model (1.13) was mentioned in [12], where it was stated that (1.13)
has properties analogous to the 2D Euler equation, without giving details. In particular,
in [12] a 1D model of the 2D Boussinesq equations (an extended version of (1.13)) was
introduced and studied. One of our goals here is to validate the 1D model introduced
in [12] in a setting where comparison with 2D results are available. The fact shown
below, that the solutions to the model problem (1.13) behave similarly to the full 2D
Euler case, provides support to the usefulness of the extended version of this model
in [12] for getting insight into behavior of solutions to 2D Boussinesq system and 3D
Euler equation.

The model defined by (1.14) is called a-patch model and appears in [35] (also with
viscosity term). From the regularity standpoint, the a-patch model is between 1D Euler
(uy = Hw) and the Cordoba-Cordoba-Fontelos model (u = Hw) (see [21,80]), which is
an analogue of the SQG equation. These two models differ however from a geometric

perspective, since the symmetry properties of the Biot-Savart laws are different. For the



CCF model, the velocity field is odd for even w, whereas (1.14) is odd for odd w. It is
important to choose data with the right symmetry to make u odd, and thus to create a
stagnant point of the flow at the origin for all times.

We note that local existence and blowup results for (1.14) were given in [35], where
also dissipation is allowed. There the authors rely on a suitable Lyapunov function to
show blowup, whereas we emphasize the more geometric aspects in this section. That
is, we will be studying the analogue of the hyperbolic flow scenario for the above 1D
models and show that this leads to natural and intuitive constructions of solutions with
strong gradient growth and finite-time blowup.

Another blowup result related to hyperbolic flow was recently proven by A. Kiselev,
L. Ryzhik, Y. Yao and A. Zlatos [55] and concerns a a-patch model in 2D for small
a> 0.

In this section, we will prove the following theorems.
Theorem 1.2.1. The solution w to (1.1) and (1.13) satisfies the following inequality:
lwallzee < C(1+ [[(wo)all) exp(e),

for some universal C, provided that the initial data wg is smooth. And there is wy such

that the equality holds.

Theorem 1.2.2. There exists smooth initial data wy, such that the solution to (1.1) and

(1.14) blows up in finite time.
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1.2.2 Euler 1D model

1.2.2.1 Heuristic derivation.

Recall the 2D Euler equations in vorticity form
wi+u-Vw=0

where u = V*+(—A)"lw.

We first indicate a simple heuristic motivation for the choice (1.13) (see also [12]).
Consider the 2D Euler equation in a half-space {z3 > 0} and denote T = (x1, —x2). The
x1-component of the velocity (up to a normalization constant) for compactly supported

vorticity w is given by

uy(z,t) = —/]R Mw(y,t) dy (1.15)

2 |y —af?
where w has been extended to {zs < 0} by odd reflection (w(Z,t) = —w(x,t)).

Suppose now that w is concentrated in a boundary layer of width a > 0 and that

w(xy, e, t) = w(xy,t) in this boundary layer. Then a calculation gives

uy(z1,0,t) = —2/Rlog ((%(y—llj);; a2) w(y1,t) dy. (1.16)

If we now retain only the singular part of the kernel log <M) ~ —2log |z| and identify

22

u with u;, we get (dropping the constants)

o) = [ Togly — aley,t) dy.
R
So a reasonable 1D model is

we +uw, =0, u, = Hw, w(z,0)=wy(z) (z,t) € R x[0,00). (1.17)
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where H is the Hilbert transform, using the convention

w(y,t)
T —y

Hw(z,t) = P.V./ dy.

For this model, we have the following local well-posedness property:

Proposition 1.2.3. Given initial data wy € HJ*((0,1)) with m > 2, there exists T =

T(|lwoll ) > 0 such that the system has a unique classical solution w € C([0,T]; Hg").

The proof is standard so we skip it here.

An alternative argument to motivate (1.13) is to observe that the gradient of the 2D
Euler velocity is given by a zero-th order operator acting on w. In one dimension, this
leaves only the choice u, = cHw or u, = cw, ¢ being a nonzero constant. So we could

also consider the model
wi tuw, =0, u, =-—w, w(z,0)=w(r) (z,t)€Rx]I0,00). (1.18)

(1.18) is however not a close analogue of 2D Euler (see remark 1.2.7).

1.2.2.2 Sharp a-priori bounds for gradient growth.

We will first prove the global regularity of the solution to equation (1.17) by showing
that w, can grow at most with double exponential rate in time. Then we will give
an example of a smooth solution to (1.17) where such growth of the gradient of w is
achieved, meaning the bound is sharp.

Due to the Biot-Savart law relating v and w, the proof of an upper bound for
|ws (-, t)]| o 18 very similar to the proof for the full 2D Euler equations. For the reader’s

convenience, we give the proof. Recall first the definition of the Hélder norm

lwllge = sup L@ =@l

e—yl<lazy T —Y[®
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for compactly supported w.

We will need an estimate on the Hilbert transform:

Lemma 1.2.4. Let 0 < a < 1. Suppose supp(w) C [—D(t), D(t)] and assume without

loss of generality that ||wo||p~ = 1. Then

[tz |00 < Ca) (1 + [log(D(t))] +log(1 + [[wlle))

Proof. For any 6 > 0, we have

D(t) 1
/ Oy <c [ ay < clions + gD,
[-D(t), D)\ (z—6,x+68) LT — Y 5 Yy

Using the oddness of %, we have

49
‘P.V./ “(y) dy‘ _

=5 T =Y

z+0 1
[ el - o)) dy] < Clalta, e
z—5 L Yy

1

Choosing § = min {1, (m)a}, we get the desired estimate of ||uy|so- O
The following lemma gives an estimate on D(t).

Lemma 1.2.5. Suppose the support of wy is in [—1,1] and ||wo||p~ = 1. Then the sup-
port of w(x,t) will be inside [—C exp(CeC), C exp(Ce)], for some universal constant

C>0.

Proof. Suppose suppw = [—D(t), D(t)]. Then for any point z inside of this interval, we

have

D(t) 2D(t)
@l < [ ogle—yll dy<C [ lozlsl] ds < D) lox(DE)] + 1)

—D(?)

By following the trajectory of the particle at D(t),

D'(t) < CD(t)(|log(D(t))| +1).
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A simple argument using differential inequalities shows that D(t) is always less than

z(t), where z(t) is the solution of
Z(t) = Cz(t)(log 2(t) + 1), 2(0) = min{D(0),2}.
This yields the double-exponential upper bound on D(t). ]

The following Theorem gives the double exponential upper bound for w,.

Theorem 1.2.6. There is universal constant C such that if wy is smooth, compactly

supported with suppwy C [—1,1] and ||w||L= =1,
log(1 + [|wallz) < Clog(1 + ||(wo)e|lz)e’  (t > 0). (1.19)

Proof. We follow the proof in [56]. Let us denote the flow map corresponding to the

evolution by ®;(x). Then

0
S0(@) = u(@,(2), 1), Polx) =7,

and
9| Pi(z) — P4(y)
|Dy(z) — Pi(y)]

After integration, and by Lemma 1.2.4 and Lemma 1.2.5, this gives

< ||z

@) — @)

< f(1),

where
t
f(t) =exp (C’/ (1 + exp(Cs) +log(1 + ||wz||z=)) ds) :
0
This bound also holds for ®;'. On the other hand,

(I)fl . (I)fl CI)fl . (I)il
HWIHLOO = sup |w0( t (I’)) WO( t (y))| g H(WO)xH Sup | t (l’) ¢ (y)| '
e ==yl w#y |z =yl
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Which means we have

t
(14 fJwslzoe) < (1 + [[{wo)al| oo ) exp <C/ 1+ exp(C's) +log(1 + [lws || o) dS) )
0

or
t
log(1 + [|wallze) < log(1 + [[(wo)allz<) + Cexp(Ct) + 0/ (1 +1log(1 + [|wallze)) ds.
0

So y(t) :=log(1 + ||ws ||z~ ) satisfies the integral inequality

o0 <y(0) + e+ A+ y(s)) ds

and by the integral form Gronwall’s inequality and some elementary manipulations, we

arrive at the bound y(t) < Cyy(0)e®. This yields the desired bound on [|w,||se- O

Remark 1.2.7. If we choose our Biot-Savart law to be u, = —w, then from a modifica-
tion of the above proof we get an exponential upper bound for ||w,|| L. This is different
from the 2D Euler equation, which suggests that (1.17) is a better analogue of the 2D
Euler equation than (1.18). Moreover the equation (1.18) also has different symmetry

properties.

Next we construct initial data wy such that ||w, (-, )|/~ grows with double-exponential
rate, proving the sharpness of the a-priori bound (1.19). The hyperbolic flow scenario
is created in the following way: First, we require that the initial data wy is odd with
respect to the origin, and has compact support. By Proposition 1.2.3, the oddness is
easily seen to be preserved by the evolution. Consequently, the velocity field (which is
also an odd function) can be written as

W, t) = —x /OOOK (f> ©W: g (@ > 0), (1.20)

) Y
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where

1
K(s):=-1
(s) ~ log

(1.21)

s+1
s—1]|"

Note that the origin is a stagnant point of the flow for all times. By taking wy to be
positive on the right, the direction of the flow is towards the origin. More precisely, wq

is defined as follows (see Figure 2):

e Let wy be supported on [—1,1], smooth and odd. Choose numbers 0 < z1(0) <
215(0) < 1 such that Mz(0) < 22(0) where M will be determined later. Require
that wp is increasing on [0,z(0)], decreasing on [x2(0),1] and identically 1 on

[71(0), 22(0)].

Using the earlier notation ®; for the flow map associated to (1.17), let

1(t) := @4(21(0))

5(t) = Py (22(0))

It is easy to see that the general structure of wy will be preserved by the flow: For fixed
t, w(x,t) will be increasing on [0,z1(t)], decreasing on [z5(t),1] and identically 1 on

[1(t), z2(t)]. In fact, since u(x,t) < 0 for x > 0, z1(¢) and z5(¢) will be moving towards

1’2(15)
l'l(t)

the origin in time. We will show that the quantity increases double exponentially

in time. This is sufficient to conclude the desired growth of ||w, (-, )| L.
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0 I ( t ) ) ( t ) 1 T

Figure 2 Structure of w(x,t).

Theorem 1.2.8. Assume our initial data is defined as above, then

log

) (t)

1(t)

for some positive constant C. As a consequence,

CL’Q(O)
> lo exp(C't t>0),
8 (0) p(Ct) (t>0)
log [|wz(+, )| = Cyexp(Cat) (t > 0)
for some C,Cy > 0.
Theorem 2.4 quickly follows from the following lemma:

Lemma 1.2.9. Suppose 1 > x9 > 8x1. There are universal constants Cy and C; so that

Proof. First observe

d (@) _ xhry — ) X9 _ u(r)ry —u(w)T2 T (U(IEQ) u(xl))

dt \ z
() -w())
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We decompose the integral into 4 pieces which we will estimate separately:
1
[ G- Gl
0 Y Y Y
211 %Jﬁz 219 1
L Lo L L) () e
0 2z %:vg 2o Yy Yy Yy
=+ I11+1I1+1V.

For I, we use 0 < w(y) < 1 and 2x; < 25 < 1t

2x1 2z
0<[</ 11 ﬂdy+/ ilogwdy
0 0

Ty |$1 Yl T2 2o — |
1 1 1+ %2 21, 2
= —3x1log3 + — |2z log 2m +a3log|1—— | +axglog |1+ —
1 T 1-— o X2 )

< 3log3 + 2log 2.

Using the fact that K (s) is increasing in [0, 1) and decreasing in (1, oo] and that w(y) = 1

for y € (2, %:UQ) we get

le lx2
n- [’ [K(ﬂ>— ( ) W) dy> [ 2= G los®): dy
2 Yy Yy 221 2 (0

- %log(i’))) log (x—j) C

Using the positivity of K,

- [ ) ()] 5w ()t

2 2

2
1
>—/ g s
18 \3—1\

We estimate IV in the following way, using that w(y) < 1 and & < 22 < 1 for 225 <
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(V] =

LG =G ol LG == ()l o

1 1
1 1
</ —logy”zdy—/ 2 og LT
2

220 L2 Y — T zo L1 y—n

= (i) — ().
We can compute (7) directly and get

=—1
(4) oS

+log(1 4 22)(1 — x2) — 2log(x2) — 3log(3).

Similarly, for (i), we have

y 1 1+ To ., 2xa+ 1
=—1 1 1)(1— —2—log —
(i) . 0g 1 . +log(zy + 1)(1 — 1) . og Sy

— log(2xg + 1) (229 — x1).
Then using that z; < xo,
2\ 2
|[IV| < C — 2log(wy) + log(4z; — 27) = C — log (4 - (—1) ) < C.
0

The proof of Theorem 1.2.8 is now completed as follows: choose M > 8 so large such

that £ log(M)—Cy > 0. We have thus 1 log (%) Co = 0. From Lemma 1.2.9 it follows

that ifgg is growing in time and that we have

d () Cueey (22
dt T / 2 I il ’

or —10g< ) > % log( > for all times. This clearly implies that 72 grows double-

exponentially.
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Remark 1.2.10. In [56], the Biot-Savart law is decomposed into a main contribution

and an error term. In our case (1.20), the main contribution would be

—x /00 wy) dy. (1.22)

If we replace (1.20) by (1.22), then double-exponential growth of 22 can be proven by
a straightforward argument. In this case, the computation for the estimate in Lemma

1.2.9 becomes much easier.

1.2.3 a-patch 1D model
In this section, we consider the 1D model equation
Wi + uw, =0 (1.23)

with a different Biot-Savart law

u(z,t) = (=A) " 2w(z,t) = —ca/R ly — x|" " Yw(y, t) dy, ae(0,1) (1.24)

For convenience, we will assume the constant ¢, associated with the fractional Laplacian
is 1, and we write vy =1 — a.

This problem has been studied in [35], where local existence and uniqueness results
for smooth initial data are proven. From these, we can show that this equation preserves

oddness and u(0,t) = 0 holds with odd initial datum. For odd data, we can write

u(z,t) = — /000 k(z,y)w(y,t) dy (1.25)

where k(z,y) = |y — x| — |y + z|77. Note that k(z,y) > 0 for z # y € (0, 00).

Following similar ideas as for 1D Euler, we specifiy our initial data wqg as follows:
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e Pick 0 < z1(0), 29(0) with Mz1(0) < 22(0). Let wy be smooth, odd, wy(x) > 0 for
x > 0 and have its support in [—225(0), 222(0)]. M > 1 is to be chosen below. Let
wp moreover be bounded by 1, smoothly increasing in the interval [0, z,(0)] and

wp = 1 between z(0) and x2(0).

As long as the solution remains smooth, the general structure of the solution does not

change. Let x;(t), x2(t) be again the position of the particles starting at x1(0), z2(0).

Theorem 1.2.11. There exists a choice of x1(0),22(0), M and a time T > 0 such that
the smooth solution of (1.23) for the above initial data cannot be continued beyond T
Provided the solution remains smooth on the time interval [0,T'), the particle starting at

x1(0) reaches the origin at time t =T, i.e.

lim z,(t) = 0. (1.26)

t—T

In this sense, the solution forms a “shock”.

Remark 1.2.12. In [35], the existence of blowup solutions to (1.23) is shown using
energy methods. The advantage is that they are able to include a dissipation term.
The drawback of energy methods in general, however, is that the blowup mechanism is
obscured. Our proof uses the dynamics of the solution and gives a more intuitive picture

of the blowup, and is easily generalized to other even kernels having the same singular

behavior.

In the rest of this section, we will prove Theorem 1.2.11. First of all, we track the

movement of the particle starting at z1(0), which is the following lemma.

Lemma 1.2.13. There ezists a universal constant M > 2 so that if Mx(t) < xo(t),
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the velocity at x1(t) will satisfy
u(zy(t),t) < —Cxy (1), (1.27)
for some universal constant C'.

Proof. Let uy = u(xy(t),t). Since k,w = 0 on (0, 00)

T2
—uy 2/ k(z1,y) dy
2

1

= Cy [—($2 + $1)1_7 + (9 — $1)1_7 + (3$1)1_7 - x}ﬂ]

= C,y [(31_7 — 1)1’%_7 —+ (.%'2 — xl)l_w — (Ig + ZEI)I_’Y]
1

I—y
21

for some constant ¢, > 0. Note that (3'77 — 1) > 0. We can write

1 L s 2\ 21\
— - _ -y _ 72 j —— —(14+=
7 (22 = 21) (22 +21) xy 7 [( To * To

There exists a constant C' > 0 with | f(z1/22)| < C|x1 /23] for |x1 /x| < 1/2, and so
—uy = eyry T [(377 1) = OM ]

if Mxzy(t) < zo(t). Now choose M large enough so that C'M~7 is smaller than the

number 1(3'77 —1). O

This estimate of velocity field will lead to a blowup in finite time, provided we can

show Mz (t) < x5(t). More precisely,

d . -



implying

21 < O(21(0) — C)7.

22

This shows that no later than Ty := C~'2,(0)7, the particle x;(¢) will reach the origin,

and the solution cannot be continued smoothly. Note that Ty does not depend on x4(0).

It remains therefore to control the motion of z5(t), concluding the proof.

Lemma 1.2.14. For x5(0) large enough, Mx(t) < z5(t) fort € [0,T).

Proof. We write u(z2(t),t) = uy. Observe that the support of w(-, ) is always contained

in [—225(0), 225(0)] because of u(x,t) < 0 for z > 0.

Next we find an upper bound on us:

2x2(0)
fus(t)] < / ly— 2|7 < Ca(0)! .

2x2(0)

Hence,
xo(t) = x2(0) — /0 0 |ug(s)| ds = x2(0)(1 — Czo(0)Th).

Now choose x5(0) so large that Mz1(0) < x9(0)(1 — Cx9(0)~7T5). But then
Ml’l(t> < M;Cl(O) < Q?Q(O)(l — Cﬂ?g(O)i’yT(]) < Iz(t),

giving the statement of the Lemma.

(1.28)

(1.29)

1.3 Hyperbolic fluid flow: fast growth in 2D Euler

equation

The results in this section come from [87].
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1.3.1 Main result

Recall the two dimensional Euler equation in vorticity form for an incompressible fluid
is given by

Ow~+ (u-Viw=0, w(z,0)=wy(z). (1.30)

Here w = curl u is the vorticity of the flow, and the velocity u can be determined from
w by the Biot-Savart law. Here we consider the flow in a smooth bounded domain (2,
and we assume u satisfies a no flow boundary condition, namely u - n = 0 on 02, here

n is the outer normal vector of 92. This implies that

u= VL/QGQ(:c,y)w(y)dy.

Where Gq(z,y) is the Green’s function of the Dirichlet problem in Q and V*+ = (9,,, —0,,)
is the perpendicular gradient.
In this section, we will prove the following double exponential growth bound for more

general domains instead of disk:

Theorem 1.3.1. Let Q be a C? bounded open domain in R?, tangent at the origin to
the x1-azis and symmetric about xo-axis. Consider the 2D Fuler equation on §). There
exists a smooth initial data wy with [|[Vwol|p > ||wol|z= such that the corresponding

solution w(x,t) satisfies

Ve (-, )| oo oon [\ (D) exp(e() ol o)
[Vw(- )z >(H wollz ) (1.31)

[lsol [ L= lwol [ o<

for some ¢(§2) > 0 that only depends on 2 and for all t > 0.

Based on the ideas of [56], we will focus on the appropriate representation for the

Biot-Savart law for the fluid velocity u. The key will be obtaining the representation
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which will show that u; ~ x1log(z;) on appropriate (time dependent) length scales.
After that, based on the construction of [56], we will get the desired growth for the

gradient of vorticity in domain ).

1.3.2 The key lemma

To construct a flow with fast growth in the gradient, we need a technical lemma for the
expansion of velocity field.

We use the same notation as in [56], which means w is the vorticity field in €2, odd in the
first variable. Note that this property is conserved by Euler evolution in a symmetric
domain. Let u be the corresponding velocity field. D™ = {x € Q: x; > 0},Z = (—z1, x2)
and Q(x1, z7) is a region that is the intersection of D' and the quadrant {y : 21 < y; <

00, Ty < Yo < 00}

Lemma 1.3.2. [Key Lemma.] Suppose € is a C* bounded open domain in R?, symmetric

about wy-axis, and tangent to xy-axis at the origin. Take any v, 5 > v > 0. Denote

DY the intersection of DT with a sector § —y = ¢ > —F, where ¢ is the usual angular

variable. Then there exists 0 > 0 such that for all x € D] such that |z| < § we have

4

uy(z,t) = ——1:1/ yl—ij(y,t)dy + 21 By (x, 1), (1.32)
™ Q(z1,x2) |y|

where | By(z,t)| < C(vy, Q)||wol| -

Similarly, if we denote Dy the intersection of D¥ with a sector § > ¢ > vy, then for all

x € D] such that |x| < 0, we have

4
ws(a,t) = /Q o %w(y,t)dy + 22 Bo(n, 1), (1.33)

where | By (z,t)| < C(v,Q)||wol| e -
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In the argument below, § and constant C' may change from line to line, but since we
change it only for finite many times, at the end we choose the smallest § and the biggest
C among all of them instead.

We want to define y* to be the mirror image point of y, about the boundary. Namely,
we want y* to be written as y* = 2e(y) — y, where e(y) is a point on 0f2 so that y — e(y)
is orthogonal to the tangent line at e(y). More intuitively, e(y) is the closest point to
y on 0. However, it is not clear that this e(y) is well-defined. Given y, it may be
possible to find more than one e(y) on the whole 0€2. However, we will show y*(y) is
locally well-defined close to the origin by lemma 1.3.3 below.

Since 0f) is tangent to the x; axis at the origin, we can choose the parameterization
near the origin of Q such that we have 9Q = (s, f(s)) for some function f € C? and

sufficiently small s.

Lemma 1.3.3. There exists r = r(2) > 0 only depending on €2, so that for any y €

B, (0) N Q, there is a unique s in (—2r,2r) such that the following equation holds:

(s —y1) + f1(s)(f(s) —52) = 0. (1.34)
Moreover, this s, as a function of y, is C2.

Remark 1.3.4. If we call e(y) = (s(y), f(s(y))), then (1.34) means y—e(y) is orthogonal
to the tangent line of 02 at e(y). Note that if e(y) is one of the points on O closest to

y then (1.34) holds.

Proof of lemma 1.3.3. We call the left hand side of (1.34) the function F'(s,y). We take

derivative of F(s,y) in s and get

Lt f/(s)* + () (f () = y2)- (1.35)
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So DyF(0,(0,0)) =1 and F'(0,(0,0)) = 0. Thus by implicit function theorem we know
the solution to (1.34) exists and is unique in a neighborhood of {0} x {(0,0)}. By
choosing r small enough, s(y) is uniquely defined. Moreover, as in the very beginning
we choose 92 to be C3, which means f is C3. Hence, F(s,y) is a C? function as it
only contains function f’ and f, which means s(y) is C? in y by the implicit function

theorem. O
By lemma 1.3.3, we can give the following definition:

Definition 1.3.5. Given r small enough, for any |y| < r, we define e(y) to be the only

point in Ba.(0) N O so that e(y) — y is orthogonal to the tangent line of O at e(y).

And we define y*(y) = 2e(y) —y. We denote y*(y) = (yi(v), v5(y)) = (¥}, ¥5).

Then, we have the following lemma.

Lemma 1.3.6. Take r small enough as in lemma 1.3.3. If |so| < 2r and y € B,(0)NQ,

we have
Vi = o0 = T = 50 s = Fsn) + Ol s, Fsu))),
05 = £(50) = T o = o)+ = = o))+ Olly = (s o)) P

(1.36)

Here the constant in capital O notation only depends on the domain ). In addition the

map y* is invertible in y in B,.(0) N Q.

Proof of lemma 1.3.6. This is an elementary calculation by Taylor’s expansion formula.
Like in the proof of lemma 1.3.3, we call the left hand side of (1.34) F(s,y). We take

the partial derivative of F'(s,y) with s = s(y) in y; and denote 0; = 0,,, Oy = 0,,. We
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get
Ohs — 1+ f'(s)?0hs + ["(s)Ors(f(s) — y2) = 0.

Plug in y; = s¢ ,y2 = f(s0), noticing that we have s(sg, f(s0)) = so, we get

1
018 |y=(s0.1(s0)) = T P50

Which means by the definition of y* we get

. 1 _ f/(80)2
Nyt ly=tonsto0) = 20r8ly=eo.soon =1 = T3

And similarly by taking the partial derivative in y, in F'(s,y) we get

f'(s0)
Oaslu=to0.160) = T3 pi( s

So
* 2f/<80>
Oy ly=touss 60 = 208ly=teu g0 = T 75 2

By chain rule, we get

/ / 2
011 (5)ly=(s0,f(s0)) = %7 02 f (8)ly=(s0.1(s0)) = 1 _{ 55?1@2‘

Which means we can get

. 21" (s0) . f'(s0)* — 1
Y5 |y=(s0.f(s0)) = T3 s Y ly=(s0,f(s0)) = T+ fi(s)?

Thus by Taylor’s expansion we get (1.36). And we can also see the invertibility of y* for r
small enough, this is simply by the inverse function theorem because | det(Vy*)|,ca0| =

1. U

To understand y* better, we need another lemma. The following lemma shows that

although 0f2 could be crazy, the intuition that y* must be outside of €2 is always true.
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Lemma 1.3.7. There exists r so that for any y € B.(0) N, y*(y) & Q.

Proof of lemma 1.3.7. First, since y is close to the origin, the slope of inner normal line
at e(y) of 0N is close to +00. Recall by our definition the inner normal line has the
same direction as y — e(y), which means the second component of e(y) is less than y,.
By the definition of y*, y5 < ys.

Now we argue by contradiction. Suppose for every ry we can find y so that y*(y) is inside

Q. By the expansion of y* near zero, we know that |y*| =~ |y|. Here the notation ” ~

means there are constants C1, Cy only depending on (2, such that Ci|y| < |y*| < Calyl.

T

So, if ry is small enough, say, less than & where r is the same r in lemma 1.3.3, then
y*(y) is also in the domain of map y* by lemma 1.3.3. By definition, e(y) — y*(y) is
orthogonal to the tangent line at e(y). However, by lemma 1.3.3, such a boundary point
e(y) is unique, which means e(y) = e(y*(y)). So we know y*(y*(y)) = y. But then

y2 = ¥ (y*(y))2 < y5 < yo2, which is a contradiction. H

We will use y* as a sort of conjugate point for y in the context of the Dirichlet
reflection principle for the representation of the Green’s function. We note that for the
case of the disk in [56], by the well known explicit formula for the Green’s function, the
natural choice of y* is given by circular inversion of y. For more general €2 the choice of
y* is less obvious. We will see that our definition of y* will work well for the estimates
that we have in mind.

Without loss of generality, we assume 0 C [—2,2] x [—2,2]. Then we have the

following proposition.

Proposition 1.3.8. Suppose Q is a C* bounded open domain in R?, symmetric about

x9-axis, and tangent to xi-axis at the origin. Then there exists r = r(€)) > 0 so that for
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x,y € B.(0), the Green function of Q can be written as:
1 *
Gol(z,y) = 5-(log |z —y| = log |z —y"|) + B(z,y). (1.37)

Here B(x,y) satisfies for any w € L®(9), fBT(O)ﬂQ B(z,y)w(y)dy € C**(B.(0)NQ), for

any 0 < a < 1. More precisely, we have

Haxﬁxj/ Bz, y)w(y)dyl LB, 0ne) < C(Q)|wlz= 1,5 =1,2
Br(0)NQ

To prove this proposition, we need a technical lemma.

Lemma 1.3.9. Let x = (s, f(s)). Let K(z1,22) be a integral kernel such that it is
C' on the set {z1 € Q,20 € Q : 21 # 29}. Suppose we have K (s, f(s),y) = O(ﬁ)
and DK (s, f(s),y) = O(=m y|2) Then [, K(s, f(s),y)w(y)dy has modulus of continuity
slog(s), with the constant equal to C(Q)||w||L~. Here C() is a constant that only

depends on €.

Proof of lemma 1.3.9. Without loss of generality, let s; < s5. Suppose |s; —so| = (. Let

((51;52),f((81;52))) be Z. By the smoothness of f, there is a constant C; = C1(2), so

that for any s between s and s, (s, f(s)) € Be,¢(Z). Then, for any 7 > C;(, we have

/Q(K(Sla f(s1),y) — K(s2, f(s2),y))wdy
- /mB (z>(K(81’ Fs1),y) — K(s2, f(s2), y)Jw(y)dy+

QnBC(Z)(K(sh F(51),y) = K(s2, f(52), y))w(y)dy (1.38)

1 1
<“WW*LM =G oo = G fe)

wwm/ /IDKH’)W@
QHBC
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For y € B.(Z), by the smoothness of f,
|y - (Swf(sz))‘ < ’y - Z| + |Z - (slaf(‘sl))’ ST ClC?
for i = 1,2. In addition, for any s; < s < s and y € BS(Z), we have

ly = (s, f( =2 |y = 2] = [Z2 = (s, f(s))]| = 7 = C1C.

Hence, the right hand side of (1.38) is no more than

1 |s1 — s
Clloll~ | iy + Cllalo [ =y <
(Q=2)NByr1cy¢(0) |y (Q=2)NBS_, (0) |y
T+C1¢ 1 2
C’||w||Loo(/ —-rd?“Jr/ % - rdr) (1.39)
0 r T—C1(¢ r

= Cllwl[ Lo (7 + (log (T — C1¢) + C1().
Here () — Z means the translation of €2 by Z. So if we choose 7 = 4C(, we get the

desired modulus of continuity. O

Remark 1.3.10. In this lemma, it’s easy to see that if K (s, f(s),y) is not differentiable

but |K<317 f(sl)a y)_K(SZa f(SQ)a y)’ = |51_32|a0( |(S1,f(511))—y\2 + \(sg,f(slg)—y)|2 ); we can still
get the similar result. More precisely, [, K(s, f(s),y)w(y)dy has modulus of continuity
x*log(z). This can be used to extend the results of this section to less reqular domains

with C*% boundary.
Now we prove proposition 1.3.8.

Proof of proposition 1.3.8. The idea is to use the properties of elliptic equations.

First, remember

1
B(z,y) = Ga(z,y) — 5=(log|z — y| —log |z — y),
2
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where Gg(x,y) is the Green function of domain Q, y* is a function of y defined by
definition 1.3.5. As a well-known result, Green function is a smooth function for x # y.
Here we would like to show the subtraction of 5-log |z —y|, which is the Green function
of R?, can eliminate the singularity of Gq(z,y) with the help of the term log |z — y*|.
As a result of lemma 1.3.7, we know that for all y, y* ¢ ). Therefore for any fixed

y € Q, log |x — y*| is smooth and harmonic in z. This means B(z,y) is harmonic as x

varies in 2, and satisfies the boundary condition B(z,y)|seco0 = 5= log(iiy;"). Hence

mer(O) B(z,y)w(y)dy is also harmonic and satisfies

1 z—y*
/ B(x,y)w(y)dylzcoons, ©) = / — log(| |)W(y)dy-
QNB, (0) 0nB, (0) 2T [z — |

Since the boundary of the domain € is C3, by the well-known results on elliptic regularity

(see, e.g., Lemma 6.18 of [37]), we know that in order to show that mer(o) B(z,y)w(y)dy
is C%“ near the origin, we only need to show that this harmonic function is C*% on the

boundary near the origin. Recall the notation x = (s, f(s)). We only need

) 1 s ) -y
“S)‘/m,@ 2 UG 7)) =y 2 (1.40)

to be C* in s for s small. Here remember y* is only a function in y, so «(s) is a well
defined function in s. The proof for regularity of ¢ is simply by calculation. Here we
will only use the expansion of x — y* and the corresponding cancellation of y — y*. As
t(s) can be seen as the integral of a difference of the same function in different points
y and y*, we will essentially need to calculate the finite differences of some complicated
functions.

First we find the second derivative in s of log(%). We call it K (s, f(s),y).
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More precisely, we have

L+ f(s) (= y2) + ['(s)* (s =) + ['(5) (1 = 92))°

—K(S,[L,y) =

v =yl jz —y|*
1+ ) —y3) + f'(s) n 2((5 — )+ () — 13))? (1.41)
|z — y*[? |z — [t :

Then, observe that by lemma 1.3.6 and simple computation, for y close to (s, f(s)) we
have f(s)—ys5 = f(s)=y2+O(|f(s) =22 +O(|ls—21|)+O(lx—y[*) = f(s)—12+O(|lz—y]),
which means ys — y5 = O(|z —y|) for y close to z, and |z — y*|> = |z — y[> + O(|x — y|?),

for z, y close to the origin and y close to x. So K(s, f(s),y) can be written as

f"()(f(s) —y2 + O(lz —y[)) + O(lz — y|))
[z —y[*+ O(lz — y|*)
Als,y)s =y +s—yi + F'(5)(f(s) —va + f(5) — 43))
[z —y|*+ O(lz — yl°)
o (s =y1) + f(s)(f(s) = 10))* Oz — yI)
|z —y|* + O(Jz — y[°)

Where A(s,y) = (s —y1) — (s —vy7) + f/(s)((f(s) —y2) — (f(s) —y3))). By lemma 1.3.6,

2

+ (1.42)

B L= Sy 2
A(s,y) = (s_y1)+—1+f’(s)2(yl )+ ETAE 52 — f(s)+
N P C IR O Y
76 (16 =t L=+ L - s ) +
Oz ~ i) .
= -+ - 1)+
7o) (25 = 9+ 5 rgalon = £ ) + Ol = o)
= Ol — )

Again by lemma 1.3.6 we have s —y; = O(|x —y|), f(s) —vs = O(]z — y|). And also we

have s —y; = O(|]z — y|) and f(s) —y2 = O(Jz — y|). Plug in all of these into (1.42) we

get K(s, f(s),y) = O(555)-
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Then, we take the derivative of K (s, f(s),y) in terms of s again. We get

_ S (5) —y2) +3/7(s) [ (s)

DK (s, f(s),y)

|z —y[?
(L+ () (f(8) —w2) + ['(9)2) (s —y1) + ['(5)(f(5) — 92))
|z —yl|*
N 4(1 + f”(S)(ﬁSE;é/z) +1'(s)* o5 —y) +|£ISSL(|{(S) - yz))2)
(s =y) + [1(s)(f(s) —w2))
|z —y[?
")) —ws) +317(s)f"(s)
|z — y*|?
N (L+ f"(s)(f(8) —w3) + f'()*)((s = yi) + F'(5)(f(s) — 93))
o —y|*
B 4(1 + 1"(8)(f(s) —w3) + f'(s)® o (s — i) + ['(s)(f(5) — yé‘))2>
v —y*]? |z —yr[*
(s —wi) + F(5)(f(s) —u3))
|z — y*|?
(1.44)
= |2 —1 yl2)
_ 5(1 4 f/(S)Q)(<S — Y +‘.};/(j)z§.‘];(s> B y2)) . (S B ?JT +|£,<_S)y(*-]’1(5) B y;)))
-yl w) ) - ) (5= 1) OTOE )", s
N I oy Asy) (Al y)O(r —yP)
) P O s =3 o yp
1
O<|~’lj - y|2)'
To complete the proof of this proposition, we only need to use lemma 1.3.9. ]

Remark 1.3.11. Notice that this proposition is true for all small enough r. Later in the
proof of the key lemma this v may change from line to line, and finally we will choose

the smallest r which is still only depend on §2.
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Remark 1.3.12. If f is not in C? but in C*P for some 0 < B < 1, by a longer but

similar computation we can find

1 1

|K (51, f(51),y) — K(s2, f(52),9)] = |s1 — SQ‘QO(l(Sl F(s1) — yI? + (52, f(52)) — y|?

).

Which means even if we have C*# domain, we can still get some regularity of K (s, f(s),y).

By the remark 1.3.10, we still have fBT(O)mQ B(x,y)w(y)dy is C* for any 0 < a < f3.
The proposition can now be applied to prove the key lemma for the domain (2.

Proof of the key lemma. By proposition 1.3.8, we know we can write the Green function

of Q) as follows:

2nGa(x,y) = 18,0 (y)(og |z — y| = log|z —y*[) + C(z, y). (1.46)

Here np, (y) is the smooth cut-off function. C'(x,y) is a function so that [, C(z,y)w(y)dy
is C%%(B;(0) N Q), for any small § < £, and w(y) is a bounded function in €. Here y*
is the same as in proposition 1.3.8. Hence, by using the Taylor’s expansion and z-
can be controlled by z; in the sector D], with % < C(7), the first order term of
Oy [ Cz,y)w(y)dy can be written as x1.Ji(z,t) + My(w), for Ji(z,t) < C(7)||wo|ree
and Mi(w) = Os, [, C(@,y)w(y)dYlo—0,0).

We first prove (1.32). For (1.33), it is similar. By the expansion of y* near the origin
we know |y*| & |y| for any y € B,.(0). Without loss of generality, we assume |y*| > C|y|
for some C} < 1. Fix a small v > 0, fix z € D], |z| <. Here ¢ is a small number that
we will choose later. Now we would like to choose a number which is comparable to z;

while it can control both x; and xs. We define a = 10—(?(1 + cot(y))xy. Let’s first assume

§ is small enough so that a < min{0.01, 7} whenever |z| < 0. Now the contribution to
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uy from integration over B,(0) does not exceed

1
or [ 0uGal eyl < Cllnl [ ( +Q@
QN B, (0) D+NB,(0) |LE - yl (147)

< Callwol| e < C(7) 21 ||wol[ o

For y € (DT N B,(0)) \ B,(0), we have |y| = 100|z| and |y*| > 100|z|. By symmetry, we

can write the first term in (1.46) as 19p+np, () times the following terms:

2zy | |af? 2ry* | |af?
log |z — y| — log |z — y* zlog(l——+— —log|l——%+—
| DERRPE vE TP

21y |a:|2) 2zy* | |2l
—10g<1——+— +log|l—+—+—5 -
vl lyl? ly** oy

Here & = (—x1, z3). For small ¢, we have

(1.48)

2
log(1+1¢) =1t — % +O(t).

Hence, (1.48) can be written as

[z
lyl?

T Ty 21 2x129y YS
i Y1 ali1Z2Y1Y2 4 eh 2Y1Y2 +0(

lyl2 |y ? |y[* |y |4

).

In the last term, we used that |y*| ~ |y|, this is true by taking sy = 0 in the expression
of y* in lemma 1.3.6 for y € B,(0) and r small. Again by the expression near 0 of y*,

we have

Y y1 + O(ly|?) Y1 Y1
P " WPEowP) i or T T e

Where b, (y) is a bounded function in y, and the bound is a universal constant. Similarly,

Ys Y2
P SRR

Here again bo(y) is also bounded by a universal constant. Therefore we get that the

expression (1.48) can be written as

272172y
|y|?

|z |?
ly3

_ 43711’22/13/2 23713323/1

ly|* ly)? ) (1.49)

2101 (y) ba(y) + bi(y) + O(



36

Then we can differentiate the above expression with respect to xs, since we know the

explicit functions, and by direct computation we get

i

4r191Y2 290191 211Y2 T
- ba(y) + —5-bi(y) + O(—3).
T ly[? ly[?
Now
2 1 2
1
/ %dy < Clz|* | Sds < C’ﬂ < C(y)xy.
(D+NB-(0))\Ba(0) |yl a S a
Also,

/ Ly < ¢,
(D+NB,(0))\Ba(0 |y|

for i = 1,2. Therefore, the last three terms of (1.49) only give regular contributions to
uy. Now we only need to show that adjusting the region B,.(0) \ B.(0) to Q(x1,x2) will

not change too much for the expression, namely,

Ny Ny
/ N9 )y = C(Q)bs (o)l |woll o + / U9 )y,
(D+NB,(0))\Ba(0 |y| Q(z1,32) Y|

Here again b3(z) is a bounded function whose bound is a universal constant. Indeed,

Y1y
/ L2 o@)dy < C()lwoll e < CO)wolzov-
D+\B.(0) |y|

And

Y1y Y11Y2
/ o)y < Cllals [ LE¥
BaﬂQ xl,xz |y| BEQQ(ILIQ) |y|
Cz1 Cx1 V1Yo
OHWOHLO‘JQ/ dyl/ dyg ‘ |4 < CHWOHLO"'

Finally, the set DT\ (B, UQ(x1,x2)) consists of two strips. The contribution of the strip

(1.50)

along xy axis does not exceed the following quantity:

/ ylyj ()d?J‘ HWOHLOO/ dy1/ d 2y1y2
DH\(BaUQ(ar 22)) (<1} |V

Cx1
hn
< lwoll peo ———dy; < Cl|lwgl|pee.
loolli | Gty < Clloolle
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Similarly, the integral over the strip along x; axis can be bounded by
Y1y2

|2 1
Y1y
/ 4 / dyQ/ dyll_f
DH\(BaUQ(z1,22))N{y2<za} Y| —C(Q)]z1 2 Cz1 Y|

C(v)z 1
Ny
< Cllwoll = / dys / P < C0)
0 Cxq y'

Here the first step is due to the fact if we write 9Q = (s, f(s)), then since f'(0) = 0, near

||W0||L°°

w(y)dy' <

0 we have f(x;) = Cz?. The second inequality is true since ¢ is small, |z;|> < |z|> <
|z| < C(y)z1. This completes the estimate of the first term of (1.46).
Finally notice that u;(0,0) = 0, so M;(w) will be canceled by the constant term of

the first term. So we finish the proof of the key lemma. O]

Remark 1.3.13. By the remark 1.3.10 proposition 1.3.8, one can find that this key
lemma is still true for O to be C*<, for any o > 0. Therefore one could have double
exponential in time upper bound as well. On the other hand, it has been proved in [58]
and [47] that if the boundary OS2 is only Lipschitz, one may expect finite time blowup or
exponential in time upper bound for |Vw||p~. It is an interesting question whether we

could get any similar estimate for CY* domain.

Remark 1.3.14. For this lemma, one can also try to prove it by taking the direct

calculation. We provide this alternative approach in appendix A.

1.3.3 The proof of the main theorem

Now based on the key lemma for €, we follow the idea of the proof in [56], we can prove

Theorem 1.3.1.



38

Proof of Theorem 1.3.1. First of all, we set 1 > wy > 0 with ||wg|/z~ = 1. Then we

know 1 > w > 0 as well. If x5 < 0, observe that

—z2 f(z1)
ylyQ y)dysdyyy | < / / @f”"jdyldyg <Clog(1+ Iy Lo <o

(1.51)

So if we take smooth wy equal to one everywhere in D' except on a thin strip of width

0 near the axis x1 = 0, where 0 < wg < 1, we will have

/ Y1y w(y)dydys > / / w(r cos ¢, rs1nq§)d¢d B
Q(z1,x2) ‘y|4

here in the second inequality we set y; = 7 cos ¢,y = rsin¢. Since w < 1 in DT only in

an area not exceeding 26, for ¢ small enough, the right hand side will be at least

2 %
g/ / —dr > clog(671), (1.52)
2 5 % r

for some ¢ > 0.

For 0 < 2} < 2] < 1 we denote
R(2,2)) = {(z1,12) € DT, 2| <2y < 2, w9 < 11} (1.53)
For 0 < 1 < 1 we define

ul (21,1) = min uy (21, 2, 1) (1.54)

(z1,x2)EDT x2<T1

and

uy(xy,t) = max uy (1, o, t). (1.55)

(z1,22)EDT x0<21
By the smoothness of u, it is easy to see that these functions are locally Lipschitz in z1,

with the Lipschitz constant bounded in finite time. As a result, we can define a(t) and
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a=uj(a,t), a(0)= ',

(1.56)
b=ul(bt), b0)=e

Where 0 < € < § is small and to be determined later. Let R, = R(a(t),b(t)). Notice by
definition R; can only be guaranteed to be non-empty for small enough ¢, but we will
see that in fact R; is not empty for all ¢ > 0.
We assume wy = 1 on Ry and smoothly become 0 in the e'-neighborhood of Ry. Our
claim is in R; w is always 1 for § small enough.

By the key lemma 1.5.2 and (1.51), we know that u; is negative for small 6. Hence
both a(t) and b(t) are decreasing functions of time. And by (1.52), near the diagonal

x1 = xg for |z| < § we have

z1(log(671) — O) < —uy (21, 9) < z1(log(07") + g) (1.57)

22(log(6 1)+ C) = wug(wr,22)  wa(log(61) —C)
This means that the vector field u is directed out of the region R; on the diagonal.
In addition, by the definition of a(t) and b(¢), the fluid trajectories starting at the
points outside of Ry cannot enter R; at any positive time through the vertical segments
{(a(t),x2) € DT, xy < a(t)} and {(b(t),xs) € DT, x5 < b(t)}. Therefore, trajectories
originating outside Ry will not enter R; at any time. This means that w =1 in R;.

We call A(zq,z9,t) = %fQ(ml ) %w(y)dyldyg By the key lemma 1.5.2 we have

N
S
—~

S
—~

~
SN—

~

SN—

WV
|

S
—~

~
SN—

=
—~

S
—~

~
SN—
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~—~
~
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|

S
—~
SN—

If 79 < 0, then x5 > f(z;) > —Ca?. Otherwise if x5 > 0, 5 < z;. By an estimate



similar to (1.51) and the fact xo

[A(B(E), z2(8))] < [A(D(?), ()] +

< A Q(), b(1))| +

< A Q(), b(1))| +

< A Q(1), b(1))] +

< [AQ(),

for some constant C' > 0. Therefore we get

40

< b(t) in R(t), we know

yl?/Qd rdys

Lol
ot
L0
;/b(t)y (91 m) o

wd%d%
() |y|*

ny
|1 |42dyld92

b))+ C,

(1.58)

t),0) + Ca(t).

Observe that by geometry of the regions involved we also have

™

Aa(t),0) > 2 /

Y1Y2
y|*

T dydys + A(b(t), b(1)).

Since w = 1 on R; and if € is sufficiently small,

sin 2¢

J.

As a result,

3|/1 :lyj dyrdys > /
100

/cos¢

cos ¢

ui(a(t),t) < —a(t) (=C(loga(t) —

drd¢ > C(—

log b(t)) + A(b(t),b(t))) + Ca(t).

log a(t) + logb(t)) — C.

(1.59)
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Then from the estimates (1.6.4) and (1.59) we know a(t) and b(t) are monotone decaying
in time, and by finiteness of ||u||~ these function are Lipschitz in ¢. So we have sufficient

regularity to do the following calculations
—log(b(t)) = —A(b(t), (1)) — C,

and

%log(a(t)) < C(log(a(t)) —log(b(t))) — A(b(t), b(t)) + C.

Hence, by subtraction we have

%(log a(t) —logb(t)) < C(loga(t) — logb(t)) + 2C.

By Gronwall’s inequality we get loga(t) < (9¢ + C)exp(%), and by choosing e small
enough, we have a(t) < e3P Note that the first coordinate of the characteristic
originating at the point on 9 near the origin with x; = €!°, does not exceed a(t) by
the definition of a(t). To get (1.31), we only need to choose the initial data wy such that
|Vwo|| < €. Thus, by the mean value theorem applying to w between the origin and

the point (a(t),a(t)), we get the desired lower bound with ||wp||z~ = 1. O

1.4 Stability of blow-up for a 1D model of 3D Euler
equation

The results in this section com from a joint work with Tam Do and Alexander Kiselev

32).
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1.4.1 Derivation of model equations and the main results

Recall we would like to have a model for 3d axisymmetric Euler equation:

() () () (), o

Oy (ru?) +u" (ru’), + u*(ru?), = 0. (1.61)

To obtain a simplified model, in [12] they denote “’79 =w, (ru?)?=0,r =y,2 =z and let

r = 1, which draws analogy with the 2D Boussinesq system in the half-space R x (0, co)
wi + uwy + uw, = 0,
O + u 0, +u¥0, =0
where v = (u”,uY) and is derived from w by the Biot-Savart law. Then if we restrict
the system to the boundary {(z,y) : y = 0} so we have u¥ = 0. To derive a Biot-Savart

law for the system, w is assumed to be constant in y in a strip close to the boundary of

width a > 0, which leads to a law defined by convolution with the following kernel:

a9
k = —
(1) / e

where G is the Green’s function of Laplacian in the upper half-plane. We know

G((21,22), (0,92)) dya

x2=0

1 1
G(z,w) = %log |z —w| — %log |z —w*|, w" = (w,—ws),

by a simple calculation one gets

u(z) = kxw(z), (1.62)

where

(1.63)
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In [12], the authors discard the smooth part of & (Llog(v2? + a?)), in this paper we will
consider k directly or even more general perturbed kernels.

Based on the recent numerical result about potential singularity profile for 3d ax-
isymmetric Euler equation ( [45]), we are in particular interested in the case when w
is periodic in x—variable. This requires a further simplification of the Biot-Savart law
between u and w, which we will do it in next section. It turns out that this periodic
assumption is not crucial, and we can do the same estimate for nonperiodic w, which we

will postpone to the appendix.

The system (1.8), (1.9), (1.12) is locally well posed and possess a Beale-Kato-Majda

type criterion. We formalize this below.

Proposition 1.4.1. (Local existence and Blow-up criteria) Suppose (wo, 0y) € H™(S') x
H™YSY)  (or HM(R) x H™(R)) where m > 2. Then there exists T = T (wp, 0y) > 0
such that there exists a unique classical solution (w,0) of (1.8), (1.9), (1.12) and (w,0) €

C([0,T); H™ x H™1). In particular, if T* is a mazimal time of existence then

t
tl}%/o e (e, 7)o dr = 0. (1.64)

The proof of the proposition is relatively standard. A short discussion of this topic

can be found in [12]. A similar statement is also proved in detail in [13].

1.5 Periodic Case

In this section, we prove finite time blow-up of the system with the kernel given by

(1.12). From now on, we will refer to the kernel given by (1.11) as the Hou-Lou kernel
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and denote it uyy. In addition, we will consider solutions which are mean zero. Let

us first quickly derive an expression for (1.12) in the case when the solution is periodic

with period L. We periodize the kernel associated with our velocity

u(z,t) = -

1

™

™

! /OO w(y)log

|z —y +nl|
V(@ —y+nL)?+a?

|z =yl
(fc—y)“ra2

log

YA

Z/ y)log|x —y +nL|dy

ne”L

z/ ) (log((x + ia — ) +nL) +log((x — ia — y) + nL)) dy
[ wtos|@ y>ﬁ(1—W) "

[ oo o= T (1 - S0

i OL (4)log <x—z‘a—y>ﬁ(1— e o 28N g

. /0 w(y)log | sin[u(z — y)]| dy — % /0 w(y)log|sin(p(z —ia — y)) sin(u(z +ia — y))| dy

where we set u = w/L. By a quick computation we have,

. . . . ez’,u(xfia) _ efiu(:pfz’a) ei,u(z+ia) _ efi,u(:r+ia)
Sin r — 1a)S1n T na) =
B eQua + e—2ua 62iux + e—2iuw
B 4 4

= é(cosh(lua) — cos(2ux)) = %(cosh(2/m) — 1) + sin?(ux)

By slight abuse of notation let us rename the quantity (1/2)(cosh(2ua) — 1) to be our

new a. We think of a as being small though our estimates later will be true for arbitrary

positive a. Combining the above calculations, our velocity u can be now written as

u(zr) =

% /0 w(y) (log | sin®[u(x — y)]| — log | sin®[u(x — y)] +al) d (1.65)

The main result of this section is the following
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Theorem 1.5.1. There exists mean zero initial data such that solutions to (1.8) and
(1.9), with velocity given by (1.65) blow up in finite time i.e. there exists a time T* such

that we have (1.64).

We will consider the following type of initial data:
e 0y, wy smooth odd periodic with period L

e Oy, wo =0 on [0, %L]

e 05(0)=0

¢ [l6o]lc <M

This can be visualized as follows:

wo

ja=)
NIl
e~

wo

From Proposition 1.4.1 one has the local well-posedness for our system((1.8)(1.9)(1.65)).
By locally well posedness and the transport structure of the system, all the above prop-
erties for our choice of initial data will be propagated in time up until possible blow-up

time.
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The proof of singularity formation will follow by contradiction. This argument is
similar to the blow-up argument in the nonlinear Schrédinger equation ( [38] [85]). The
motivation for the choice of initial data above is the following possible blow-up scenario:
u < 0on [0,L/2] and 0 will be pushed towards the origin by the flow which also causes
w to be pushed towards the origin while increasing it’s L* norm until there is gradient

blow-up at the origin. Our argument is in a similar spirit to [21] where the authors

o
/ w(@,t) -
0 e

However, we are not able to get an estimate of this quantity. Instead, intuitively the

consider the quantity

movement of the bump of w will lead a fast movement of 6, which may make 6, blow

up at the origin. Under this intuition, in the proof of blowup we track the quantity

Nyl

/0 O(z,t) cot(pzx)d.

Using that our initial data is also odd with respect to z = £ we can write u as

=3[ )
= - /OL/2 (log

) (log | sin[p(x — )]| — log |sin[u(x — y)] + al) dy

sin? u(z +y) +a

sin? pu(z —y) +a

sin? u(a — y)
sin® pu(x + y)

‘+10g

Define

sin? u(z +y) +a
sin pu(z —y) +a

sin” u(z —y)
3
sin® p(x + )

tan py
F(z,y,a) = r—— (log

‘-I—log

) (1.66)

and so our corresponding velocity u for the system (1.8) and (1.9) can be written in the
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following form, which will be useful in the proof

L/2
) cotlpr) = = [ Play.aluly) cot(u) dy (1.67)

™

The majority of this section will be devoted to proving properties of F' that will allow
for a proof of blow-up analogous to the HL model. These properties are contained in

the following lemma.

Lemma 1.5.2. (a) There exists a positive constant C' depending on a such that F(x,y,a) <

—C<0for0<z<y<L/2.
(b) For any 0 <y <z < %, F(z,y,a) is increasing in x.

(c) For any 0 < z,y < £, cot(uy) (0. F)(z,y, a) + cot(uz) (0., F)(y, z, a) is positive.

Note that F' is not symmetric in x and y. Define

tan py
(o) = o (1og

e tu),

then

sin? u(z +y) +a
sin pu(z —y) +a

t
F(z,y,a) = =2K(z,y) + anuy<k%
tan pux

>. (1.68)

The term K (z,y) arises from the HL model and we view as the main contributor
from F' in regards to blow-up. In order to show lemma 1.5.2, we need the following

technical lemma for K(z,y):

Lemma 1.5.3. For simplicity, let’s write K(x,y) in the following form:

tan (uy)

K(z,y) = slog tan(jiz)’

(1.69)

i', with s =
s—1

Then it has the following properties:
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(a) K(z,y) >0 for all z,y € (0,3L) withx #y
(b) K(z,y) >2 and K,(x,y) >0 for all0 <z <y < 3L
(c) K(z,y) > 2s* and K,(z,y) <0 for all0 <y <z < 3L

The detailed proof of lemma 1.5.3 can be found in [12].

Proof of Lemma (1.5.2)(a). First, it is easy to see that F' is non-positive. Indeed

sin u(a —y) | [sin® p(o +y) +a| 1Y GEma | 1 (1.70)
sin? M(l’ + y) sin’ ,u(x - y) +a L+ sin? ,uazfy) h ‘

because sin? p(x — y) < sin? p(x + y).

For the better upper bound, we first consider the region 0 < x < y < L/4. For the

region L/4 <z <y < L/2,if we take " =% —z, y* =L —y then 0 < y* < z* < L/4,
this means the argument for this region would be the same as the region 0 < = < y < L/4
by changing the name of the variables. Hence, let us only consider the previous region.

We divide our estimate into 4 separate cases. Let a* = min{a, 1t }.

Case 1: @L:€<x<y<L/4

sin(Z)

INE]

In this domain we have sinpuy > sinpxr >

pnx > \/Li,ux > \/iﬁ\/a*, cos uxr >

s
4

cos py > \/Li’ hence

sin? p(z — ) = sin? u(z + y) — 4sin px sin py cos pa cos py < sin’ pu(x +y) — a,

SO

*

= log —1 e ;;(::er)
T S u—y)

1+ ey

a/*
L+ sin? p(z+y)—a*

(1.71)

(1.72)

< —Co(a) <0
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where Cy(a) is a positive constant independent of z,y. In the last step we use the fact

* * -1 *\2
that the function <1 + a_) (1 + a_) =1- (a >— Is Increasing in z for a* < z <1
z z

and fixed a*.

Case 2: 0<x<y<@<L/4

From lemma 1.5.3 (b), we know

_ tanpuy o tan py + tan px

2
tan
—4 > 2K (z,y) = —— = A

 tan U

ﬁnﬂd$—yw

tan py — tan px sin? pu(z + )

so if we can show the contribution from the other part of F'(x,y, a) is bounded above by

some constant less than 4, we are done. Expanding, we have that second term in (1.68)

is equal to
tan py | sin? pux cos? puy 4 2sin pa cos puy sin py cos pa 4 sin? py cos? px + a (1.73)
0 (L
tan px sin? 1z cos? iy — 2sin g cos py sin py cos pa + sin? py cos? px + a

Since 0 < y < \/T[T < */75, we know sin? iy cos? pr < sin? /a - 1 < a. Then we have that

(1.73) is bounded above by

tan py | sin? jux cos? py + 2sin pa cos juy sin py cos pr + 2sin? py cos? pax o 2s + % +2
0 = - s =
tan px & sin? pa cos? iy — 2sin pa cos py sin py cos px + 2sin? py cos? px & 2s + % -2
(1.74)
tan py . . . .
where s = . . As a function of s, by direct calculation we find the derivative of the
an jx

right hand side of (1.74) is

4s — 8s3

25+ 1 +2
1+ 45t '

25+ 1 —2

+ log (1.75)

By taking the derivative of (1.75), we find the second derivative of (1.74) is

8(4st +45* 1)
At 11
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which is negative for s > 1. And we know

. 4s — 83
lim ——— + log

25+ 142 _
s—oo 1 + 454 o

25+ 1 —2

which means the right hand side of (1.74) is increasing in s for s > 1 and

lim slog
S—00

25 +1+2
25+ 1 —2

Case 3: “é—az<:c<@<y<l)/4

tan py
tan px

In this case, because we know z is away from 0, s = < (1 (a) for some constant

depending on a. Also, cos? puysin? ur < 1-sin®y/a < a. Then (1.73) is bounded above

by
5—1-2—1—%
s—2+2

. (1.76)

slog

Similarly to the previous case, the second derivative of (1.76) is negative for s > 1 and
the limit of the first derivative of (1.76) as s goes to infinity is zero, which means (1.76)
monotonically increases to 4 as s — oo for s > 1. However, since s is bounded above,
the expression above can be bounded by some constant Cy(a) which is strictly less than

4.

Case 4: 0<x<‘é£:<@<y<l//4

On the set A = {(z,y) : 0 < x < \é‘f, \//:T <y < L/4}, F(x,y,a) is a continuous

negative function (since |x — y| has a positive lower bound and points where x = 0 are
removable singularities). Since F' # 0 on A and A is compact, F' achieves a maximum

C3(a) which is strictly less than 0.

This completes the analysis for the region 0 < x < y < L/4. Now, we are left the

domain 0 <z < L/4 <y < L/2.
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This case is simpler and the analysis is divided in the following two cases. First,

suppose 0 < L/8 < z < L/4 <y < 3L/8 < L/4 Then 3 < pu(z +y) < 3F and

™

0 < p(y — ) < T so there exists € > 0 such that sin®pu(z 4+ y) > 1 +e. However,
sin® u(x —y) < 1. From this, we get sin® p(z +y) — sin® p(z — y) > € for some constant
¢*, which means (1.71) follows if we replace the a* by €¢*. Then we get the desired
estimate. If x and y are not in this region, there exists a constant ¢ > 0 such that
y—x > ¢ > 0, then again by the same argument as in the Case 4 and we get the desired
inequality.

This completes the proof of (a).

Proof of 1.5.2(b). We compute directly and get

cot (1) (0. F) (., @) = —pesc?(ua) (1og (w) 1 log (Sin2 e +y) + a))

sin? u(z + y) sin? p(z —y) +a

2sinp(x —y)cosp(zr —y)  2sinp(z —y) cos p(z —y)

+ pcot(ux
peot(pi) [ sin? pu(z —y sin? u(x —y) +a

2sinp(x +y)cosp(z +y)  2sinp(x +y)cosp(x +y)

— ucot
woot{uz) { sin® ju(x + y) sin’ ju(z +y) +a

— pese? () (log (w +log (Sinz,u(x +y) + a>)

sin? u(z + y) sin? p(z —y) +a

|
|

2asin p(x — y) cos u(xr — y) 2asin p(z + y) cos p(x + y)

vt

=1+1I.

For I, by the same calculation as (1.70), we know it is positive. For I, when = > y,

can be expressed as

cot(pz)(f(x —y) — f(z +y)),

sin? pu(x — y)(sin® p(z — y) +a)  sin® p(z + y)(sin® p(z + y) + a)

|
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where f(t) = Sin(ut)c((;i(l‘éat)ﬂ). It is easy to see that whenever 0 <y < z < £, cos pu(z —

y) = cos p(xz +y), sin u(x —y) < sinp(x +y). This means f(x —y) > f(x + y), which

also means I/ > 0. This completes the proof of (b). O

Proof of 1.5.2(c). Now, for the final part of the lemma. First of all, we set

G(z,y,a) = cot(puy)(0:F)(x,y, a) + cot(pux) (9. F)(y, x, a)
lesc ) 4 sc? oo (S0 wu(r —y) o sin? u(xr +y) +a
= v+ o (S0 ) s (G )|
2asin p(x — y) cos pu(x — y)
sin? u(a — y) (sin® p(x — y) + a)

+ p(cot(px) — cot(uy))

2sin pu(x + y) cos u(x +y
— (cot(pz) + cot(jiy))—s T £ V) O T+ y)
sin® pu(x + y)(sin’ u(x +y)+a)
sin sin® u(z +y) +a
= —p(cot?(uz) + cot?(uy) + 2) {log ( G ) < pw +y) )]
sin? u(z + y) sin pu(z —y) +a
2a cos pu(x — y) 2a cos pu(x + y)
'u(sin2 wx —y) + a)sin(pzx) sin(uy) M(sm pw(x 4+ y) + a) sin(pz) sin(uy)
sin® p(x — sin? u(x +y) +a
—p(cot?(px) + cot®(uy) + 2) {log ( - ) 0g ( i y )}
sin? p(x + y) sin? u(x —y) +a

— 2p cot(ux) cot +
¥ (M ) (N?J) Ling M(x _ y) +a sin? " x+y ]

a
_9 _
a L.in2 wlx—y)+a sin?p(r+y)+ a]

Now our aim is to prove the positivity of G(x,y, a). Notice that when a = 0, G(z,y,a) =

0, as a consequence, to prove the positivity of G(z,y, a), the only thing we need to show



53

is that this function is increasing in a for any z,y in the domain. On the other hand,

1 ) , 1 - |
ﬁaaG(x, y,a) = (cot”(ux) + cot”(uy) + 2) [sinQ Wz—y)+a smpz+y)+ a]
— 2cot(ux) co sin® pu(z — y) sin® u(x +y)
2 t(M ) t(,u/y) |:(Sil’l2 ,u(ac . y) + a)Q (SiIl2 ,u(x _ y) + a)2:|
Ly sPple—y)  stplety)
(sin? u(z —y) +a)?  (sin® u(z +y) + a)?
— (cot?(puz) + cot? sin’ p(x — y) — sin® p(x + y)

 eot(uz) co sin® u(a — y) sin? u(z + y)
2eottu) o) | S
Ly [ sin p(z —y)  sin*p(z+y) } .

(sin® u(z —y) +a)2  (sin® u(z +y) + a)?

Therefore,

((sin® p(x — y) + a)(sin® p(z + y) + a))*9.G (2, y, a)

=~

= (cot?(px) + cot?(uy) + 2)(sin® u(z + y) — sin? u(z — y))(sin? p(x — y) + a)(sin® p(z +y) + a)

— 2cot(px) cot(py) [sin® p(x — y)(sin® p(z + y) + a)* + sin® p(z + y)(sin® p(z — y) + a)?]

— 2 [sin? p(z — y)(sin® p(z +y) + a)* — sin® p(z + y)(sin® p(z — y) + a)?] .

It is easy to see this is a quadratic polynomial in @ of the form Asx? 4+ Az 4+ Ay. We will

explicitly compute As, Ay, and Ay and show each term is non-negative. For the second
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order term we get
Ay = (cot*(px) + cot®(uy) + 2)(sin® p(x — y) — sin® p(z + y))
— 2 cot(pz) cot(py)[sin® p(a — y) + sin® pu(z + y)]
— ofsin? (- y) — sin® u(z + )]
= (cot?(yuz) + cot?(uy)) (sin? (x + y) — sio (s — )
— 2 cot(juz) cot(juy) [sin® pu(z — y) + sin® pu(z + )]

This means

tan{pz)  tan(uy)

tan(ay) | tan(ur)) O @ T Y) = sint (e —y))

tan(px) tan(py) Az =(
— 2[sin® p(z — y) + sin® p(z + y)].

tan(pz)
tan(py)

If we set = s, wel have

tan (pa) tan(uy)
cos(py) cos(p) sin(uy) sin(p)

Ay = (s+§)-4—2[2-(s+§)] =0.
This means as long as 0 < z,y < %, As = 0. Similarly, for coefficient of the first order
term A;, we have
Ay = (cot* () + cot®(uy) + 2)(sin® p(x + y) — sin® p(z — y))(sin® p(z + y) +sin® p(a - y))
— 2 cot () cot(uy)[2sin® pu(x — y) sin® u(x + y) + 2sin” p(x + y) sin® p(z — y)]
—2[2sin? pu(x — y) sin® p(x +y) — 2sin® p(x + y) sin® u(z — )]
> (cot? () + cot®(uy))[sin® p(z +y) — sin® p(z — y)]
— 8 cot(juz) cot(juy) sin® ju(z — ) sin pu(z + ).

tan(px)

Again, by setting tan(uy) — S We get
t t 1 1 1 1
an(ur)tan(uy) oo by g oy Jgs 4t S5+ 2 42) > 2.
cos(px) cos(py) sin(pz) sin(puy) s s s s
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Lastly, for the coefficient of the constant term Ay, we have

Ag = (cot*(pux) + cot®(uy) + 2)(sin® p(x + y) — sin® p(z — y)) sin® p(z + y) sin® p(z — y)
— 2 cot(uz) cot(py)[sin® p(a — y) sin® p(a + y) (sin® p(x + y) + sin? p(z — y))|
— 2sin® p(z — y) sin® p(z + y)[sin® p(z +y) — sin® p(z — y)]
— (cot? (1) + cot? () (i (i + y) — sin? u(w — ) sin? pu(z + ) sin? u(z — )
— 2 cot(ua) cot(y) sin pu(z — y) sin? u(z + y)[sin® pu(w + y) + sin® (o — ).

tan(pax)

For x =y, Ay = 0. Otherwise, again by setting s = tan(s)

after computation we have

tan(px) tan(uy)
sin? pu(x — y) sin? pu(x + y) cos(ux) cos(uy) sin(pz) sin(py)

1 2

AO = (S+—)4—2<25+_) = 0.
s s

In all, we have 0,G(x,y,a) > 0 for 0 < z,y < é This completes the proof. ]

Remark 1.5.4. One may notice that when a — oo, iG(x, y,a) tends to

—(cot?(uz) + cot*(uy) + 2) {log <2$255—z;z§>] — 4 cot(px) cot(uy). (1.77)

The positivity of this quantity is also proved by lemma 4.2 in [12], in which the authors
use technical trigonometric inequalities. Our proof of the above lemma provides another

approach to estimating this quantity.

With these lemmas at our disposal, we are ready to prove finite-time blow up.

Proof of Theorem 1.5.1.

Suppose we have a global smooth solution. We will show blow up of the following

quantity:

L/2
I(t) = /0 O(x,t) cot(pz) dz.
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thereby arriving at a contradiction since

t
1(1)] < Clifosll o exp ( [ a9l ds) .
0

If I were to become infinite in finite time, we would be able to use Beale-Kato-Majda
type condition for the system as stated in equation (1.64) from which we can conclude

blow-up. We first compute the derivative of I(t):

d 1

L2 L)2
G0 === [0 [ wt)cottun) Pl y.0) dy e

By the negativity of F' and part (a) of the lemma, the expression above is bounded below

by
L nw [t corimrasir =€ [ oot cortu e = oo,
where J(t) = 2 [/ §(x)w(x) cot(px) dz. Then,
4wy =< /0 " (o) (u() cot(ua)), di + n Om 02(2) s (uz) dz (1.78)

By Cauchy-Schwarz inequality, the second integral is bounded below by %I (t)? for some

constant C'. The first integral is given by

L/2 L/2
= [ [ et ule) cottua), dw] dy (1.79)

Observe that since 6 is non-decreasing on [0, L/2], the expression (1.79) is positive if
we can show the integral in the brackets is positive as well. This is our next task. For

x,y € |0, %L], w(zx) can be decomposed as

w(r) = w(@)xpy(x) + w(m)x[%%m () = we(z) + w,(x).
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Then we can decompose the integral:

L/2 L/2 L/2
/ (@) ul) cot ()], dr = / i (2) / wely) cot(uy)(0:F) (z, y, a) dy dz

™

L)2 L/2
o [ ) [ ) cotlm) @) o) dyd

™

By positivity of w on [0, %L] and part (b) of the key lemma, the first integral is positive.

By using symmetry, the second integral is equal to

1 (L2 L2
= / wr (2w, (1) Gz, y, a) dy dx
™ Jo 0

where G(z,y,a) = cot(uy)(0.F)(z,y,a) + cot(uz)(0.F)(y, z,a). However, by part (c)

of the lemma, this is positive. Together with (1.78) and (1.79) we have:

S I1>0r, 1.80
e (1.80)

for some constant C'. To close the proof, we only need the following lemma:

Lemma 1.5.5. Suppose I(t) solve the following initial value problem:

%z(t) > O/Ot I*(s)ds, I(0) = I. (1.81)

Then there ezists T = T(C, Iy) so that lim_,p I(t) = oo.
Moreover, for fited C and any € > 0, there is an A > 0, so that for any Iy > A, the

blow up time T < e.

The proof of this lemma is straightforward, and one can also find the proof in [12].
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1.6 Perturbation

In this section, we consider our system (1.8) and (1.9) but with a Biot-Savart which is
a perturbation of the Hou-Lou kernel. We will work with periodic solutions with period

L. The velocity u is given by the following choice of Biot-Savart Law

uw) = = [ Qoglsinlp(e = o)l + fla ) )y, pim /L (182
=uyr(z) +us(z) (1.83)

where f is a smooth function whose precise properties we will specify later. We view f
as a perturbation and we will show solutions to the system (1.8) and (1.9) with (1.82)
can still blow-up in finite time. As with the previous system (1.8), (1.9), (1.12), we still
have a local-well-posedness result akin to Proposition (1.4.1) holds here. In particular,

if T* is a maximal time of existence of a solution then we must have

t
%1*/0 e (e, 7 oo dr = 00 (1.84)

We show such a time can exist below.

Theorem 1.6.1. Let f € C*(R?), periodic with period L such that f(z,y) = f(—x, —y)
for all x,y. Then there exists initial data wy, Oy such that solutions of (1.8) and (1.9),
with velocity given by (1.82), blow up in finite time. Again, that means there erxists a

time T* such that we have (1.84).

We will consider the following type of initial data:
e 0y, wo smooth odd periodic with period L

e Oy, wo = 0 on [0, %L]
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[ ] 80(0) =0
e (supp by, Usuppwy) N[0, 5L] C [0, ¢

¢ [6o]lc <M

We will make the choice of specific € below and unless stated otherwise, € will always
refer to the e defined in the way above. Observe that by the assumptions, wy and 6,
are also odd with respect to %L. By the following lemma 1.6.4, we can choose € such
that the mass of w near the origin gets closer to the origin leading to a scenario where

blow-up can be achieved.

Remark 1.6.2. With the choice of f(z,y) = log \/sin’ u(x — y) + a, we have the kernel
from the previous section. However, in the previous section, we proved blow-up for a

larger class of initial data.

Remark 1.6.3. Comparing with the construction in the previous section, one can find
that the initial condition for the blow up of general pertubation is more restrictive, we

require small-supported initial data in order to achieve singularity formation.

Lemma 1.6.4. With the initial data wy and 0y as given above, we can choose €, small

such that for € < e, u(x) < 0 for x < € where u is defined as (1.82).

Proof. By periodicity and support property of w,

u(z) = % /0 v <10g
iyt

tan(pr) — tan(py)
tan(pz) + tan(uy) ‘ + f(2,y) — f(, —y)) w(y) dy

tan(px) — tan(py) o) ) o
g | D S ) = Sl ) ) ()
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By the mean value theorem, for 0 < y < €, |f(x,y) — f(z,—y)| < 2¢||f||c:. By the
singularity of the H L kernel when x = y = 0, we can choose ¢; such that the expression

in the parentheses is negative for 0 < z,y < €. O

We will also need the following lemma controlling the integral of w over half the period.

Lemma 1.6.5. There exists €5 > 0 such that for € < ea, with wy and 0y as chosen above,

solutions of (1.8), (1.9), (1.82) satisfy

L/2
/ w(y,t) dy < Mt.
0

Proof. Integrating both sides of (1.8) and integrating by parts we get

L/2 L/2 L)2 L2
/ wi(y,t) dy = / ug (y)w(y, t) dy +/ 0. (y,t)dy < M +/ ug (y)w(y,t) dy
0 0 0 0

If we can show the remaining integral on the right is negative, we are done. The integral

can be written as

L/2 L/2
L ot ) ot )+ 0.0) — ) )

By symmetry, the integral with cot{u(z — y)] is 0 and using the support property of w,

the above line is equal to

%/(j /0e (_ COt[M(Q} + y)] + fﬂc(m?y) - fac('r7 _y)) w(w)w(y) dy dx

Since f is smooth and w is positive, we can make e smaller so that the expression in

the parentheses above in the integrand is negative. O]

Now, so we can take advantage of our lemmas, we choose € = min{ey, €5} for the support

of our initial data.
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Proof of Theorem 1.6.1. Throughout, C(f) will be a positive constant that only depends

on f and not wy. We will show that

L/2
I(t) = /0 O(z,t) cot(px) dx (1.85)

must blow-up. Taking time derivative of I and using lemma 1.5.3, we get

L2
G0 == [ ula)a(w) cotlun)da

L)2 L)2
— ) [ st ot K ) dy o

0

L/2 L/2
+/0 0. (x) (up(x) cot(px)) dx = J(t) +/0 0. () (ug(x) cot(uz)) dx

where, using the same notation as before,

L/2
J(t) = z/0 O(x)w(z) cot(ux) dx

(e

Now, we would like to bound the extra term arising because of f. Since f is smooth

and w is supported near the origin,

|u() cot ()| =

¢ L/2
Akm@Mﬂ@w—ﬂmﬂmw@mﬂ<cuw(A w@@>.

Therefore, we have

L2
%H02Nﬂ—ﬂﬁM<A w@@)>ﬂw—mﬁM% (1.86)

Now, we derive a differential inequality for J(¢).

L/2
%J(t) = %/0 —(0(z)w(x))u(zx) cot(pz) + 0,(x)0(z) cot(px) dx
L)2 L/2
= % /0 0(z)w(z)(u(x) cot(pz)), dx + %/0 0*(z) esc?(px) dx
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As before, by Cauchy-Schwarz inequality the second integral is bounded below by

2
ﬁl(t)Q. We split the first integral into two parts:

L/2 L/2
2 /0 O(z)w(x)(upr(x) cot(ux)), dx + % /0 O(z)w(z)(us(x) cot(ux)), dr.

T
By the arguments in the proof of theorem 1.5.1, the first integral is positive. For the
second integral, we integrate by parts and get

L/2 L/2
= [ o [ [ @ cot(uxmdw] dy (1.87)

™

Using the smoothness and boundedness of f,

|0 (ug () cot(px))| =

[ onfeotun) 1 e.) - 1o —psty dy\ (1.88)

Now let A(z,y) = cot(uz)(f(x,y) — f(x, —y)). Then it is easy to see that h € C'' when
f € C?, which also means d,h(z,y) is bounded above. This mean the right hand side of

(1.88) can be bounded above by

L/2
<clf)- ( / w(y)dy) .

Inserting this estimate into (1.87), we get that it is bounded below by
2

L/2
e ([ wwdy )
0
Putting things together, we get

L/2 2
Sat) > Ly - o) < / w(y)dy> > 210 - C(ME (189

Now, we will show the differential inequalities we have shown will lead to blow-up. By

(1.86) and (1.89) we have

%m) > é/@ 2(s) ds + J(0) — ()M — c<f)M3% -
> 2 [ 29y ds - ()02 — C(prl

~ L2, 3



63

We claim that one can choose I(0) large enough so that the effect of the negative terms

is minimized. By a rather crude estimate we have

d t3
—I(t) = —c(f)M?t — M3—.
Z1(t) > —e( )M = C(H)MS
After integration, this implies
t? t
I(t) > 1(0) — O(f)M? (5 + Mﬁ) : (1.91)

Now fix a time, say 1, and we’ll show 7(0) can be chosen large enough so that I(t) blows

up before time 1. We first choose I(0) > C(f)M? (3 + M), then for ¢ < 1,

% Otms) ds > % [1(0) _C(f)M> (% + %)r
Choose 1(0) such that
1(0) > C(f)M? (% + %) + L\/c(f)w + O(f)MTS
Then, for 0 < ¢ < 1, with this choice of 1(0), using (1.90)
) > 1 [ 17as e (e + i) - -l
> % Ot I(s)*ds

By perhaps making 7(0) a little larger, if needed, we can show I(t) becomes infinite

before time 1 by lemma 1.5.5. [
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Chapter 2

Mixing by Fluid Flow

2.1 Introduction

In the previous chapter, we discuss the possible singularity formation of nonlinear nonlo-
cal differential equations. In this chapter, we consider the problem in the other direction,
which is how to regularize the solution to a differential equation. We finally show that
the optimal mixing flow are able to prevent the singularity formation. Hence, in this

chapter, we start from studying the term “mixing”, then try to take advantage of it.

2.1.1 Mixing

The mixing of tracer particles by fluid flows is ubiquitous in nature, and have applica-
tions ranging from weather forecasting to food processing. An important question that
has attracted attention recently is to study “how well” tracers can be mixed under a
constraint on the advecting velocity field, and what is the optimal choice of the “best
mixing” velocity field (see [83] for a recent review).

Our aim in section 2.2 is to study how well passive tracers can be mixed under an
enstrophy constraint on the advecting fluid. By passive, we mean that the tracers pro-

vide no feedback to the advecting velocity field. Further, we assume that diffusion of the
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tracer particles is weak and can be neglected on the relevant time scales. Mathemati-
cally, the density of such tracers (known as passive scalars) is modeled by the transport
equation

0f(z,t) +u-VO =0, 6(x,0) = 0by(x). (2.1)

To model stirring, the advecting velocity field u is assumed to be incompressible. For
simplicity we study (2.1) with periodic boundary conditions (with period 1), mean zero
initial data, and assume that all functions in question are smooth.

The first step is to quantify “how well” a passive scalar is mixed in our context. For
diffusive passive scalars, the decay of the variance is a commonly used measure of mixing
(see for instance [17,34,79,84] and references there in). But for diffusion free scalars the
variance is a conserved and does not change with time. Thus, following [62] we quantify
mixing using the H~!-Sobolev norm: the smaller ||0|| -, the better mixed the scalar 6
is.

The reason for using a negative Sobolev norm in this context has its roots in [34,
62,70,79]. The motivation is that if the flow generated by the velocity field is mixing
in the ergodic theory sense, then any advected quantity (in particular #) converges to

0 weakly in L? as t — oo. This can be shown to imply that ||6(, )|

s — 0 for all

s < 0, and conversely, if ||6(-,t)|| 5+ — 0 for some s < 0 then 6(x,t) converges weakly
to zero. Thus any negative Sobolev norm of # can in principle be used to quantify its
mixing properties. In two dimensions the choice of using the H~! norm in particular
was suggested by Lin et. al. [62] as it scales like the area dominant unmixed regions; a
natural length scale associated with the system. We will work with the same Sobolev

norm in any dimension d; the ratio of H~! norm to L? norm has a dimension of length,

and since the L? norm of 6(z,t) is conserved, the H~! norm provides a natural length
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scale associated with the mixing process.
The questions we study in section 2.2 are motivated by recent work of Lin et. al. [62].

In [62], the authors address two questions on the two dimensional torus:
e The time decay of ||0(t)|| -1, given the fized energy constraint ||u(t)||,. = U.

e The time decay of ||§(t)]| ;-1 given a fized enstrophy constraint of the form || Vu(t)|,. =
F.

In the first case the authors prove a lower bound for [|6(-,¢)[| -1 (g2 that is linear in
t, with negative slope. This suggests that it may be possible to “mix perfectly in finite
time”; namely choose u in a manner that drives ||0(-,¢)|| ;-1 to zero in finite time. This
was followed by an explicit example in [66] exhibiting finite time perfect mixing, under
a finite energy constraint. This example uses an elegant “slice and dice” construction,
which requires the advecting velocity field to develop finer and finer scales. Thus, while
their example maintains a fixed energy constraint, the enstrophy (||Vul|,.) explodes.
Together with the numerical analysis in [62, 66] this suggests that finite time perfect
mixing by an enstrophy constrained incompressible flow might be impossible. Our main
theorem in section 2.2 settles this affirmatively. A simplified version of the main theorem

of section 2.2 can be stated as follows:

Theorem 2.1.1. Let u be any incompressible flow satisfies |Vu(t)||2 < F for allt. Let
0 be the solution to (2.1), then ||0(-,t)||z-1 = c1 exp(—Ct) for some constants ¢; and C,

where the decay rate C' only depends on ||0y||z~, F' and the size of super level set of 0.
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2.1.2 Preventing blow-up by mixing

After the previous project, there are two questions one may ask: Is this exponential
lower bound sharp? Can this give some insight into the process of mixing be useful in
other PDE models of natural processes?

For the first question, the numerical experiments in [48] suggest this lower bound
should be sharp. Recently, in [88], Yao Yao and Andrej Zlatos proved that the ex-
ponential lower bound is sharp by constructing a family of specific flows. A different
construction leading to similar results was given in [2].

The second question is more open ended and so a bit harder to answer. In section
2.3, we study the role of mixing in systems where chemotaxis is present.

Chemotaxis is ubiquitous in biology and ecology. This term is used to describe motion
where cells or species sense and attempt to move towards higher (or lower) concentration
of some chemical. The first mathematically rigorous studies of chemotaxis effects have
been by Patlak [76] and Keller-Segel [51], [52]. The latter work involved derivation and
first analysis of Keller-Segel system, the most studied model of chemotaxis. Keller-Segel
equation describes a population of bacteria or mold that secrete a chemical and are
attracted by it. In one version of the simplified parabolic-elliptic form, this equation can

be written in R? as (see e.g. [77])
0ip = Dp+V - (pV(=A)7p) =0, p(z,0) = po(). (2.2)

The last term on the left hand side describes attraction of p by the chemical whose
concentration is given by c(z,t) = (—=A)"'p(x,t). The literature on the Keller-Segel
equation is enormous. It is known that in dimensions larger than one, solutions to (2.2)

can concentrate finite mass in a measure zero region and so blow up in finite time. We
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refer to [77], [40], and [41] for more details and further references.

Typically, chemotactic processes take place in fluid, and often the agents involved in
chemotaxis are also advected by the ambient flow. Some of the examples involve mono-
cytes using chemokine signalling to concentrate at a source of infection (see e.g. [29,82]),
sperm and eggs of marine animals practicing broadcast spawning in the ocean (see
e.g. [14,72]), and other numerous instances in biology and ecology. Our goal in this sec-
tion is to study the possible effects resulting from interaction of chemotactic and fluid
transport processes. Of particular interest to us is the possibility of suppression of finite
time blow up due to the mixing effect of fluid flow. The problem of chemotaxis in fluid
flow has been studied before; for example, in a setting similar to ours [54] studied the ef-
fect of chemotaxis and fluid advection on the efficiency of absorbing reaction. Moreover,
in a series of papers [64], [36], [30], [63], [65] a very interesting problem coupling chemo-
tactic density with fluid mechanics equation actively forced by this density has been
considered in a variety of different settings. The active coupling makes the system more
challenging to analyze, but in some cases intriguing results involving global existence
of weak solutions (the definition of which implies lack of the §-function blow up) have
been proved. These results, however, apply either in the setting where the initial data is
small (see e.g. [65]) or close to constant [36], or in the systems where both chemotactic
equation and the fluid equation have globally regular solutions if not coupled. In other
words, to the best of our knowledge, there have been no rigorous results providing an
example of suppression of the chemotactic explosion by fluid flow; only results showing
that presence of fluid flow does not lead to blow up for the initial data that would not
blow up without the flow.

In section 2.3, our main focus will be on the question whether incompressible fluid
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flow can arrest the finite time blow up phenomenon which is the key signature of Keller-
Segel model. There are two possible fluid flow effects that can be helpful in finite
time blow up prevention. The first applies in infinite regions, where strong flow can
help diffusion quickly spread the density so thin that chemotactic effects become weak.
The second effect is more universal and subtle to analyze, and involves mixing in a finite
volume. In this case, the concentration may remain significant, but the flow is constantly
mixing the density and preventing chemotaxis from building a concentration peak. We
are primarily interested in the mixing effect, and so will consider a finite region setting.
It will also be convenient for us to adopt periodic boundary conditions and to consider
the Keller-Segel equation with advection on a torus. This is not essential, and many
of our results also apply on a finite region with Neumann, Dirichlet or Robin boundary
conditions.

Let us now briefly state our main result in section 2.3. Since we are working on T¢,
we will define the concentration of the chemical by factoring out a constant background:
c(z,t) = (=A)"Yp(x,t) — p). Here p(x,t) € L? is the species density, and p is its mean
over T?. The inverse Laplacian can be defined on the Fourier side, or by an appropriate

convolution as will be discussed below. Consider the equation
Op+ (u-V)p—Ap+V-(pV(=A)"(p—7) =0, p(,0)=py(z), zeT’ (23)
We will prove the following theorem in section 2.3.

Theorem 2.1.2. Given any initial data py > 0, py € C>°(T¢), d = 2 or 3, there exist
smooth incompressible flows u such that the unique solution p(x,t) of (2.19) is globally

reqular in time.
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2.2 Lower bounds on the mix norm of scalars ad-

vected by enstrophy-constrained flows

The results in this section come from a joint work with Gautam Iyer and Alexander

Kiselev [48].

2.2.1 Main result and discussion

First let us state our main theorem in this section.

Theorem 2.2.1. Let u be a smooth (time dependent) incompressible periodic vector field
on the d-dimensional torus, and let 0 solve (2.1) with periodic boundary conditions and
L initial data 0. For anyp > 1 and X € (0, 1) there exists a length scale ro = ro(6o, A),

an explicit constant eg = £¢(A,d), and a constant ¢ = ¢(d, p) such that

t
> d/2+1 ——C/ . .
10+ > o 1oll . exp(m(AA)l/p V() ds) (2.4)

Here Ay is the super level set {6y > A||6o]| ;o }-
In particular, if the instantaneous enstrophy constraint ||Vul| ;. < F is enforced, then

10(t)]| ;-1 decays at most exponentially with time.

Before commenting on the rq and m(A,) dependence, we briefly mention some ap-
plications. There are many physical situations where fg |Vu(s)| ;2 ds is well controlled.
Some examples are when wu satisfies the incompressible Navier-Stokes equations with
H! forcing [16, 33|, the 2D incompressible Euler equations [4] or a variety of active

scalar equations including the critical surface quasi-geostrophic equation [9, 10, 20, 53].

In each of these situations the passive scalars can not be mixed perfectly in finite time.
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More precisely, a lower bound for the H~!-norm of the scalar density can be read off
using (2.4) and the appropriate control on ||[Vul|,..

We also mention that the proof of this theorem is not based on energy methods.
Instead, the main idea is to relate the notion of “mixed to scale §” to the H~! norm,
and use recent progress by Crippa and DeLellis [23] towards Bressan’s rearrangement

cost conjecture [7]. Some of these ideas were already suggested in [66].

We defer the proof of Theorem 2.2.1 to Section 2.2.2, and pause to analyze the
dependence of the bound in (2.4) on o and m(A,).

The length scale r( is morally the scale at which the super level set A, is “unmixed”;
a notion that is made precise later. Our proof, however, imposes a slightly stronger
condition: namely, our proof will show that ry can be any length scale such that “most”
of the super level set Ay occupies “most” of the union of disjoint balls of radius at least
ro. While we are presently unable to estimate ry in terms of a tangible norm of 8y, we
remark that we at least expect a connection between ry and the ratio of the measure of
A, to the perimeter of A, (see [81] for a related notion).

On the other hand, we point out that the pre-factor in (2.4) can be improved at the
expense of the decay rate. To see this, suppose for some « € [0,1/2) there exists N
disjoint balls of radius at least r; such that the fraction of each of these balls occupied
by A, is at least 1 — k. Then our proof will show that (2.4) in Theorem 2.2.1 can be

replaced by

161+ > 2ot 1601 p(W/ IVu)lzpds). (24
1

In this case, if 8, € C!, the mean value theorem will guarantee that we can choose N = 1

160l .00

—=»&>=— for a purely dimensional constant C.
ClIVboll oo

and r; >
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Next we turn to the exponential decay rate. The dependence of this on m(A,) is
natural. To see this, suppose momentarily that 8y only takes on the values +1 or 0 rep-
resenting two insoluble, immiscible fluids which are injected into a large fluid container.
Physical intuition suggests that the less the amount of fluid that is injected, the faster
one can mix it. Indeed, this is reflected in (2.4) as in this case m(A,) = im(supp(6p));
so the smaller the support of the initial data, the worse the lower bound (2.4) is. We
mention that a bound similar to (2.4) was proved in [78] using optimal transport and
ideas from [6]. In [78], however, the author only considers bounded variation “binary
phase” initial data, where the two phases occupy the entire region; consequently the

result does not capture the dependence of the decay rate on the initial data.

Notational convention, and plan of this section.

We will assume throughout this section that d > 2 is the dimension, and T is the
d-dimensional torus, with side length 1. All periodic functions are assumed to be 1-
periodic, and we use m to denote the Lebesgue measure on T¢. We will use || f|| ;. to
denote the homogeneous Sobolev norms.

The rest of this section is organized as follows: In Section 2.2.2 we describe the notion
of 9-mixed data, and prove Theorem 2.2.1, modulo a few Lemmas. In Section 2.2.3 we

prove the required lemmas.
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2.2.2 Rearrangement Costs and the Proof of the Main Theo-

remnl.

We devote this section to the proof of Theorem 2.2.1. The idea behind the proof is as
follows. First, if ||f||;-. is small enough, then its super-level sets are mixed to certain
scales (Lemma 2.2.4 below). Second, any flow that starts with an “unmixed” set and
mixes it to scale ¢ has to do a minimum amount of work [7,23]. Putting these together
yields Theorem 2.2.1.

We begin by describing the notion of “mixed to scale §”, and relate this to the H~!

Sobolev norm.

Definition 2.2.2. Let k € (0,1) be fized. For § > 0, we say a set A C T? is §-semi-

mixed if
m(AN B(z,4))
m(B(z,9))

<1—+k forevery xz € T%

If additionally A€ is also §-semi-mixed, then we say A is §-mized (or mized to scale ¢).

Remark 2.2.3. The parameters § and k measures the scale and “accuracy” respectively.
The key parameter here is the scale §, and the accuracy parameter k € (0,1/2) only plays
an auxiliary role. Given a specific initial distribution to mix, k can be chosen to optimize
the bound.

Note that the notion of a set being mized here is the same as that of Bressan [7]. A

set being semi-mized is of course a weaker notion.
One relation between §-semi-mixed and negative Sobolev norms is as follows.

Lemma 2.2.4. Let A € (0,1] and 0 € L>(T?). Then for any integer n > 0, x € (0, 1%\)
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there exists an explicit constant ¢y = co(d, k, A, n) such that

1] o 0™+
Co

16| 77—n < = A, is §-semi-mized.

def

Here Ay is the super level set defined by Ay = {0 > \||0]| ;. }-

Our interest in this Lemma is mainly when n = 1. Note that while Lemma 2.2.4
guarantees the super level sets A, are d-semi-mixed, they need not be J-mixed. Indeed
if A, is very small its complement won’t be d-semi-mixed. Also, we remark that the

converse of Lemma 2.2.4 need not be true. For example the function
f(x) = sin(27rz) + 10 sin(27nx)

has || f[| -1¢p1y = O(1), and the super level set {f > 5} is certainly semi-mixed to scale
1/n (see also [62]).

The proof of Lemma 2.2.4 follows from a duality and scaling argument. For clarity
of presentation we postpone the proof to Section 2.2.3. Returning to Theorem 2.2.1, the
main ingredient in its proof is a lower bound on the “amount of work” required to mix
a set to fine scales. This notion goes back to a conjecture of Bressan for which a $500

prize was announced [8].

Conjecture 2.2.5 (Bressan ‘03 [7]). Let H to be the left half of the torus, and ¥ be the
flow generated by an incompressible vector field w. If after time T the image of H under

the flow U is d-mixed, then there exists a constant C' such that

r Ind
it B 25)

We refer the reader to [7] for the motivation of the lower bound (2.5) and further
discussion. To the best of our knowledge, this conjecture is still open. However, Crippa

and De Lellis [23] made significant progress towards the resolution of this conjecture.
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Theorem 2.2.6 (Crippa, De Lellis ‘08 [23]). Using the same notation as in Conjec-

ture 2.2.5, for any p > 1 there exists a finite positive constant C,, such that

IIn 4|

¢ (2.6)

T
/0 I e

For our purposes we will need two extensions of Theorem 2.2.6. First, we will need to
start with sets other than the half torus. Second, we will need lower bounds for the work
done to semi-mix sets to small scales. Note that in order for a flow to d-mix a set A, it
has to both d-semi-mix A and J-semi-mix A°. Generically each of these steps should cost
comparable amounts, and hence a semi-mixed version of Theorem 2.2.6 should follow

using techniques in [23]. We state this as our next lemma.

Lemma 2.2.7. Let ¥ be the flow map of an incompressible vector field u. Let A C T¢ be
any measurable set and let p > 1. There exist constants ro = ro(A) and a = a(d, k,p) >
0, such that if for some § < 1o/2 and T > 0 the set Y (A) is J-semi-mized, then

T 1/p
/ IV, de > ™A, 29 (2.7)
0

a To

Morally the constant 7y above should be a length scale at which set A is not semi-
mixed. Our proof, however, uses a condition on ry which is slightly stronger than only
requiring that A is not semi-mixed to scale ry. Namely, we will require “most” of A to
occupy “most” of the union of disjoint balls of radius at least rg. Deferring the proof of

Lemma 2.2.7 to Section 2.2.3, we prove Theorem 2.2.1.

Proof of Theorem 2.2.1. Replacing 6 with 6/||0]|;-, we may without loss of generality
assume [|fp|; = 1. Fix 0 < A < 1, and s € (0,1%\). Let a be the constant from

Lemma 2.2.7, and c¢q the constant from Lemma 2.2.4 with n = 1. Choose

= (calb®ll) ™
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Then certainly [|0(2)]| ;-1 < 6%?*!/cy and by Lemma 2.2.4 the super level set {6(t) > A}
is 0-semi-mixed.
Now, since 6 satisfies the transport equation (2.1), we know {0(t) > \} = U, (A,),

where W is the flow of the vector field u. Thus, Lemma 2.2.7 now implies

To
5> Rew(= 0 [1vall).
Consequently
§d/2+1 7,66/2+1 _da t
0Ol = o > e (5 [ 1Vl),
finishing the proof. [

2.2.3 Proofs of Lemmas.
We devote this section to the proofs of Lemmas 2.2.4 and 2.2.7.

Proof of Lemma 2.2.4. Suppose for the sake of contradiction that A, is not J-semi-

mixed. Then by definition, there exists z € T? such that
m(Ax N B(z,0)) > (1 — k)m(B(z,0)) = (1 — x)m(d)s". (2.8)

Here 7(d) is the volume of d-dimensional unit ball.

By duality

10] - = sup
1 pern |1 g

/ O(x) f(z)dx|. (2.9)
Td
We choose f € H" to be a function which is identically equal to 1 in B(z,d), and which

vanishes outside B(x, (1+¢)d) for some small £ > 0. A direct calculation shows that we

can arrange

||f||Hn < Cl(d) . E_n‘f'% . 6_n+%’
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for some (explicit) constant ¢; depending only on the dimension.

On the other hand using (2.8) gives

/ 0(z)f(x)dz > (d)]|0]| .6 ((1 — K)A — k — ca(d)e), (2.10)
Td
for some (explicit) dimensional constant cs(d). Choosing ¢ = %’&3)“ and using (2.9)
we obtain

8]0~

101l = = ——

CO(d> K, )‘7 n)

as desired. ]

Remark. Observe co = cj(d, n)(A — (1 + N)r)""z.

Now we turn to Lemma 2.2.7. For this, we need a result from [23] which controls the

Lipshitz constant of the Lagrangian map except on a set of small measure.

Proposition 2.2.8 (Crippa DeLellis '08 [23]). Let W(t,x) be the flow map of the (in-
compressible) vector field u. For every p > 1, n > 0, there exists a set E C T¢ and a

constant ¢ = c(d, p) such that m(E°) < n and for any t > 0 we have

t
Lip(T1 (¢, )| ge) < exp(il/ IVu(s)| 1» ds). (2.11)
nr Jo
Here
. Ut z) — U1t
Lip(\I’_l(t,~) EC) d:f sup ’ ( ,l‘) ( 73/)’
x,yiEC ‘:L' - y‘
Ty

is the Lipshitz constant of =1 on E°.

The proof of Proposition 2.2.8 is built upon the simple observation [3] that for a

passive scalar 0(z,t) and smooth advecting velocity u one has the inequality

/log+‘v9(t,\ll(t,x))|da: </O /|Vu(t,\11(t,x)){dx. (2.12)
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This can be proved by an elementary calculation. In fact, even the point wise bound
Dlog|V0| < |Vu|

is true, where D = 0, + u - V is the material derivative. In the form (2.12), this
inequality is not very useful. But it turns out that the more sophisticated maximal
form of this inequality [3,23] can be much more useful and is essentially what leads to
Proposition 2.2.8. We refer the reader to [23] for the details of the proof.

We use Proposition 2.2.8 to prove Lemma 2.2.7 below.

Proof of Lemma 2.2.7. The main idea behind the proof is as follows: Suppose first r
is some large scale at which the set A is “not semi-mixed”. Let T > 0 be fixed and
suppose Wr(A) is d-semi-mixed for some 0 < r/2. Since Ur(A) is J-semi-mixed, there
should be many points # € Ur(A) and § € ¥ (A)¢ such that |Z—7| < 6. Since A is “not
semi-mixed” to scale rg, there should be many points  and y so that we additionally
have |U,H (%) — W' ()| = 70/2. This will force the Lipshitz constant of W' to be at
least 79/(26) on a set of large measure. Combined with Proposition 2.2.8 this will give
the desired lower bound on fg |Vl ;-

We now carry out the details of the above outline. The first step in the proof is to
choose the length scale rg. Let ¢ = ¢(k,d) be a small constant to be chosen later. We
claim that there exists a natural number [ and finitely many disjoint balls B(z1,71), ...,

B(zy, 1) such that

!
m(A) m(A N B(zj,r5))
m(H B(xi,ri)> > 5 3d and m(Blz;, 1) >1—¢ (2.13)

for every j € {1,...1}.
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To see this, note that the metric density of A is 1 almost surely in A. Thus, removing
a set of measure 0 from A if necessary, we know that for every x € A there exists an

€ (0, 1] such that
m(AN B(x,r))

m(B, 1) >1—c.

Now choose K C A compact with m(K) > m(A)/2. Since the above collection of balls
is certainly a cover of K, we pass to a finite sub-cover. Applying Vitali’s lemma to this
sub-cover we obtain a disjoint sub-family {B(z;,7;) | i = 1,...,1} with m(UB(z;,r;)) >
m(K)/3%. This immediately implies (2.13). For convenience let B; = B(z;,7;), and
choose rg = min{ry,...,r}.

Now let 7 > 0 be another small parameter that will be chosen later. By Proposi-
tion 2.2.8 we know that there exists a set £ with m(E) < 7 such that the inequality (2.11)

holds. Define the set

m(B(z,d) N E)
m(B(x,d)) _}

F={zeT’| (2.14)

Clearly F' C {Mx,, > x/2}, where M, is the maximal function of x,. Consequently,
—m(E)

m(F) < m({Mx,, > 5}) <

for some explicit constant ¢; = ¢;(d). (It is well known that ¢; = 3¢ will suffice.)
Since Wy is measure preserving we know m(V,'(E U F)) < (1 + 2¢;/k)n. Thus

choosing

will guarantee
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This implies that for some iy < [ we must have

m((Bi, N A) — U7 (BUF)) > (1 - 4%) (By). (2.15)

By reordering, we may without loss of generality assume that ¢y = 1. Consequently, for
q:{xewﬂwb—%HEuFWM@Bﬂ>%}

equation (2.15) implies

Now, from the collection of open balls {B(Z,0) | £ € ¥(Cy)} the Vitali covering

lemma allows us to extract a finite disjoint collection B(Z1,d), ..., B(Z,,d) such that

74Q3@ﬁg>ng

Our goal is to find § such that § € B(i;,8) — E for some i, and |UL'j — WUlz| > ry /2.

For convenience set B; = B(;,0). Since Wr(A) is d-semi-mixed and Z; ¢ F we have

m(Ur(A)NB;) < (1 —r)m(B;) and m(ENB;) < =m(B;). (2.16)

N’lR

Also, since U7 is measure preserving and by the definition of By we see

m(LnJ B; N (B — A)> <m(B; — A) < em(By) (2.17)

=1

Using the fact that {B;} are all disjoint, summing (2.16) and using (2.17) gives

LnJ ﬂEﬂ\IITBl 1——27713 +€mBl)
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Thus choosing

e <o)
2.54\2d  4d
will guarantee
m(LnJ BiNENTr(B)) < m(o B;)
i=1 i=1
This in turn will guarantee that for some i we can find § € B; — E — Up(By).
Now observe that

o~ - - 1~ 1~ r
Y, Z; ¢ Ea |y - x2| < 57 and |\I’IT1(y) - \I]Tl(mz)| > 51

The last inequality above follows because ¥.'(%;) € C; and V;'(§) € By. This forces

Lip(W;!|ge) > e A Y

Now using (2.11), and letting a = a(d, , p) denote a constant that changes from line to

line we obtain

! 77% 7o
| IVl > 2 o (53)]. (218)
Observe finally that
l com(A)
n=02m(UB¢) = 5 3

=1

for some explicit constant ¢y = ¢5(d, k). Consequently (2.18) reduces to

B =

m(A)

a

log(52) .

T
> 0
| 1vute, de > "

as desired. ]

2.3 Preventing blow-up by mixing

The results in this section come from a joint work with Alexander Kiselev [57].



82
2.3.1 Main result and the interpretation

Let us first recall our main result. Since we are working on T¢, we will define the concen-
tration of the chemical by factoring out a constant background: c(z,t) = (—A) ™ (p(x, t)—
p). Here p(x,t) € L? is the species density, and p is its mean over T¢. The inverse
Laplacian can be defined on the Fourier side, or by an appropriate convolution as will

be discussed below. Consider the equation
Oip+ (u-V)p—=Lp+V-(pV(=A) " p=p) =0, p(x,0)=py(z), =eT. (2.19)
We will prove the following theorem.

Theorem 2.3.1. Given any initial data py > 0, pg € C°(T?), d = 2 or 3, there exist
smooth incompressible flows u such that the unique solution p(x,t) of (2.19) is globally

reqular in time.

We will give more details on the choice of the flows later in the proof. The theorem
certainly holds under weaker assumptions on the regularity of the initial data. In this
section, for the sake of presentation, we do not make an effort to optimize the regularity
conditions. The scheme of our proof and the kinds of the flow examples that we have will
make the connection between mixing properties of the flow and its ability to suppress
the chemotactic blow up quite explicit.

It is well known that the solutions to Keller-Segel equation can form singularities in
finite time. The first rigorous proof of this result in the case where the domain is a two-
dimensional disk was given by Jager and Luckhaus [49]. Their proof is based on radial
geometry and comparison principles. Nagai [74] has provided a proof of finite time blow

up in more general bounded domains. We have not found a finite time blow up proof for
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the periodic case in the literature. Although it can be obtained by modification of the
existing arguments, we will provide a short independent construction of such examples in
the case of two spatial dimensions. This will imply that Theorem 2.3.1 indeed provides
examples of the suppression of chemotactic explosion by fluid mixing.

We note that fluid advection has been conjectured to regularize singular nonlinear
dynamics before. The most notable example is the case of the 3D Navier-Stokes and
Euler equations. Constantin [15] has proved possibility of finite time blow up for the 3D
Euler equation in R? if the pure advection term in the vorticity formulation is removed
from the equation. Hou and Lei have obtained numerical evidence for the finite time
blow up in a system obtained from 3D Navier-Stokes equation by the removal of the
pure transport terms [61]. In fact, finite time blow up has been also proved rigorously in
some related modified model settings [43], [46], [42]. Of course, the proof of the global
regularity of 3D Navier-Stokes remains an outstanding open problem, so whether 3D
Navier-Stokes exhibits “advection regularization” is an open question. See also [60] for
more discussion. As another example of related philosophy, we mention the paper [5]
on the elliptic problem with “explosion” type reaction. There is no time variable and
so no finite time blow up in this paper, but it shows that certain flows can significantly
affect the “explosion threshold”: namely, the value of the reaction coupling parameter
beyond which there exist no regular positive solutions. To the best of our knowledge,
the examples that we construct here are the first rigorous examples of the suppression of
finite time blow up by fluid mixing in nonlinear evolution setting. It should be possible
to extend our method to cover some other situations, which we will briefly discuss in

the section 2.3.8.
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The rest of this section is organized as follows. In section 2.3.2, we provide a con-
struction of finite time blow up examples. In section 2.3.3 we prove the L? -based global
regularity criterion that we will use. In section 2.3.4, we set up the strategy for control-
ling L? norm via H' norm. In section 2.3.5, we prove the key result on approximation
of the solution of Keller-Segel equation by solution of pure advection equation on small
time scales. In section 2.3.6, we prove that the relaxation enhancing flows of [17] sup-
press chemotactic blow up. We focus on the case of weakly mixing flows. In section
2.3.7 we outline another example of flows with such property, the Yao-Zlatos efficient
mixing flows. Finally, in section 2.3.8 we briefly discuss possible future extensions.

Throughout the section, C' will stand for universal constants that may change from

line to line.

2.3.2 Finite time blow up

In this section, our main result is a construction of examples where solutions to Keller-
Segel equation without advection (2.2) blow up in finite time. As we mentioned in the
introduction, similar results are well known in slightly different settings. The argument
below is included for the sake of completeness. It is closely related to the construction
of [74], but is simpler. The argument is essentially local and can be adapted to other
situations as well. Although we will focus on the d = 2 case, some auxiliary results that

remain valid in every dimension will be presented in more generality.

Theorem 2.3.2. There exist pg € C*(T?), po = 0, such that the corresponding solution

p(z,t) of equation (2.2) set on T? blows up in finite time.

Without loss of generality, we will assume that the spatial period of initial data and
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solution is equal to one, so T? = [—1/2,1.2]2. Let us first state a lemma that will allow

us to conveniently estimate the chemotactic term in the equation.

Lemma 2.3.3. Assume T? = [—1/2,1/2]%, d > 2. For every f(z) € C>®(T?), we have

VA (@) - T) =~ T [ @=9) (1) = FrevPay, (2.20)

Ca 1=0+ Jpa |z — y|¢
Here on the right hand side f(y) is extended periodically to all R?, f denotes the mean

value of f, and cq is the area of unit sphere in d dimensions.

The expression (2.20) is of course valid for a broader class of f, but the stated result

is sufficient for our purpose.

Proof. Without loss of generality, let us assume that f is mean zero. By definition and
properties of Fourier transformation, we have

VA @) =— 3 ﬁf(k)

keZd k-0

To link this expression with (2.20), observe first that for a smooth f, a straightforward

computation shows

_ Z ekaz 4 f(k?):— lim GQWpri/ 6—27rzpy—7|y|2f<y)dydp’ (2.21)
2|k 2 =0+ Jga 27 [p[? e
kezZd k#0

where the function f(y) is extended periodically to the whole plane. Indeed, all we need
to do is plug in Fourier expansion f(y) = >,z €™ f(k), integrate in y, and observe
that (7/7)%?exp(—n?|k — p|/7) is an approximation of identity.

On the other hand, recall that the inverse Laplacian (—A)~! of a sufficiently regular

and rapidly decaying function ¢ is given by

—o fgaloglz —ylg(y)dy d=2;

, 1 ,
/ 627rsz / 6—27T1pyg<y)dydp — (222)
2 |pl)? -
R (27|p[)? Jra L fale —yPigy)dy  d>3.
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The expression on the right hand side of (2.21), with help of (2.22), can be written

as

= Jealogle |V (Flw)e ) dy  d=2;

Right hand side of (2.21) = lim
— _ 2
2 fealz =y (Fl)e ) dy d >3

y—0+
Integrating by parts, we obtain (2.20). O

Suppose that the initial data pg is concentrated in a small ball B, of radius a centered
at the origin, so that [, podr = [, podr = M. Suppose that +>0b>2a, M >1,and
let ¢ be a cut-off function on scale b. Namely, assume that ¢ € C>°(T?), 1 > ¢(z) > 0,
¢ = 1lon By, and ¢ = 0 on BS,. The function ¢ can be chosen so that for any multi-index
a € 7%, |DY¢| < Cb~ 1l The parameters a, M and b will be chosen below. The local
existence of smooth solution p(x,t) can be proved by standard method, see e.g. [54] for
a closely related argument in R? setting. It is straightforward to check using parabolic
comparison principles that if py > 0, then p(x,t) > 0 for all ¢ > 0. Also, we have
Jp2 p(z,t)dx = M while p(z,t) remains smooth.

The first quantity we would like to consideris [, p(z,t)¢(22)dx. We need an estimate

showing that the mass cannot leave B} too quickly.

Lemma 2.3.4. Suppose that a, b, ¢, M and py are as described above. Assume that the

local solution p(x,t) exists and remains regular in the time interval [0,7]|. Then we have
/ plx, )o(2x)dr = M — C,M?*b™%t (2.23)
T2
for every t € [0, 7).

Naturally, the bound (2.23) is only interesting if ¢ is sufficiently small.
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Proof. We have

) /D () (2)d = /D Ap(a)p(2x)dz — /D 6(22)V - (p(2)V(~A) " (p(z) — ))da.

First, using the periodic boundary conditions and integrating by parts, we find that

/DAp(z)qb(2$)dx = 4|p(z)A¢(2x)dr| < CMb 2. (2.24)

Next, let ¢ € C§°(R?) be a cutoff function, ¢(x) = 1if |z| < 1/2, ¢(x) = 0if |z| > 1,

0<¢(z) <1, |Vy(z) <C. Using Lemma 2.3.3, we have

N $(22)V - (p(x)V(=A) " (p(x) — p))dx

— % . Vo (2x)p(z,t) 7ILI& . I(;—_yy|)2 (ply,t) — p)e W dydz
<c|[ ot [ =000 - puis

+C

/T Vo(2z)p(x) lim O (p(4) — 2 (1 ()i

=0+ Jp2 |z — y[?

= C(I) + C(IT).

We passed the limit v — 0+ in the first integral since the integral of the limit converges

absolutely. Using symmetrization, we can estimate

1) <p|[ (Tt [ =D vy

<OoM + /B /B (. )p(, (V26 e + [Vl [V | ey

< CM*h2.

We use the fact that supp¢ C suppy C B; in the second step.
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Next let us estimate (I7). Note that in this case the kernel is not singular, since
supp¢p C By, while supp(1 — ¢) C B¢. However, there is an issue of convergence of y
integral over the infinite region. Suppose that z € By,. Define mean zero function g via
p(y) —p = Ag. In fact, we have § = —p(k)(2n|k|?)~! for & # 0. By working on the
Fourier side, it is easy to show that |[g||Li(r2) < [|g]|r2(r2) < Cllpllzr(r2). Now we can

estimate
. (v — ?J) N —~lyl2
1 _ MWyl* (1 —
Wg& w2 |z — y)? (p(y,t) — p)e (1 —(y))dy

= lim (z ~y)
=0+ Jpe |z — y[?

Ag(y, t)e M (1 — v(y))dy

=t ) 9(y,1) <A (S__;/')Q) e (1 — (y)) (2.25)
+2v <|(;__5|)2> v (e—vlyﬁu - ¢(y))> + %A (e—ﬂyw(l B w(y)» )dy‘

Here g(y,t) is extended periodically to the whole R?. Note that in the last integral

of the first summand in (2.25) we can pass to the limit as v — 0 since A <(x_y)>

[z —y|?

decays sufficiently fast. For every x € B,, we obtain an integral which is bounded
by Cllgllzr 3 ez2 jnp>0 In|= < CM. Tt is straightforward to estimate that the last two

summands in (2.25) are bounded by

¢ [ latwlalyl + e (1 - vy <
Bi
_ lnf? 0
Clglpa Y. (il +47mle™™ < Cllgllpmy'* 7= 0.
neZ?,|n|>0
Combining these estimates, we see that
(I1) < CM | (Vo)(2x)p(x,t)de < CM?b 1.

RQ

Therefore, for all times where smooth solution is still defined, and under our assumptions
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on values of parameters, we have

< CM?*h 2

O /T2 p(x, t)p(2x)dx

This implies 2.23 and finishes the proof of the lemma. O

Let us now consider the second moment [, |z|*p(x, t)¢(x)dz. Closely related quan-
tities are well-known tools to establish finite time blow up in Keller-Segel equation; see

e.g. [77], [74]. We have the following lemma.

Lemma 2.3.5. Suppose 1/4 > b > 0 and ¢ is a cutoff function on scale b as described
above. Let py € C°°(T?), and assume that a unique local smooth solution p(x,t) to (2.2)

set on T? is defined on [0, T). Then for every t € [0,T] we have

o0 [ laPole.ota)de < -

2
5 (/ p(x)qb(x)dx) + CoM||pl|pi(r2\By) + CsbM? + C4M
D

(2.26)

Proof. In the estimate below, we will use the formula (2.20) with v set to be zero. All
the estimates can be done completely rigorously similar to the proof of Lemma 2.3.4; we

will proceed with the formal computation to reduce repetitive technicalities.

We have

o | Jal2p(e, é(x)dz — / 2P Ap(2)é(2)de + / 2P0V - (pV(—A) " (p — ))de
T2 T2 D
d 2Aodpdr + 4 -Vo)pd
¢pﬂf+/2|ﬂfl ppdx + /Tz(ﬂs ¢)pdz

[ owpte) [ =)~ payas

|z — yP

iy [ )=
/ <% / |3; _ y|2 (p(y) — p)dxdy.

= (1) + (40) + (ddt).
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Here (i) denotes the first three terms. By our choice of ¢, (i) does not exceed CyM for

some constant Cj. Next, let us write

’ 1 z(z —y) _
(i) == — | o(@)pe,t) | ———5(p(y,t) —p)¢(y)dydx

2 [ oot [ U ZY) 1)~ 2)(1 - (y))dyda,

™ J12 2 ]x—yP

where ¢ is a cutoff function as in Lemma 2.3.4. The absolute value of the integral

[ ot [ T ot~ p)(1 ~ (o))

> |z —yl?
can be controlled similarly to the estimates applied in bounding the term (/1) in the

proof of Lemma 2.3.4, leading to an upper bound by C'M?b. Next, we can estimate

’ﬁ [ otate.n) [ TEDudedy| < Car

2 | —yl?

as well. Split the remaining part of the first integral in (2.27) into two parts:
2 [ o@ptan) [ Ty oty)dady
T T2 p Y R2 |:L' _ y|2 p Y
1 r(r —
= [ ottt [ Tty - o)) dady

R2 \ﬂf—y

Using symmetrization, we obtain

. / oapte) [ W—‘jﬁpw(y)dym

2’1’—

/Jl‘z |, Pp(@)oy)ply)dedy = _% (/T P(fﬁ)qﬁ(m)dx)Q.

On the other hand,
/ s / | i ‘?ﬂ(y, t)(1 = o(y)) v (y)dedy
/Rg /Rg |q,- — |2 —y) - [2o(x)(1 = oY) (y) — yo(y) (1 — d(x))Y(x)]dzdy.
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Let us define F(z,y) = xzé(x)(1 — o(y)Y(y) — yo(y)(1 — ¢(x))(x). Observe that
F(z,y) =0o0n By x By, F(z,z) =0 and |VF(x,y)| < C for all z,y. This means

|F(z,y)| = |F(z,y) — F(z,2)| < |[VF|zo|2 — ylXBixB\Byx B, (T, Y)
< C‘ZE - y‘XBl><Bl\BbXBb(‘r7y)7

where yg(z,y) denotes the characteristic function of a set S C R? x R2. Therefore,

/ ¢(x / ’@ — y)p(y)(l — 6(y))¥(y)dzdy

yl?

<cf / p(z, )ply, )ddy
B XBl\BbXBb

< CM|pll Lt (p\By(0))-

To summarize, (i7) can be bounded above by

1
_%(/ p(x,t)¢(x)dz)” + CM||p(-, O\, + CbM?.
’]I‘Q

Finally, let us estimate (i7¢). Similarly to the previous part, we have

[ jaPot | ¢ ) oy, ) — 7)1 — () ddy < CHM?.

y!
Also,

7 [l | W’LT_W W (1 y(y))dudy < COM?

as well. The remaining part of (iii) we can estimate by using symmetrization:

[ taPotey [ A g ) oy
R Y (= R 2T P

|z —y|?

Observe that

12*Ve(@)e(y) = [yI*VeW)v ()] < CXBayx Ba\Box BT — 3l-
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Therefore

(Z’LZ) < CbM2 + CMHp”Ll(’]I‘Q\Bb)-
Combine the estimate of (i), (74) and (iii) yields 2.26, proving the lemma. O

We are now ready to complete the proof of Theorem 2.3.2.

Proof of Theorem 2.3.2. Let us recall that we assume 1/4 > b > 2a, and the initial data
po is supported inside B,. Assume that the unique solution p(z,t) of (2.2) set on T2
remains smooth for all t. Then by Lemma 2.3.4, and conservation of mass, for all ¢ > 0

we have

loC, )|l r2B,) < M — plx, t)p(2x)dr < CLM?*h2%t.
TQ

Also,

/ plx, t)o(x)de > / plx, t)p(2x)dx = M — CyM*b~t.
T2

’]I‘Q

Therefore, by Lemma 2.3.5, we have that

1
O / lz|?p(2,t)p(z)dr < —2—(M — CYMPb72)? + CoM3b™2t 4+ CsM?b + C4 M
T2

T
forall 0 <t < Cﬁ—QM We will now make the choice of all our parameters.
1. Choose b so that C3b < 0.001.

2. Choose M so that M > 10000,.

3. Choose a so that the following three inequalities hold:

b b
Canda < .
1020, S T00vG,

a<b/2, a<

4. Choose the time 7 = %.

With such choice of parameters, it is straightforward to check that

M2

O /T2 lz|?p(z,t)p(z)dr < %0 (2.28)
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for every ¢ € [0, 7]. But by assumption, supppy C B,, and so

/T2 2] po(2)p(2)dx < a* M. (2.29)

Together, (2.28), (2.29) and our choice of 7 imply that [, |z|*p(z, T)¢(x)dx must be neg-
ative. This is a contradiction with the assumption that p(z,t) stays smooth throughout

[0, 7]. 0

2.3.3 Global existence: the L? criterion

In this section, we will show that to get the global regularity of (2.19), we only need
to have certain control of spatial L? norm. The following theorem is a direct analog of
Theorem 3.1 in [54], where it was proved in the R? setting. We will provide a sketch of
proof for the sake of completeness. Throughout the section, we will use notation H® for
the homogeneous Sobolev space in spatial coordinates, that is we set
= D RPPIFR)I1
kezZ\{0}
Theorem 2.3.6. Suppose that py € C(T%), py = 0, and suppose that u € C* is
divergence free, d = 2 or d = 3. Assume [0,T] is the mazimal interval of existence of

unique smooth solution p(x,t) of equation (2.19). Then we must have

t 4
—111=d t—T
1) = Bl =5 (230
0

In other words, the smooth solution can be continued as far as integral in time of
appropriate power of the L? norm in space stays finite. Note that the mean value of p
is conserved by evolution, so p(-,t) = p,. We will denote it p throughout the rest of the

section. One may or may not include p into (2.30), these criteria are equivalent. One
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can verify that the scaling of (2.30) is sharp in the sense that it is a critical quantity for

(2.19).

Proof. The existence and uniqueness of smooth local solution can be proved by standard
methods, so we will focus on global regularity. Let s > 2 be integer. Multiply (2.19) by

(—A)®p and integrate. We get

300l <1 [ (V) (V(=8)" (o= )= pa]

2
Hs+1 .

+ | y plp =) (=A)pdz| + Cllulle: [l pl 7+ — llp]
Here we integrated by parts s times and used incompressibility of u to obtain

< C|ul s

csllpl

JRCAEINE

Consider the expression
[ ot~ o=y pds
Td

Integrating by parts, we can represent this integral as a sum of terms of the form

D'pD* ! (p — p)D*pdz,
Td
where [ = 0,1, ..., s and D denotes any partial derivative. By Holder inequality, we have

D'pD " (p=p)Dpda < [ID'pllm 1D (p = ) [
T

Hs»

with any 2 < p;, ¢ < oo satisfying pl’1 + q[l = 1/2. For any integer 0 < m < n, and
mean zero f € C*(T¢), we have Gagliardo-Nirenberg inequality

d d
m ]—34‘5

ID™ fllee < CUAI N e, = — (2.31)

which holds for 2 < p < oo unless a = 1, and if a = 1 for 2 < p < co. We will sketch a

short proof of (2.31) in the appendix C to make the thesis more self-contained.
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Take p; = l , @ = ==. Then for all [ > 0, applying (2.31), we get
! ! 23( dT‘l 22.?+¢1i
1D pllzw |1~ (p = Bl o < Cllp =PIl 2 [lpll gty
In the [ = 0 case, we use
d
2(s+1)

ol < llp = Pllze +7 < Cllp— p||Lz2“+”HpHHs+1 +P.
Therefore

s
s+1

Hs+1”p p

d
T +5) I

ol

[ ot = p)(-2)pas| <

< (Hp ST

Next, consider
(V) (V8) (0 p)(-2) s
T
Integrating by parts s times, we get terms that can be estimated similarly to the previous

case, using the fact that the double Riesz transform 9;;(—A)~! is bounded on L, 1 <

p < 00. The only exceptional terms that appear which have different structure are

/T (0-0.V0) - (V=) (0~ )0, p

but these can be reduced to

/T (00000~ P

by another integration by parts, and estimated as before. Altogether, we get

1 s sd — SS —
ool < € (1= a1l 10T +2) Ioli2allo - ol
(2.32)
+ Cllulles ol = llpllze-
Observe that
<l A ol (2:39
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Split the first term on the right hand side of (2.32) into two parts, and estimate them

as follows. First,

2s—d+4 2s+d

Cllp =72l = 1ol

2-3
Hs

d
frosillo]

< lp—pllezllpl

H5+1

4
ters + Cllp =2l 27 1ol e

Lol
\4/)

Second,

S
s+1

llp — p||

< plpollasllel

Hs+1

pliel

HS

1 _
< ;lllpll?qsﬂ + C*(|pll3s-

We used Poincare inequality and (2.33) in the first step. Recall the following Nash-type

inequality

2s
e ol

ol < Clip T, (2.34)

the proof of which will be sketched in the appendix C. Since p(x,t) > 0 and hence

lp(-, )|z = p > 0 is conserved in time, putting all estimates into (2.32) we get

1 2 T2 2 4 2+5703
§3t\|PI|Hs <C|llp—7ll2 os | el — o™=+ ||pll g™ (2.35)

4

From this differential inequality and integrability of ||p(-,t) — ﬁ||}i?(dw) in time, a finite

ps follows for all times. In fact, due to the last term on the

upper bound for ||p(-,1)]
right hand side of (2.35), it is not hard to show there is a global, not growing in time,

upper bound for any H® norm of p.

2.3.4 An H! condition for an absorbing set in L2

Due to Theorem 2.3.6, to show global regularity of solution p(x,t) to (2.19), it suffices

to control its L? norm in spatial variables. In this section, we prove a simple criterion
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that says that if the H! norm of a solution is sufficiently large compared to its L? norm,
then in fact the L? norm is decaying. Our overall strategy will be then to show that
mixing can increasing and sustain H' norm of solution. This will block the L? norm

from ever growing too much, leading to global regularity.

Proposition 2.3.7. Let p(z,t) > 0 be smooth local solution to (2.19) set on T¢, d = 2
or 3. Suppose that ||p(-,t) —pllrz = B > 0 for somet > 0. Then there exists a universal

constant C such that
lp(-,t +7) —pllz2 < 2B for every 0 < 7 < Cymin(1,p 7, Biﬁ). (2.36)
Moreover, there exists a universal constant Cy such that if in addition
I 0)ll3 > B} = CoB™& + 2587, (2:37)
then O||p(-,t)||z2 < 0.

Remark 2.3.8. The constant Cy, and other constants Cj employed later in this section,

are not related to the constants Cy of section 2.35.2.

Remark 2.3.9. In particular, due to Theorem 2.3.6, it follows that if ||p(-,t)—p||z2 < B,

then the local smooth solution persists at least till t + C7 min (1,ﬁ*1, B—ﬁ)_

Proof. Let us multiply both sides of (2.19) by p — p and integrate. Then
1 _ _ _
30l =gl = ~lole + [ V0V -2) =Pz (239
T
Observe that

/T VL) o= pVpds = [ o= pde— [ Vo V(=8) (o= pie

Td Td
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Therefore,

1

| VA o= Vpda =5 [ o=,

and then the second integral on the right hand side of (2.38) is equal to

[ VA o=l = p)ds = [ o=,

Next, notice that
2 N —\3 — —\2 —2
/ p (p—p)dx—/ (b =) dw+2p/ (p —p)"dw — 2p.
T4 Td Td
By a Gagliardo-Nirenberg inequality (see e.g. [71] or [54] for a simple proof), we have
—13 1359 2 =
lp = 2lizs < Cllp =l ol g < llpll + Cillo =2l 2

where in the second step we applied Young’s inequality. Applying all these estimates to

(2.38) yields

12—2d

Allp —pllze < —llpllzn + Collp — ol 2 °

+2pllp — Bl (2.39)

Solving the differential equation

6—

fi(r) = Cf¥=i(r) + 26f(r), f(0) = B?,

leads to the solution

fr) = Blewr) (2.40)

(1-criBaexp(iZ) - 1))

A standard comparison argument can be used to show that ||p(-,t +7) — p[|7. < f(7).

On the other hand, a straightforward estimate using (2.40) gives existence of a constant
C) such that if 7 < Cymin(1,p !, Biﬁ), then f(7) < 4B%
The second statement of the lemma follows directly from (2.39) and an assumption

po = 0.
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2.3.5 The approximation lemma

We can now outline our general strategy of the proof of chemotactic blow up suppression
in more detail. We know that the control of L? norm in spatial coordinates is sufficient
for global regularity. We also see that if H' norm of the solution is large, then L? norm
is not growing. On the other hand, flows with strong mixing properties tend to increase
H*' norm of solution. Hence our plan will be to deploy such flows, at a sufficiently strong
intensity, to make sure that the H! norm of the solution stays high, at least whenever
the L? norm is not small. The first hurdle we face, however, is to show that the mixing
property of flow persists in the full nonlinear Keller-Segel.

In this section we prove a key result on approximation of solutions to Keller-Segel
equation with advection (2.19) by solutions of pure advection equation. We will be
looking at the intense advection regime, and consider small, relative to all parameters
except the strength of advection, time intervals. It is natural to assume that in this
case most of the dynamics we observe is due to advection, though the exact statement
of the result requires care since both diffusion and chemotactic terms are not trivial
perturbations.

Let us consider the equation (2.19)
Op+ (u-V)p=Dp+ V- (pV(=L)"(p =) =0, p(x,0) = po(2),

r € T with d = 2,3. We will assume that the vector field u is divergence free and
Lipschitz in spatial variables. It may be stationary or time dependent. Let us denote

n(x,t) the unique smooth solution of the equation

Om+ (u-V)n=0, n(z,0) = po(z). (2.41)
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If we define the trajectories map by

d
(@) = u(@i(2), 1), Do(e) =2, (2.42)

then n(z,t) = po(®; (x)).
We start with the following simple observation. Denote the Lipschitz semi-norm

/@) = F)|

fllzip = sup
1/ |z o S e

Lemma 2.3.10. Suppose that the vector field u is incompressible and Lipschitz in spatial
variable for each t = 0, |Ju(-,t)| Lipray < D(t), D(t) € L}, [0,00). Let n(x,t) be the

loc

solution of (2.41). Then for every t > 0, and for every py € H', we have

InC, Oz < F(t)|lpollmr, where F(t) = exp <C’/0 D(s)ds) ) (2.43)

Proof. 1f w is incompressible and Lipschitz in spatial variable for each time, then the
trajectories map ®,(z) is area preserving, Lipschitz in z and invertible for each ¢, and
the inverse map ®;'(z) is also Lipschitz. Moreover, ||®;"| .;, < exp(C fot D(s)ds) (see
e.g. [69]). The evolution n(x,t) = po(®; ') is a Lipschitz coordinate change of an H*
function pg. The bound (2.43) follows from well known properties of H' functions under

Lipschitz transformations of coordinates [91]. O
We are now ready to prove the approximation lemma.

Lemma 2.3.11. Suppose that the vector field u(z,t) is incompressible and Lipschitz
in x, and is such that (2.43) is satisfied with F(t) € L2 [0,00). Let p(x,t), n(z,t) be

solution of (2.19), (2.41) respectively with py = 0 € H'. Suppose that the unique local

smooth solution p(z,t) exists for t € [0,T). Then for every t € [0,T] we have

d _ e
o= nll72 < —=llpllin + 4l pollzn F(£)* + Cllp — pll7- <Hp — ol + pz) . (2.44)
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Of course a direct analog of lemma holds without assumption py > 0; we only need

to replace p, in (2.44) with ||p]|1:.

Proof. A direct computation using divergence free property of u shows that

%%Hp—nlliz —/Td Ap(p—n)dm’—/ V- (pV(=2)"(p—p))(p — n)da

Td

< =llellzn + ol Il + 1oV (=2) " (o = D)2 llpl e (2.45)

+11pV(=2)" (o = D)l z2llnll -
Applying Holder and Gagliardo-Nirenberg inequalities, we can estimate
1PV (=2)" (o = P)ll2 < llpllea [V (=2) " (p — D)l e
§ =6 - “1(, =5 “1(, _ =5
< C (Il lle = 22" +2) IV (=2)"(p = D)3 IV (=2) (0 = D)2
d 14 _ _
<C (Ielillo = 7l52" +7) llo = 7=
Here the last step follows from simple estimates on Fourier side. Given these estimates,
several applications of Young’s inequality show that the right hand side of (2.45) can be

bounded above by

2 1 2 2 1 2 2t
— [lpllzn + Z“pHHl + [[nllE + §||,0||H1 +Cllp =7l

1 iy
+ gl!pllip + Cllp = pll720" + [Inll7-

With help of Lemma 2.3.10 the estimate (2.44) quickly follows. ]

2.3.6 Proof of the main theorem: the relaxation enhancing

flows

Our first example of flows that can stop chemotactic explosion will be relaxation enhanc-

ing flows of [17]. These stationary in time flows have been shown to be very efficient in
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speeding up convergence to the mean of the solution of diffusion-advection equation. A
particular class of RE flows are weakly mixing flows, a well known class in dynamical sys-
tems theory which is intermediate in mixing properties between mixing and ergodic [22].
Let us briefly review the relevant definitions.

Given an incompressible Lipschitz in spatial variables vector field wu(z), recall the
definition (2.42) for the trajectories map ®;(x). Then define a unitary operator U f(x) =

f(®;1(x)) acting on L?(T?).

Definition 2.3.12. The flow u(x) is called weakly mixing if the spectrum of the operator
U = U is purely continuous.
The flow u(x) is called relaxation enhancing (RE) if the operator U (or properly

defined (u-V)) has no eigenfunctions in H* other than a constant function.

Remark. The fact that we talk about the spectrum of U rather than (u - V) is a minor
technical point. The skew symmetric operator (u-V) is unbounded on L*, and sometimes
need to be extended to its natural domain (rather than just H') to become self-adjoint
and to be a generator for U. To avoid these technicalities, it is convenient to make the
definition in terms of U, which can be defined on smooth functions and then extended to
the entire L? by continuity.

Examples of weakly mizing flows on T¢ are classical and go back to von Neumann [75]
(just continuous u(x)) and Kolmogorov [59] (smooth u(z)). The Kolmogorov construc-
tion is based on wvariable irrational rotation on the torus with appropriately selected in-
variant measure. Lack of eigenfunctions is established by analysis of a small denominator
problem on Fourier side bearing some similarity to the core of the KAM theory. The

original examples are not incompressible with respect to the Lebesque measure on T?, but
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a smooth change of coordinates can be applied to obtain incompressible flows with the
same properties. Weakly mizing flows are also RE, but there are smooth RE flows which
are not weakly mizing: these do have eigenfunctions but rough ones, lying in L? but not

in H' (see [17] for more details and ezamples).

We now state our first main theorem. Consider the equation
D + A(u - V)pt — Apr + V- (p"V(=A)Hp—7) =0, p*(z,0) = po(x). (2.46)

Here A is the coupling constant regulating the strength of the fluid flow that we will
assume to be large. We note that dividing the equation by A and changing time, we can
instead think of all the results below as applicable in the regime of weak diffusion and

chemotaxis on long time scales.

Theorem 2.3.13. Suppose that u is smooth and incompressible vector field on T?, d =
2,3, which is also relaxation enhancing. Suppose that p > 0 € C*(T%). Then there
exists an amplitude Ay which depends only on py and u such that for every A > Aq the

solution p*(x,t) of the equation (2.46) is globally reqular.

We will only prove Theorem 2.3.13 in the case of weakly mixing flows. This serves
our main purpose of providing an example of chemotactic blow up-arresting flow. In
general case, the proof is a fairly straightforward extension of an argument for the
weakly mixing case and the point spectrum estimates in [17]. (Lemma 3.3 and part of
the proof of Theorem 1.4 dealing with point spectrum).

Before starting the proof, we need one auxiliary result from [17]. Let Py be the

projection operator on the subspace formed by Fourier modes |k| < N:

Pyf(x) =Y & f(k).

[k|<N
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Lemma 2.3.14. Let U be an unitary operator with purely continuous spectrum defined
on L*(T%). Let S = {¢ € L?: ||¢||z2 = 1}, and let K C S be a compact set. Then for
every N and every o > 0, there ezists T.(N, o, K,U) such that for all T > T.(N,o, K,U)

and every ¢ € K, we have

1

T
—/ | PvUs|%dt < o. (2.47)
T 0

This lemma connects the issues we are studying with one of the themes in quantum
mechanics, namely the propagation rate of wave packets corresponding to continuous
spectrum. Lemma 2.3.14 is an extension of the well-known RAGE theorem (see e.g. [24])
which is a rigorous variant of a folklore quantum mechanics statement that quantum
states corresponding to the continuous spectrum travel to infinity. In our case, travel to
infinity happens not in physical space, but in the modes of the operator —A (that is, in
Fourier modes). We refer to [17] for the proof of Lemma 2.3.14.

Now we are ready to give the proof of Theorem 2.3.13.

Proof of Theorem 2.3.13. Fix any B > ||pg — pollz2. If for all times we have that
1p(-,t) — pllz2 < B, then the solution stays globally regular by Theorem 2.3.6. Other-
wise, let

to = inf{t|llp* (1) — Pllu2 = BY.

Since the solution is smooth, we also have that ||p(-, o) — p||z2 = B; thus t; is the first
time the L? norm of p* — p reaches B. Note that by Proposition 2.3.7, we must also
12—2d

have ||pA(-, to)|lm < Bi, where By = CoB 3= + 2pB2.
We are going to show that if A > Ay(B,p,u) is sufficiently large, then after a small
time interval of length 7 that we will define shortly, we will have ||p(-, to+7) =012 < B.

Moreover, we will have ||p?(-,t) — p||z2 < 2B for every t € [tg,to + 7]. This will prove
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the theorem, as the argument can be applied repeatedly each time the L? norm reaches
the level B, showing that ||p?(-,t) — pl|z2 < 2B for all ¢.
Denote )\, the eigenvalues of —A on T in an increasing order, 0 = A\; < Xp < ... <

An < ... Choose N so that
An > 16Co(2B) 77 + 32, (2.48)

where Cj is the constant appearing in (2.39). Observe that AyB? > B?. Define the
compact set K C S by
K ={¢ € S[lolin < An}
(recall S is the unit sphere in L?). Let U be the unitary operator associated with our
weakly mixing flow u as above. Fix ¢ = 0.01. Let T.(N, 0, K,U) be the time threshold
provided by Lemma 2.3.14.
We proceed to impose the first condition on Ag(pg,u). We define 7 as below and

require that
T.(N,o, K,U)
A

T < C; min (1,,5‘1, B*ﬁﬁ) (2.49)
for every A > Aj, where C is the constant appearing in Proposition 2.3.7 in (2.36).
It follows from Proposition 2.3.7 and Theorem 2.3.6 that |[p?(-,t) — p)||zz < 2B for
t € [to,to + 7] and so p# remains smooth on the time interval.

Let us introduce a short-cut notation ¢o(x) = p?(z,t0). Let n(x,t) be the solution
of the equation

atnA + A(U ’ V)T/A = 07 7714(1,7 0) = §b0~

Then n?(z,t) = U@y, and we have

1 T 1 T 1 ATt
» [ e @l = 2 [Pt = 4 [PV Glads < 0B

(2.50)
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Here we applied Lemma 2.3.14 to the vector ¢g/|¢ol|r2. Indeed, ¢o/||dollz2 € K since
by (2.48) we have

I¢oll2 < BY < AwB* < Anlldollz-.

Note also that (2.49) ensures the applicability of Lemma 2.3.14 and the validity of the
last bound in (2.50).

We now impose the second and last condition on Ay. It will be convenient for us now
to denote by ¢ time elapsed since ty. By the approximation Lemma 2.3.11, and since we

know [|p(-, t0) |31 < B < AwB?, as well as ||pA(-, to + t) — pl|z2 < 2B, we have
d
E||pA(-, to+ 1) — (- t)[[22 < 4AyB?F(At)? + CB*(B&7 + 7°) (2.51)

for all ¢t € [0, 7]. Here 7 = T, /A as before. Choose Ay so that

AN

To
| Fe’ds+ Cr(B54 + ) < 0.01 (2.52)
0

for every A > Ay. Note that since u is smooth, F(t) is a locally bounded function.

We claim that if A > Ay, then ||p?(-, o + 7) — p||2 < B. First, the condition (2.52)

allows us to control ||p(-, o +t) — p||z2 more tightly, which is convenient. Indeed, since

5
72 (. t)|l 22 = llol| 2 = B for all ¢ >0, (2.51) and (2.52) imply that
0.9B < ||p*(- to +1)||r2 < 1.1B (2.53)
for t € [0, 7]. Furthermore, by (2.50), (2.51) and (2.52) we have
= [ 1Pt 0l < 2 [ IR0l
B2
+2 [ IRt ) = ) e < G
Combine this estimate with 2.53 we obtain

1 [ 1 [ 1
=[0Gt e > - [ AT = Ptk Ot > B (250)
0 0
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Now we come back to (2.39):

12—2d
2

ollp* = pllie < =llp™ i + Collo™ = 2ll, =" + 27" = 7ll2e-
By estimate (2.54), (2.53) and (2.48), we have

1 _
It 7) = Pl < B4 7 (w2 + Gol2) 5 + 29257
) (2.55)
< (1 — ZT)\N) B* < B

This complete the proof. O

We see that the bound we obtained on the decay of the L? norm in (2.55) is stronger
than what we needed. In fact, with slightly more effort we can obtain stronger results.
We now present an extension of Theorem 2.3.13 that establishes a complete analog of
“relaxation enhancement” established in [17] for the diffusion-advection equation for the
case that also includes chemotaxis. Namely, we show that not only fluid flow can prevent
finite time blow up, but in fact it can enforce convergence of the solution to its mean in
the long time limit. Intense fluid flow can also act to create an arbitrary strong and fast
drop of [|p*(-,) — Dl 2.

Theorem 2.3.15. Suppose 0 < py € C=(T?), and let p*(x,t) be the solution of the
equation (2.46). Let u be smooth, incompressible, relaxation enhancing flow. If Ao(po, u)

is the threshold value of Theorem 2.3.13, then for every A > Agy, we have
lp*(-t) =Bl =0 (2.56)

as t — o0o. The convergence rate is exponential in time, and can be made arbitrary
fast by increasing the value of A. Namely, for every & > 0 and k > 0, there exists

Ay = Ay(po, u, k,0) such that if A > Ay, then

104 8) = Pllee < llpo — pllgze™ (2.57)
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forallt > 9.

Proof. Let us proof (2.57), since (2.56) follows from similar (and easier) arguments. The
proof largely follows the argument in the proof of Theorem 2.3.13, but let us outline the

necessary adjustments. We set By = ||po — p||r2. Choose N so that
Ay > max (100/@ 16C(2B0) 77 + 32,5) . (2.58)

Define the set K, as before, by {¢ € S|[|¢[|2, < An}.
For all times t where p?(x,t)/|[p? (-, t)||z2 & K, we have ||p(-,t)||m = An|[p?(,t) —

Pllzz2. It follows from (2.39) and (2.58) that at such times we have

4—d

Ollp —pllz2 < =13 + Collp™ = 7l

12—2d A
2 T 2ﬁ|\p - ﬁHL2
(2.59)

4 _ _ 1 _
< (_)\N + Co(2B) ™1 + 2p) " =2l < =5 Awlle® = Bl

Here in the second inequality we used that ||p?(-,t) — p||z2 < 2B, for all times, as we
know from the proof of Theorem 2.3.13 we can ensure by making A sufficiently large;
we note that this bound will also follow from our argument below. Thus on the time
intervals where p?(x,t)/||p?(z,1t)| 2 ¢ K we have exponential decay of ||pA(-,t) — 5|2
at rate that would imply (2.57) if all times were like that.

Suppose now that t; is the smallest time such that p(x, ) € K (¢, could equal 0).
Let T.(N, o, K,U) be the time threshold provided by Lemma 2.3.14 (we set o = 0.01 as
before). Repeat all the steps in the proof of Theorem 2.3.13 from defining the time step
7 (2.49) to (2.55), with B replaced by ||pA(-, o) — pllz2. In addition, require that A is
large enough so that

To(N,o, K,U)

= g 2. 2.
T . 5/ (2.60)
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We arrive at the estimate

_ 1 _
It ) =Pl < (1= pawr ) I to) =

(2.61)

1y _
< e M| to) — Pl 7.
Note that even though we do not control the L? norm of the solution for all times t,

from (2.39) and (2.58) it is clear that for every t € [to, o + 7] = Iy, we have
1o 8) = Pll7e < xR IpA( t0) — pll7. (2.62)

We continue further in time in a similar fashion. If p?(z,t)/|p"(-,t)||z2 ¢ K, we

have (2.59). On the other hand, if
tn =inf{t|t > t,—1 +7, (2, ) /|1p ¢ D)2 € K

we can apply Lemma 2.3.14 and Lemma 2.3.11 on [, = [t,, t, + 7] obtaining

_ _lyor _
1o (ot +7) = Pll72 < e T p (- 1) — D72,
(2.63)

1P (1) = plI2e < eV pA( t,) = pl122,  for every t € [ty b, + 7).

Now given any ¢ > §, we can represent
[0,1] = WU (Ui h),

where W is the set of times in [0, ¢] outside all I;. Note that (2.59) holds for every s € W.

Combining (2.59) and (2.63), we infer that for every ¢ > ¢, we have
_ Clan(t=3) iy _ 1 _
lp" (1) = pll7e < e Des2 oy — 7. < e 5™ lpo — P72

This proves (2.57). O
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2.3.7 Yao-Zlatos flow

In this section, we describe another class of flows that are capable of suppressing the
chemotactic explosion. These flows arise as examples of almost perfect mixers satisfying
some sort of natural constraints. They have the advantage of being somewhat more
explicitly defined than the RE flows which may be harder to picture. For this reason we
will be able to get an explicit estimate, albeit rather weak, for the intensity of mixing
necessary to arrest the blow up as a function of the L? norm of the initial data. For
the RE flows, such estimate would be difficult to obtain, primarily due to the challenge
of estimating the time 7. from Lemma 2.3.14. A quantitative estimate on 7T, would
require delicate spectral analysis of the operator u - V, something that for the moment
is out of reach. On the other hand, in contrast to the RE flows, Yao-Zlatos flows are
time dependent and active - their construction depends on the density being mixed. We
remark that a re lated cl ass of efficient mixer flows has been also considered in [2].

We refer to [88] for a detailed discussion of different notions of mixing and the general
background, and for further references. For our purpose here, we need one particular
result from [88], that we set about to explain. Let T? = [-1/2,1/2)%. Consider the

dyadic partition of T? with squares Q,;; given by

t 1+1 Jj J+1
Qmj:[ —}X[—

— = =2t ot . .64
| ¢ B ] i (261

Suppose fo € C®(T?) and is mean zero, u is an incompressible flow with Lipschitz

regularity. Let f(x,t) denote the solution of transport equation

Of +(u-V)f =0, [f(z,0) = folx). (2.65)

Theorem 2.3.16. [Yao-Zlatos] Given any k, e € (0,1/2], there exists an incompressible
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flow u such that following holds.
L [|[Vu(,t)||lp= <1,  for every t. (2.66)
2. Let n = [|logy(ke)|] + 2, where [z] denotes the integer part of x. Then for some
Tie < Cli_l/2| log(ﬁe)|3/2,

and every Qn;; as in (2.64) we have

f(x, T e) da

' ! < Al foll i (2.67)

’Qm]’ Qnij

This theorem provides the flow u that satisfies uniform in time Lipschitz constraint
(2.66) and mixes the initial density f, to scale € with error & in time 7, .. The construction
in [88] employs a multi-scale cellular flow. On the nth stage of the construction, the goal
is to make the mean of the function on each of @),;; close to zero, starting with n = 1.
This is achieved by cellular flows which are designed to have same rotation time period
on streamlines away from a thin boundary layer. Such an arrangement makes evolution
of density in each cell amenable to fairly precise control, and makes it possible to ensure
that the “nearly mean zero” property of the solution propagates to smaller and smaller
scales. We refer to [88] for the details. Below, we outline only some adjustments that
are needed to obtain Theorem 2.3.16 from the arguments in [88], since it is not stated

there in the precise form we need.

Proof. Theorem 2.3.16 is essentially Theorem 4.3 from [88] (or rather Theorem 5.1,
which deals with the periodic boundary conditions instead of no flow - but Theorem
5.1 is a direct corollary of Theorem 4.3). We re-scaled the time compared to Theorem

4.3 from [88] to make (2.66) hold. We also replaced the conclusion of the e-scale mixing
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(defined in [88]) with how it is actually proved: (2.67) follows directly from (4.8) and the

next estimate in [88] as well as the choice of § immediately below these two estimates. [
Here is the key corollary of Theorem 2.3.16 that we will use in our proof.

Corollary 2.3.17. Let fy € C*(T?) be a mean zero function. For every ¢ > 0 there
exists a Yao-Zlatos flow u(x,t) given by Theorem 2.58.16, such that ||Vul|~ < 1 for

every t and the solution f(x,t) of the equation (2.65) satisfies

LG D[ < Csll foll L~e (2.68)

for some

T < Che V| log ¥/ (2.69)
Here Cy3 > 1 are universal constants.
Proof. To derive this corollary from Theorem 2.3.16, let us set K = ¢. We need to address

a couple of issues. The first one is the connection between (2.67) and H~' norm of the

solution.

Lemma 2.3.18. Let f € C®(T?) be mean zero. Fiz ¢ > 0 and suppose that

1
|,Q [ seas| < i-
nij i
for some n > [|logy€|] and 1,5 = =271 ... 2771 — 1. Then
[l < Csl[ f][ €. (2.70)

Proof. The proof is by duality. Take any g € H'. Since f is mean zero, without loss

of generality we can assume that g is also mean zero. Then, denoting TQus; the average
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value of g over @),,;;, we have

fgdx / fgdx
/TQ ZZ,J: Qnij
>0, [ fa)is
ij Qnij

€ > G0, [1QnislI flle < C27 Y N f I 22@uip IVl 22(@uy) + €l F e llgl o
i,j i,J

< Cellfllzzllgller + el Fllzellgllea < Cell fllzellglle-

<

S o) -7, s+

|g - anij ||L2(Qnij)+

< Z Hf||L2(Qnij)
(]

Here we used Poincare inequality in the last and in the penultimate step, and Cauchy-

Schwartz inequality in the last step. This proves the lemma. O

Another technical aspect we need to discuss is the smoothness of u. The construc-
tion in [88] does not explicitly control higher order derivatives of v beyond the Lipschitz
condition ||Vu| L~ < 1. However, it is not difficult to see that a properly mollified veloc-
ity field will have the same mixing properties up to renormalization by some universal
constant. Let ¢ be a mollifier, ¢ > 0, ¢ € C*°(T?), suppé C By/4(0), [, ¢(x)dz = 1.

Denote ¢s(x) = 6~ 4¢(x/0), and us(z) = ¢s * u(x).

Lemma 2.3.19. Suppose that an incompressible vector field u(x,t) satisfies ||Vul|p~ <
D for all z,t. Assume fo € C™(T?), and denote f(x,t) and fs(x,t) solutions of the
transport equation (2.65) with velocity u and mollified velocity us respectively. Fix any

T > 0. Then as § — 0, we have || f(z,t) — fs(x,t)||r2 = 0 uniformly int € [0,T].

Proof. The proof of this lemma is standard and elementary. We provide a brief sketch.
First note that ||Vus||re < [[Vul|z~, so (2.66) also holds for us. Consider ®;(z) and

®, 5(x), the trajectory maps corresponding to u and wus. A straightforward estimate
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based on Gronwall lemma gives
|D(z) — Dy 5(x)| < set?.
Reversing time, we find that the same holds for the inverse maps:
(@7 (z) = @5 (2)] < 0e™
So we get

[ 1) = s e = [ 15007 (0) = (@} ) Pde < 59 fole'®
O

To complete the proof of the corollary, note now that we can choose § = d(fy) small

enough so that

1fsCom) = FCm)la—r < fsCo7) = £ )2 < Callfolloee.

Then if u(z,t) is Yao-Zlatos vector field yielding (2.68), we can take us as our smooth

flow and get that (2.68) holds with the renormalized constant 2Cs. O

Before stating our main result on Yao-Zlatos flows, we need one more auxiliary result.
In our scheme, it is convenient to work with the L? norm of the solution. However
Corollary 2.3.17 involves the L® norm, so we need some control over it. We could get
it from (2.35) and Sobolev embedding. However the bound in (2.35) involves norms of
higher order derivatives of u and would result in weaker estimates for the flow intensity
needed to suppress blow up. We prefer to estimate the L> norm of the solution directly.

Let p(x,t) be the solution of (2.19):
O+ (u-V)p—Dp+ V- (V(=D)p—7) =0, p(a,0) = pola), €T

where u(z,t) is smooth and incompressible.
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Proposition 2.3.20. Let 0 < p € C*®(T?). Suppose that ||p(-,t) — pllrz < 2B for all
t € [0,7] and some B > 1. Then we also have ||p(-,t) — p||z~ < C4Bmax(B,5/?) for

some universal constant Cy and all time t € [0, 7.

We postpone the proof of this proposition to the appendix C.

We are now ready to state the main theorem of this section.

Theorem 2.3.21. Let pg > 0 € C*°(T?), and suppose ||po — p||r2 < B for some B > 1.
Then there exists smooth incompressible flow u(z,t) with |Vu(-,t)||p~ < A(B,p) such

that the solution p(x,t) of the equation (2.19) is globally reqular. Here we can choose
A= Cexp (0(1 + B+7"*)(log(1+ B + pl/Q))3/2> (2.71)

for some universal constant C'.

The flow u(x,t) can be represented as

w(z,t) = Z Auj(,t)x1, (1), (2.72)

where I; are disjoint time intervals, and u; are Yao-Zlatos flows given by Corollary 2.5.17

with a certain € = €(B,p) > 0 and certain initial data.

Remark 2.3.22. We have to deploy different Yao-Zlatos flows in (2.72) due to the fact
that these flows are designed to mix a specific initial data, and one can envision nonlinear

dynamics attempting to break the L? barrier in different ways.

Remark 2.3.23. Similar to Theorem 2.3.15 for the RE flows, one can use combinations
of Yao-Zlatos flows to achieve stronger results, such as convergence of the solution to
the mean, and at increasingly fast rate if the flow amplitude is allowed to grow. We will

not pursue these results here.
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Proof. The scheme of the proof is similar to the RE flows case, but Corollary 2.3.17
replaces Lemma 2.3.14 with some necessary adjustments.

We start with v = 0 on some initial time interval. If ||p(-,t) — p||2 < B for all ¢,
global regularity follows. Suppose this is not the case, and let ¢, be the first time when
|lp(-,t0) — pllzz = B. Similarly to the RE case, we also know that ||p(-, )|z < B;. In
addition, Proposition 2.3.20 ensures that ||p(-, o) — p||z~ < C4B max(B,p'/?).

Fix e given by

1
€ = .
8C5/4Co B2 + 2p + 1(1 + Cy max(B, p'/?))

(2.73)

Take a flow u guaranteed by Corollary 2.3.17 corresponding to this value of € and the
initial density p(z,to), and let 7 be the time in (2.69). Denote n“(z,t) the solution of

the equation
oMt + A(u-Vnt =0, n(z,0) =ny = p(, to). (2.74)
Then by Corollary 2.3.17 and Proposition 2.3.20 we have

B
8/4CoB2+ 25+ 1

In (-, 7/A) = pllr-1 < Csllno — Bl e < (2.75)

We will set u(z,t) =01in (2.74) for t > 7/A.
Now we are going to turn on the same flow u(z,t) in the equation for p# at time ¢,

for the duration 7/A. Let us denote p”(z,ty + t) the solution of the equation
Aipt + A(u-V)pt = Apt + V- (p'V(=A) " (p" =) =0, p(x,0) = p(a, ).

The first condition that we are going to impose on A is that

2T ) 1 e
7 < Cimin (1,571, B7?). (2.76)
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Given (2.69) and (2.73), it is easy to check that (2.76) holds if (2.71) is satisfied. Recall

that given (2.76), Proposition 2.3.7 ensures
lp™ (@, to +1) = pll2 < 2B (2.77)

for t € [0,27/A] and the solution stays smooth on this time interval. Next, by the

approximation Lemma 2.3.11, we have
d, 4 1 ) A ) ) At
ot Coto+ 1) =0 (Ol <l Cto + )+ 4llo( 1) [0 exp (20 / HVuliLoodS)
+Cllp" (-t +1) = lz2 (12" to + 1) = Bll72 +77)
< 4Bj exp(2CAt) +4CB? ((2B)? +p°)
(2.78)

for every ¢t € [0,27/A]. Here we used (2.77) in the last step. Let us now impose the

second condition on A which says that it should be large enough so that

25; exp(4CT) + T y0B? (2B’ +7°) < B (2.79)
X T - S . .
oA P A P)S 64(4CoB2 + 25 + 1)
Note that in particular (2.79) implies that
0.8B < ||p?(-,to +1) — P2 < 1.2B (2.80)

for t € [0,27/A]. Also, (2.79), (2.75) and (2.78) can be used to estimate that for every

t € [r/A,27/A] we have

lp"Coto + 1) = Blla-r <[l 8) = Pl + 102 to +8) =0 (1)1 12 <
B . B B B
SVACoB2+25+1 8\ 4C,B? +2p+1 4\/4CoB2+25+1

Therefore, using (2.80), we obtain

A =12
pi(to+t)—p
1o (- to + 1) — Dl > lo”Coto + 1) = Pz

> - > 2B\/4CyB? 4+ 2p + 1 (2.81
07 to+0)— 7l )
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for all t € [7/A,27/A]. The proof of global regularity is completed similarly to the proof
of Theorem 2.3.13 using (2.39), (2.80) and (2.81).

Finally, the sufficiency of the condition (2.71) follows from straightforward analysis
of the bounds (2.73), (2.69), and (2.79). The approximation lemma constraint (2.79) is

what truly determines the exponential form of (2.71). O

Remark 2.3.24. One can check that by using Theorem 5.4 from [88] and similar argu-
ments, we can change the periodic setting to the finite domain with no-slip or no-flow
boundary condition for u(xz,t), and obtain analogous results but with a weaker estimate

for the flow intensity. We leave the details to the interested reader.

2.3.8 Discussion and generalization

The scheme developed in the previous sections of this section should be flexible enough
to be applied in different situations. Here we briefly and informally discuss the main
features that appear to be necessary to apply our analysis. On the most general informal
level, one can say that the idea of the scheme is that the fluid flow, if sufficiently intense
and with strong mixing properties, can make a supercritical equation into subcritical
one for a given initial data.

It appears that for the scheme to be applicable to a nonlinearity N(p) we need that

for the solutions of the equation
Op+ (u-V)p—Ap+ N(p) =0,

either the mean or some norm of p does not grow or at least obeys global finite (even if
growing) bound in time. Without such assumption, it is difficult to rule our finite time

blow up of the mean value of the solution, which large H' norm has no way to arrest.
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The second condition that is needed concerns the bound on the nonlinear term in the
spirit of

[ Nooas| < Ul 252)

with a < 2. This would allow control of the L? norm growth by diffusion when H' norm
is large. The third condition is that some analog of the approximation lemma holds.
This seems to require bounds similar to (2.82).

Of course, the scheme can also be adapted to the cases where diffusion is given
by some dissipative operator other than Laplacian, for example a sufficiently strong
fractional Laplacian, in which case the H' norm needs to be replaced by some other
norm natural in the given context. It is also likely that diffusion term does not have to
be linear, even though this may require subtler analysis.

As far as other possible classes of flows that may have the blow up arresting property,
the main clearly sufficient requirement for our scheme to be applicable appears to be as
follows. First, the flows should be sufficiently regular and in particular satisfy Lipschitz
bound in space variables. Secondly, for every € > 0 it should be possible to find a flow u,
from the given class, with uniform in time Lipschitz bound, such that for every f, € C*°

the solution f(z,t) of the transport equation

Of+w-V)f =0, f(z,0)=fo(z)

satisfies
1f Gl < eC(]| follee) (2.83)

for some 7, < oo. Observe that even though we did not frame the discussion of the
mixing effect of the RE flows in terms of the H~! norm, Lemma 2.3.14 clearly implies

that (2.83) holds for the RE flows. There are other classes of flows that look likely to
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satisfy these properties, such as optimal mixing flows discussed in [62]. Generally, decay
of the H~! norm is one of the general measures of the mixing ability of the flow, hence we
have a link between efficient mixing and suppression of blow up, which is quite natural.
We refer to [62], [66], [48], [78] for further discussion of H~! norm as a measure of mixing
and some bounds on mixing rates for natural classes of flows. It also looks possible that
some flows that do not in general lead to H~! norm decay without diffusion can still be
effective suppressors of blow up if diffusion is taken into account. A natural and common
class to be investigated here are some families of stationary cellular flows. Furthermore,
similarly to [17], our construction can be applied more generally to the case where the
transport part of the equation is replaced by some other unitary evolution for which an

analog of (2.83) holds. We plan to address some of these generalizations in future work.
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Appendix A

Direct calculation of lemma 1.5.2

In this section, we will show a direct proof of the key lemma (lemma 1.5.2).

By proposition 1.3.8, we know we can write the Green function of {2 as following:

21Ga(z,y) = xB,0)(y)(log |z — y| —log |z — y*|) + (1 — x5, (y))(log [z — y[) + C(z,y).

(A1)
Here x, (y) is the smooth cut-off function. C(z,y) is a function so that [, C(z,y)w(y)dy
is C%%(Bs(0) N ), for any small 6 < %, and w(y) is a bounded function in Q. Here y*
is the same as in proposition 1.3.8. And notice that in the sector D7, % < C(7), so
the first order term of 9,, [, C(z,y)w(y)dy can be written as x1Bs(z,t) + M;(w), for
Bs(z,t) < C()||w||p~ and M;(w) = s, [, C(@, y)w(y)dy|s=(0,0)- Then, for uy, by direct

computation we get

4y (9 — yo) 4yt (w2 — y3)
2muy = T3 / - w(y)dy — a1 - X5, (Y)w(y)dy.
p+ |z —y2T —y]? p+ [T =y *lT — y*?

For the first term, we estimate it as follows.
1. For 0 <y <271, —2 < yp < 2,y € DT. The contribution from this region, or any

of its subset, does not exceed a constant times x1||w| L~ times

2x1
y1|372 yzf :chQ
dy1dy; <C/ / dzidzy <
/ /_2|x—y||:c " Ry

T
/ 2— arctan —dzy < C.
o T1+ zQ 29
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2. For 2z; <y <2, f(y1) < y2 < 229, where Q2 = (21, f(x1)) when z is small. If
f(y1) = 0 for |y| < r, then the contribution of this region does not exceed a constant

times x1||wo|| times

where the last step we used the fact that x € DJ.

Otherwise, for the part that —2|xzs| < ya2 < 2|xs|, the proof is the same. For the region
2r1 < yp <2, min{0, f(y1)} < y2 < —2|xs| we need to take integral in y, first. Notice
that if f(y1) <0, f(y1) = —alyi|?* for some a > 0 since f(0) = f/(0) = 0. Actually, for
r small enough, the contribution of this resion does not exceed a constant times x ||wpl|

times

/ / - a% g dzidz
1022
min{f(y:),0}—=z2 (21 + 23)?
2y
/ / 2122 ledZQ
7az —x2 2)
1
C z dz
/gml ' (z1 +a23 2+ (a2 +wz)2> :
0/2 ( 22|2axqy + a®Z3| >d
Z1 21
221 (21 + x2)( + (azl + 2)?)

! t|2axy + a*t|
¢ ((t + 23)(t + (at + x2)2)) di (A.4)

4 2
<C / (!QG@—HHQ> it
422 t+ (at+m2)
4 4
2 t
< C/ a'—@’dthC/ ——dt
102 T+ (at + 22)? 4e2 U+ (al + 22)?

11
4z% i

<C().
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3. The region Q(2z1,2x5). Here the contribution we get is equal to, up to a constant,

n [ e =) g,
Q(

2x1,2w2) |$ - y|2|i‘ - y|2

First, observe that

2 2
x z
/ y; 2 sw(y)dy <Crg|wl|pee / 2—122dzld22 <
Q(221,220) [T — Y27 — 9| 2ws Jou (21 + 23) A
e (A5)
C oo ————dzy, < C ().
mllolle [ pda < C0)
Then also
Y1Y2 Y1Y2 - U1Y2(221y1 + 2wy — l‘% - 37%)
25 2 11215 2 2|5 2,2 (A'6)
lz—yPlz -yl |yllz -yl |z —ylPlz — y*ly|

If x5 > 0, the contribution of this term does not exceed Cz||wo|[r~ times

/ y1y2(2x1y12 3x1)dy1dy2 <C Y ( 21E1y1 29521)dy1 <C x1y13 xldyl <C.
Q(2x1,2x2) (yl + y2) 211 (yl + 4%2) 221 Y1

And we can estimate the contribution coming from the difference

Ny2 Y1Y2
(W +u3)%  |y2|T — yl?

in a similar way.

Now if 5 < 0, based on the above estimate, we only need to estimate the following term

2 — 2
/ ylyQ( 9 %y2 D) 2)2W(y)d’y1dy2
Qa1 ,200) 1T — Y1217 — ]2y
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We will estimate it step by step. First,

2 _
/ / Y192 (222> x2)2w(y)dy
9w J2my [T — Y212 — y[?|yl
—ylyz|$2 - 295292|
< C'||w||Loo/ / 2 dy
oy J2my [T — Y21 — y[?|y[?
—Y1Ya|T3 — 2T2Ys]
< Ol / / dysdys
2w oo, Wi+ (2 — 22)%)%(y7 + ¥3)
<Oln [ [ o e
2o 211 y2—$2))
—U1Y2
—i—CHwHLoo/ / dyldyg
2wy Jou, (U + (Y2 — 22)2) (Y3 + 13)

0 0 —

Yo —1Y T5 — 2T9Ys l
< C w / d + C w oo / — log (1 )
|| ||L°° . 41.% (y2 2)2 Y2 H HL - 172 2x2y2 41’% —}-y% Y2

—x2 a 0 0 _?J2
<Ollollex | T+ Clollee | fo—sdys + Cllwllie | o—d
<Olllm [ it Cllli [ s+ Cllolie [ sy

< CO)llwllze-

(A7)

Second,

Y y 23:' Yo — T
T T
oy [T — Y2 — ||y
y1y2 3 2x2y2)
cHwHLw// 2 dy
%Jx—ny yI2y|

x2 — 2
CHWHLOO / / 9192 2 2y2)dy1dy2
O (TR ) (A.8)

Yo (3 — 2x2ys)
< C||W||Loo/ dyg
= 0 (14 3)

< Ol / % ot Clol / vyt
<Clwlp~ | —52—=5da wllpe | s dy
o (21 +a)? o (@34 y3)?

< CO)llwllze-
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The last step is due to the elementrary indefinite integral [ = +ag)gdoc = % arctan(2) —

m + C. And again we can estimate the contribution coming from the difference

Nny2 Y1Y2
(Wi +v3)?  |yPlz —yl?

in a similar way.

Now we only need to focus on the second term of w;. For this, we use the change of

coordinate. The second term is equal to

[ ) (7 ) et (V) )

v+ (o) 1T = YT =yl
Then, we write the domain y~*(D™) as the union of y™*(DT)N{y : 0 <y < 21,2 <
<2h y (DY) Ny 2 < y1 2,229 < yo < f(yr)} and y*(DT)N{y : 221 <
y1 < 2,—2 < yo < —2x5}. For the first two domains, the estimates are the same as the
first part. Now we concentrate on the third domain. By the same way as the first term

we can write the integral as

DY oy ()Xo 0) (0 () det (W () (™~ ()| dy

4
/yey*(D+),29c1<y1<2,—2<y2<—2z2 ‘y’

+ something bounded.

So we only need to estimate the following term:

Y2 (5 (1) Xm0y (™ ()] det (W (7)) (™~ (1))~ dy

4
/yey_*(D+),2fE1<y1<2,2<y2<2362 ‘y|

Y1Y2
- / —rw(y1, y2)dy
(2901 ,2:02 | ) ’



126

We call Q(2x1,—2x2) = {2z <y < 2,-2 < y» < —222}. And if we change the

coordinate of the first term back to DT, we can find that it is nothing but

Y1Ys —x Y1Y2
/ ] —220(y) X8, 0) (¥ (y))dy—/ S0y, ) dy
yeDt yey*(Q(221,—272)) |y Q(2z1,2x2) |y\
So,
y y —x Y1Yo
/ ] =2 0(y)xs. (v (y))dy — / —w(y)dy
yEDT yey* (Q(2z1,—222)) |y | Q(2z1,2x2) |y|

(A.10)

YYs Y1y (T
</ ~ !(—Zi—l—f> /Ilf y)ldy
yeDtT yey*(Q(2x1,—222)) |y ‘ ’y| ‘ ’

Where H = Q(2z4,222) \ y*(Q (2951,—2552)) ={y € DM,y1 = 221,92 = 219,y; "(y) <

221,y5 " (y) = —2x9}. We call H' = HN{y :y1 > y2}. Then in H', we have

yi () =y + CW)lyl* =y — Cyi,

for some C' > 0. So H' C {y € D" : 22y < 1,270 > y1 — Cy?, 220 < yo, o <y} C{y €

D* : 22y <y < Cxq, 229 < Y2, Y2 < Y1}, for some C' > 2, provided that |x| is small. So

Cx1
Y192 Iylyz
/ 22 )l dy < Ol / iy
2:1:2

211
Czx1 n
< Cllanlz~ [ sy + Clonlle~
2 Vit i 450 (A.11)

Cxt+4
< O]l = (1og (—) o
4ot +1

< C)llwoll e

Cat + 45
_— 1
g<4x%+4$§) + )

We have exactly the same estimate for H \ H'. So [ o w(y)dy is bounded as x — 0,

we only need to estimate the first term. Remember y* = (y1, —v2) + O(|y|?) by lemma
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1.3.3, we have

Yiys Yy
-t — 70 ) lw)ldy
yeDT yey*(Q(2x1,—222)) ]y ’ ‘?/|

iy + O(yl*) e
- | ( - llw(y)|dy
/yeDﬂyEy*(@(m,_m)) T+ Oy Tyl (A12)

(lyl°)
= ||ew(y)|dy
/y€D+,y6y*(Q(2x1,—2x2)) ‘y’4 + O(’Z/P)

< Of|wl] =

Which means the second term also satisfies the expression in the lemma.

Then we prove that uy also satisfies the expression. First of all, we show that for us, the

integrals of types

Ti —Yi T —Y;
/{ Yoy /{ TV ydy (A3)

yeiyl<ryn<o} 1T — Y[ yelyl<ran<o} 1T — Y*[?

can be written as |z|||w|| L~ Bo(x) + My(w), here By(z) is a bounded function, and M is
a constant. Recall near the oringin we can write 9 as (zy, f(z1)), for some C? function
f; If B.(0)N < is in upper half plane, then (A.13) are all zeros; otherwise, we can choose
a smaller r so that if B,.(0) N o = {A7,0, A"}, where AT is in DT, then the slope
of tangent line at A" is negative. This r is still only depend on 2, we use this new r
instead of the old one. Then the estimate of these "lower half plane terms” can be done

in the following way:

First, for the terms without y*. We call the set Q= = {y € Q: |y| < r,y2 < 0}, then

/g— ﬁw(y)dy = / (ﬁ + f/a) w(y)dy + Mo(w)
- Z / o= )t w(y)dy + Mo(w)

e —yPly?

(A.14)
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For the first part, each term is less than or equal to

2]l / gy,
Q- |$ -

yllyl?
For n = 1, recall in DJ, 25 > 0, so we have that this term is less than or equal to

|z|||w]||f~ times:

r 0 n 0 0 —y
/ / . —Qd%d% + / / ) —Zdy2dy1
0 Jmin{f(y:),0} |z —ylly| —r JMIn{f(y:),0} |z —ylly|

<// d s 5 dY2dy
o Jmingrwnor v/ (r1 — v1)% + 23 (Y3 + v3)

_y (A.15)
+/ / . dy2dy
e Jmingrn 0 /(@10 —y1)? + 2357 +y3)
r \arctan(%)\ 0 \arctan( 1 ))| y
Y1
\/ ..'L'l + 1'2 —r \/ xl + 1'2
Now remember 92 tangent to wi-axis at the origin, so we have f(y;) = O(y?), so

| arctan(%)\ < Clyi|, with some universal constant C'. So we have the above expression

is actually less or equal to some universal constant times

2 0 _
/ hn 2dy1 +/ ?J1 dy1
\/xl y1)? + x5 _2\/931 )2+ a3
R— 0 — —_—
/ Yoot dy1 + / o 2$1 2dy1
\/ 1_91 2+ 135 —2\/($1—yl) + 75
1 0 1
o V(z1—y1)?+ a3 —2 /(21 —y1)? + 23

<4+ /2 1 d /0 1 d
< x —x
' o (71 —y1)2+l‘§ . ' _o (71 _yl)z"‘l'% o

< CO(y)
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For n = 2, again we have this term is less than or equal to |z|||w||f~ times

2 0
< / / Y2
o Jmingre.or v/ (T1 — )2 + 23(y3 + 43)
—Y2

0 0
+/ / : 2 2 2 2
—o Jmingrwoy V(T — 1) + 2343 + v3)
_ 2 log(1+ %%)2) /0 —log(1 + %)
X yl +
o V(z1—y1)*+ 23 —2y/(z1 — )2 + 23

And similarly, |log(1+ %yzﬂ = O(|ly1]*) < |y1|, so the estimate we made still hold.
1

dyadyy

dyadyy (A.17)

dy

For the terms involve y*, notice that by similar triangle, since the slopre of tangent line
at © € 002N (B,(0) \ 0) is negative, the map y — y* maps (0,7) X {y : yo = 0} into the
curve (t,min{2f(¢),0}) for t < r, so we have this map maps 2~ to the similar domain
bounded by y;-axis, B,.(0), (t,min{2f(t),0}). Also remember that the determinant of
Hessian of map y* is bounded since it is at least C?, so we do the change of variables and
run the above argument again by replacing nothing but f(y;) by 2f(y;) and we will get
the proof of terms involve y*. So this proves that the contribution of €2~ is neglectable.
With a little abusement of notation, we use DT again instead of D™ N {y : yo > 0} in

the rest of the proof.

Then we need to write us term by term:

U =

1 / (xl—?h 1+ Ty — Yy 1+ )
D+

L lz—yl? |2 —y? |-y ? |T-y?

(A.18)
Here the last two terms x5 B5(x,t) + M (w) came from the derivative of the terms (1 —
x5, (y))(log |x—y|) and C(z,y) of expression (A.1). We only need to handle the terms in

the integral. And since |x5,0)(y)| < 1, in the rest of the proof we just let it be absorbed

- - b 2L v o )l )+ ),
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by w(y). First notice if we use § = (y1, —y2) instead of y* in the expression, then by
exactly the same way as we deal with u;, we can get the desired expression. So what we

need is to use some x5 Bg(x,t) to bound the first two terms of the following terms:

1 5151—% $1—y1>
— — - w(y)d
2wéﬁ<u—yw w—gp )WY

1 -1 — Y —T1 — yl)

+ — - - — dy + M (A.19)
2WAW<W—WP 7 g ) Wt M)

=1+1]+ Mw).

The idea to estimate these terms is, instead of y* terms, we add and subtract the first
order approximation of y* terms as we did in lemma 1.3.3 and estimate the differences

separately.

We first give an estimate of I. For this term, we set (z., f(z.)) = e(x), where e(x)

as before, is the nearest point to z in 0{2. We can choose § small so this definition

is valid. Then, for given x, we set j; = x, + %(yl — Ty) + %(yg — f(xy)),

_ (24 aes 2_ _ _
Uy = f(zs) + %(yl —I,) + {Jr(f,()x*); (yo — f(z4)), and ¥ = (¥;,7y). Then, for I, we

write it as following:
1/ (l'l—yf 1 =Y 11— 951—3/1)
— - —= + — = - | w(y)dy
21 Jp+ \|lz —y* > |z -39 |v—-79?* |v—7g?
1 T — Y T —Y
SRR
2m Jpr \lz =y > |z -7 (A.20)
1 1 =Y 11— )
+ = — — | w(y)d
o W (e e RO

= (i) + (id).

For (i), we want to write it as |z|B(x) for B bounded above by ||w||r=, so we need first
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of all let it equal to 0 when x = 0, which is, we write it like this:

1 T, — Yyt —y 1 ] -y
—/ ( e *12>w(y)dy——/ < — 5~ ) @)y
21 Jpr \lz —y* > |y 2r Jpr \lz =9[> [yl (A.21)

— L.

Where L = - fD+ <|y ‘12 — |_§_Z|/21) w(y)dy is a constant. We go back to (). So it can be

written as = tlmes

/ ylxl( —y1) + 71y (Y5 — 2) + 22yi (T2 — y5) + ays(T1 — yi‘)w(y)dy
D+ | - y*|2|y*|2 (A22)
_ / N21(@1 — Y1) + 219Uy — 22) + 2271 (T2 — Up) + 22¥s (w1 — yl)w(y)dy
D+ |z — g |y[?
We can write it as the sum of terms like
iy (Tn — Y)Y (Te — Ty)
o G~ e g ) o (42)

For some i, 5,k € {1,2}. Then, (A.23) can be written as x; times the following term:
vilew —yp)  yi(ek — ) >
B w(y)dy
I

" (yﬂxk—yk) . yjm—yk)) s (A24)

=Py e - PP

= (a) + (b)
For (a), we can write it as:
Tp—Yp Tk — ?k) Y;
— — w(y)dy A.25
/m (\ﬂf—y*P [z =g/ ly*? v (429

Then, we compute |z — y*|?.
v =y = | = (2, f(2)) + (20, () =y
= |z — (2, f(@)) + (20, f(2:)) =T+ O(| (2, f(2.)) =) )
= |z =GP + O(l(ws, f(2:)) = yPle = 7) + O(| (., f(22)) = yI")

= |z =GP + O(l(ws, f(2:)) = FPle = 7) + O(| (., f(2.)) = 7I")

(A.26)
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Here we use the fact |(z., f(z.)) — y| = |[(x«, f(x.)) — 7| by definition. We claim that
|(zs, f(z:)) — Y| S |z —7|. First we can see that |(z., f(z.)) — y*| < |z — y*|, this can be
seen from the geometry. We call e(y) = (z(y), f(z(y))), then since y* — z(y) is parallel
to the normal vector n(z(y)), and = — (x,, f(x,)) is parallel to n((x., f(z.))), and we
choose 7(2) small so z(y) is also close to (x4, f(z.)), we must have ((x, f(z.)) — y) -

(x — (x4, f(x4)) < 0. So we have |(z,, f(z.)) —y*| < |z — y*| by sine law. And we know

o =y ? > (@, @) =y = (@, @) =77 + O (2, f(2) =77 (A27)

Notice that for |(z., f(2.)) — y| small, O(|(z., f(z.)) = 7) < 3(|(2s, f(2.)) — 7P +
O(|(z+, f(z4)) — y[?)). Combine (A.26) and (A.27), by solving a quadratic inequality,
we know that |(z., f(z.)) — ¥ < |o — y|. Which means from (A.26), we get |z — y*|*> =

|z —y> + O(Jx — 7|*). Now we go back to (a), it can be written as
I8 <|x - S0 03 |x—_§|) P
- /D (!Z;k—_ ;;lei*++(§f\li*—_@%§) |yyf pew)dy
O(|lz — y|? *
i /D <|x - yz|<(1|$+ oy<||x) - y|>>> |53|2°"(y)dy

_ O(|z —gI*) Y Ml
= (F= o= e + Bl

Here (zg)s = o, if k = 1, (). = f(z,) if k£ = 2. The last equality is by the definition

(A.28)

of y and |(z., f(z.)) — 9| S |z — 7|, Br(z) is a bounded function, so from the above

computation, we know that (a) is a bounded function in x.

Now we estimate (b). Let’s first compute |y*|?, by taking r small enough, we can compute
it near (0,0). By lemma 1.3.3, we take (so, f(s0)) = (0,0), we know that y* = (y1, —y2)+

O(|y]?), which means |y*|? = |y|* + C(y)|y|*, here C(y) is a bounded function in y. We
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call ¥ = (—y1,y2) = (%1, Ja),
Y; U; ) (Tr — U)
- =5 | ——xw(y)dy
L. () mgrew

= [ (o eams ~ ) o+ /D+_ (3~ o) gt
B / Oyl®)  (oe=5) o o /D ( 173 _ﬂ) @ =) oy

pe WP+ COIF [~ 3P PERRTEY AR

(A.29)

Where the first term is bounded by a constant times ||w||r~. So we only need to control
the second term. To do this, we need a more precisely computation of 7.
For simplicity, we call A = f'(z.), B = Az, — f(z.). Then we know A = O(x,),

B = O(«?). By definition,

_ - —2A? N 2A N 2A2 2A ()
= Ty — Ty ),
NN T e T T e T e 14 A2 (A.30)
gy DA A A 2 '
A L P I T I PR
We set Ey(x) = %(Ax* — flz,)) = T2AZAB, Ey(z) = ﬂ%x*%—ﬁf(z*) = —ﬁB,

and by the above definition we can write 7 as y + AO(Jy|) + BO(1).

First of all let’s assume A > 0. Then, by the same trick we use in (A.23), we write the
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second term of (A.29) as a sum of the following terms:

GirY o (Jrr — Ypr)

(xr, —7y,)
Ve

/D+( |z —y|?
A

< Of|wl|ze / o=y +
p+ [gllz =7
(@ — 71 + 71|

< Clloll (2 [ D
(
(

w(y)dy

|
. ~ 7

<C 0
ol (57 .. =

A
T
A
Ty
A
< Cllle (7

Now we give an estimate of B [ D+
use the same notation before, we write y

matrix given by

1—A2
14+ A2

2A
1+ A2

| B|5x| 15|

LL+WP@Wx—m

dy+/
D+
dy+/ DO TE-Y pam—

p+ |Y[27*|x — 7|

1
+ |B| Tdy‘f‘Bz/ fdy)
p+ [UP*lz — 7| p+ Y712 |z — 7|

912 —

4

|Blys(ly| + |B| + Aly])
ly[*[y]?|z — 7|

>

B2y,
dy+/ —2_23/ —
p+ |Y*[@2|z — 7

Yy

| Blly[?

dy—l—l)

(A.31)

Y

vl yPlglle -y
as U(x)y + E(x), where U is a orthogonal

dy and B2 fD+ dy. First, by

2A
14+A2

A2-1
1+A2

As a consequence, |[y| = |U(z)y+ E(z)| = |y +U(x)'E(x)|. Similarly, [7—z| = |U(z)y +

E(x)—z|=|y+U(2)'E(z) — U(x)'z|. Wecall A; = —U(x)'E(x), Ay = —(U(x)'E(x) —

U(x)'z). First of all,

1
——dy
‘A+wmx—m
|Ap — Ayf?

c y
|Ar — Al Jp+ [y — A1y — As

[(y — A1) - (y — A1) — (y — A1) (y — Ag) — (A1 — Ap)(y — Ay

1
< —
IUwﬁﬂ?L+

< 1 (/ 1 d +/
SR \Ups =A™ e

1
<C—
S el

|3/—A1|

1+ |z 1 d
€T _— .
e Ty — A2

|3/ - A1|2\y - A2|

dy + |A; — Ay

dy

1
—d
D+ |y - AlP y)

(A.32)
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Now we need another lemma.

Lemma A.0.25. |z| = |z — (x4, f(x.))|, for x small. Where the constant only depend

on 7.

This lemma is an easy observation based on the geometry. In Cartesian coordinate,
we call z point A, origin point O and (z., f(z.)) point B, then we know that the angle
between OA and x-axis is greater or equal to v; as x is close to O, by the smooth de-
pendence in z of z,, |(z., f(x.))| is also small. So, we can choose ¢ small enough such
that the angle between OB and z;-axis is less than 72—, which means % < LAOB < 3.
Meanwhile, x, small means ZABO is close to 7, because AB is the normal vector of the

curve near the origin. So we can choose d small so that § < ZABO < %’r, by sine law

we know that AB ~ AO, with constant only depend on ~, which is what we want.

Now back to our estimate. First we assume B < 0. By lemma A.0.25, we know that
C(y)|x| = |(«, f(z.))], where C(7) is a constant only depend on . Also notice that for
z small, Ay = —U(z)'E(x) = (E1(z), —E3(z))" + A2BO(1), which means for = small, if

we call Ay = (A1, Ay2), we have

1 1

—8008 < —2’E2(Z')| < A12 < ——’EQ(Z'” < ——C[)B.

For some Cy > 0. For B > 0, we only need to switch the sign of these two estimates.
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Without loss of generality for the rest of the proof we just assume Cy = 1. This means

1
—d
/D+ y— A2
1
< dy1dys,
/02]>< 02] All) + (y2 — Ag2)?
2—Ai12 2— A11
/ / dyldy2
Ai2 A1

2+8B
1—A —A
S / <| arctan( 1y — arctan(— |)) dys
1 Y2 Y2

B Y2

2485 |
<C / —dys
1

B Y2

(A.33)

2

C(|log(B)| +1)

Here the constant C' only depend on the domain 2. So the right hand side of (A.32) is

(o)

dy is bounded when z tends to zero. Because B = O(x?).

less than

Which means B [, W
y|?|z

For B? | +dy, it is a little bit tricker. First let’s use the same method as
Byl gle — 7l
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we estimate the previous term:

BQ/ #d(y
p+ W12 [y*x — 7|

32 ! Ty — Y1+ Y
<_/ Y (2_291 ?_Jl)dy
T« Jp+ Y[y -7

B? Y B? y
SNy T
O\ & Lo WP T 21 Lo WPl =T
BZ/ Yir d+32 yz(*—yﬁyl)dy)

— Y — —
+ ly?7)? 22 Jp+  |yH7llz — 7

T

;E/’ b gy B W<1+W/’—ﬁl—d>

2o Joe PP T2 Lo WP T 2 S Pl -3
BQ/ Yir d+BQ/ Yy d+B2/ Y d)
v Joe WRIEP Y T2 o WPy — ALY T 22 e TPly — Ao

BZ/ LderB_Q/ __w g, +BZ/ y_d)
p+ Y12 [y]? v Jp+ ylPly — Al x2 Jp+ |ylPly — Aql

(
(
(
(=
<C(v) (B—Q/D S dy + a urld| dy + a vl do dy)
(
(
(

+ lyl2y)? 2| Av| Jp+ |yPly — Ad 22| Ag| Jp+ |yPly — As

B? B? B?
/ Z_Qdy—l— 5 y—2dy—|— 3 Y dy)
Tx JD+ |?/’ |?J| $*|A1’ D+ |?/| $*|A1| D+ |y\|y — A4
B? Y B? Y
2[ A A dy + 21 A %
22| As| Jp+ |ylly — As z2|As| Jp+ |yl

B? B?
dy + +
x*LﬁWHm2 73| Ay] x%%o

(A.34)

We know that [Ay| = [E(z)] = B, |Az| = |[lz] — [E(@)|| = [[z] - 4[B|| > [z], so

BZ
Ay + xr}?j < C(v) for some constant only depend on 7. Then we only need to
Tyl

control fD+ |y| |y|2

First we assume B < 0. For different i’, we need to discuss seperately. For i = 1, since



As < —%B, we have

B2
Ty /D+ |y|2|y|2

dyadyy

(g1 — A11 ( B)? )(y%"‘yg)

<C—/ dy
2. Jo ((yl—An) +(iB)32)
B%1
i <
\a%B 1)<C

Similarly for i = 2, we have

BQ
< dy,dy
Te Jp+ |y|? |y|2 // yz A12 )2 (yi + y3) e

C —d
Ty Jo (Y2 — A12)? v
B? 1
< O +1) < C.
Ty —A12
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(A.35)

(A.36)

For B > 0, again we only need to change the indices 1 and 2 and also discuss separately.

Here C' is universal constant only depend on v and 2. So we finally finish the estimate

of (b) and so that the (i) could be bounded by Bg(z) for By(z) < C(7)||w|| -

For A < 0, we will estimate the second term of (A.29) directly. Again, that term can
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be written as a sum of the following terms:

/ (?Ji@j/ ) ) (zk — TUp)

— —w(y)dy
ly2[7|? ik

A B ~i’ _-/
< Ol (/ A _dy+/ _Bllgllgy| "yf'_dy)
7l|lz — 7| p+ Y12 |71%|z — 7|

1
< Ol ( —dy)
p+ [yl[7llz — 7
Ay — Ay >

< Ol|lwl|r~ [ 1+ dy

el ( rA Az\ o Tl = ATy — A

B . |B| . (A.37)

< Cllwl| e (1+ ——dy + — —dy>

il Tl o =%t 1l e Wiy =A1]

B 4 B ! )
< COl|lwl|pe [ 1+ Y+ — —dy
el ( 2123l o Wy =1 T ol o Wl =]

B 1B 1 )
<Ollwllpe (1T + — + — ——dy
el ( EEAREN T

|B| 1

< COllw|lpe + Cllwl|ze— | 77—y
x| Jp+ |ylly — Adl

Let’s focus on the second term of right hand side. First, if B < 0, then the second term

|B

is less or equal to a constant times ||wl| Loo—| times

|

2 2
1
dy,dys
/ / \/y% + y%\/(yl — A11)? + (y2 — Apn)?

2—A12  p2—Ann 1
dyrdys (A.38)
/A12 /Au \/y% + y%\/(?/l + A11)? + (y2 + Arn)?

1
= +/ —i—/ + dy1dys.
/131 Do Ds Dy \/y% + y%\/(yl + A1) + (Y2 + App)?

Where
1 1
Dy ={y:—An <y < —51411, —Ajp <2 < —51412}7
1 1
Dy ={y: —51411 <y <2-— Ay, —§A12<y2<2—A12},
1 1 (A.39)
Dy = {y: —51411 <y <2—-A4, —Ap<y< —§A12}

1
Dy={y:—A <y1 < —ZAn, —§A12 <yo <2— App}.
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For Dy, the integral in this region is less than or equal to

/An /A12 1
dy1dys,
|A1| A1l Arz y1 + A1) 4 (y2 + Aga)?

1A 1AL
C—/ —d%dyz
|As] Jo 0 Vi + y3

1 [z4u A2, Ay 1 [z4o
C—/ lo 24 24 T d +C’—/ lo d
| A11|log(]Aia]) | A11|log(]A1r])

(A.40)

<C +C
| A | Ay
|AHB’ log(|B|) + |A||B|log(|AB|)
| B|

So % times this term is bounded. Then for Dy, the integral in this region is less than

or equal to

2—A11  p2-A12 1 1
C/ dy1dys
1AL J—1A1 yl + yQ y2 + A12)
<o f” s log(/IF (2 — An)? +2 = Au) — log(y/33 + 2 — 4p)
D ~14y Yo + Arg

2-412 1 —log(y2) + log(y/y3 + AT% +44)
cof :

d
~Llap, Yo + Ao V2
- 0/2_’4” L [log(Jyaf)| —log(s3) ,
~Llap, ?/2 + Ay (A.41)

29— Ao C+—
<C,/ \/Iyz\dy2

“1a, Y2t A

0 1 2 1
< Cllog(Aqp)| + C + d +/ d
| g( 12)| —1A12 \/—y2(92 + A12) vz 0 \/yQ(QQ + A12) V2
1 14+ 2vAq 1
< Cllog(A C + log + (C—
| g( 12)| \/A_12( <1—2\/A_12)) \/A_12

< Cllog(Amp)| +C

V A12

Remember |A3| = B, B = O(z?) for z small, so || ‘| times this is bounded.
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Then, the integral in D3 is no more than

/2 A1 /—Alz 1
dyady,
1A, A12 \/y% + y% \/y% + (y2 + A12)2
<[ 1
dysdy,
A2 \/y% + A22 \/y% + (yQ + A12)2
A12
dyzdy,
// \/y1+A2\/y1+y2

< /2 log(y/yi + 412) — log(y1) p
Y1
0 V ?Jl + A%2

(A.42)
For z small, this term times % is bounded.

Finally for D4, we have the integral in it is no more than

/2 A2 p—5AN 1
dy1dys
La Joan VUL ys (Y2 + Avo)

0/2 A12 Jog( + ” + A1) —log(y/y3 + A3, + An)d
LA, Yo + Arg V2 (A.43)

2—Ai2
<C / U
la,, Y2t A12

< Clog(|Axz]).

Which means this term times % is also bounded.

Now we assume B > 0. Now we know A;; < 0, Aj5 < 0. Then, by the previous estimate,
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we only need to estimate % times the following integral

dy,dys

2 2
1
/0 /0 \/y% + y%\/(yl —A11)? + (y2 — App)?

2 2 1
</ / dy1dys
0o Jo Vyi+us(ye — Arz)
_ /2 —log(yo) + log(+/4 + y3 + 2) (A.44)
0

Y2 — A1

2
1
<C+C/ d
o VY2(y2 — A2) v
1

Vv _A12 ‘

So we know % times this term is bounded as |A3| 2 |B| and B = O(x?).

<C+C

Now we give an estimate of (#i). Once again up to a sign we can write it as the sum of

terms like

[ (men 0, i) As)

|z =Pz —g[?
And we have 3, — 7, = 2.(O(|g—x|)+O(|z|)+O(|z.])), which means |7, — | < Cz.(|7—
x|+|z|), where C'is a universal constant. In the right hand side we don’t have z, because

|z.| < |x| by lemma 1.3.7. Next we call U'(z)z = (I1(x), I(x)) = (21, —22) + O(|z||z.])
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and J; = Ay + I1(z) — 21, Jo = Ajg + I(x) + 25. We have (27) can be seen as

Ty Ly|T
<mwmw(/ ——tdy+/ ——tLlfj
p+ |z — 7| p+ |z —7Fllz — 7|

< Ollw||z~

2+x2 2—x1 1
T, + lex*/ dy:dys
e Joa = N)E+ (2 — B)2YE+ 3

2412 2—x1 1
< Cfjwlfzee | 2+ |x|x*/ / dydys
2 S |2 — BIVYI 3
22 1o + 1+ |log(|x
<ﬂWWmG&Hﬂm/ [ Log(ys)| \gumwa
2 [y2 — Ja|
2o || 4 1+ [log(|z|)]
<awmsm+mm/' Vs ”
T2 [y2 — Jo
veas= | |+ 1+ |log(a])
< Cllello (2. + Jalo. [ Nz s
T2~ J2 Yo
< Ol|wl|pee (4 + 24)
< CM)llwlfzeews
(A.46)
For the last three inequalities, the reason for L < L g if J, > 0, this is triv-

V0ya+Ja| ™ V2

ial; if Jo < 0, then if we can show that xo > —2.J5, then we have y, < yo + Jo, since
Yo = w2 — Jo = —2J5. This is true since |Jo| = [A1p+ L+ 22| = [O(22) + O(|z|z,)| < 22
for |z| small. And also we have |Jo — x| = |A12 + L] = C|z|

So we finally complete term /. For term II, observe that we only need to change z;
to —zp and x,(Z) = —ux,, the estimate of I is exactly the same as I. Then from
the above estimate we know that I + II can be written as the form zBg(z) + M’,
where Bg(z) < C(7)||w||z~ and M'(w) is a constant. Also notice that us(0,0) = 0, so

M(w) + M'(w) + Mp(w) = 0. So we finish the proof of the key lemma.
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Appendix B

Real line case of the stability result

One can also consider the model equation (1.8) and (1.9) with law (1.12) under the
Dirichlet boundary condition in bounded domain of R. Without loss of generality we
assume the domain of this system is [—1, 1], which means the system is defined on [—1, 1]
and satisfies the boundary condition w(l) = w(—1) = #(1) = #(—1) = 0. In this case,

similar argument like in section 2 can show that the corresponding kernel will be

st (65 ()]

for a > 0.

The analogue of Lemma 1.5.2 will be the following:
Lemma B.0.26. (a) For any a # 0, there is a constant C(a) > 0 such that for any
O<z<y<l, Flz,y,a) < —C(a).

(b)For any 0 <y < x < o0, F(x,y,a) is increasing in x.

(c) For any 0 < z,y < oo, i(&rF)(x, y,a) + (0, F)(y,x,a) is positive.
Proof. First F(z,y,a) is easy to see that it is non-positive. For part (a), one can follow
the similar but easier argument as in the proof of part (a) of lemma 1.5.2. Now let us
prove part (b) and (c).

Proof of (b)
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By direct computation

rono e (5) e (2282)
{% —y)  2z-y)  2xz+y) %$+y)]
1

(z—yP+a (z+y)? (@+y?+a

)
a5 (65

[ 2a(x — y) 2a(z +y
+

(x—w%@—yﬂ+®_Y$+W(@+yF+®}

For I, by the same argument as in the proof of the first statement, it is positive. For

11, we have

szigw—w—f@+w%

where f(t) = It’s easy to see that for ¢t > 0, f(t) is decreasing in ¢, which means

2a
t(t2+a)"
11 > 0 whenever 0 < y < x.

Proof of (c)

First of all, let’s call our target function G(z,y, a), which means
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Now our aim is to prove the positivity of G(x,y, a). Notice that when a = 0, G(z,y,a) =
0, as a consequence, to prove the positivity of G(x,y, a), the only thing we need to show

is this function is increasing in a for any z,y in the domain. On the other hand,

ot = (5 5) (e~ avrra)
_3[ (z —y)? (z +y)? }
o [y +ap " (P +ap

As a conclusion,
((z = y)* + a)*((z +y)* + a)*0uG(,y, a)

- (i ! yi) (@+y) =@ =y)(a+y’ +a)( -y +a)
- x% (=)’ ((z+y)* +a) + (x +y)*((z — y)* + a)’]

It is easy to see this is a quadratic polynomial in a. Let’s call the coefficient of the

second order term A, , then

A= (55 05 ) (G4 = =) = 2l =+ (o)

1 1 2
= (— + —2) Ay — —[22% + 297
Ty

x? oy
4 2 2 2 2
= x2y2((:€ +y7)ay — xy(z® + y°))

= 0.

Similarly, for coefficient of the first order term A;, we have

A= (54 53 ) @)t 0+ (0= ) = 2120~ 0)P(e +0)+ 200 + 9o~ )
— ol ) oy = Say(a? — 7))

= 0.
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Lastly, for the coefficient of the constant term Ag, we have

Ap = (% + %) (dzy)(z +y)*(x — y)* - %y[(x )@+ )+ (@ + )z —y)"]
= s 322:(; ) (2 + %) - day — 22y((z + ) + (v — y)?)]
=0.
In all, we have 0,G(x,y,a) = 0 for z,y > 0. O

From this lemma, one can do the same argument to get the blow up result, which is

the following theorem:

Theorem B.0.27. There exists initial data such that solutions to (1.8) and (1.9), with

velocity given by (1.67), and F(x,y,a) defined by (B.1), blow up in finite time.
In fact, we can prove the following type of initial data will lead to blow up:

e 0., wo smooth odd and are supported in [—1,1].
® Ooz,wo = 0 on [0,1].

e 0y(0) =0.

o 60l < M.

And similarly, for general pertubation (analogue of theorem 1.6.1), we also have the
similar blow up result.

Assume the velocity w is given by the following choice of Biot-Savart Law

ulw) == [ (log|(~ )| + Fla.) wl0) d, (B:2)

1
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where f is a smooth function whose precise properties we will specify later. We view
f as a perturbation and we will show solutions to the system (1.8) and (1.9) can still

blow-up in finite time.

Theorem B.0.28. Let f € C? be supported on [—1,1], such that f(0,y) = f(0,—y) for
all y. Then there exists initial data wy, 0y such that solutions of (1.8) and (1.9), with

velocity given by (B.2), blow up in finite time.

Again we can prove the following type of initial data will form finite time singularity:

e 0o, wp smooth odd and are supported in [—1, 1].

0oz, wo = 0 on [0, 1].

e 0(0) = 0.

suppwp C [0, €].

[160loc < M.

We leave the proofs of these theorems as exercises for interested reader.
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Appendix C

Some inequalities in Keller-Segel

equation

Here we first prove Proposition 2.3.20, and then sketch the proofs of the multiplicative
inequalities (2.31) and (2.34).

Let p(z,t) be a solution of (2.19)
Oip+ (u-V)p—=Ap+V - (pV(=A)" (p—=p) =0, p(x,0) = po(z),
with some smooth incompressible vector field u(x,t).

Proposition C.0.29. Let p € C*®(T?). Suppose that ||p(-,t) — pllz < 2B for all
t € 0,7 and some B > 1. Then we also have ||p(-,t) — p||z~ < C4Bmax(B,5/?) for

some universal constant Cy and all t € [0,T].
Proof. Observe first that by a direct computation, for every integer p > 1 we have
—=\2p 2 =\P) |2
O | (p=p)Pde=—(4—-) [ [V((p—p))dx
r b Jr (C.1)
w2 =1) [ (0o 2p [ (0= )7
T2 T2

To obtain (C.1), we need to multiply (2.19) by 2p(p—p)?’~!, integrate, and then simplify

the obtained terms using integration by parts and the fact that u is divergence free.



150

Let us estimate ||p — || 72+ inductively. By assumption, we have ||p(+,t) —pl/z2 < 2B

for all t € [0, T]. Assume that for some n > 1, we have
lp—Dllpn <Y, foralltel0,T].

Let us derive an estimate for an upper bound Y, 41 on ||p — p||;2n+1 on [0,7]. For that
purpose, let us set p = 2" in (C.1) and let us define f(z,t) = (p—p)* = (p—p)*". Then

(C.1) implies

o [ IrPdr< -2 [ Vipdsazn [Ptz [ e c2)
T2 T2 T2 T2

Also, in terms of f, our induction assumption is that [, |f|dz < T2".

We will now need the following Gagliardo-Nirenberg inequality.

Lemma C.0.30. Suppose v € C*°(T?), d > 2, and the set where v vanishes is nonempty.

Assume that q,7 >0, 00 > q >, andé—%+%>0. Then

3 =
|

l—a

[0l < C(d, p)IVollz2llvl[-* o= (C.3)

N[ =
+ |-
= =

The constant C(d,p) for a fixed d is bounded uniformly when q varies in any compact

set in (0, 00).

Proof. This inequality is well known in the case v € C°(R?), see e.g. [71]. A simple
proof is contained in [54]. Going through the proof in [54], it is not difficult to verify that
the result still holds in the periodic case under the assumption that v vanish somewhere
in T¢ (which rules out increasing the mean value without increasing variance). One can
similarly trace the claim regarding the constant C'(d, p). We refer to [54] for details. [

Applying Lemma C.0.30 with d =2, r =2, and ¢ = 2 + 27" yields

2

-n -n 1 1—2—n—1
112225 < CIVEIZ: 117 < Wllvflliz + O (C.4)

[2+2—m 3
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where we used Young’s inequality in the last step. Moreover, we also have

1£ll2 < CUV NI, (C.5)

Applying (C.5) and (C.4) to (C.2), we obtain

2

QN < =CillfllzIFIEE + Co2 N1l + 2Bl £112, (C.6)

where (' 5 are some fixed universal constants (not connected to C and Cy used earlier in
section 1.3). Clearly, given the upper bound on || f||.1, the right hand side of (C.6) turns
negative if || f||zz becomes sufficiently large. Thus ||f||z2 cannot cross this threshold.
Assuming without loss of generality that Y, > 1 for all n, a direct computation shows
that if ||p—p|| an+1 reaches the value T, 1 which satisfies the following recursive equality,

then the right hand side of (C.6) is negative:

log T, +1 = max(l',,,0,)

where
2n+1 -1
r, = S g log Y, + TS ((n+1)log2+logC) (C.7)
0, =log T, + TS ((n+1)log2 + log C' + max(log p,0)). (C.8)

. . Jj+1_
Here C' > 1 is some universal constant. Denote ¢; = ﬁ and observe that due to

telescoping,

= - 2n+1 - 1 n—o0
j=1
An elementary inductive computation shows that if B > 5'/2, then the first recursive

relation (C.7) determines the size of T, 1, yielding the estimate YT,,1 < CB?. If B <

72, then the second relation (C.8) dominates, yielding the estimate Y, < CBp'/2.
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Since
lp =Pl = lim ||p =Pl 2n,
n—oo

we obtain that

lp = ll~ < CBmax(B,7),

proving the proposition. O

Proposition C.0.31. Suppose that f € C*(T%) and mean zero. Then

_|_

NI

m —

ID™ flle < ClfII52%1f)

a
Hn> a =

S |

where D stands for any partial derivative, 2 < p < 00, and we assume n > M + d/2.

Note that the last assumption is not necessary. However it makes the proof simpler,
and this is the only case we need in this section. Indeed, in the estimates of Section 3 we
have s+ 1 > [+ d/2 unless [ = s (recall d < 3). But when [ = s, we are only estimating

| D?pl| 2, which is straightforward.

Proof. Consider p = 2. Then

m -z
1D fllez < \[fllz2 ™ 11 £ (C.9)

by Holder inequality on Fourier side.

Next consider p = co. Then

1D fllze <C Y [KI™IFR)+C Y K™ f(R)] = (1) + (D).

0<|k|<A |k|=A

Now
1/2

() <CA™E | S |f(h)?

0<|k|<A



153

by Cauchy-Schwartz. On the other hand,
1/2 1/2

I <C | Y kPIf k) SRR | < A,

|k[>A |k|=A

provided that n > m + g. Choose A so that
d e d
[l A2 = | fl A2

Such choice leads to the bound

m+d/2
n
H™

n—m+d/2
I1D™ fllzee < ClIfllp2 ™ IS

(C.10)
The general case 2 < p < oo follows immediately from (C.9) and (C.10). O

Proposition C.0.32. Suppose that f € C>°(T?), and m > 0. Then

2s+d
2s5+4+2+4+d
Hs+1 | ’ IO

2
2s+2+d
L1 :

e < Cllp

]

Proof. The proof of this proposition can be done similarly to the previous one. One

needs to use that || f||z~ < ||f]|:. We leave details to the interested reader. O
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