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Early Models of Reference Dependence Prospect Theory

Kahneman and Tversky (1979) describe a formula for evaluating simple
prospects (gambles) of the form (x, p; y, q) where p+q < 1. If
o Markowitz (1952) first proposed defining utility in terms of gains p+q < 1, the remaining probability is understood to be assigned to zero.
and losses relative to current wealth to explain why at all wealth

o . . Two ingredients in the model:
levels individuals might both purchase insurance and take gambles.

1. Value function v(x), which satisfies v(0) = 0.
o Kahneman and Tversky (1979) use this idea, together with
probability weighting, to explain Allais and the other puzzles for 2. Weighting function 7(p), which satisfies 7(0) = 0 and 7 (1) = 1.

expected-utility documented in the last lecture. .
Evaluation of prospects (assume x > y):

e Prospect theory takes the reference point as given. We will discuss V(x,1) = V(x) = v(x)

V(x,piy,q) = m(p)v(x) + (q)v(y) ifptg<lorx>0>y
V(x,piy,q) = v(y) + 7(p)[v(x) = v(y)] ifp+g=1andx>y>0

some forward-looking models of endogenous reference point
formation later.

Prospect Theory

@ Value Function

Aversion to symmetric bets of the form (x,.5; —x,.5) also implies

0 =v(0) > n(.5)v(x) + 7(.B)v(—x) = v(x) < —v(—x)

o Significant concavity around the reference point 0 (e.g., kinks) can
help explain scale-of-risk related paradoxes for EU (Rabin paradox,
equity premium puzzle, etc.).



PreELE 1S iy (KT Cisase spieen Kahneman and Tversky (1979) Value Function

4,000 with prob .25
6,000 with prob .25
A: 2,000 with prob .25

0 with prob .75 .
0 with prob .5 VALUE

B> A = n(.25)v(6,000) < m(.25)v(4,000) + (.25)v(2,000)
= v(6,000) < v(4,000) + v(2,000) = concave for gains

ProBLEM 13" IN KT': Choose between Losees GAINS
—4,000 with prob .25
[~6,000 with prob .25
C D: ¢ —2,000 with prob .25
10 with prob .75
0 with prob .5
C > D = convex for losses
Kahneman and Tversky (1979)
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Prospect Theory

e We observed that significant concavity in the value function around
the reference point might help to explain the scale of risk puzzles for e Probability Weighting

expected utility:
e Rabin paradox
e Equity premium puzzle (see, e.g., Benartzi and Thaler (1995))

e Kinks at 0 generate first-order risk aversion (as opposed to
second-order risk aversion for expected utility)

e But we cannot yet explain the Allais paradox: Fixing the reference
point at 0, the value function v is just an expected utility function
and hence is subject to the paradox — unless we introduce
probability weighting.

Probability Weighting and Allais Issues with KT Weighting Function: Framing

o Kahneman and Tversky (1979) show that explaining the Allais

common consequence effect requires 7(.66) + 7(.34) < 1. o o . .
One problem for the KT weighting function is sensitivity to framing.

e The aIs-ohargue ;hlat risk ;als-r;g for low-probability gambles implies 5 ot e apess ZalE) > @) fer o € 1 (58 s b
overweighting of fow probability events. the case for the shape they proposed).
N " s e Then, for x >0,
c V(x, pix, p:0,1 - 2p) = 2n(p)v(x)
I
§ s > m(2p)v(x) = V(x,2p; 0,1 —2p).
é e With examples like this in mind, KT proposed an “editing phase”
g where the framing of gambles is set: (x, p; x, p; 0,1 — 2p) must be
treated like (x,2p; 0,1 — 2p).

STATED PROBABILITY: p

Kahneman and Tversky (1979)



Unfortunately, imposing a framing requirement does not resolve the issue.

e Suppose again that 27(p) > m(2p), but alter the previous example
slightly.
e Suppose x > 0. Then, for e > 0 sufficiently small, Rank-Dependent Utility and Cumulative Prospect Theory
o Rank-Dependent Utility
e RDU and the Allais Paradox
@ RDU and the Rabin Paradox

V(x,pix — £,p;0,1 — 2p) = 7(p)v(x) + w(p)v(x — )
> m(2p)v(x) = V(x,2p;0,1 —2p)
e This is a violation of stochastic dominance.
e Cumulative Prospect Theory
e In light of such examples, KT proposed that, in addition,
stochastically dominated alternatives are dropped during the
“editing phase” prior to applying the function V.

There is a cleaner alternative approach (cumulative prospect theory) that
we will explore next.

Definition

A rank-dependent utility (RDU) representation consists of:

1. a utility function u : X — R for outcomes; and

Rank-Dependent Utility and Cumulative Prospect Theory 2. a function ¢ : [0,1] — [0, 1] (the probability distortion function) that
o Rank-Dependent Utility is continuous, nondecreasing, and onto.
The utility of a simple lottery of the form (xi, p1; ... ; Xa, pn) With

outcomes ordered x; < xp < -+ < X, IS
n
U(x, 1 - - Xn, pn) = 3 miui(x;),
i=1

where
mi =@+ +p) —plp+ -+ pin1)

for i > 1 and m = p(p1).

lllustration of Probability Distortions lllustration of Probability Distortions
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Special Cases and Properties Rank-Dependent Utility (for any lottery)

e . . Definition (RDU for general distributions)
o No probability distortions (¢(p) = p) is expected utility. - - =

For non-simple lotteries, rank-dependent utility simply transforms the
o Linear utility (u(x) = x) is the dual theory of Yaari (1987) cdf F using the distortion function ¢:

Concavity of u and ¢ both play a role in risk aversion. U(F) = / u(x) d(¢ o F)(x).

Example (binary lotteries, u(x) = x)
For the cdf of a simple lottery, this reduces to the previous formula.

U, pri X2, p2) = (p1)xa + (1 = o(p1))x2 e RDU has been studied in many papers: Quiggin (1982), Chew,
< pix1+ (1= p1)x (if ©(p1) > p1) Karni, and Safra (1987), Schmeidler (1989),..., Abdellaoui (2002)

=U 51l . . :
(P + P22, 1) e The formula above is the “cumulative” version of RDU

(transformation of the cumulative distribution).

Theorem (Chew, Karni, and Safra (1987)) e Some papers instead use the "decumulative” formula for RDA
An RDU preference is risk averse (in the sense of SOSD monotonicity) (transformation of the decumulative distribution).
if and only if both u and ¢ are concave. e The cumulative and decumulative versions of RDU are equivalent

after suitable transformation of the probability distortion function.

—
©

Let ¢(p) = /P and u(x) = x.
2,500 with prob .33 — /1 — /.67 ~0.181
A:42,400 with prob .66 — /.67 —+/.01 ~0.719

0 with prob .01 — +0.01 =0.1
Rank-Dependent Utility and Cumulative Prospect Theory P

U(A) = (2,500)(0.181) + (2, 400)(0.719) + (0)(0.1) ~ 2,178
o RDU and the Allais Paradox < U(B) = 2,400

e 2,500 with prob .33 — /1 — /.67 ~0.181
"o with prob .67 — /.67 ~ 0.819

D- 2,400 with prob .34 — /1 —+/.66 ~0.188
"o with prob .66 — /.66 ~ 0.812

U(C) = (2,500)(0.181) + (0)(0.819) ~ 454
. > U(D) = (2,400)(0.188) + (0)(0.812) ~ 450 o

Allais Paradox: Expected Utility Allais Paradox: Expected Utility

U(A) = u(2,500)(0.33)+u(2, 400)(0.66) + u(0)(0.01)

Why does RDU behave differently than EU?
— U(C) = u(2,500)(0.33)+ u(0) (0.66) + u(0)(0.01)

Recall the expected utility comparison of gambles: 2400 — 2500
400 | | l
U(A) = u(2,500)(0.33)+u(2,400)(0.66) + u(0)(0.01) : Jr : 3
! 0.01 .67 1

U(C) = u(2,500)(0.33)+ u(0) (0.66) + u(0)(0.01)
U(B) = u(2,400)(0.33)+u(2,400)(0.66) + u(2,400)(0.01)

U(B) = u(2,400)(0.33)+u(2,400)(0.66) + u(2,400)(0.01) — U(D) = u(2,400)(0.33)+ u(0) (0.66) + u(2,400)(0.01)

!
U(D) = u(2,400)(0.33)+ u(0) (0.66) + u(2,400)(0.01)

of---
ol -
=
ol ___
=
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Allais Paradox: Rank-Dependent Utility Allais Paradox: Rank-Dependent Utility

RDU comparison of gambles

U(A) = u(2,500)(0.181)+u(2,400)(0.719 u(0)(0.1
U(A) = u(2,500)(0.181)+u(2, 400)(0.719) + u(0)(0.1) N S i

— U(C) = u(2,500)(0.181)+ u(0) (0.719) + u(0)(0.1)

!
U(C) = u(2,500)(0.181)+ wu(0) (0.719) + u(0)(0.1) 2400, %0
U(B) = u(2,400)(0.181)+u(2,400)(0.719) + u(2,400)(0.1) - 01 - }19 67 1
! ¢ ! ' ' '

U(D) = u(2,400)(0.181)+ u(0) (0.812) + u(2,400)(0.007) U(B) = u(2,400)(0.181)+u(2, 400)(0.719) + u(2,400)(0.1)

) o — U(D) = u(2,400)(0.181)+ u(0) (0.812) + u(2,400)(0.007)
since the weights in D can be decomposed as

1- 67 ~0.181
weight on 2,400 = Vi i 0 . 2400
V67 — /66 ~ 0.007 ! / : 1
weight on 0 :{\/.66 ~0.812 00l 0812 661,67 1
0.007
24 25

Recall the Rabin (2000) calibration result for expected utility:

TABLEI
Ir Averse 1o 50-50 Lose $100 / Gaix g BETs FOR ALL WEALTH LiEvELs,
WiLL Turn Dows 50-50 Lose L /Gam G BETS; G's ENTERED IN TABLE.

Rank-Dependent Utility and Cumulative Prospect Theory

£
L $101 s105 5110 $125
$400 400 420 350 1,250
$600 600 730 990 w©
$800 800 1,050 2,090 L]
3 $1,000 1,010 1,570 = =
@ RDU and the Rabin Paradox $2,000 2320 - - -
$4,000 5,750 Ed = B
$6,000 11,810 » o o
$8,000 34,940 Ed o ®
$10,000 o = ES ®
$20,000 o = = ®

Now, consider instead the RDU utility from a 50-50 gamble:

U(w —L,0.5w+ G,0.5) = ¢(0.5)u(w — L) + (1 — ¢(0.5))u(w + G)
26 27

RDU and the Rabin Paradox Is that it for the Rabin Paradox?

Take u(x) = x for simplicity (i.e., “dual theory” of Yaari (1987)), and Most people do not consider the Rabin Paradox fully resolved because of
U(w — L,0.5;w + G,0.5) > U(w) the issue of “"background risk”:
< ¢(0.5)(w— L)+ (1 —(0.5))(w+ G) >w e Suppose | offer you a gain 110 or lose 100 gamble.
— ¢ > #(0.5) e This is probably not the only risk you face today, and certainly not

L= d gy the only risk you face over a longer period such as a year.

For example, if ©(0.5) = 3/5, then accept gamble iff G/L > 1.5.

o If we integrate this background risk (y) into your decision about the
L G accept/reject gamble (X), then you are really choosing between X + y + w and
100 125 reject y + w, rather than X + w and w.
400 500 reject
400 610 accept e |t turns out that sufficiently large ¥ makes it difficult to generate
10,000 | 14,000 reject aversion to the small-stakes Rabin gambles, so the paradox remains
10,000 | 16,000 accept (see Safra and Segal (2008)).
Thus RDU resolves the Rabin Paradox. The same is true for the other o One possible solution is narrow framing (see, e.g., Barberis, Huang,

non-expected-utility theories that we'll discuss later. However. . . and Thaler (2006)), but we will also discuss others.

28 29



Tversky and Kahneman (1992) incorporate rank-dependent probability
weighting into their model of prospect theory.

e They suggest decomposing any lottery into gains and losses and
applying the rank-dependent formula to cumulative gain and loss

Rank-Dependent Utility and Cumulative Prospect Theory probabilities separately.

e They suggest that a concave-convex shape for the weighting
functions best fits the evidence (decumulative formula):

pY
o Cumulative Prospect Theory w(p) = m

e Overweights both low probability bad outcomes (certainty effect)
and low probability good outcomes (possibility effect).

e This shape might also help to explain gambling and preferences for
skewed asset returns (e.g., Barberis and Huang (2008)).

30 31

Other Non-Expected-Utility Theories Other Non-Expected-Utility Theories
o Disappointment Aversion o Disappointment Aversion
o Cautious Expected Utility

@ Mixture-Averse Preferences

32 33

Disappointment Aversion (Gul (1991)) Disappointment Aversion
Consider simple lotteries over a bounded interval X C R. Gul (1991) proposed weak independence-like conditions that holds
Definition whenever mixtures of lotteries do not alter the EDD, and showed that
An elation /disappointment decomposition (EDD) of a lottery p is these axioms implythe following representation:
(a, q,r) where g € B(p), r € W(p) and aq + (1 — a)r = p: Definition
A disappointment aversion representation V/(p) of - consists of a
B(p) ={q:q(x) > 0= x Z p} function u(x) and a scalar 8 € (—1,0) such that

W(p) ={r:r(x)>0= pz x}
V(p) = 7(a) D u(x)q(x) + (1 = 7(a)) Y u(x)r(x)

In other words, letting CE(p) denote the certainty equivalent of p, sl (@ @) 5 7 EDD off o

()

e g € B(p) means that x > CE(p) for all x € supp(q). i

e r € W(p) means that x < CE(p) for all x € supp(r). S =all

o a=p({x:x> CE(p)}) is the probability of being elated (assuming

e =0=—1~ =a, Ya € (0,1) (expected utilit
q(CE(p)) =0), and 1 — « is the probability of being disappointed. B Na) =& Vo< (0,1) (exp Y)

34 e 3>0= v(a) <, Ya € (0,1) (more risk averse than EU) 35



A More Direct (and Useful) Formula DA Satisfies Betweenness

DA can be written a third way that makes the “disappointment”

Recall that o = p({x : x > CE(p)}) = p({x : u(x) > V(p)}). interpretation more obvious.
Thus V(p) = v where v is the solution to: . 2y UO)P) + (T4 B) 3oy u(x)p(X)
3 u)at) + (1= = ag5) 2 wrt) ST
V= 7/ u(x)g(x) + (1 = —F7—=3 u(x)r(x
1+(1-a)s . 1 '("'1(1 ;)”f)ﬁ — v+pv Z p(x) = Z )+ B8 Z x)p(x)
= —F u(x)q(x) + —a)d+ u(x)<v X (R
1+(17(xdz 1+((la)b’z <:>sz (e +/3Z (u(x) — v)p(x)
— 1+ /j) x u(x)<v
1+ (1 a)j (><Z>v U(X p(X) Tiri-a)B '3 ZV U(X)p Disappointment utility loss
U(XZ)>V izl (5 ) u(§<v u(x)p(x) This is a special case of the “betweenness” preferences (Chew (1983) and
- 1+8 5. p(x)7 Dekel (1986)) representation v = &(x, v)p(x), where
= {u(x) +B(u(x) —v) ifu(x)<v
B(x,v) =
u(x) if u(x) > v.
36
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e Recall that Machina (1982) introduced Hypothesis Il as a way to
impose some discipline (weaker than independence) that is
consistent with the Allais paradox.

e Many other non-expected-utility models are (at least in part)
motivated by the same paradox.
e This includes RDU and DA that we just studied.
e But the connection is not always obvious from the axioms.

Other Non-Expected-Utility Theories o Dillenberger (2010) and Cerreia-Vioglio, Dillenberger, and Ortoleva

(2015) studied an axiom that is more directly tied to the Allais
o Cautious Expected Utility common ratio effect: Negative Certainty Independence.

38 39

Negative Certainty Independence NCI and the Common Ratio Effect

Axiom
Negative Certainty Independence (NCI):
Axiom
Negative Certainty Independence (NCI): PZ o = apt(l-a)gZad+(l-a)q
> —a)g - _
PLO = apt(1-a)g T ad+(1-a)q. Only reversals in one direction are permitted by NCl:
4000 .8
Interpretation: ( 0 42> Z (3000)
e Suppose p (which may involve risk) is preferred to x (despite it 1/4000 8 3 1 3
being certain). Z( ; 2) +7(0) % 7(3000) + 3 (0)
e When these are each mixed with g then x no longer has the benefit 4000 .2 * 3000 .25
of certainty, so the mixture with p should be favored all the more. — 0 8/~ 0 75

Thus NCI is compatible with either no reversals or the Allais reversals,
but not reversals in the “wrong” direction.

40 41



Cautious Expected Utility

Theorem (Cerreia-Vioglio, Dillenberger, and Ortoleva (2015))
A relation 7 satisfies weak order, continuity, monotonicity, and NCI if
and only if it has an cautious expected utility representation: There
exists a set YW of Bernoulli utility functions such that

V(p) = inf v (Ep[v])

Comments:

o Disappointment Averse preferences (with 3 > 0) satisfy NCI and
thus can be written as a CEU representation (see Cerreia-Vioglio,
Dillenberger, and Ortoleva (2020))

o In earlier work, Dillenberger (2010) showed that NCI applied
recursively in an intertemporal setting corresponds to a preference
for one-shot resolution of uncertainty.

42

Mixture-Averse Preferences

e Mixture-averse recursive preferences are studied in Sarver (2018).

e In the next lecture we will discuss some basic properties this model
and applications to portfolio choice and the Rabin paradox.
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