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Abstract

This paper studies equilibrium portfolio choice and asset returns using a new

model of recursive preferences called optimal risk attitude utility. Our model is an

extension of recursive expected utility that allows an individual to optimally select

her risk aversion parameter in response to the uncertainty that she faces. Choosing

a lower level of risk aversion comes at a cognitive cost, and therefore is only under-

taken in response to sufficiently large risk exposure. In addition to separating risk

aversion from the elasticity of intertemporal substitution, our model can also sep-

arate risk attitudes toward small and large risks. We solve the dynamic stochastic

general equilibrium of a calibrated economy and show that optimal risk attitude

utility can provide a partial resolution to both the stock market participation puz-

zle and the equity premium puzzle. Our model generates a moderate premium

for equity as well as endogenous heterogeneity in risk exposure, with one segment

of the population holding minimal risk while the other holds a disproportionate

share of aggregate risk, even when consumers have identical preferences and even

among wealthy households. Using simple binary gambles as a rationality check for

our model, we demonstrate that the preference parameters used in our calibration

exhibit descriptively accurate levels of risk aversion for gambles ranging from one

hundred dollars up to ten percent of wealth.
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1 Introduction

As documented by Mankiw and Zeldes (1991), Haliassos and Bertaut (1995), Heaton

and Lucas (2000), and others, a significant number of households do not participate in

equity markets. Even with the recent upward trend in stock market investing through

retirement savings and mutual funds, as of 2007 only 51.5% of US households have any

direct or indirect holdings of stock, and the average share of financial assets held in

equity is just 52.7% (Guiso and Sodini (2013)). In addition, although participation is

positively correlated with wealth, a nontrivial fraction of wealthy households hold little or

no public or private equity.1 Indeed, as noted by Campbell (2006, page 1564), “Limited

participation among the wealthy poses a significant challenge to financial theory and is

one of the main stylized facts of household finance.”

These empirical observations are often referred to as the stock market participation

puzzle. Much like the equity premium puzzle (Mehra and Prescott (1985); Kocherlakota

(1996)), the participation puzzle is quantitative in nature. The equity premium puzzle

refers to the inability of the expected-utility model to match the observed equity premium

of roughly 6% without imposing an implausibly high coefficient of risk aversion, given

the low historic risk in the stock market as measured by its co-movement with aggregate

consumption growth. Similarly, the participation puzzle refers to the inability of expected

utility to generate nonparticipation using a reasonable coefficient of risk aversion, given

the even lower co-movement of the stock market with the consumption of nonparticipating

households.

We propose a partial resolution to both the stock market participation puzzle and

the equity premium puzzle by using optimal risk attitude (ORA) utility, a new model

of recursive utility that is developed and studied axiomatically in the companion paper

Sarver (2017). ORA utility is an extension of dynamic expected utility in which an

individual is able to optimize over her risk attitude in response to the uncertainty that

she faces. Formally, the special case of ORA preferences considered in this paper admits

the following value function for any random consumption stream ct = (ct, ct+1, . . . ):

V(ct) = (1− β) log(ct) + β sup
θ∈Θ

{
−1

θ
log
(
Et
[

exp(−θV(ct+1))
])
− τ(θ)

}
.

The elements of the utility representation are a discount factor β, a set of risk-aversion

parameters Θ ⊂ R+, and a cost function τ that satisfies infθ∈Θ τ(θ) = 0. These pref-

erences have a simple interpretation in terms of costly psychological preparation: An

individual may mentally prepare herself for different levels of risk by optimizing over the

1Heaton and Lucas (2000) showed that while private business assets substitute for public equity for
some households, around 10% of wealthy households hold neither.
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parameter θ, where lower values of this parameter decrease her sensitivity to risk but

may also come at a higher cognitive cost τ(θ).

In the special case of a single parameter, Θ = {θ} and τ(θ) = 0, this model reduces

to recursive expected utility in the sense of Kreps and Porteus (1978) and Epstein and

Zin (1989), which we will refer to as Epstein-Zin-Kreps-Porteus (EZKP) utility. As

emphasized by Epstein and Zin (1989, 1991) and Weil (1989, 1990), EZKP utility permits

a separation between risk aversion and the elasticity of intertemporal substitution that

is not possible for standard time-separable expected utility. This separation is useful, for

example, in allowing the model to match both the observed high equity premium and

the low risk-free rate.2

Despite its benefits, one important limitation of EZKP utility is its inability to sep-

arate attitudes toward small and large risks: It cannot generate realistically high levels

of risk aversion for small- or medium-stakes gambles without also producing excessively

high levels of risk aversion for large-stake gambles.3 This tight linkage between risk atti-

tudes across different scales of risk is at the heart of both the equity premium puzzle and

the participation puzzle. For example, it is known that EZKP utility can generate an

equity premium of around 6% by taking a coefficient of relative risk aversion of roughly

18 (Kocherlakota (1996)). However, Mehra and Prescott (1985), Kocherlakota (1996),

Lucas (2003), and others have argued that fitting the data using expected utility with

a CRRA greater than 10 is unreasonable, as the implied risk aversion for large-scale id-

iosyncratic risks (e.g., wage premiums for occupations with high earnings risk) is absurdly

high. Thus imposing the level of risk aversion needed to generate a high equity premium

in response to the moderate risk associated with aggregate consumption growth requires

excessively high risk aversion in other domains.

Optimal risk attitude utility addresses precisely this linkage between risk aversion for

small and large gambles. For any fixed θ, ORA utility evaluates uncertain consumption

according to expected utility with a fixed coefficient of risk aversion. However, since θ can

vary with the risk being faced, different local risk attitudes may be exhibited for different

risks. For example, suppose Θ = {θL, θH} for θH > θL and 0 = τ(θH) < τ(θL). For small

gambles it will be optimal to choose θH in order to avoid the utility cost τ(θL) > 0; when

faced with larger risks, a consumer may instead find it optimal to select θL to decrease

her sensitivity to this more uncertain outcome. More generally, the optimization over risk

2The exponential form of EZKP utility corresponding to Θ = {θ} in our model has been used in a
number of macroeconomic applications (e.g., Hansen, Sargent, and Tallarini (1999); Tallarini (2000)).
It has also been interpreted in terms of robustness to model uncertainty, as its equivalence with the
multiplier preferences of Hansen and Sarget (2001) has been established in a variety of settings (e.g.,
Skiadas (2003); Maenhout (2004); Strzalecki (2011)). For a detailed discussion of this reinterpretation
in the context of the equity premium puzzle, see Barillas, Hansen, and Sargent (2009).

3The calibration result of Rabin (2000), known as the Rabin paradox, provides a convincing illustra-
tion of this property of expected utility using simple binary gambles.
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Figure 1. Indifference curves and endogenous heterogeneity in general equilibrium illustrated
for a static model with two states. Type θL consumers choose allocation cθL and type θH
consumers choose allocation cθH . The fraction α of consumers selecting type θL is determined
by the market-clearing condition: e = αcθL + (1− α)cθH .

attitudes in our model implies that ORA utility will violate the independence axiom of

expected utility. Sarver (2017) shows that these preferences will instead satisfy a weaker

axiom called mixture aversion that is connected to the certainty effect (Allais paradox),

probabilistic insurance, and other experimental evidence concerning choice under risk.

In this paper, we consider an economy with a continuum of agents with identical ORA

preferences that are homothetic in wealth. We find that heterogeneity in risk exposure

can arise endogenously in the dynamic general equilibrium of this economy. The intuition

behind our results is relatively straightforward and is illustrated in Figure 1 for a stylized

static model with two states (zl and zh) where consumers have identical endowments e:

When agents can optimize over their risk attitudes subject to some mental cost, they may

endogenously sort into different types in equilibrium. One segment of the population will

choose a risk attitude θL that is less sensitive to gains and losses and therefore will hold

greater consumption risk; the other will choose a risk attitude θH that provides higher

utility for low-risk allocations (τ(θH) < τ(θL)), but is more sensitive to losses (θH > θL),

and will hold very little consumption risk. This equilibrium allocation with heterogeneous

risk exposure is a Pareto improvement of the homogeneous allocation where each agent

consumes her endowment. Moreover, heterogeneity is robust in our model: This is not

just one possible equilibrium, but rather is the unique equilibrium of our economy for a

range of parameter values.
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It is worth emphasizing that although equilibrium in our model will involve significant

heterogeneity in risk holding, with one segment of the population bearing minimal risk,

equilibrium in our baseline model will not involve the complete absence of risk for any

segment of the population. Thus in the simple case where all uncertainty about consump-

tion is driven by investment risk, our model will not imply complete nonparticipation.

However, as we discussion in Section 6.1, the utility difference between participation and

nonparticipation becomes negligible in our model. As a result, introducing a minimal

friction in the form of a small stock market participation cost will be sufficient to obtain

complete nonparticipation by a segment of the population.4 In contrast, as we discuss in

Section 2, nonparticipation by wealthy households cannot be explained using reasonable

values for the participation cost in a standard expected-utility framework.

In the dynamic general equilibrium of our model, inducing a fraction of the population

to hold a disproportionate share of aggregate risk requires significant compensation in the

form of a larger expected return. In this way, our model will generate both heterogeneous

participation and a large equity premium. This mechanism accords well with a large body

of empirical evidence: It has been shown that the consumption of stockholders is more

volatile and more correlated with stock market returns than that of nonstockholders,

and hence the equity premium becomes less of a puzzle when attention is restricted to

consumers who invest in the stock market (see Mankiw and Zeldes (1991); Attanasio,

Banks, and Tanner (2002); Brav, Constantinides, and Geczy (2002); Vissing-Jørgensen

(2002); Vissing-Jørgensen and Attanasio (2003)).

At the same time, the aforementioned papers observe that explaining the nonpartici-

pation of the remaining households poses a deeper puzzle for expected utility, as the level

of risk aversion required to rationalize their choices would be even higher than estimates

based on aggregate consumption. However, for ORA utility, the high imputed coefficients

of risk aversion for households holding minimal consumption risk in equilibrium do not

evoke the same concerns that are discussed, for example, in Lucas (2003) and Campbell

(2003) in the context of expected utility. In our model, nonparticipants have high levels

of local risk aversion, but do not exhibit overly high levels of global risk aversion (recall

that their preferences are ex-ante identical to those of participants). In Section 5, we

use preferences over binary gambles to paint a clear picture of the overall risk attitudes

implied by different parameter values in our model.

The remainder of the paper is organized as follows. In Section 2, we discuss other

explanations that have been proposed to address the participation puzzle and describe

how they relate to our approach. In Section 3, we formally describe our economy with a

continuum of consumers with identical ORA preferences that are homothetic in wealth.

4Alternatively, incorporating kinked indifference curves due to first-order risk aversion or ambiguity
aversion or including background risk with sufficient correlation with stock market risk could also lead
to complete nonparticipation in our model.
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In Section 4, we illustrate informally how heterogeneity in risk exposure can arise en-

dogenously in this economy, with some agents holding very little risk in equilibrium—

independent of their wealth. In Section 5, we provide a calibration of the dynamic general

equilibrium of this economy that verifies these informal observations and quantifies the

level of participation and the resulting equity premium. Section 6 concludes with a

discussion of possible extensions of the model.

2 Existing Explanations of Limited Participation

The stock market participation puzzle has received significant attention in recent years,

and a number of potential explanations have been proposed. In this section, we summa-

rize the successes (and shortcomings) of existing models in addressing these facts, and

discuss the similarities and differences from our approach.

Explanation 1: Participation costs.

Participation costs, in the form of monetary expenses associated with investing or

informational costs associated with choosing an optimal portfolio of stocks, can provide

a partial resolution of the participation puzzle. A number of studies have found that

plausible values of entry costs and ongoing participation costs can rationalize the non-

participation decision of many households (e.g., Vissing-Jørgensen (2003); Gomes and

Michaelides (2005)). Another important benefit of participation cost models is that they

predict that participation increases with wealth. However, these models still fail to ex-

plain the lack of participation or minimal risk exposure of some wealthy households, as

their benefit from equity investing would dwarf any reasonable value for the participation

cost (Vissing-Jørgensen (2003); Briggs, Cesarini, Lindqvist, Östling (2015)).

We view our model as complementary to the participation-cost approach. Since ORA

utility is homothetic in wealth, our predictions regarding heterogeneous participation in

no way rely on wealth effects. In Section 6.1, we discuss how an extension of our model

that combines ORA utility with modest participation costs can explain why risk exposure

covaries positively with wealth, yet even slight heterogeneity in costs or preferences in

the population would lead some wealthy households to either not participate in the stock

market or hold very conservative portfolios.

Explanation 2: First-order risk aversion.

Other preference-based models have been used to address the participation decisions

of wealthy households. These models invoke first-order risk aversion (Segal and Spivak
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(1990)) as an explanation for why some households would avoid an actuarially favorable

investment opportunity such as the stock market. For example, Ang, Bekaert, and Liu

(2005) used the disappointment aversion model of Gul (1991) to study a dynamic asset

allocation problem and determined the critical values of the disappointment aversion

parameter that lead to nonparticipation. However, Barberis, Huang, and Thaler (2006)

observed that the presence of background risk (e.g., uninsurable idiosyncratic income

risk) makes it difficult for models of first-order risk aversion to explain nonparticipation

in the stock market using reasonable parameter values.5 Their suggested remedy was to

assume loss aversion together with narrow framing of portfolio risk, meaning that gains

or losses in the stock market are evaluated separately from overall consumption risk. In

Section 6.2, we discuss why our model is unlikely to be subject to their critique and thus

narrow framing is not needed to generate low participation levels. To the contrary, we

will show that existing results about the impact of background risk on the risk attitudes

of expected-utility maximizers imply that moderate background risk would only serve to

decrease the optimal level of investment of households in our model.

Explanation 3: Ambiguity aversion.

Ambiguity aversion has also been proposed as an explanation for nonparticipation

in the stock market. It is well known from the work of Dow and Werlang (1992) and

Epstein and Wang (1994) that ambiguity aversion can lead to portfolio inertia at the

risk-free portfolio, and therefore heterogeneity in perceived ambiguity can generate non-

participation by some agents. More recent work by Epstein and Schneider (2007) has

explored how learning under ambiguity can influence stock market participation, and

they showed that this mechanism may explain part of the increase in participation rates

in recent years.6 Ambiguity aversion and optimal risk attitude utility are in many ways

complementary—as was the case with participation costs—in that each is ideally suited

to address different aspects of household behavior. For example, ambiguity aversion pro-

vides a sensible rationale for underdiversification and the home bias (e.g., Epstein and

Miao (2003); Boyle, Garlappi, Uppal, and Wang (2012)), neither of which has an obvi-

ous connection to our model. On the other hand, ORA utility can generate low levels

5Barberis, Huang, and Thaler (2006) showed that introducing background risk decreases the aver-
sion to exposure to stock market risk for the disappointment aversion model, to the point where the
disappointment aversion parameters required for nonparticipation in the stock market would also imply
rejection of a 50-50 gamble with a loss of $10,000 and a gain of $20,000,000 at a wealth level of $100,000.
They argued that their negative result extends broadly to models that rely on first-order risk aversion
to obtain nonparticipation. Safra and Segal (2008) made the related observation that Rabin’s paradox
extends to a broad class of non-expected-utility preferences when sufficient independent background risk
is introduced.

6Another likely explanation for rising participation rates is a decrease in informational and monetary
costs to investing (e.g., see the discussion in Guiso and Sodini (2013, page 1454)).
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of stock market participation and low portfolio weights on stock for many participating

households even in familiar environments or after long histories, where ambiguity would

arguably play a less significant role in investment decisions.

Due to the complexity of dynamic models with heterogeneous preferences, the extant

literature on preference-based explanations of the participation puzzle has been restricted

almost exclusively to partial equilibrium analysis, taking the data-generating process for

asset returns as given and solving for the participation and asset allocation decisions of

a single agent. The few papers that have conducted general equilibrium analysis (typi-

cally within a one or two period framework) have reported somewhat mixed results. For

example, Cao, Wang, and Zhang (2005) showed that increasing the ambiguity dispersion

among investors leads simultaneously to a decrease in the participation rate and a de-

crease in the equity premium.7 Chapman and Polkovnichenko (2009) observed similar

implications for increases in the dispersion of risk aversion parameters for a variety of

non-expected-utility preferences (including disappointment aversion and rank-dependent

utility). These results suggest that more research is needed to determine the suitability

of these models for jointly explaining the participation rate and asset returns.

This is perhaps the most important point of departure of our model from the previous

literature: It can generate equilibrium heterogeneity in participation decisions even when

agents have identical and homothetic preferences. Although our model will not permit

representative agent analysis, these conditions imply that equilibrium analysis does not

require tracking the distribution of wealth across agents. Consequently, the model is

tractable enough for us to conduct a complete dynamic general equilibrium analysis of

both market prices and the distribution of participation decisions, taking only the divi-

dend and consumption processes as primitives. This makes it possible to easily evaluate

the performance of ORA utility as a driver of both nonparticipation and stock returns.

3 Model

3.1 Economy

Aggregate consumption growth depends on a state variable zt ∈ Z that is observed by

each individual in the economy at the start of period t, where Z is finite. We assume that

the state is i.i.d. across time, and is distributed according to a probability measure P .

Thus the model precludes intertemporal correlation between current and future states.

This assumption is certainly restrictive, and is made in order to simplify the analysis and

7The intuition behind their result is that greater dispersion in ambiguity implies there is a subset of
the population that becomes much more tolerant of ambiguous payoffs and is therefore willing to invest
more heavily in stock even at a lower premium.
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focus attention on the endogenous heterogeneity in risk bearing that arises in equilibrium.

A natural next step for future study is to incorporate persistence of shocks and other

types of correlation across time into this analysis.

Denote the aggregate consumption endowment by et, and let λt+1 denote aggregate

consumption growth between period t and t + 1: et+1 = λt+1et. Consumption growth is

determined by the state, i.e, λt+1 = λ(zt+1) for some function λ. We assume a continuum

of consumers, with the consumption of consumer i ∈ [0, 1] at time t denoted by ci,t. The

feasibility constraint in the economy requires that∫ 1

0

ci,t di = et, ∀t.

The distribution of ownership of the endowment allocation is not important for any of

the results that follow, as long as it is absolutely continuous with respect to the Lebesgue

measure on the unit interval of consumers.

Suppose that markets are complete and there exists a pricing kernel Mt,t+1 such

that the period t price of any asset paying xt+1 in period t + 1 is pt = Et[Mt,t+1xt+1].

Given the independence of consumption growth across time, one might conjecture that

the equilibrium pricing kernel is stationary and depends only on the period t + 1 state:

Mt,t+1 = M(zt+1) for some function M . We will verify that this is indeed the case in

equilibrium. Under these assumptions, the time t budget constraint for a consumer with

wealth wt is then

ct + E
[
Mwt+1] = wt, (1)

where ct ∈ R+ and wt+1 ∈ RZ
+.

3.2 Preferences

We model the preferences of the consumers in this economy using a special case of the

optimal risk attitude (ORA) recursive utility studied in Sarver (2017). In our utility

representation, individuals can optimize over their risk-aversion parameter θ at some

unobserved (psychological) cost. One interpretation of this model is that individuals can

“desensitize” themselves to risk, but doing so requires some mental effort or psychological

discomfort. Formally, the value function given wealth wt and state prices M is

V(wt;M) = max
ct∈R+

wt+1∈RZ+

{
(1− β) log(ct) + βR(V(wt+1;M))

}
, (2)

where the maximization is subject to the budget constraint in Equation (1), and R is

an operator that maps any random continuation value V(wt+1;M) into a risk-adjusted
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continuation value. The risk preferences of the individual are fully captured by this

operator, which takes the following functional form in our model:

R(V(wt+1;M)) = sup
θ∈Θ

{
−1

θ
log
(
E
[

exp(−θV(wt+1;M))
])
− τ(θ)

}
. (3)

In this equation, risk preferences are specified by two objects: Θ ⊂ R+ is a set of feasible

risk-aversion parameters and τ : Θ→ R is a cost function that satisfies infθ∈Θ τ(θ) = 0.8

The objects Θ and τ are not directly observable. Rather, they are parameters of the

utility function, much like a coefficient of risk aversion in the standard expected-utility

model, and they must therefore instead be inferred from an individual’s choices. For

example, Sarver (2017) shows that an individual with a lower cost function will be less

risk averse. In Section 5, we will use preferences over binary gambles to illustrate the

overall risk attitudes associated with different parameter values.

As noted in the introduction, our model reduces to recursive expected utility in the

sense of Kreps and Porteus (1978) and Epstein and Zin (1989) if Θ = {θ} and τ(θ) = 0.

We will refer to this standard model as Epstein-Zin-Kreps-Porteus (EZKP) utility. The

equilibrium analysis in Section 5 will include two specifications of EZKP utility for com-

parison. Our results will show that expanding this classic model to permit multiple values

of θ leads to several significant differences from EZKP preferences: First, optimizing over

risk attitudes permits individuals to be very averse to small gambles while at the same

time exhibiting reasonable risk attitudes toward larger gambles. We will see that this

feature helps the model to address puzzles such as the Rabin paradox and the equity

premium puzzle, since the empirical challenge underlying both is essentially that of si-

multaneously matching observed levels of risk aversion for both large and small risks

using a single model. Second, equilibrium in this economy often involves heterogeneity

in the choice of θ and, as a result, significant cross-sectional variation in the consumption

risk held by consumers, even when they are ex-ante identical.

Standard techniques can be applied to prove the existence and uniqueness of the value

function for the consumer’s problem.

Proposition 1 For any pricing kernel M : Z → R++, there exists a unique value func-

tion V for the problem described in Equations (1), (2), and (3). This value function takes

the form

V(wt;M) = Λ(M) + log(wt), (4)

for a constant Λ(M).

8Setting the minimum cost equal to zero is a convenient normalization and is without loss of generality
whenever the cost function is bounded below. Adding or subtracting a constant from the function τ
shifts the value function by a scalar, but does not alter the consumer’s preferences.
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The proof of this result is contained in the appendix, where we also describe the

specific formula for Λ(M) and the optimal consumption and future wealth conditional

on each state z and each possible choice of parameter θ.

We conclude this section with a brief comment about additional generality that could

be incorporated into the model. The most general specification of optimal risk attitude

utility that is used to represent the class of mixture-averse preferences in Sarver (2017) is

broad enough to also incorporate first-order risk aversion, i.e., kinks in preferences at the

certainty line. First-order risk aversion can lead consumers to fully insure even at actuar-

ially unfair rates, or completely abstain from investing in an actuarially-favorable asset.

We eschew first-order risk aversion and instead focus on the risk preferences described

in Equation (3) for several reasons: First, we want to make the model as standard as

possible by taking only a slight (one-parameter) deviation from recursive expected utility.

Second, despite its apparent usefulness, our results will show that first-order risk aversion

is not needed to generate a fraction of the population that holds minimal risk exposure.

Third, from an analytical perspective, our utility function is smooth and therefore has the

convenience of permitting techniques based on differentiation. Finally, our utility func-

tion allows the model to make realistic predictions about the impact of incorporating

uninsurable idiosyncratic income risk (see Section 6.2).

4 Illustration of Equilibrium

In this section, we provide an informal description of the three possible types of equilib-

rium that can arise in this model. For ease of illustration, the discussion will initially

focus on equilibrium in a static (one-period) model. We then proceed to describe how

equilibrium in our infinite-horizon model has a similar structure. Formal statements of

the equilibrium conditions for the three cases are relegated to Appendix A.2, which also

contains a summary of the numerical procedure that will be used in Section 5.

4.1 Benchmark: Static Model

For ease of illustration, we first consider a simple model with a single period, two states,

and two types. This section will therefore focus on the following simple specification:

Z = {zl, zh}, e(zl) < e(zh),

Θ = {θL, θH}, θH > θL, τ(θ) =

{
τH = 0 if θ = θH

τL > 0 if θ = θL.
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We have dropped time subscripts for the one-period analysis in this section. Assume

each of the continuum of consumers has equal (unit) ownership of the endowment (this

assumption is made for ease of exposition but is not imposed in the analysis in the

following section). Thus a consumption allocation c = (c(zl), c(zh)) is affordable given

the pricing kernel M if

E[Mc] = E[Me].

Assume each consumer evaluates a random consumption allocation c by applying the

risk-adjustment operator in Equation (3) to the logarithm of c(z):9

R(log(c)) = max
θ∈{θL,θH}

{
log
(
E
[
c−θ
]− 1

θ

)
− τ(θ)

}
.

Thus, for fixed θ, each consumer evaluates uncertain consumption using a CRRA cer-

tainty equivalent with a coefficient of relative risk aversion of θ+ 1. However, since θ can

vary with the risk being faced, this preference will violate the expected-utility axioms.

Intuitively, for small gambles it will be optimal to choose θH in order to avoid the utility

cost τL > 0; when faced with larger risks, a consumer may then find it optimal to select

θL to decrease her sensitivity to this more uncertain outcome.

Figures 1 and 2 illustrate the indifference curves of a consumer with the risk prefer-

ences described above. Note that θH is optimal for allocations near the certainty line,

whereas θL is optimal for allocations where the level of consumption differs greatly be-

tween states. These figures also illustrate the equilibrium allocations and budget lines

for three possible cases. In cases 1 and 2, which are illustrated in Figure 2, all consumers

choose the same type in equilibrium (θL and θH , respectively) and consume their endow-

ment: c(z) = e(z) for z ∈ {zl, zh}. In these first two cases, the equilibrium allocation

and prices are the same for our economy with a continuum of consumers as they would

be for an economy with a single representative agent with the same preferences.

The distinctive part of our analysis arises in case 3, which was illustrated in Figure 1 in

the introduction. In this case, equilibrium necessarily involves heterogeneous types, with

some consumers selecting θH and others θL. As is evident from the figure, preferences are

not quasiconcave in the consumption allocation, and therefore equilibrium may not exist

in a representative agent economy (non-existence would be an issue precisely in case 3).

However, for our economy with a continuum of consumers, the theorem of Aumann (1966)

ensures the existence of an equilibrium.10 The crux of his theorem is that the average

9To make this analysis as representative as possible of the infinite-horizon model, we treat consump-
tion just as we would treat future wealth in the general model. Given the log form of the value function
in Equation (4), we therefore apply the risk-adjustment operator R to log(c) rather than to c.

10A related result for a large but finite economy in which consumers’ preferences are permitted to
violate quasiconcavity can be found in Starr (1969), who showed that divergence from equilibrium shrinks
with the number of consumers.
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(a) Case 1: All consumers choose type θL

c(zl)

c(zh)

θL

θH
e

(b) Case 2: All consumers choose type θH

Figure 2. Two possible cases of homogeneous equilibrium illustrated for a static model
with two states. In both cases, equilibrium consumption is identical for each consumer and
proportional to the aggregate endowment. Figure 1 in the introduction illustrates the third
case of heterogeneous equilibrium consumption.

(i.e., integral) of the (possibly non-convex) upper-contour sets of individual preferences

is convex. The economic interpretation of this mathematical condition is central to our

results: Rather than every consumer keeping their endowment, there may be welfare

improvements associated with heterogeneous allocations that lead to the same average

aggregate consumption. Equilibrium in case 3 takes this form, with consumers who select

type θL choosing allocation cθL and consumers who select type θH choosing allocation

cθH . Note that these two allocations give the same utility, which is strictly higher than

the utility from consuming the endowment e. The fraction of consumers selecting each of

these types and allocations is determined by the market-clearing condition: e = αcθL +

(1− α)cθH where α is the fraction of the population that selects type θL.

4.2 Equilibrium in the Infinite-Horizon Model

Equilibrium in the infinite-horizon model will also fall into one of the three cases illus-

trated informally for the static model: In each period, consumers will either all select the

same type in equilibrium (θL or θH), or there will be heterogeneity in the choice of type.

We defer the details of how to solve for the pricing kernel and check the market-clearing

conditions in each of these cases to Appendix A.2, but we present the numerical results

of our equilibrium analysis in the following section.
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5 Calibration

In this section, we numerically solve the infinite-horizon model. We will highlight several

key features of individual risk attitudes and market equilibrium for various parameter val-

ues: heterogeneity in market participation and risk exposure, asset returns, and attitudes

toward small and large idiosyncratic gambles.

5.1 Parameter Values

Recall that aggregate consumption growth is determined by a state which is i.i.d. across

time. Assume there are two states, Z = {zl, zh}, and each occurs with equal probability:

P (zl) = P (zh) = 0.5 (we relax this assumption in Section 5.3). Aggregate consumption

satisfies et+1 = λ(zt+1)et. For ease of comparison to existing results, we calibrate the

model using the same mean and standard deviation for aggregate consumption growth

as in Mehra and Prescott (1985):

λ(zl) = µ− σ, λ(zh) = µ+ σ

for µ = 1.018 and σ = 0.036. We will also analyze the returns of an asset that pays a

stream of dividends {dt}. The growth rate of dividends satisfies dt+1 = λd(zt+1)dt, where

λd(zl) = µ− σd, λd(zh) = µ+ σd

for σd = 0.10.

There is a continuum of consumers with identical preferences. Each consumer has

a value function V(wt;M) for wealth (conditional on the pricing kernel) that satisfies

Equations (1), (2), and (3). We consider the following simple specification:

Θ = {θL, θH}, θH > θL, τ(θ) =

{
τH = 0 if θ = θH

τL > 0 if θ = θL.

Several values of θL, θH , and τL will be considered in Table 1.

As part of the calibration of the model, we also describe the attitudes toward 50-50

gambles of various scales for the different parameter values under consideration. Examin-

ing the gains needed to compensate for losses ranging from small to large provides another

gauge of the overall risk attitudes associated with different specifications, and hence of

whether parameter values generate reasonable behavior outside of this specific investment

application.11 Similar explorations have been used to evaluate the choice of parameters

11There are many estimates of what constitute reasonable values for the coefficient of relative risk
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in other models (e.g., Epstein and Zin (1990); Kandel and Stambaugh (1991)).

Imagine a consumer is offered a one-time gamble over future wealth at some initial

period t. Inserting the explicit formula for the value function from Equation (4) into

Equation (3), the consumer evaluates the random future wealth wt+1 resulting from this

gamble according to

R(V(wt+1;M)) = Λ(M) + max
θ∈Θ

{
log
(
E
[
w−θt+1

]− 1
θ

)
− τ(θ)

}
. (5)

We will use Equation (5) to evaluate atemporal wealth gambles in the calibration results

that follow.12

5.2 Numerical Results

Table 1 summarizes our results. For comparison, the first two columns of the table

describe EZKP utility with coefficients of relative risk aversion (θH + 1) equal to 4 and

18, respectively. The last three columns describe different parameter values for optimal

risk attitude utility.

Panel A in the table describes the gains needed for an individual to accept an atempo-

ral 50-50 gamble for various possible loss values when initial wealth is $300,000. Panel B

describes the consumption growth rates of each type θ ∈ {θL, θH} that is selected by

some segment of the population in equilibrium. We write λθ(z) to denote the consump-

tion growth rate of type θ consumers in the current period: λθ(z) = ci,t+1(z)/ci,t for

any consumer i who selects type θ in period t. In addition to describing the mean and

standard deviation of consumption growth for each type, the last row of this panel indi-

cates the fraction of current aggregate wealth held by consumers who choose type θL or,

equivalently, the fraction of the current period aggregate endowment consumed by type

θL consumers.13 Panel C indicates the equilibrium values of the pricing kernel and asset

returns. In this panel, Rf denotes the gross risk-free rate and R denotes the gross return

on an asset paying the stochastic dividend stream {dt}.

Turning to the first specification in the table, note that EZKP1 generates reasonable

aversion to the largest gambles in Panel A, but it is almost risk neutral for small gambles.

aversion in a CRRA expected-utility model; however, one cannot rely on these estimates since the risk
attitude of individuals with ORA preferences may change with their exposure to risk.

12Epstein and Zin (1989, Section 5) were the first to demonstrate that, assuming the stochastic process
driving the economy is i.i.d. across time, the certainty equivalent in a recursive non-expected-utility model
also represents the preferences over timeless wealth gambles.

13Just as in the single-period illustration from Section 4.1, in a heterogeneous-type equilibrium in the
infinite-horizon economy, the fraction α of aggregate wealth held by consumers who choose type θL is
pinned down by the market clearing condition, in this case applied to consumption growth rates rather
than levels: λ(z) = αλθL(z) + (1− α)λθH (z) for z ∈ {zl, zh}. See Appendix A.2 for details.
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Table 1. Calibration Results: EZKP and ORA Models
The table has results for two specifications of the EZKP model and three specifications of the ORA
model. Consumption and dividend growth rates are summarized in Section 5.1, Rf denotes the risk-free
rate, and R denotes the gross return on asset paying the stochastic dividend stream {dt}.

Risk-Preference Model

EZKP1 EZKP2 ORA1 ORA2 ORA3

θH 3.000 17.000 25.000 25.000 100.000
θL – – 3.000 4.000 3.000
τL – – 0.020 0.025 0.020
β−1 1.010 1.010 1.010 1.010 1.010

Panel A: Binary 50-50 Gambles

Loss Gain that leads to indifference for initial wealth $300,000

$100 100.13 100.60 100.87 100.87 103.48
$400 402.14 409.84 414.37 414.37 462.37
$1,000 1,013.51 1,063.85 1,094.95 1,094.95 1,518.31
$5,000 5,357.20 7,170.61 8,995.81 8,995.81 18,991.43
$10,000 11,539.60 27,901.22 26,396.79 32,281.88 26,396.79
$20,000 27,302.60 ∞ 45,692.48 58,228.29 45,692.48
$30,000 50,274.57 ∞ 75,052.03 110,405.61 75,052.03

Panel B: Equilibrium Consumption Growth by Type

λθH (zl) 0.9820 0.9820 0.9927 0.9880 1.0011
λθH (zh) 1.0540 1.0540 1.0277 1.0342 1.0095
E(λθH ) 1.0180 1.0180 1.0102 1.0111 1.0053
σ(λθH ) 0.0360 0.0360 0.0175 0.0231 0.0042

λθL(zl) – – 0.9346 0.9399 0.9374
λθL(zh) – – 1.1709 1.1919 1.1576
E(λθL) – – 1.0527 1.0659 1.0475
σ(λθL) – – 0.1182 0.1260 0.1101

% type θL – – 18.36 12.55 30.04

Panel C: Pricing Kernel and Asset Returns

M(zl) 1.1149 1.5508 1.4047 1.5192 1.3796
M(zh) 0.8400 0.4339 0.5700 0.4633 0.5934

Rf 1.0231 1.0077 1.0128 1.0088 1.0137
E(R) 1.0374 1.0667 1.0567 1.0645 1.0550
σ(R) 0.1019 0.1048 0.1038 0.1046 0.1036
E(R)−Rf 0.0143 0.0590 0.0439 0.0557 0.0413
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It also only generates an equity premium of 1.4%. In contrast, specification EZKP2

assumes a coefficient of relative risk aversion of 18 and generates a more realistic equity

premium of 5.9%.14 However, the gambling behavior for this specification highlights

the concerns about assuming such a large coefficient of risk aversion. The individual

will reject any gamble in which she will lose over $20,000 (7% of wealth) with even odds,

regardless of the size of the possible gain that could be won. These specifications of EZKP

utility provide a parametric illustration of a paradoxical implication of expected utility

that was shown by Rabin (2000) to hold more generally: Any expected-utility preference

must have either implausibly low aversion to small gambles or excessive aversion to large

gambles. Similar observations related to large-scale idiosyncratic risks (e.g., occupational

earnings risk) led Mehra and Prescott (1985), Lucas (2003), and others to argue that the

coefficient of relative risk aversion should be bounded above by 10.

Specification ORA1 improves the risk attitudes for binary gambles over both EZKP1

and EZKP2: It increases the risk aversion for small gambles relative to these specifica-

tions, while drastically reducing the extreme risk aversion of EZKP2 for large gambles.

At the same time, it maintains a moderately large equity premium of 4.4%.15 Panel B

illustrates the heterogeneity in consumption risk for the two segments of the population

under ORA1. Just over 18% of the aggregate wealth in the population is held by con-

sumers who choose type θL. The consumption growth rate λθL for this fraction of the

population has a standard deviation of 0.1182, over three times that of aggregate con-

sumption growth. The majority of the population chooses type θH , and the consumption

growth rate λθH for this segment of the population has a standard deviation of 0.0175,

roughly half that of aggregate consumption. Thus a significant portion of aggregate risk

is consolidated in a small segment of the population. Moreover, the additional risk borne

by type θL consumers is compensated by a substantially higher expected consumption

growth rate: 1.05 (5%) rather than the expected consumption growth rate of 1.01 (1%)

for type θH consumers.16

These results are consistent with the observed patterns of investment summarized in

the introduction. There has traditionally been a small segment of the population that

invests in the stock market, with the majority of the population investing primarily in

14It is well known that EZKP utility with a high degree of risk aversion can generate a large equity
premium. The calibration in specification EZKP2 is consistent with the estimate from Kocherlakota
(1996, page 51) that a coefficient of relative risk aversion of 17.95 will satisfy the Euler equation for the
equity premium.

15One caveat in interpreting these results is that the simple two-state stochastic process in our analysis
implies perfect correlation between consumption and asset returns. Imposing more realistic correlation
between aggregate consumption and returns tends to lower the equity premium in most models.

16Cross-sectional differences in expected returns due to differences in portfolio allocations have been
suggested as one potential driver of wealth inequality. However, our model lends a very different welfare
interpretation to these differences, since the portfolio choices of type θH and θL consumers yield the
same ex-ante utility.
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low-risk and low-return savings instruments. We should be careful to point out that

our model predicts that even type θH consumers continue to bear some consumption

risk. However, as we discuss in Section 6.1, since the utility difference between the

equilibrium allocation with minimal risk exposure and one with no exposure to stock

market risk is relatively small, introducing modest participation costs could drive some

of these consumers completely out of the market—even those with relatively high wealth.

The last two columns illustrate the impact of changing the parameters of ORA utility.

Specification ORA2 increases the values of θL and τL. The result is an increase in the

equity premium, up to 5.6%, and a decrease in the fraction of the population choosing

type θL and holding greater consumption risk, down to under 13%. For this specification,

aversion to large gambles on the scale of $30,000 (10% of wealth) becomes overly large,

although still more reasonable than for EZKP2. Specification ORA3 illustrates the impact

of instead increasing θH . This generates a high level of risk aversion for small-scale

gambles, but the attitude toward very large gambles is the same as under ORA1. It is

interesting to note that due to changes in equilibrium consumption heterogeneity, the

equity premium actually decreases slightly for this specification.

5.3 Comparative Statics of Participation and Risk Sharing

We now examine how risk sharing in the population responds to changes in fundamen-

tals. There are many possible changes to aggregate uncertainty that have been considered

in the literature, including changes to the conditional expectation and the conditional

volatility of consumption growth. In this section, we continue to focus on a consumption

growth process that is i.i.d. across time and examine a particular change to its (uncon-

ditional) distribution. To facilitate comparison to existing results, we maintain the same

mean and standard deviation of consumption growth and only vary its skewness.

Let π denote the probability of state zl. In the analysis in Table 1, this value was

fixed at π = 0.5. We now consider the impact of varying this probability while holding

fixed the first and second moments of consumption and dividend growth. Specifically,

growth rates take the following values:

λ(zl) = µ− σ
√

1− π
π

λd(zl) = µ− σd

√
1− π
π

λ(zh) = µ+ σ

√
π

1− π

λd(zh) = µ+ σd

√
π

1− π
.

(6)

Using the parameter values from specification ORA1, Figure 3 illustrates the impact

of changing skewness on the expected value and standard deviation of the consumption

growth rates of each type, on the distribution of types in the population, and on asset
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Figure 3. Expected value and standard deviation of consumption growth by type, division
of population into types, and returns. Each is plotted as a function of the probability π of
state zl. Consumption and dividend growth rates satisfy Equation (6), and parameters values
are set according to the ORA1 specification in Table 1.
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returns. As π increases, aggregate consumption growth transitions from being skewed to

the left to being skewed to the right. In response to this change, the proportion of type

θL consumers (as measured by fraction of aggregate wealth held by this type) decreases

while simultaneously the consumption risk held by each of these consumers increases. The

standard deviation of λθL spikes to roughly 9 times that of aggregate risk as π approaches

0.91, and once π exceeds this threshold all consumers select type θH and hold identical

portfolio allocations.

While these comparative statics concern changes in the unconditional distribution of

an i.i.d. process, they are suggestive that the ORA model may provide a mechanism to

understand intertemporal variation in investment levels and movements in and out of the

stock market. If consumption growth follows a stationary Markov process with state-

dependent mean, standard deviation, or skewness, one might expect the equilibrium

participation rate to change with the current state. Extending our analysis to more

general stochastic processes and relating its predictions to recent studies on the dynamics

of household portfolio decisions is an obvious area for future exploration.

6 Discussion and Extensions

6.1 Participation Costs

As we noted earlier, the combination of optimal risk attitude utility with participation

costs can be used to further refine the predictions of our model. The analysis in the

previous section showed that consumers who select type θH in equilibrium invest signif-

icantly less in stocks, and their utility gain from these investments are relatively small

given their high level of local risk aversion (recall that utility for low-risk allocations is

equivalent to that of an EZKP utility maximizer with a coefficient of relative risk aversion

of θH + 1). This implies that the level of participation costs required to induce nonpar-

ticipation within the ORA model will be much lower than previous estimates based on

expected-utility preferences.

An important consequence of this observation is that, even for wealthy households,

much more moderate financial or informational costs can lead to nonparticipation, which

allows our model to address one of the most puzzling facts from household finance: non-

participation among the wealthy. Moreover, since the required costs are small, slight

cross-sectional variation in risk aversion or participation costs can generate the combina-

tion of complete nonparticipation by some households, small but positive investment in

stocks by some households, and high levels of investment by others, where the portion

of wealth invested in stocks is positively (but not perfectly) correlated with wealth. We

leave the formal analysis of this extension as an important direction for future research.
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6.2 Idiosyncratic Income Risk

As we discussed in Section 2, one difficulty for models that rely on first-order risk aversion

to explain nonparticipation is that the introduction of background risk tends to signif-

icantly decrease the induced aversion to stock market risk for such preferences, making

it harder to rationalize nonparticipation using reasonable parameter values. This obser-

vation motivated Barberis, Huang, and Thaler (2006) to incorporate narrow framing of

stock market risk into their model of participation.

Interestingly enough, this property of models with first-order risk aversion differs

dramatically from the implications of background risk for expected utility: For CRRA

expected-utility preferences, the introduction of independent background risk only serves

to increase effective risk aversion and hence to decrease the optimal investment in stocks

(see Gollier and Pratt (1996)). In fact, the asset-pricing literature has used incomplete

consumption insurance (in the form of persistent idiosyncratic income shocks) to generate

greater aversion to stock market risk in order to help explain the level of the equity

premium (see Constantinides and Duffie (1996); Brav, Constantinides, and Geczy (2002)).

The same logic suggests that narrow framing is unlikely to be needed to generate

realistic predictions with our model. Based on existing theoretical results for expected

utility, it is easy to see that introducing small or moderate amounts of background risk

into the ORA model will similarly increase aversion to stock market risk and decrease

the optimal level of investment in stocks. Assuming the amount of background risk

is not sufficiently large to change the optimal risk attitude θ, consumers in our model

behave exactly like CRRA expected-utility maximizers, and hence the comparative statics

results in Gollier and Pratt (1996) apply. However, there is an important caveat to this

argument: If the amount of background risk is sufficiently large, then consumers who

would otherwise choose the risk attitude θH may switch to choosing θL, thereby decreasing

their local risk aversion. Therefore, the impact of uninsurable idiosyncratic risk on our

results will depend on the exact scale of the risk.

6.3 Optimal Expectations and Speculative Behavior

For ORA utility, the individual optimizes her risk attitude for any given distribution of

future outcomes. There is a literature that considers the dual problem of optimizing

beliefs for a fixed utility function (e.g., Brunnermeier and Parker (2005); Gollier and

Muermann (2010); Bénabou and Tirole (2011); Macera (2014)). The models in this

literature usually predict distortions of future behavior in response to changes in current

beliefs, or require distortions of current behavior as a form of self-signaling. These features

are in sharp contrast to our model of dynamically-consistent choice.

21



The differences between these two approaches allows each to address slightly dif-

ferent questions. For example, Brunnermeier and Parker (2005) showed that optimal

expectations can generate endogenous heterogeneity in investment behavior in equilib-

rium, where ex-ante identical consumers select opposing beliefs and take stock market

positions that bet against one another. Optimal expectations can thus help to explain

speculative investment behavior. Our model addresses a different type of heterogeneity,

namely, greater risk bearing by one segment of the population.

22



A Additional Derivations

This section provides some supporting results that are used in the main text. First, we establish

the existence and functional form of the value function for consumers’ preferences. Second, we

describe the precise equilibrium conditions for the economy for each of three possible cases and

summarize our numerical procedure. Third, we provide the formulas for asset returns.

A.1 Properties of the Value Function

Since equilibrium may involve heterogeneity in the choice of θ, it is useful to define the value

of the optimization problem conditional on choosing risk attitude θ ∈ Θ in a given period:

Vθ(wt;M) = max
ct∈R+

wt+1∈RZ+

{
(1− β) log(ct)− β

1

θ
log
(
E
[

exp(−θV(wt+1;M))
])
− τ(θ)

}
, (7)

subject to the budget constraint in Equation (1). Thus

V(wt;M) = max
θ∈Θ
Vθ(wt;M).

The following proposition summarizes the relevant properties of V and Vθ that will be used in

the equilibrium analysis in Section A.2. The first part of this result is precisely Proposition 1.

Proposition 2 For any pricing kernel M : Z → R++, there exists a unique value function V
for the problem described in Equations (1), (2), and (3). This value function takes the form

V(wt;M) = Λ(M) + log(wt),

where

Λ(M) = log(1− β) +
β

1− β
log(β) +

β

1− β
max
θ∈Θ

{
log

(
E
[
M

θ
θ+1

]− θ+1
θ

)
− τ(θ)

}
.

Moreover, the maximizing consumption and state-contingent future wealth in the conditional

(on θ ∈ Θ) optimization problem in Equation (7) are

cθ,t = (1− β)wt,

wθ,t+1(z) = βwt E
[
M

θ
θ+1

]−1
M(z)−

1
θ+1 ,

and therefore Vθ takes the form

Vθ(wt;M) = βΛ(M) + (1− β) log(1− β) + β log(β)

+ β log

(
E
[
M

θ
θ+1

]− θ+1
θ

)
− βτ(θ) + log(wt).
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The proof of Proposition 2 is contained in Appendix B. For this particular specification, the

existence of the value function follows from the theorem of Blackwell (1965).17

A.2 Equilibrium Conditions and Numerical Procedure

Equilibrium in the model falls into one of three cases. These correspond roughly to the three

cases described in the static context in Section 4 and depicted in Figures 1 and 2, but adapted

to deal with consumption growth rather than consumption levels. As we explain at the end of

this section, checking each of these possible cases is precisely the numerical procedure used in

the calibration in Section 5:

1. All consumers choose θ = θL in equilibrium: Combining the two optimality conditions

from Proposition 2, the each consumer i ∈ [0, 1] must satisfy

ci,t+1(z) = βci,t E
[
M

θL
θL+1

]−1
M(z)

− 1
θL+1 .

Aggregating across consumers, this implies the following relationship between aggregate

consumption growth and the pricing kernel:

λ(z) = βE
[
M

θL
θL+1

]−1
M(z)

− 1
θL+1 .

The solution to this equation is18

M(z) = βE
[
λ−θL

]−1
(λ(z))−(θL+1). (8)

To check whether or not this is in fact an equilibrium, we need to determine whether θL is

actually optimal given these prices. Note that by Proposition 2, VθL(wt;M) ≥ VθH (wt;M)

holds if and only if

e−τLE
[
M

θL
θL+1

]− θL+1

θL ≥ E
[
M

θH
θH+1

]− θH+1

θH . (9)

If this condition is satisfied, then we have found an equilibrium. If not, then there is not

an equilibrium in which all consumers choose θ = θL.

17It is worth noting that, as with most recursive non-expected-utility models, the usual techniques
from Blackwell (1965) can only be applied in a very restricted set of special cases of the general ORA
model from Sarver (2017). Fortunately, for other homogeneous specifications, recent results by Marinacci
and Montrucchio (2010) can be used to establish the existence and uniqueness of the value function (see
also Theorem 7 in Sarver (2012) which builds on their results).

18Equation (8) illustrates that when consumption growth is i.i.d. across time and all consumers select
the same type θL, the pricing kernel is the same as for time-separable expected utility with a coefficient
of relative risk aversion θL+ 1 and discount factor β̂ = βE[λ−θL ]−1. This formula could also be obtained
by appealing to the results of Kocherlakota (1990), who observed the equivalence of the equilibrium
conditions for EZKP utility and time-separable expected utility (with a different discount factor) in i.i.d.
environments.
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2. All consumers choose θ = θH in equilibrium: The analysis is similar to the previous case.

To satisfy the consumer optimality conditions given aggregate consumption growth, the

pricing kernel must be

M(z) = βE
[
λ−θH

]−1
(λ(z))−(θH+1). (10)

If these prices satisfy VθH (wt;M) ≥ VθL(wt;M), which is equivalent to

E
[
M

θH
θH+1

]− θH+1

θH ≥ e−τLE
[
M

θL
θL+1

]− θL+1

θL , (11)

then we have found an equilibrium. If not, then there is not an equilibrium in which all

consumers choose θ = θH .

3. Consumers are heterogeneous, with some choosing θ = θL and some choosing θ = θH
in equilibrium: If both θL and θH are optimal, then they must give the same indirect

utility. This gives our first equilibrium restriction on prices: VθL(wt;M) = VθH (wt;M)

or, equivalently,

e−τLE
[
M

θL
θL+1

]− θL+1

θL = E
[
M

θH
θH+1

]− θH+1

θH . (12)

We use individual optimality and market clearing conditions to give our second restriction.

Let α ∈ (0, 1) denote the fraction of time t wealth held by consumers who choose type

θL. Then the total time t consumption by type θL consumers is αet, and the total time t

consumption by type θH consumers is (1−α)et. By the consumers’ optimality conditions,

total consumption of these two groups at time t+ 1 are as follows:

type θL consumers: αβet E
[
M

θL
θL+1

]−1
M(z)

− 1
θL+1

type θH consumers: (1− α)βet E
[
M

θH
θH+1

]−1
M(z)

− 1
θH+1 .

Market clearing requires that these sum to et+1 or, equivalently,

λ(z) = αβE
[
M

θL
θL+1

]−1
M(z)

− 1
θL+1 + (1− α)βE

[
M

θH
θH+1

]−1
M(z)

− 1
θH+1 . (13)

If Equations (12) and (13) are both satisfied, then we have found an equilibrium.

Note that Equation (13) implies that E[Mλ] = β. In the two-state version of the model

used in the calibration in Section 5 with Z = {zl, zh}, it can be shown that a partial converse

is also true: If E[Mλ] = β then Equation (13) is satisfied for some α ∈ R. This observation

permits the numerical problem for this case to be reduced to solving an equation of a single

variable. Specifically, we adopt the following numerical procedure:

1. Check for an equilibrium as in case 1 as follows: Define M as in Equation (8) and check

if Equation (9) is satisfied. If that fails, then proceed to step 2.
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2. Check for an equilibrium as in case 2 as follows: Define M as in Equation (10) and check

if Equation (11) is satisfied. If that fails, then proceed to step 3.

3. Find an equilibrium as in case 3 as follows: Since the solution to Equation (12) is only

pinned down up to a constant, look for a solution of the form

M̂(z) =

{
p if z = zl

1 if z = zh,

for p ≥ 1. Then let

M(z) =
β

E
[
M̂λ

]M̂(z).

Since M is a scalar multiple of M̂ it satisfies Equation (12), and by construction it satisfies

E[Mλ] = β. Thus it satisfies Equation (13) for some α ∈ R. Finally, it can be shown that

if there is not an equilibrium as in case 1 or 2, then we necessarily have α ∈ (0, 1) and

hence the market clearing condition is satisfied. Thus we have found a heterogeneous-type

equilibrium.

A.3 Asset Returns

In this section, we derive the formulas for asset returns for the calibration in Section 5 using

the equilibrium pricing kernel. By the definition, the period t price of any random asset paying

xt+1 in period t+ 1 is pt = Et[Mt,t+1xt+1]. The risk-free rate is therefore given by

1 = E
[
Mt,t+1R

f
t

]
or Rft =

1

Et[Mt,t+1]
.

Since the equilibrium pricing kernel is stationary and satisfies Mt,t+1 = M(zt+1), the risk-free

rate is constant and is given by the unconditional expectation Rf = 1/E[M ].

Consider now an asset that has a dividend growth given by dt+1 = λd(zt+1)dt. The price of

this asset satisfies

pdt = Et
[
Mt,t+1(pdt+1 + dt+1)

]
.

The price/dividend ratio therefore satisfies

pdt
dt

= Et

[
Mt,t+1

(
pdt+1

dt+1

dt+1

dt
+
dt+1

dt

)]
.

Since the state is i.i.d. across time and the equilibrium pricing kernel is given by Mt,t+1 =

M(zt+1) at every period t, there is a constant price/dividend ratio p that solves this equation:

p = E
[
Mλd(p+ 1)

]
=⇒ p

p+ 1
= E

[
Mλd

]
.
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The return on this asset is given by

Rt+1 =
pdt+1 + dt+1

pdt
=

pdt+1

dt+1

dt+1

dt
+ dt+1

dt

pdt
dt

.

The return is therefore time invariant and satisfies

R(z) = λd(z)

(
p+ 1

p

)
=

λd(z)

E
[
Mλd

] .
B Proof of Proposition 2

Note that for any function f : RZ+ → R and any α ∈ R, the risk-adjustment operator in

Equation (3) satisfies R(f + α) = R(f) + α. Therefore, the value function operator defined by

the right side of Equation (2) satisfies the conditions of the theorem of Blackwell (1965), which

ensures the existence and uniqueness of the value function V(wt;M) for any M : Z → R++.

We will verify that the functional form V(wt;M) = Λ(M) + log(wt) satisfies the recursion

in Equation (2). Assuming this form of the value function and substituting into Equation (7)

gives

Vθ(wt) = max
ct∈R+

wt+1∈RZ+

{
(1− β) log(ct) + β log

(
E
[
w−θt+1

]− 1
θ

)
− βτ(θ) + βΛ(M)

}
, (14)

where the maximization is subject to Equation (1). Applying standard Lagrangian optimization

techniques to this problem gives the following maximizers:

cθ,t = (1− β)wt,

wθ,t+1(z) = βwt E
[
M

θ
θ+1

]−1
M(z)−

1
θ+1 .

Note that these solutions imply

E
[
w−θθ,t+1

]− 1
θ = βwt E

[
M

θ
θ+1

]−1
E
[
M

θ
θ+1

]− 1
θ

= βwt E
[
M

θ
θ+1

]− θ+1
θ
.

Substituting these solutions into Equation (14) therefore yields

Vθ(wt;M) = (1− β) log((1− β)wt) + β log(βwt)

+ β log

(
E
[
M

θ
θ+1

]− θ+1
θ

)
− βτ(θ) + βΛ(M)

= βΛ(M) + (1− β) log(1− β) + β log(β)

+ β log

(
E
[
M

θ
θ+1

]− θ+1
θ

)
− βτ(θ) + log(wt).
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This will establish that Vθ has the form claimed in the statement of the proposition, once it is

verified that V takes the form assumed above. To see that the latter is true, note that

V(wt;M) = max
θ∈Θ
Vθ(wt;M)

= βΛ(M) + (1− β) log(1− β) + β log(β)

+ βmax
θ∈Θ

{
log

(
E
[
M

θ
θ+1

]− θ+1
θ

)
− τ(θ)

}
+ log(wt).

Therefore, the assumed form V(wt;M) = Λ(M)+ log(wt) satisfies the recursion in Equation (2)

if

Λ(M) = log(1− β) +
β

1− β
log(β) +

β

1− β
max
θ∈Θ

{
log

(
E
[
M

θ
θ+1

]− θ+1
θ

)
− τ(θ)

}
.

We have thus established all of the claims in the statement of the proposition.
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