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To study intertemporal decisions under risk, we develop a new recursive model of
non-expected-utility preferences. The main axiom of our analysis is called mixture aver-
sion, as it captures a dislike of probabilistic mixtures of lotteries. Our representation
for mixture-averse preferences can be interpreted as if an individual optimally selects
her risk attitude from some feasible set. We describe some useful parametric exam-
ples of our representation and provide comparative statics that tightly link decreases in
risk aversion to larger sets of feasible risk attitudes. We then present several applica-
tions of the model. In an insurance problem, mixture-averse preferences can produce a
marginal willingness to pay for insurance coverage that increases in the level of existing
coverage. In investment decisions, our model can generate endogenous heterogeneity
in equilibrium stock market participation, even when consumers have identical prefer-
ences. Finally, we demonstrate that our model can address the Rabin paradox even in
the presence of reasonable levels of background risk.

KEYWORDS: Mixture aversion, optimal risk attitude, insurance deductible, stock
market participation, Rabin paradox.

1. INTRODUCTION

INTERTEMPORAL PREFERENCES OF INDIVIDUALS ARE of central importance in many eco-
nomic interactions. They play a key role in the determination of aggregate macroeco-
nomic variables and prices in financial markets. The explanatory power of models of dy-
namic choice has been significantly improved in recent years by relaxing the assumption
of separability of preferences across states and time, as in Kreps and Porteus (1978), and
by incorporating various non-expected-utility preferences, as suggested by Epstein and
Zin (1989, 1990) and further pursued in the literature that followed.

The present paper contributes to this literature by using the general recursive frame-
work developed by Epstein and Zin (1989) to study a new class of dynamic risk prefer-
ences. The central axiom of our analysis is called mixture aversion, as it implies a dislike of
probabilistic mixtures of lotteries. Couched in the dynamic structure of our domain, this
axiom imposes restrictions on an individual’s willingness to trade current consumption
for uncertain improvements in future outcomes: Suppose an individual can give up some
consumption now in order to increase the probability of a better outcome tomorrow. Our
axiom requires that when the initial probability of the better future outcome is higher, this
trade becomes more attractive to the individual. In other words, increasing the probability
of a good outcome makes additional increases even more desirable.1

Todd Sarver: todd.sarver@duke.edu
I am grateful to David Ahn, Philipp Sadowski, the editor, and four anonymous referees for detailed feed-

back that led to significant improvements in this paper. I also thank Simone Cerreia-Vioglio, Chris Cham-
bers, Eddie Dekel, David Dillenberger, Jiayun Dong, Larry Epstein, Drew Fudenberg, Faruk Gul, Cosmin
Ilut, R. Vijay Krishna, Bart Lipman, Mark Machina, Pietro Ortoleva, Jonathan Parker, Wolfgang Pesendorfer,
Chris Shannon, Marciano Siniscalchi, Costis Skiadas, Mengke Wang, and numerous seminar participants for
helpful comments and discussions. This paper was previously circulated under the titles “Optimal Reference
Points and Anticipation” and “Mixture-Averse Preferences and Heterogeneous Stock Market Participation.”

1In the context of static risk preferences, mixture aversion is sometimes used to refer to quasiconvexity of
preferences in probabilities. As we discuss in Section 3.1, our axiom implies this condition and hence it can be
thought of as a stronger form of mixture aversion.

© 2018 The Econometric Society https://doi.org/10.3982/ECTA12687

http://www.econometricsociety.org/
mailto:todd.sarver@duke.edu
http://www.econometricsociety.org/
https://doi.org/10.3982/ECTA12687


1348 TODD SARVER

To illustrate, imagine an individual can exert additional (costly) effort in the current
period that will increase the probability of a future promotion. Would this individual be
more willing to put forth effort if the initial chances of the promotion are low and could
be increased slightly, or when the initial probability is already high and could be made
certain? Assuming the marginal impact of current effort on the probability of promotion
is the same in each case, mixture aversion implies that the individual would exert greater
effort in the latter scenario.

As this example demonstrates, our mixture aversion axiom has a connection to the cer-
tainty effect documented by Allais (1953), Kahneman and Tversky (1979), and others—
individuals typically assign a premium to increases in probability that lead to certainty.
However, our axiom is not simply a manifestation of the certainty effect, as it applies
more broadly to mixtures of any lotteries, not just at or near certainty. For example, an
individual up for promotion may be uncertain of the exact job characteristics of the new
position. In this case, even if the promotion is received for certain, the individual faces a
lottery over different payoff-relevant outcomes; additional uncertainty about whether or
not the promotion will be received can then be formalized as a mixture of lotteries. Mix-
ture aversion implies that the individual places a premium on securing the promotion with
certainty even when residual risk remains (the outcome conditional on being promoted
or not).

The notion that individuals dislike mixtures of lotteries is not without precedent. As an
illustration, consider the well-documented case of probabilistic insurance. As observed
by Kahneman and Tversky (1979) and Wakker, Thaler, and Tversky (1997), an individ-
ual’s willingness to pay for insurance coverage that pays with only half probability in the
event of a loss is typically much less than half of the amount that she would be willing
to pay for complete (certain) coverage.2 While intuitive, this dislike of probabilistic insur-
ance is difficult to reconcile with expected-utility theory and many available non-expected-
utility theories.3 Mixture-averse preferences, in contrast, are consistent with such behav-
ior: Since risk of insurance nonpayment can be formalized as a mixture of the degenerate
lottery representing certain coverage with the (nontrivial) lottery representing risk of loss
without insurance, aversion to probabilistic insurance is almost directly implied by our
axiom.

Our main result establishes that mixture-averse preferences can be represented using
an extension of dynamic expected utility in which the individual can optimally select her
risk attitude subject to a constraint or cost. After exploring several examples and develop-
ing comparative statics for the representation, we show that our model can generate re-
alistic and qualitatively novel predictions in a number of applications, including demand
for insurance and participation in equity markets. In the remainder of the Introduction,
we provide an overview of the model, our applications, and the related literature.

2There are several different formulations of the probabilistic insurance problem. Kahneman and Tversky
(1979) formulated the problem in a way that makes it incompatible with expected utility. Our description of
probabilistic insurance comes from Wakker, Thaler, and Tversky (1997), which connects more directly with
many real-world instances of risk of nonpayment from an insurance policy.

3For example, in one version of the probabilistic insurance problem, Kahneman and Tversky (1979) showed
that the preferences of the majority of subjects were inconsistent with expected-utility theory. Their argument
can easily be extended to show that their experimental results are not compatible with any preference that is
quasiconcave in probabilities and risk averse. Interestingly, the only prominent non-expected-utility model that
has been shown to be consistent with aversion to probabilistic insurance is risk-averse rank-dependent utility
(see Segal (1988)), which turns out to be a special case of mixture-averse preferences (see Section S.2 of the
Supplemental Material (Sarver (2018))).
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1.1. Preview of Results

Epstein and Zin (1989) provided a general recursive formula that can be used to em-
bed any risk preference developed in a static context into an infinite-horizon dynamic
environment. They proved that a value function for this recursive representation exists
whenever risk preferences satisfy suitable continuity properties. In Section 2, we begin by
introducing our framework and defining the Epstein–Zin representation formally.

Starting from the general Epstein–Zin formula, our analysis in Section 3.1 studies the
additional implications of the mixture aversion axiom.4 To illustrate, consider a simple
consumption-savings problem with a gross return Rt that is i.i.d. across time.5 The repre-
sentation for mixture-averse preferences has a value function of the form

V(wt)= max
ct �wt+1

{
u(ct)+β sup

φ∈�
Et

[
φ

(
V(wt+1)

)]}
� (1)

In this recursion, the random variables ct for current consumption and wt+1 for future
wealth evolve according to the constraint wt+1 = (wt − ct)Rt+1. The elements of the repre-
sentation are a utility function u, a discount factor β, and a set of nondecreasing functions
� that satisfies

sup
φ∈�

φ(x)= x (2)

for every real number x in the domain. Equation (2) implies that this representation re-
duces to time-separable utility for deterministic problems; hence the model is completely
standard absent risk. However, when faced with uncertainty, the individual in our model
is able to alter her risk attitude through her selection of a transformation φ. Since the
transformation is chosen to maximize utility, we refer to Equations (1) and (2) as the
optimal risk attitude (ORA) representation. In Section 3.2, we describe some parametric
special cases of the ORA representation that will be later used in our applications.

While the optimization over risk attitudes in our representation might suggest that the
individual is risk loving (or in some sense less risk averse), in fact the opposite is true. It
follows as a corollary of our comparative statics result in Section 3.3 that any ORA rep-
resentation is more risk averse than time-separable expected utility with the same u and
β. Using the simple consumption-savings problem described above to illustrate, Equa-
tion (2) implies that for any random wealth wt+1,

sup
φ∈�

Et

[
φ

(
V(wt+1)

)] ≤ Et

[
sup
φ∈�

φ
(
V(wt+1)

)] = Et

[
V(wt+1)

]
�

In fact, one significant new feature of the ORA representation is its ability to gener-
ate high levels of risk aversion for small gambles yet more moderate attitudes toward
increases in risk when exposure is already large. For example, when current risk exposure
is small, the individual may be able to choose a transformation φ that gives high utility
near the (almost) certain outcome, but is extremely sensitive to gains and losses, and she

4The assumption that preferences have the recursive structure described in Epstein and Zin (1989) can be
broken down into more fundamental assumptions: Chew and Epstein (1991) provided axiomatic foundations
for a version of the Epstein–Zin representation. Appendix A.1 contains an axiomatic characterization of the
exact form of the Epstein–Zin representation used in this paper.

5The assumption of i.i.d. returns is made simply for expositional convenience in the Introduction. No such
independence assumptions are imposed in our general framework or main results.
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may therefore be very reluctant to take on any additional risk on the margin. Alterna-
tively, when current risk exposure is already large, the individual may be able to choose
a different transformation that provides lower utility for low-risk allocations, but is also
less sensitive to gains and losses, and she may therefore be more willing to accept ad-
ditional risk on the margin. For instance, some of the examples explored in Section 3.2
can be interpreted as if the individual can decrease her level of risk aversion by incurring
some fixed mental cost (i.e., choose a transformation that is less concave but also shifted
downward). In this way, aversion to marginal increases in risk could actually decrease with
exposure. This simple feature, which plays a central role in our applications, is surprisingly
difficult to generate with existing models, as we discuss in more detail in the next section.

Section 4 contains several applications of our model. In Section 4.1, we apply the ORA
representation to a simple insurance problem. We show that an individual may be willing
to pay more for her last dollar of coverage than her first, which can yield a high willingness
to pay for reduced insurance deductibles. In Section 4.2, we apply our model to financial
markets and show that it can generate endogenous heterogeneity in risk exposure, with
one segment of an ex ante identical population holding significantly greater risk in equi-
librium. In the companion paper Sarver (2017), we expanded our analysis and built on
this feature of the model to help provide a rationale for low levels of stock market partic-
ipation and for investment by some participating households only in low-risk (e.g., bond)
portfolios, both of which are puzzling from the perspective of most existing models. Sec-
tion 4.3 illustrates how the ORA representation can provide an explanation for the Rabin
paradox that does not rely on first-order risk aversion and that is robust to moderate lev-
els of background risk. Finally, Section 4.4 relates the model to the experimental evidence
that most violations of expected-utility theory occur near the boundary of the probability
simplex.

Proofs and additional results are contained in the Appendix, and some discussions and
supporting results are further relegated to the Supplemental Material (Sarver (2018)).

1.2. Related Recursive Models

Given the generality of the recursive formula developed by Epstein and Zin (1989),
it has limited empirical content absent additional restrictions on the permissible class of
risk preferences. Thus the benefit of their general representation is not that it provides
a specific functional form for use in applications, but rather that it provides a framework
for easily incorporating any model developed in the world of static risk into dynamic
environments.

The most widely used special case of the Epstein–Zin representation is the infinite-
horizon formulation of Kreps and Porteus (1978) expected utility, which we will refer to
as Epstein–Zin–Kreps–Porteus (EZKP) utility. In the context of the simple consumption-
savings problem described above, the value function for EZKP utility takes the form

V(wt)= max
ct �wt+1

{
u(ct)+βh−1

(
Et

[
h
(
V(wt+1)

)])}
�

for some strictly increasing function h. As emphasized by Epstein and Zin (1989) and Weil
(1989, 1990), this model permits a separation between risk aversion and the elasticity of
intertemporal substitution that is not possible for standard time-separable expected util-
ity.6 Despite its usefulness, EZKP utility is still unable to resolve a number of anomalies

6Time-separable expected utility refers to the standard model that is separable with respect to both states
and time, that is, the special case of EZKP utility where h is the identity function.
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FIGURE 1.—Relationship between mixture-averse (MA) preferences (ORA representation) and other re-
cursive risk preferences: risk-averse Epstein–Zin–Kreps–Porteus expected utility (RA-EZKP), risk-averse
rank-dependent utility (RA-RDU), betweenness (Bet), disappointment aversion (DA), cautious expected util-
ity (CEU).

associated with expected utility, such as the Allais and Rabin paradoxes. In order to over-
come these limitations and to help address the equity premium puzzle and other related
puzzles in finance, a large literature has developed that studies various non-expected-
utility theories within the recursive framework of Epstein and Zin (1989).

Figure 1 illustrates the relationship between the ORA representation and the recursive
formulation of several of these prominent non-expected-utility theories: rank-dependent
utility (Quiggin (1982), Yaari (1987), Segal (1989)), betweenness (Chew (1983), Dekel
(1986)), disappointment aversion (Gul (1991)), and cautious expected utility (Cerreia-
Vioglio, Dillenberger, and Ortoleva (2015)).7 The relationship between these preferences
and mixture-averse preferences can be established using results for their static counter-
parts from Wakker (1994) and Grant, Kajii, and Polak (2000), which we review in more de-
tail in Section S.2 of the Supplemental Material (Sarver (2018)). The connection between
mixture-averse preferences and EZKP preferences is established in Section 3.2, where
we show that risk-averse EZKP utility (concave h) can be mapped into a special case
of the ORA representation; in addition, we provide an axiomatic analysis of the EZKP
representation and characterize the overlap with mixture aversion in Appendix A.2.

To highlight some of the significant new features of our model, Figure 1 also illustrates
two properties of risk preferences that will be especially relevant for our applications.
The first is risk aversion, meaning monotonicity with respect to second-order stochas-
tic dominance. The second is preference for diversification. When risk is modeled using
consumption-valued random variables rather than lotteries, preference for diversification
(or preference for hedging) refers to quasiconcavity of preferences with respect to state-
wise convex combinations of these random variables.8 Preference for diversification is

7Some notable applications of these recursive risk preferences to finance and macroeconomics include: a
parameterized special case of rank-dependent utility by Epstein and Zin (1990); the disappointment aversion
model by Bekaert, Hodrick, and Marshall (1997) and Ang, Bekaert, and Liu (2005); other special cases of
betweenness preferences by Epstein and Zin (2001) and Routledge and Zin (2010).

8We should be careful to distinguish two related but distinct concepts. Quasiconcavity of preferences in
random variables is not directly tied to quasiconcavity of preferences in probabilities. Mixture aversion implies
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often considered a desirable property since it enhances analytic tractability, and it is ar-
guably a plausible descriptive property of preferences in some circumstances. However, it
turns out that several applications of our model, including deriving some intuitive prop-
erties of demand for insurance (Section 4.1) and obtaining endogenous heterogeneity in
asset market participation (Section 4.2), rely crucially on relaxing preference for diversifi-
cation. At the same time, it is often desirable (for both realism and technical simplicity) to
maintain risk aversion in such applications. Mixture-averse preferences are unique among
those depicted in Figure 1 in their ability to separate these two properties. As we explain
in greater detail in Section S.3 of the Supplemental Material (Sarver (2018)), results from
Dekel (1989) and Chew, Karni, and Safra (1987) imply that none of the other preferences
depicted in Figure 1 can relax preference for diversification without also violating risk
aversion.

2. PRELIMINARIES

2.1. Framework

For any topological space X , let �(X) denote the set of all (countably-additive) Borel
probability measures on X , endowed with the topology of weak convergence (or weak*
topology). This topology is metrizable ifX is a separable metrizable space. For any x ∈X ,
let δx denote the Dirac probability measure concentrated at x.

The setting for the axiomatic analysis is the space of infinite-horizon temporal lotteries.
This domain is rich enough to encode not only the atemporal distribution of consump-
tion streams but also how information about future consumption arrives through time.
For example, future wealth and hence future consumption may depend on the returns to
investments which are realized gradually over a sequence of interim periods. Formally,
let C be a compact and connected metrizable space, denoting the consumption space for
each period.9 A one-period consumption lottery is simply an element of �(C). The space
of two-period temporal lotteries is �(C × �(C)), the space of three-period temporal lot-
teries is �(C × �(C × �(C))), and so on.

Extending this idea to the infinite horizon, the domain in this paper is a compact and
connected metrizable space D that can be identified (via a homeomorphism) with C ×
�(D). Epstein and Zin (1989) showed that such a space is well-defined.10 Intuitively, a
lottery overD returns consumption today together with another infinite-horizon temporal
lottery beginning tomorrow. Therefore, elements ofD will typically be denoted by (c�m),
where c ∈ C and m ∈ �(D). The primitive of the axiomatic model is a binary relation �
on the space D.

quasiconvexity of preferences in probabilities (see Section 3.1) and is compatible with (but does not require)
quasiconcavity of preferences in random variables. In this paper, we follow the convention of referring to the
latter property as “preference for diversification.” It is worth noting that this terminology is slightly misleading,
as it suggests that an investor whose preferences violate this property would not choose to diversify her port-
folio in order to reduce risk exposure. In many cases, risk aversion alone is sufficient to ensure the optimality
of fully diversified portfolios (e.g., if asset returns are i.i.d.).

9While the axiomatic analysis will be restricted to compact spaces, the applications in Sections 4 will permit
the unbounded consumption space R+. It is possible to generalize the axiomatic analysis to infinite-horizon
temporal lotteries that use a non-compact consumption space by imposing bounded consumption growth rates;
see Epstein and Zin (1989) for a formal description of such a framework. However, this extension would result
in additional technical complications and add little to the behavioral insights of the current analysis.

10See also Theorem 2.1 in Chew and Epstein (1991). Similar constructions were employed by Mertens and
Zamir (1985) and Brandenburger and Dekel (1993) in the context of hierarchies of beliefs, and by Gul and
Pesendorfer (2004) to develop a space of infinite-horizon decision problems.
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2.2. Epstein–Zin Preferences

In this section, we formally define the Epstein–Zin representation. Their model will
serve as the starting point for the analysis of mixture-averse preferences and the optimal
risk attitude representation in Section 3.1.

DEFINITION 1: A certainty equivalent is a continuous function W : �([a�b])→ R that
satisfiesW (δx)= x for all x ∈ [a�b] and is monotone with respect to first-order stochastic
dominance.

In a static setting involving monetary gambles, the certainty equivalent is a familiar ob-
ject: It gives the sure amount of money that the individual likes the same as a given lottery.
In our recursive setting, the idea is the same but the certainty equivalent is instead applied
to distributions over continuation values, yielding a risk-adjusted continuation value—the
deterministic continuation value that the individual likes equally well. For any measur-
able value function V :D→ [a�b] and any probability m ∈ �(D), let m ◦ V −1 denote the
distribution (on [a�b]) of continuation values induced by m.11

DEFINITION 2: An Epstein–Zin (EZ) representation is a tuple (V �u�W �β) consisting
of a continuous function V : D → R that represents �, a continuous and nonconstant
function u : C → R, a certainty equivalent W : �([a�b])→ R (where a= minV and b=
maxV ), and a scalar β ∈ (0�1) such that, for all (c�m) ∈D,

V (c�m)= u(c)+βW (
m ◦ V −1

)
�

In Appendix A.1, we provide a complete axiomatic characterization of the EZ repre-
sentation in Definition 2. Chew and Epstein (1991) provided a related characterization of
a representation that is not necessarily separable with respect to c and m.12 Our axioms
parallel their treatment, but strengthen their separability assumption by applying condi-
tions from Debreu (1960) in an intertemporal context. To focus on the most novel aspects
of our model of mixture-averse preferences, the starting point of the theorems in the main
text will be a preference � with an EZ representation.

3. DYNAMIC MIXTURE-AVERSE PREFERENCES

3.1. Main Axiom and Representation Result

Our main axiom imposes a type of aversion to mixtures of lotteries.

AXIOM 1—Mixture Aversion: For any c� c′ ∈ C and m�m′ ∈ �(D),(
c�

1
2
m+ 1

2
m′

)
�

(
c′�m

) =⇒ (
c�m′) �

(
c′�

1
2
m+ 1

2
m′

)
�

11This is standard notation for the distribution of a random variable. Intuitively, the probability thatm yields
a continuation value in a set E ⊂ [a�b] is the probability that V (ĉ� m̂) ∈E, which is m ◦ V −1(E).

12They considered a nonlinear aggregator of current consumption and the continuation value: V (c�m) =
ψ(c�W (m ◦ V −1)).



1354 TODD SARVER

Axiom 1 puts structure on an individual’s willingness to trade current consumption for
changes in the probability of future outcomes. Using current consumption to measure
the value of changes to the weight assigned to the lotteries m and m′, this axiom implies
that the benefit of increasing the weight of m′ in the mixture from zero to one-half is
(weakly) less than the benefit of increasing the weight from one-half to one. For example,
increasing the probability of a future promotion from 0% to 50% may be less valuable
(measured in terms of current effort) than increasing the probability from 50% to 100%.13

One interpretation of this pattern in choice is that an individual may take steps to men-
tally prepare herself for the uncertainty that she faces. Her planning is the simplest when
the future is known (the lottery over future outcomes is degenerate), whereas greater un-
certainty about the future makes planning more difficult. In particular, taking the mixture
between two lotteries m and m′ complicates her planning process. Therefore, it is intu-
itive that her value for increasing the weighting of m′ from zero to one-half is less than
half of her value for increasing it from zero to one. In contrast, an individual whose pref-
erences respect the axioms of standard time-separable expected utility would assign the
same value to an increase in the probability of m′ regardless of its current weighting, and
thus would satisfy Axiom 1 as well as its converse.

Our utility representation is defined as follows.

DEFINITION 3: An optimal risk attitude (ORA) representation is a tuple (V �u���β)
consisting of a continuous function V :D→ R that represents �, a continuous and non-
constant function u : C → R, a collection � of continuous and nondecreasing functions
φ : [a�b] → R (where a= minV and b= maxV ), and a scalar β ∈ (0�1) such that

V (c�m)= u(c)+β sup
φ∈�

∫
D

φ
(
V (ĉ� m̂)

)
dm(ĉ� m̂)� (3)

for all (c�m) ∈D, and

sup
φ∈�

φ(x)= x� ∀x ∈ [a�b]� (4)

We will sometimes write Equation (3) more compactly by treating V as a random vari-
able defined on the space D and using the expectation operator:

V (c�m)= u(c)+β sup
φ∈�

Em

[
φ(V )

]
�

Note that the value function V is included explicitly in the definition of the ORA repre-
sentation. Using similar techniques to Epstein and Zin (1989), we show in Section S.4 of
the Supplemental Material (Sarver (2018)) that a value function exists for any (u���β)
as in Definition 3.

The interpretation of Axiom 1 in terms of mental preparation also extends to the ORA
representation. An individual may mentally prepare herself for different future outcomes

13Axiom 1 also relates to concepts from traditional demand theory: Consider a consumer maximization
problem with a hypothetical budget constraint over current consumption and the probabilities of future out-
comes. Then mixture aversion implies that current consumption is an inferior good. Formally, Axiom 1 is
equivalent to the definition of (�λ

i ��λ
i )-quasisubmodularity that Quah (2007) used to characterize inferior

goods, taking λ = 1/2 and i equal to the consumption dimension of C × �(D). Note that this property is
stronger than the traditional definition of quasisubmodularity studied by Milgrom and Shannon (1994), which
holds trivially for any function that is additively separable in c and m.
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or different levels of risk, which corresponds to a choice of φ in this representation.14

A larger set of transformations � implies greater flexibility in this planning and hence
greater ability to tailor her risk attitude to the uncertainty that she faces (cf. our com-
parative risk aversion result in Section 3.3). Several parametric examples of the ORA
representation are explored in Section 3.2.

We now state our main representation result.

THEOREM 1: Suppose � has an Epstein–Zin representation (V �u�W �β).15 The following
are equivalent:

1. The relation � satisfies Axiom 1.
2. The certainty equivalent W in the EZ representation of � is convex in probabilities.16

3. The relation � has an optimal risk attitude representation (V �u���β).

To avoid any confusion about terminology, we should note that the term mixture aver-
sion has also been used to refer to the related property of quasiconvexity in probabilities.
As is evident from the preceding theorem, Axiom 1 (together with the other axioms of the
Epstein–Zin representation) implies quasiconvexity in probabilities.17 Our axiom imposes
additional structure beyond quasiconvexity that delivers the interpretable and parsimo-
nious representation in Theorem 1, while still maintaining sufficient generality to permit
the behavior in applications that we set out to explain.

We conclude this section with a sketch of the proof of Theorem 1. The intuition for why
mixture aversion implies convexity of the certainty equivalent in probabilities should be
clear from our discussion of the axiom. The basic intuition for why condition 2 implies
condition 3 comes from standard duality results. Since W is convex, it can be expressed
as the supremum of some collection of affine functions (Aliprantis and Border (2006,
Theorem 7.6)). Since any affine function on �([a�b]) can be given an expected-utility
representation, this implies there exists a collection� of continuous functionsφ : [a�b] →
R such that, for any μ ∈ �([a�b]),

W (μ)= sup
φ∈�

∫ b

a

φ(x)dμ(x)� (5)

14The selection of a risk attitude in our representation is similar in spirit to models of consumption commit-
ments and adjustment costs. For example, the choice of physical commitments, such as mortgage agreements
or purchases of durable consumption goods, impacts risk preferences for future wealth (see Grossman and
Laroque (1990), Gabaix and Laibson (2001), Chetty and Szeidl (2007, 2016)). Even more closely related, both
conceptually and technically, are Kreps and Porteus (1979), Machina (1984), and Ergin and Sarver (2015),
who studied the revealed-preference implications of commitments that are unobservable or psychological in
nature. Maccheroni (2002) developed a model of maxmin under risk that had a very different interpretation
but also relied on similar techniques.

15Equivalently, suppose � satisfies Axioms 2–7 in Appendix A.1.
16That is, W (αμ+ (1 − α)η)≤ αW (μ)+ (1 − α)W (η) for all μ�η ∈ �([a�b]) and α ∈ [0�1].
17Formally, risk preferences satisfy quasiconvexity if (c�m)� (c�m′) implies (c�m)� (c�αm+ (1 − α)m′).

While any utility representation that is convex in probabilities satisfies quasiconvexity, it is also well known that
the converse is not true: There are many preferences that are quasiconvex in probabilities that cannot be given
a convex utility representation (e.g., betweenness preferences other than those that satisfy independence), and
therefore such preferences will violate Axiom 1. See Cerreia-Vioglio (2009) for a representation result for the
class of all continuous and quasiconcave static risk preferences; a dual version of his representation could be
used to represent quasiconvex risk preferences.
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Moreover, since the certainty equivalent satisfiesW (δx)= x, we have supφ∈� φ(x)= x for
all x ∈ [a�b]. Using the change of variables formula, it follows that for every (c�m) ∈D,

V (c�m)= u(c)+βW (
m ◦ V −1

)
= u(c)+β sup

φ∈�

∫ b

a

φ(x)d
(
m ◦ V −1

)
(x)

= u(c)+β sup
φ∈�

∫
D

φ
(
V (ĉ� m̂)

)
dm(ĉ� m̂)�

The only missing step in this sketch is showing that the collection� contains only nonde-
creasing functions. Since a certainty equivalent W is by definition monotone with respect
to FOSD, the following proposition establishes this property. In addition, the second part
of the proposition characterizes the relationship between the set of transformations and
SOSD monotonicity of the certainty equivalent, which provides a simple set of sufficient
conditions for risk aversion of an ORA representation.18

PROPOSITION 1: Suppose W : �([a�b])→ R is lower semicontinuous in the topology of
weak convergence and convex. Then:

1. W is monotone with respect to FOSD if and only if it satisfies Equation (5) for some
collection � of nondecreasing continuous functions φ : [a�b] → R.

2. W is monotone with respect to SOSD if and only if it satisfies Equation (5) for some
collection � of nondecreasing and concave continuous functions φ : [a�b] → R.

Proposition 1 is a special case of a more general local expected-utility result for any
stochastic order that we present in Section S.1 of the Supplemental Material (Sarver
(2018)). In that section, we also discuss how our results complement existing local
expected-utility results from Machina (1982) and the literature that followed (see Cerreia-
Vioglio, Maccheroni, and Marinacci (2017) for a recent generalization). In short, this
literature requires (Fréchet or Gateaux) differentiability of the function W . Since our
representation is in general not differentiable, our results are instead based on convexity.

3.2. Parametric Examples

In this section, we describe several special cases of the optimal risk attitude certainty
equivalent. These parametric examples will be useful for illustrating the connections and
departure points from previous models, and they will be used in the comparative statics
and applications sections.

Suppose the collection � consists of transformations φ(x|γ�θ) that are indexed by a
pair of parameters γ ∈ � and θ ∈Θ. The first parameter could be interpreted as a target
or anticipated utility level, and the second parameter will determine sensitivity to risk.
Formally, we assume that � is an interval of real numbers that contains the range of V ,
and we impose the following restrictions on the parameterized transformation function:

φ(x|γ�θ)≤ x� with equality if x= γ�
φ

(
x|γ�θ′) ≤φ(x|γ�θ)� if θ′ > θ�

(6)

18For example, if the function u in the ORA representation is also concave, then concavity of the set of
transformations � implies risk aversion with respect to consumption.
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The following examples satisfy these conditions.

EXAMPLE 1—Smooth Transformation: For γ ∈ R and θ > 0, consider the parameter-
ized function

φ(x|γ�θ)= γ+ 1
θ

− 1
θ

exp
(−θ(x− γ))� (7)

EXAMPLE 2—Kinked Transformation: For γ ∈ R and θ ∈ [0�1], consider the parame-
terized function

φ(x|γ�θ)=
{
γ+ (1 + θ)(x− γ) if x≤ γ�
γ+ (1 − θ)(x− γ) if x > γ�

(8)

In the simplest class of examples, θ is a fixed parameter and the individual optimizes
only over γ. The set of transformations is therefore �= {φ(·|γ�θ) : γ ∈ �}, which implies
the certainty equivalent can be written as

W (μ)= sup
γ∈�

∫
φ(x|γ�θ)dμ(x)� (9)

Note that this collection � satisfies Equation (4) in the definition of the ORA represen-
tation by the first restriction in Equation (6). Moreover, as we will establish formally in
Section 3.3, the second condition in Equation (6) implies that increasing θ leads to an
increase in risk aversion. Figure 2 illustrates the transformation functions in Examples 1
and 2 for fixed θ.

Before proceeding to the more general parametric form of the certainty equivalent
that will be used in our applications, we discuss some connections to related models. The
examples described above are special cases of what Ben-Tal and Teboulle (1986, 2007)
referred to as the optimized certainty equivalent, which is the special case of Equation (9)
where

W (μ)= sup
γ∈R

{
γ+

∫
ϕ(x− γ)dμ(x)

}

FIGURE 2.—Special cases of the parametric certainty equivalent in Equation (9).
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for some increasing and concave function ϕ that satisfies ϕ(0)= 0 and ϕ(x)≤ x.19
 Ben-Tal

and Teboulle (2007, Examples 2.1 and 2.3) also observed several useful properties of the
preceding examples that will be related to our analysis. They showed that the certainty
equivalent defined by Equations (7) and (9) turns out to be the certainty equivalent of
an exponential expected-utility function. We demonstrate later in this section that this
connection is one particular instance of a more general relationship between recursive
expected utility and the ORA representation. Ben-Tal and Teboulle (2007) also showed
that for any probability distribution μ, taking γ = median(μ) maximizes Equation (9)
when φ(x|γ�θ) takes the form in Equation (8).20

Some of the most novel implications of our model arise from examples that extend be-
yond the form given in Equation (9). In that specification, the value of θ is fixed; however,
θ itself may be a choice variable in the formula for the certainty equivalent. For exam-
ple, an individual may be able to reduce her sensitivity to risk (cf. Corollary 2), but at
some psychological cost. Formally, let Θ be any subset of real numbers, let τ :Θ→ R be
a “cost” function that satisfies infθ∈Θ τ(θ)= 0, and define a collection of transformations
by

�= {
φ(·|γ�θ)− τ(θ) : γ ∈ ��θ ∈Θ}

� (10)

The resulting certainty equivalent can be written as

W (μ)= sup
θ∈Θ

sup
γ∈�

{∫
φ(x|γ�θ)dμ(x)− τ(θ)

}
� (11)

The applications explored in Section 4 involve ORA representations with certainty
equivalents taking the form in Equation (11). This class of examples permits the novel
feature of the model discussed in the Introduction: Aversion to marginal increases in risk
may decrease with exposure. One particular special case of interest will be a simple ex-
tension of Epstein–Zin–Kreps–Porteus (EZKP) expected utility where local risk aversion,
parameterized by θ, is tailored to the specific risk being faced. The following proposition
shows how EZKP utility, as well as this extension, can be expressed as a special case of the
ORA representation, provided the transformation h is concave (see also Appendix A.2
for an axiomatic analysis of EZKP utility).

PROPOSITION 2: Suppose h : [a�b] → R is differentiable,21 concave, and satisfies h′ > 0.
Then for any measurable function V :D→ [a�b] and m ∈ �(D),

h−1
(
Em

[
h(V )

]) = max
γ∈[a�b]

Em

[
φ(V |γ)]�

where φ(·|γ) is defined for x�γ ∈ [a�b] by

φ(x|γ)= γ+ h(x)− h(γ)
h′(γ)

�

19See also Gollier and Muermann (2010) for a related utility representation.
20Moreover, we show in Proposition S.1 of the Supplemental Material (Sarver (2018)) that the certainty

equivalent defined by Equations (8) and (9) is a special case of the dual model of Yaari (1987): W (μ) =∫
xd(g ◦ Fμ)(x) where Fμ is the cumulative distribution of the measure μ, and g(α) = (1 + θ)α for α ≤ 1/2

and g(α)= (1 − θ)α+ θ for α≥ 1/2.
21Differentiability is only assumed for expositional simplicity. If h is not differentiable at a point γ, then

h′(γ) in Proposition 2 can be replaced by any scalar α in the superdifferential of h at γ, that is, any α greater
than the right derivative of h and less than the left derivative.
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Applying this formula to the special case of exponential functions hθ(x)= −exp(−θx),
the following corollary demonstrates the mapping between ORA utility and generalized
EZKP utility with optimization over θ.22

COROLLARY 1: For γ ∈ R and θ ∈ Θ ⊂ R++, define φ(x|γ�θ) as in Equation (7), and
suppose τ :Θ→ R satisfies infθ∈Θ τ(θ)= 0. Then, any ORA representation (V �u���β) with
� defined as in Equation (10) can be equivalently expressed as

V (c�m)= u(c)+β sup
θ∈Θ

{
−1
θ

log
(
Em

[
exp(−θV )]) − τ(θ)

}
� (12)

The connection formalized in Corollary 1 makes it easy to compare our model to the
benchmark of EZKP utility (the case where Θ= {θ}), which will be particularly useful in
some of the applications in Section 4.

3.3. Uniqueness and Comparative Risk Aversion

In this section, we describe the uniqueness properties of the ORA representation and
provide a comparative measure of risk aversion.

Most of the elements of the representation will be identified either uniquely or up to
an affine transformation. However, there is one technical issue associated with identi-
fying the set of risk attitudes � in the representation. Since this set is subjective (i.e.,
unobserved), it is possible that there are some extremely pessimistic or risk-averse trans-
formations that are feasible for the individual but that she would never find optimal for
any lottery. For example, if φ ≤ φ̂ (pointwise) for some φ̂ ∈ �, then it can never be de-
termined from the individual’s preferences whether or not φ is in fact feasible for the
individual; since this transformation is dominated, her choices can be rationalized both
by including φ in � and excluding it.

Due to the impossibility of identifying the exact set of feasible risk attitude transforma-
tions, it is natural to focus on one of two canonical sets of transformations: a minimal set
in the sense that no transformations can be dropped from � without altering the implied
ranking of some pair of lotteries, or a maximal set in the sense that no transformations can
be added without altering the ranking of some pair of lotteries. The results in this section
are based on the second approach and identify and compare maximal sets of transforma-
tions. This will permit a simple and intuitive characterization of comparative risk aversion
whereby a less risk-averse individual has a larger set of feasible transformations.23

DEFINITION 4: Let (V �u���β) be an optimal risk attitude representation. The maxi-
mal extension of� is the set�∗ of all continuous and nondecreasing functionsφ : [a�b] →
R (where a= minV and b= maxV ) such that, for any m ∈ �(D),∫

D

φ
(
V (ĉ� m̂)

)
dm(ĉ� m̂)≤ sup

φ̂∈�

∫
D

φ̂
(
V (ĉ� m̂)

)
dm(ĉ� m̂)�

22This result can also be proved using the observations in Example 2.1 in Ben-Tal and Teboulle (2007).
23Another reason for focusing on maximal sets is that there are some technical issues involved in trying to

identify a minimal set of transformations, primarily due to the fact that the set of lotteries on an interval has an
empty interior within the space of all signed measures. However, in Section S.1 of the Supplemental Material
(Sarver (2018)), we apply a result from Cerreia-Vioglio, Maccheroni, and Marinacci (2017) to characterize a
set of transformations � that is minimal in the sense of admitting the smallest possible set of expected-utility
preferences.
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The ORA representation is maximal if �=�∗.24

The next result formalizes the uniqueness properties of the ORA representation.

THEOREM 2: Two ORA representations (V1�u1��1�β1) and (V2�u2��2�β2) represent the
same preference if and only if β1 = β2 and there exist scalars α> 0 and λ ∈R such that

1. u2 = αu1 + λ(1 −β1),
2. there exists a bijection f :�∗

1 →�∗
2 such that, for any φ1 ∈�∗

1 and φ2 = f (φ1),

φ2(αx+ λ)= αφ1(x)+ λ� ∀x ∈ V1(D)�

These conditions imply that V2 = αV1 + λ.

Theorem 2 shows that, modulo an affine transformation, two maximal ORA repre-
sentations of the same preference must be identical. A direct proof of this result is not
provided, since the theorem follows immediately by applying Theorem 3 below to two
representations of the same preference.

We now turn to the comparative measure of risk aversion. A more risk-averse individual
is intuitively more prone to reject a temporal lottery in favor of a deterministic consump-
tion stream, as the following definition from Chew and Epstein (1991) formalizes.25

DEFINITION 5: The relation �1 is more risk averse than �2 if, for any (c�m) ∈ D and
c = (c0� c1� c2� � � � ) ∈ CN,

(c�m)�1 c =⇒ (c�m)�2 c�

The following result specializes the characterization of comparative risk aversion from
Chew and Epstein (1991) for Epstein–Zin representations to the ORA representation.

THEOREM 3: Suppose the relations �1 and �2 have ORA representations (V1�u1��1�β1)
and (V2�u2��2�β2), respectively. Then �1 is more risk averse than �2 if and only if β1 = β2

and there exist scalars α> 0 and λ ∈ R such that
1. u2 = αu1 + λ(1 −β1),
2. there exists an injection f :�∗

1 →�∗
2 such that, for any φ1 ∈�∗

1 and φ2 = f (φ1),

φ2(αx+ λ)= αφ1(x)+ λ� ∀x ∈ V1(D)�

These conditions imply V2 ≥ αV1 + λ, with equality for deterministic consumption streams.

This result shows that, modulo an affine transformation, the maximal extension of the
set of transformations�∗

1 of a more risk-averse individual must be a subset of the set�∗
2 of

the less risk-averse individual. Intuitively, having more ways of tailoring one’s risk attitude
to the lottery being faced decreases risk aversion.

24An alternative definition of the maximal extension is also possible. It is a standard result that a set of linear
functions generating a convex function can be made maximal by taking its closed, convex, comprehensive hull
(i.e., the smallest superset that is closed, convex, and contains all pointwise dominated functions). For example,
see Theorem 3 in Machina (1984).

25It is immediate from the construction in Epstein and Zin (1989) that CN can be embedded as a subset
of D. Formally, for every (c0� c1� c2� � � � ) ∈ CN, there exists a sequence {mi}i∈N such that mi = δ(ci�mi+1). We
abuse notation slightly and denote (c0�m1) by (c0� c1� c2� � � � ).
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Theorem 3 makes it easy to compare many parametric special cases. For example, hold-
ing fixed u and β, if each feasible transformation in �1 is bounded above (pointwise) by
some transformation in �2, then the maximal extension of the first set is a subset of that
of the second, �∗

1 ⊂�∗
2. The following corollary lists the implications of this observation

for some of the examples considered in Section 3.2.

COROLLARY 2: Suppose the relations �1 and �2 have ORA representations (V1�u1��1�
β1) and (V2�u2��2�β2), respectively, and suppose that u1 = u2 and β1 = β2.

1. If �2 contains the identity function, φ(x) = x, then �1 is more risk averse than �2.
That is, any ORA representation is more risk averse than time-separable expected utility.26

2. Suppose as in the certainty equivalent in Equation (9) that �i = {φ(·|γ�θi) : γ ∈ �},
where φ(x|γ�θ) satisfies Equation (6). If θ1 ≥ θ2, then �1 is more risk averse than �2 (and
conversely provided �1 �=�2).

3. Suppose as in the certainty equivalent in Equation (11) that �i = {φ(·|γ�θ)− τi(θ) :
γ ∈ ��θ ∈Θ}, where φ(x|γ�θ) satisfies Equation (6) and infθ∈Θ τi(θ)= 0. If τ1(θ) ≥ τ2(θ)
for all θ ∈Θ, then �1 is more risk averse than �2.

4. APPLICATIONS AND EXPERIMENTAL EVIDENCE

This section contains several applications of our model and some discussion of links to
experimental evidence. Recall that one significant new feature of mixture-averse prefer-
ences is that they can allow aversion to marginal increases in risk to decrease with expo-
sure. Some of the implications of this feature of the model are explored in these appli-
cations. In Section 4.1, we show that mixture-averse preferences can permit the marginal
willingness to pay for additional insurance coverage to actually increase with the existing
level of coverage, which may help to explain the high prices some consumers pay to de-
crease their insurance deductibles. In Section 4.2, we show that our model can generate
endogenous heterogeneity in equilibrium stock market participation, with one segment
of the population holding significantly greater risk. In Section 4.3, we use mixture-averse
preferences to illustrate how the Rabin paradox can be resolved without relying on first-
order risk aversion, and we find that moderate levels of background risk can actually
improve the fit of the model. In Section 4.4, we show that our model provides a simple
explanation for the experimental evidence that most violations of expected-utility theory
occur near the boundary of the probability simplex.

4.1. Demand for Insurance

In this section, we consider how an individual’s marginal willingness to pay for addi-
tional insurance coverage changes with her existing level of coverage. When an insurance
policy covers a significant portion of any losses, the individual may have a high marginal
willingness to pay for additional coverage that would make the policy complete (or nearly
complete) and allow her to avoid loss altogether (see Sydnor (2010)). It is also conceiv-
able that her marginal willingness to pay for small increases in coverage is less at some
lower levels of coverage. Intuitively, an individual who is only mentally preparing herself
for a small loss has a strong incentive to pay to keep her loss small, whereas an individ-
ual who has already resigned herself to the possibility of a large loss might place lower
value on marginally reducing her exposure. The following stylized example shows how
such behavior is possible within our model.

26If �2 contains the identity function, then V2(c�m)= u2(c)+β2Em[V2].
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FIGURE 3.—Reservation price for insurance from Example 3.

EXAMPLE 3—Reservation Price for Insurance: Suppose the individual has wealth w
and faces a loss of amount L with probability π < 1/2. Suppose the individual evaluates
uncertain future wealth using the certainty equivalent defined by Equations (8) and (11)
for Θ = {θL�θH}, where 0 = θL < θH < 1 and 0 = τ(θH) < τ(θL).27 Let P(y) denote this
individual’s maximum willingness to pay (reservation price) for y ∈ [0�L] dollars of insur-
ance coverage paid in the event of a loss. Using array notation for the resulting lotteries
over future wealth, it is easy to show from the functional form in Equation (8) that

P(y)=W
(
w−L+ y π

w 1 −π
)

−W
(
w−L π
w 1 −π

)
= max

θ∈Θ

{
φ(w−πL+πy|w�θ)− τ(θ)} − max

θ∈Θ

{
φ(w−πL|w�θ)− τ(θ)}�

where the second equality follows because w is the median outcome of these lotteries and
hence γ =w is optimal as noted previously in Section 3.2. Figure 3 illustrates the function
P(y) in the case where the parameters are such that θL is optimal for y = 0, that is, when
θHπL≥ τ(θL).28

Example 3 is useful for illustrating both similarities and differences between the ORA
representation and existing models. Like many other preferences that satisfy first-order
risk aversion (see Segal and Spivak (1990)), an individual with the preferences described
in this example is willing to purchase full insurance coverage even at an actuarially unfair
rate.

27For ease of exposition, this example focuses on the certainty equivalent applied in a static decision prob-
lem. It could equivalently be formulated using risk about future wealth within a (dynamic) ORA representation
with u(c)= c.

28For ease of exposition, we have assumed that the only nonlinearity is the kink in the transformation
φ(x|γ�θ) at x = γ. The implication of this assumption is that marginal willingness to pay for insurance is
monotonically nondecreasing in the level of coverage. A more realistic example might impose strict concavity
of u(c) rather than the linearity implicitly assumed in this stylized example (cf. Section 4.3). The implication
would be that marginal willingness to pay for insurance is strictly decreasing in the level of coverage, except at
those levels at which the optimal θ is changing, where there will be a discrete increase in marginal willingness
to pay.
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However, this example also generates a marginal willingness to pay for insurance that
is increasing at some levels of coverage. While such behavior seems quite plausible, we
are not aware of any existing models that can induce this demand pattern without simul-
taneously violating risk aversion. As we show formally in Section S.3 of the Supplemental
Material (Sarver (2018)), marginal willingness to pay for additional insurance coverage
must be nonincreasing in the level of coverage for any risk preference that satisfies pref-
erence for diversification (quasiconcavity in random variables). Moreover, using results
from Dekel (1989) and Chew, Karni, and Safra (1987), we also discuss how most non-
expected-utility preferences used in the literature cannot relax preference for diversifi-
cation without also violating monotonicity with respect to second-order stochastic domi-
nance.29 Thus, for such preferences, risk aversion implies a decreasing marginal willing-
ness to pay for insurance coverage. It seems overly restrictive that these two properties
should be so tightly linked, especially in the context of insurance decisions where risk aver-
sion plays such a prominent role. In contrast, since all of the transformation functions in
Example 3 are concave, the preference respects second-order stochastic dominance (see
Proposition 1).

4.2. Heterogeneous Stock Market Participation

In a companion paper Sarver (2017), we used mixture-averse preferences to study asset
allocation decisions in the dynamic stochastic general equilibrium of a calibrated econ-
omy. We showed that the special case of the optimal risk attitude representation described
in Corollary 1 can be used to provide a partial resolution to the stock market participation
puzzle. This puzzle concerns the difficulty of explaining with standard models the non-
participation or limited participation in equity markets by many households, including a
nontrivial fraction of wealthy households.30 In this section, we provide a brief illustration
of how our model can partially address this puzzle by generating endogenous heterogene-
ity in equilibrium risk exposure, even when consumers have identical preferences. This
mechanism enables the model to produce large cross-sectional variation in equity hold-
ings without assuming large (or even any) cross-sectional variation in risk preferences.31

To illustrate as simply as possible how heterogeneity in risk exposure can arise endoge-
nously in our model, we will restrict attention to a static environment with consumption in
only a single period. However, we should emphasize that our illustration is representative
of risk preferences over uncertain future wealth in the recursive infinite-horizon model
used in Sarver (2017). Figure 4 illustrates the indifference curves of the risk preferences
from Corollary 1 (equivalently, Equations (7) and (11)) applied to random consumption
allocations c = (c(zl)� c(zh)) when there are two states, zl and zh, that occur with equal
probability. In this figure, there are two feasible values of the parameter θ, with θL < θH
and 0 = τ(θH) < τ(θL).

Assume there is a continuum of identical consumers in the economy, each endowed
with the allocation e. For preferences that are quasiconcave in random variables (i.e.,

29It should be noted that Dekel (1989, Proposition 1) constructed an example (outside the general classes
of preferences illustrated in Figure 1) that exhibits risk aversion but violates preferences for diversification.

30See, for example, Mankiw and Zeldes (1991), Haliassos and Bertaut (1995), and Heaton and Lucas (2000).
For recent surveys, see Campbell (2006) and Guiso and Sodini (2013).

31For a complete analysis, as well as an extensive discussion of alternative approaches to generating hetero-
geneous stock market participation that have been explored in the literature, the reader is referred to Sarver
(2017).
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FIGURE 4.—Risk preferences and endogenous heterogeneity in general equilibrium. Type θL consumers
choose allocation cθL and type θH consumers choose allocation cθH . The fraction of consumers selecting each
type is determined by the market-clearing condition.

those that satisfy preference for diversification), homogeneity of preferences and endow-
ments would imply the existence of an equilibrium in which each agent consumes her
endowment. In contrast, although the preferences illustrated in Figure 4 are risk averse
(respect SOSD), they do not satisfy preference for diversification, and it is clear from the
figure that there is no equilibrium in which c = e for each consumer. Instead, in the equi-
librium of our model, some consumers select type θL and choose the allocation cθL while
other consumers select type θH and choose the (much lower risk) allocation cθH .32 Note
that these two allocations give the same utility, which is strictly higher than the utility from
consuming the endowment e. The fraction of consumers selecting each of these types and
allocations is determined by the market-clearing condition: e= αcθL + (1 − α)cθH , where
α is the fraction of the population that selects type θL.

4.3. Rabin Paradox With Background Risk

One difficulty of expected utility is that it requires either unrealistically low levels of risk
aversion for small risks or else unrealistically high levels of risk aversion for large risks.
The simplest illustration of this problem comes in the form of the Rabin paradox (Rabin
(2000)): If a risk-averse expected-utility maximizer rejects an even-odds gamble that could
lose $100 or gain $101 (as is overwhelmingly the case empirically) at all wealth levels, then
this individual would also reject any even-odds gamble that could lose $10,000, regardless
of the size of the potential gain.

It is well known that non-expected-utility preferences can resolve the Rabin paradox.
For instance, models that exhibit first-order risk aversion due to a kink in the local utility
function near certainty (e.g., the disappointment aversion preferences of Gul (1991) or

32Since there is a continuum of consumers, the theorem of Aumann (1966) ensures the existence of an
equilibrium in our economy.
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the kinked transformation example of the ORA representation from Equation (8)) can
be highly risk averse for small gambles without being overly risk averse for large gambles.
Nonetheless, these models are still subject to an extended version of the Rabin paradox:
Safra and Segal (2008) (see also Barberis, Huang, and Thaler (2006)) showed that in
the presence of sufficiently large background risk, non-expected-utility preferences also
cannot generate reasonable levels of risk aversion for small gambles without imposing an
absurdly high degree of risk aversion for larger gambles.

The goal of this section is not to circumvent these negative results, as the Safra and
Segal (2008) result for background risk applies also to the ORA representation. Rather,
we have the more modest goal of using our model to make two useful observations about
the Rabin paradox: First, we will illustrate that first-order risk aversion is not required
to obtain descriptively accurate attitudes toward both small and large gambles. Second,
and more significant, we observe that introducing a moderate (rather than large) amount
of independent background risk can actually improve the fit of our model. Thus, while
a large amount of background risk is known to have a negative impact on the ability of
essentially any risk preference to generate reasonable attitudes toward both small and
large gambles, we will show that the impact of more moderate levels of background risk
will depend finely on the specifics of the model.

Table I describes the gains needed for an individual to be indifferent between accept-
ing and rejecting a 50–50 gamble for various possible loss values when initial wealth is
$300,000. Our table includes five utility specifications: two cases of (EZKP) expected util-
ity, two cases of the ORA representation that are new to this paper, and one case of
rank-dependent utility (RDU). For each case, we will assume that one-time (atemporal)
gambles are evaluated by applying the specified certainty equivalent to a value function
for wealth that takes the form V(w)= log(w).33 The exact parameterizations used in these
specifications are as follows:

1. The first four specifications use the certainty equivalent defined by Equations (7) and
(11). Recall that by Proposition 2 (and Corollary 1), these preferences can be equivalently
expressed as

sup
θ∈Θ

{
−1
θ

log
(
E
[
exp

(−θV(w))]) − τ(θ)
}

= sup
θ∈Θ

{
log

(
E
[
w−θ]− 1

θ
) − τ(θ)}�

Specifications EZKP1 and EZKP2 assumeΘ= {θH}, and gambles are therefore evaluated
using expected-utility preferences with a coefficient of relative risk aversion of θH + 1.
Specifications ORA1 and ORA2 assume Θ = {θL�θH}, where θL < θH and 0 = τ(θH) <
τ(θL)≡ τL.

2. Specification RDU1 instead uses the certainty equivalent defined by Equations (8)
and (9) for a parameter θH . As we show in Proposition S.1 in the Supplemental Material
(Sarver (2018)), these preferences can be equivalently expressed as the following special
case of rank-dependent utility: ∫

log(w)d(g ◦ F)(w)�

33This assumption is roughly equivalent to assuming log utility for consumption within each period. For
example, for ORA representations with u(c)= log(c) and shift-invariant certainty equivalents like those spec-
ified in this section, it is standard that the value function for wealth takes the log form within any consumption-
saving-investment problem where the stochastic process driving the economy is i.i.d. See Epstein and Zin
(1989, Section 5) for general results along these lines, and see Sarver (2017) for specific results for these cases
of the ORA representation.
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TABLE I

CALIBRATION RESULTS: EU, ORA, AND RDU MODELSa

Risk-Preference Model

EZKP1 EZKP2 ORA1 ORA2 RDU1

θH 3.00 25.00 25.00 145.00 0.20
θL – – 3.00 3.00 –
τL – – 0.02 0.02 –

Panel A: Binary 50–50 Gambles

Loss Gain that leads to indifference for initial wealth $300,000

$100 100.13 100.87 100.87 105.12 150.06
$400 402.14 414.37 414.37 497.15 601.00
$1,000 1,013.51 1,094.95 1,094.95 2,023.89 1,506.27
$5,000 5,357.20 8,995.81 8,995.81 18,991.43 7,659.35
$10,000 11,539.60 ∞ 26,396.79 26,396.79 15,650.25
$20,000 27,302.60 ∞ 45,692.48 45,692.48 32,710.18

Panel B: Binary 50–50 Gambles With Background Risk

Loss Gain that leads to indifference for random initial wealth $300,000 ± $7,000

$100 100.13 100.89 100.89 105.25 100.03
$400 402.15 414.56 414.56 500.07 400.54
$1,000 1,013.55 1,096.33 1,096.33 2,081.18 1,003.36
$5,000 5,358.24 9,098.40 9,098.40 6,814.09 5,085.24
$10,000 11,544.43 ∞ 22,003.17 13,123.15 11,990.94
$20,000 27,329.83 ∞ 40,223.31 29,257.73 28,855.27

aAn individual is indifferent between accepting and rejecting a 50–50 gamble with the loss listed in the left column and the gain
listed in the table. Results include two specifications of EZKP expected utility, two additional specifications of the ORA representation,
and one specification of rank-dependent utility.

where F is the cumulative distribution of wealth, and g is defined by

g(α)=
{
(1 + θH)α for α≤ 1/2�
(1 − θH)α+ θH for α> 1/2�

Panel A lists the compensating gains when initial wealth is deterministic. Specifications
EZKP1 and EZKP2 provide a parametric illustration of the Rabin paradox. Both spec-
ifications impose too little risk aversion for small-stake gambles. The second improves
slightly over the first for small gambles, but is excessively risk averse for large gambles: The
individual will reject any gamble in which she would lose over $10,000 (3.3% of wealth)
with even odds, regardless of the size of the possible gain that could be won.34 Specifi-
cation ORA1 generates identical risk attitudes to EZKP2 for small risks, but generates
much more reasonable attitudes toward larger gambles. Specification ORA2 further in-
creases the parameter θH to 145, which implies the individual would reject a gamble that

34Similar observations related to large-scale idiosyncratic risks (e.g., occupational earnings risk) led Mehra
and Prescott (1985), Lucas (2003), and others to argue that the coefficient of relative risk aversion should be
bounded above by 10.
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could lose $100 or gain $105 with even odds. Note, however, that it maintains the same at-
titudes toward large gambles as ORA1. Neither of these specifications exhibits first-order
risk aversion, yet both generate significant risk aversion for gambles on the scale of $100.
Finally, specification RDU1, which exhibits first-order risk aversion, is perhaps the best
suited for generating high risk aversion for small gambles and moderate risk aversion for
larger gambles.

Panel B lists the compensating gains in the presence of independent background risk.
Specifically, the individual may gain or lose $7,000 with equal odds, independent of
whether she accepts or rejects the gambles in the table (and independently distributed).
It is known that for CRRA expected-utility preferences, the introduction of independent
background risk only serves to increase effective risk aversion (see Gollier and Pratt
(1996)). Therefore, as expected, the compensating gains for specifications EZKP1 and
EZKP2 are slightly larger than in Panel A, although the change is relatively minor.

For specifications ORA1 and ORA2, the effect of background risk is similar to what
was observed for expected utility for small gambles where θH is optimal. Thus the indi-
vidual will continue to be very averse to small gambles. Interestingly, the effect reverses
for large gambles and the compensating gain actually decreases. To understand this re-
sult, consider a sample entry from Panel A: Absent background risk, an individual with
utility given by ORA2 is indifferent between accepting or rejecting an even-odds gamble
that could lose $20,000 or gain $45,692.48. However, since introducing background risk
has a more significant negative impact on baseline utility absent the gamble (where θH is
optimal) than on utility with the gamble (where θL is optimal), the gamble becomes rela-
tively more attractive and the required compensating gain in Panel B is thereby reduced to
$29,257.73. Thus the introduction of moderate background risk improves the fit of ORA1
and ORA2 by increasing the gain required for the individual to accept a gamble with a
small loss (albeit only slightly) while decreasing the gains required to accept gambles with
large losses.35

In contrast, introducing background risk significantly diminishes the performance of
specification RDU1. The compensating gains for the smallest losses of $100 and $400
decrease dramatically, to within $1 of the respective losses. For the intuition behind this
result, recall from Section 3.2 that an optimal value of γ for this kinked transformation
function is at the median outcome, that is, $300,000. Thus, regardless of the value of θH ,
the only concavity of the local utility function near $293,000 and $307,000 comes from the
log value function. The implication is that in the presence of this background risk, small
gambles of magnitude less than $7,000 are evaluated as if the individual has expected-
utility preferences with a CRRA of 1.

Our observation about the potential fragility of explanations of the Rabin paradox
based solely on first-order risk aversion is not new. For example, Barberis, Huang, and
Thaler (2006) made a similar observation regarding the negative impact of background
risk on the ability of disappointment-averse preferences to address this puzzle.36 What is
novel is our proposed resolution of the issue. Some papers have suggested narrow fram-
ing of risks, so that background risk is evaluated separately from the risk in the prospec-
tive gamble (see Freeman (2015) for recent results in this vein). Some degree of narrow

35The scale of background risk is, of course, important for this conclusion. If background risk becomes so
large that θH is optimal even when these gambles are declined, then the compensating gains will be identical
to those of specification EZKP1, that is, roughly risk neutral for small gambles.

36It should be noted that Barberis, Huang, and Thaler (2006, pp. 1076–1077), imposed background risk
of significantly greater magnitude than we do in this section. They assumed background risk with a standard
deviation of roughly 17% of wealth, whereas our results invoke background risk with a standard deviation of
roughly 2.3% of wealth; the conclusions they drew were commensurately more extreme.
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framing arises naturally in recursive non-expected-utility models such as the ORA repre-
sentation, since a gamble is evaluated together with other risk resolving in that same time
period but separately from risk resolving in different periods. In particular, if we take the
time period in our model to be one year, then the relevant simultaneous risk is the vari-
ation of wealth within each year. We chose background risk with a standard deviation of
roughly 2.3% of wealth to match estimates that place the standard deviation of annual
aggregate U.S. consumption growth between 1% and 3.6%, depending on the range of
years considered (Mehra and Prescott (1985), Campbell (1999)).37

Importantly, it has been argued that such narrow framing of risk across time is not suf-
ficient to resolve the Rabin paradox, unless the bracketing is so narrow that gambles and
background risk resolve in different periods. For example, Barberis, Huang, and Thaler
(2006) suggested that narrow framing by year is not sufficient to resolve the puzzle, and
they proposed that, in addition, individuals must frame the Rabin gambles separately
from other risks to wealth. In contrast, Table I shows that specifications ORA1 and ORA2
perform well without need for any additional assumptions of narrow framing of different
types of risk within each year.

4.4. Expected Utility Away From Certainty

The special cases of our model that were used in the applications in Sections 4.1, 4.2,
and 4.3 are consistent with experimental evidence that finds that the majority of the vio-
lations of the expected-utility axioms occur near the boundary of the probability simplex
(see Harless and Camerer (1994) for a detailed discussion and an aggregation of numer-
ous earlier studies). For example, taking Θ= {θL�θH} for θL < θH and 0 = τ(θH) < τ(θL)
in the extension of expected utility described in Corollary 1 generates this pattern: θL
will be optimal for lotteries involving significant risk, whereas the individual will switch
to θH for lotteries near the vertices of the simplex. Violations of the independence axiom
can occur because indifference curves have different slopes in the θL and θH optimality
regions, but independence holds within each region when considered in isolation.

Similarly, the certainty equivalent defined by Equations (8) and (11) with the parame-
ters used in Section 4.1 is also consistent with this evidence. For lotteries involving signif-
icant risk, θL = 0 will be optimal, which implies expected-utility preferences in this region
of the probability simplex. For lotteries with little risk, θH > 0 will be optimal, and in this
region preferences instead conform to rank-dependent utility (see Proposition S.1 in the
Supplemental Material (Sarver (2018))) and exhibit first-order risk aversion.

These special cases of our representation are similar in spirit to, and share some prop-
erties with, the u-v preferences studied by Neilson (1992), Schmidt (1998), and Diecidue,
Schmidt, and Wakker (2004), which ascribe one utility function v to certain outcomes and
another Bernoulli utility index u to risky outcomes. However, unlike u–v preferences,
the preferences considered in this paper are continuous and respect first-order stochastic
dominance. The optimal risk attitude representation is therefore able to accommodate
much of the experimental evidence that motivated these models, while at the same time
maintaining convenient properties that make it amenable to standard techniques from
macroeconomics and finance.

37Recall that for homothetic preferences, consumption is a fixed proportion of wealth.
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APPENDIX A: EPSTEIN–ZIN AND KREPS–PORTEUS PREFERENCES

A.1. Epstein–Zin Representation Result

In this section, we provide an axiomatic characterization of the Epstein–Zin represen-
tation in Definition 2. As noted in the main text, the axioms in this section will parallel
the treatment in Chew and Epstein (1991), but strengthen their separability assumption.

The first three axioms are entirely standard.

AXIOM 2—Weak Order: The relation � is complete and transitive.

AXIOM 3—Nontriviality: There exist c� c′ ∈ C and m ∈ �(D) such that (c�m)� (c′�m).

AXIOM 4—Continuity: The sets {(c�m) ∈ D : (c�m) � (c′�m′)} and {(c�m) ∈ D :
(c�m)≺ (c′�m′)} are open for all (c′�m′) ∈D.

The following stationarity axiom is also standard for recursive utility models. It states
that the preference between any pair of alternatives remains the same if those alternatives
are pushed back one period into the future.

AXIOM 5—Stationarity: For any c� ĉ� ĉ′ ∈C and m̂� m̂′ ∈ �(D),
(ĉ� m̂)�

(
ĉ′� m̂′) ⇐⇒ (c�δ(ĉ�m̂))� (c�δ(ĉ′�m̂′))�

The following axiom applies the separability condition of Debreu (1960) to all triples
of consumption today, consumption tomorrow, and the lottery following tomorrow’s con-
sumption.

AXIOM 6—Separability: For any c� c′� ĉ� ĉ′ ∈ C and m̂� m̂′ ∈ �(D),
1. (c�δ(ĉ�m̂))� (c′� δ(ĉ′�m̂)) if and only if (c�δ(ĉ�m̂′))� (c′� δ(ĉ′�m̂′)).
2. (c�δ(ĉ�m̂))� (c′� δ(ĉ�m̂′)) if and only if (c�δ(ĉ′�m̂))� (c′� δ(ĉ′�m̂′)).

Condition 1 in Axiom 6 says that the comparison of c today and ĉ tomorrow versus c′ to-
day and ĉ′ tomorrow is the same regardless of the lottery (m̂ or m̂′) following tomorrow’s
consumption. Likewise, condition 2 says that comparison of c today and lottery m̂ follow-
ing tomorrow versus c′ today and m̂′ following tomorrow is the same for any consumption
tomorrow (ĉ or ĉ′). Note that Axiom 6 only applies to temporal lotteries in which the
one-step-ahead continuation is deterministic. Intuitively, in the case of deterministic con-
sumption streams, Definition 2 reduces to a standard time-separable intertemporal utility
function.

The next axiom ensures that preferences respect the first-order stochastic dominance
order on �(D). Recall that in the case of monetary gambles, FOSD roughly corresponds
to increasing the probability of better monetary outcomes. The same is true in this setting,
with (ĉ′� m̂′) being a better continuation path than (ĉ� m̂) following current consumption
c if and only if (c�δ(ĉ′�m̂′))� (c�δ(ĉ�m̂)).38

38When preferences are continuous, this first-order stochastic dominance assumption is equivalent to the
“recursivity” axiom that has appeared in various forms in the literature on dynamic preferences, including
Chew and Epstein (1991): (c�δ(ĉ�m̂))� (c�δ(ĉ′�m̂′)) ⇐⇒ (c�αδ(ĉ�m̂) + (1 − α)m)� (c�αδ(ĉ′�m̂′) + (1 − α)m).
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AXIOM 7—FOSD: For any c ∈C and m�m′ ∈ �(D), if for all (ĉ� m̂) ∈D,

m
({(
ĉ′� m̂′) : (c�δ(ĉ′�m̂′))� (c�δ(ĉ�m̂))

}) ≥m′({(ĉ′� m̂′) : (c�δ(ĉ′�m̂′))� (c�δ(ĉ�m̂))
})
�

then (c�m)� (c�m′).39

The following result characterizes the Epstein–Zin representation from Definition 2.

PROPOSITION 3: The relation � satisfies Axioms 2–7 if and only if it has an Epstein–Zin
representation (V �u�W �β).

A.2. The Independence Axiom and EZKP Utility

It is immediate from the ORA representation that mixture-averse preferences are a
generalization of time-separable expected utility—simply let � contain the identity map-
ping. Perhaps less obvious is the relationship with recursive Kreps and Porteus (1978)
utility, formally defined as follows.

DEFINITION 6: An Epstein–Zin–Kreps–Porteus (EZKP) representation is a tuple (V �u�
h�β) consisting of a continuous function V :D→ R that represents �, a continuous and
nonconstant function u : C → R, a continuous and strictly increasing function h : [a�b] →
R (where a= minV and b= maxV ), and a scalar β ∈ (0�1) such that, for all (c�m) ∈D,

V (c�m)= u(c)+βh−1
(
Em

[
h(V )

])
�

The commonly used (and empirically more relevant) case of EZKP utility is where
h is a concave transformation, and therefore risk aversion is increased relative to time-
separable expected utility. Proposition 2 in Section 3.2 showed that this case of EZKP
utility can be expressed as an ORA representation. In this section, we provide an ax-
iomatic characterization of EZKP utility and further explore the connection with mixture
aversion.

EZKP utility is the special case of the Epstein–Zin representation where the certainty
equivalent takes the expected-utility form. It therefore satisfies a version of the indepen-
dence axiom.

AXIOM 8—Independence: For any c ∈C, m�m′�m′′ ∈ �(D), and α ∈ (0�1),

(c�m)� (
c�m′) =⇒ (

c�αm+ (1 − α)m′′) � (
c�αm′ + (1 − α)m′′)�

The following proposition characterizes the EZKP representation and shows the class
of representations that are compatible with both independence and mixture aversion. The
techniques needed for the first part of this result are essentially the same as those used
by Kreps and Porteus (1978) in a finite-horizon setting and Chew and Epstein (1991) for
nonseparable preferences in the infinite-horizon domain.

39Implicit in this axiom is the assumption that the set {(ĉ′� m̂′) : (c�δ(ĉ′�m̂′))� (c�δ(ĉ�m̂))} is Borel measurable
for each (ĉ� m̂) ∈D. However, if the continuity axiom is imposed, then each of these sets is closed and hence
measurable.



DYNAMIC MIXTURE-AVERSE PREFERENCES 1371

PROPOSITION 4: Suppose � has an EZ representation.40 Then � satisfies Axiom 8 if and
only if it has an EZKP representation (V �u�h�β). Moreover, � also satisfies Axiom 1 if and
only if h is concave.

Proposition 2 demonstrated that any EZKP representation with concave h could be
expressed as an ORA representation. The second part of Proposition 4 establishes the
same connection using the axioms and also shows the converse: These are the only cases
of EZKP utility that satisfy mixture aversion.

APPENDIX B: PROOFS

B.1. Proofs of Proposition 3 and Theorem 1

LEMMA 1: The relation � satisfies weak order, nontriviality, continuity, stationarity, and
separability (Axioms 2–6) if and only if there exist continuous and nonconstant functions
u1 : C →R and u2 : �(D)→ R and a scalar β ∈ (0�1) such that the following hold:

1. The function V :D→ R defined by V (c�m)= u1(c)+ u2(m) represents �.
2. For every (ĉ� m̂) ∈D, u2(δ(ĉ�m̂))= β(u1(ĉ)+ u2(m̂)).

PROOF: The necessity of weak order, nontriviality, and continuity is immediate. It fol-
lows from condition 2 that for any c� ĉ ∈ C and m̂ ∈ �(D),

V (c�δ(ĉ�m̂))= u1(c)+βu1(ĉ)+βu2(m̂)= u1(c)+βV (ĉ� m̂)�
The necessity of stationarity and separability follows directly from this expression.

For sufficiency, the first step is to obtain an additively separable representation on
a restricted domain. Note that in addition to the separability conditions listed in Ax-
iom 6, stationarity (Axiom 5) implies that (c�δ(ĉ�m̂))� (c�δ(ĉ′�m̂′)) if and only if (c′� δ(ĉ�m̂))�
(c′� δ(ĉ′�m̂′)). Therefore, the assumed axioms are sufficient to apply Theorem 3 of Debreu
(1960) to obtain continuous functions f : C → R, g : C → R, and h : �(D)→R such that

(c�δ(ĉ�m̂))�
(
c′� δ(ĉ′�m̂′)

) ⇐⇒ f (c)+ g(ĉ)+ h(m̂)≥ f (c′) + g(ĉ′) + h(
m̂′)� (B.1)

Note that the previous equation only gives a partial representation for �. However, by
stationarity,

(ĉ� m̂)�
(
ĉ′� m̂′) ⇐⇒ (c�δ(ĉ�m̂))� (c�δ(ĉ′�m̂′))

⇐⇒ g(ĉ)+ h(m̂)≥ g(ĉ′) + h(
m̂′)� (B.2)

and hence g and h give an additive representation for �. In particular, the combination
of Equations (B.1) and (B.2) implies

g(c)+ h(δ(ĉ�m̂))≥ g(c′) + h(δ(ĉ′�m̂′))

⇐⇒ f (c)+ [
g(ĉ)+ h(m̂)] ≥ f (c′) + [

g
(
ĉ′) + h(

m̂′)]�
Using the uniqueness of additively separable representations (see Debreu (1960) or The-
orem 5.4 in Fishburn (1970)), the above implies there exist β > 0 and α1�α2 ∈ R such

40Equivalently, suppose � satisfies Axioms 2–7 in Appendix A.1.
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that
g(c)= βf(c)+ α1� ∀c ∈ C�

h(δ(ĉ�m̂))= β[
g(ĉ)+ h(m̂)] + α2� ∀(ĉ� m̂) ∈D� (B.3)

Define u1 : C → R and u2 : �(D)→ R by u1(c) = g(c) + α2
β

and u2(m) = h(m). Then,
claims 1 and 2 follow directly from Equations (B.2) and (B.3).

It remains only to show that β< 1. Following a similar approach to Gul and Pesendor-
fer (2004), this can be established using continuity. By nontriviality, there exist c∗� c∗ ∈ C
such that u1(c

∗) > u1(c∗). Fix any m ∈ �(D) and, with slight abuse of notation, define
sequences {dn} and {d′

n} in D as follows:41

dn = (
c∗� � � � � c∗︸ ︷︷ ︸

n

�m
)

and d′
n = (c∗� � � � � c∗︸ ︷︷ ︸

n

�m)�

By the compactness ofD, there exists {nk} such that the subsequences {dnk} and {d′
nk

} con-
verge to some d and d′ in D, respectively. By continuity, V (dnk)→ V (d) and V (d′

nk
)→

V (d′), where V is defined as in condition 1. Therefore, the difference V (dnk)− V (d′
nk
)

converges to some real number. However, since u1 and u2 were shown to satisfy condi-
tion 2,

V (dnk)− V (
d′
nk

) =
(
nk−1∑
i=0

βiu1

(
c∗) +β(nk−1)u2(m)

)
−

(
nk−1∑
i=0

βiu1(c∗)+β(nk−1)u2(m)

)

=
nk−1∑
i=0

βi
[
u1

(
c∗) − u1(c∗)

]
�

Since this difference converges to a real number, it must be that β< 1. Q.E.D.

LEMMA 2: Suppose � is represented by V (c�m) = u1(c) + u2(m), where u1 : C → R

and u2 : �(D)→ R are continuous,42 and � satisfies stationarity. Then, � satisfies FOSD
(Axiom 7) if and only if, for any m�m′ ∈ �(D),

m ◦ V −1
([x�∞)

) ≥m′ ◦ V −1
([x�∞)

)
� ∀x ∈ V (D) =⇒ u2(m)≥ u2

(
m′)� (B.4)

PROOF: To see that FOSD implies Equation (B.4), consider any two measures m�m′ ∈
�(D) such that

m ◦ V −1
([x�∞)

) ≥m′ ◦ V −1
([x�∞)

)
� ∀x ∈ V (D)�

Fix any (ĉ� m̂) ∈ D, and let x = V (ĉ� m̂). By stationarity, (c�δ(ĉ′�m̂′)) � (c�δ(ĉ�m̂)) if and
only if V (ĉ′� m̂′)≥ V (ĉ� m̂)= x. Therefore,

m
({(
ĉ′� m̂′) : (c�δ(ĉ′�m̂′))� (c�δ(ĉ�m̂))

}) =m ◦ V −1
([x�∞)

)
≥m′ ◦ V −1

([x�∞)
)

=m′({(ĉ′� m̂′) : (c�δ(ĉ′�m̂′))� (c�δ(ĉ�m̂))
})
�

41More precisely, d1 = (c∗�m), d2 = (c∗� δd1), and so on.
42Continuity is not necessary for this result; measurability of u1 and u2 is sufficient.
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Since this condition holds for all (ĉ� m̂) ∈D, the FOSD axiom implies (c�m) � (c�m′).
Thus u2(m) ≥ u2(m

′). The argument that Equation (B.4) implies the FOSD axiom is
similar. Q.E.D.

LEMMA 3: Suppose � is represented by V (c�m) = u1(c) + u2(m), where u1 : C → R

and u2 : �(D) → R are nonconstant and continuous. Then, � satisfies mixture aversion
(Axiom 1) if and only if u2 is convex.

PROOF: To see the necessity of the mixture aversion axiom, suppose u2 is convex and
u1(c

′)+ u2(m)≤ u1(c)+ u2(
1
2m+ 1

2m
′). Then,

u1

(
c′) − u1(c)≤ u2

(
1
2
m+ 1

2
m′

)
− u2(m)≤ u2

(
m′) − u2

(
1
2
m+ 1

2
m′

)
�

where the last inequality follows from the convexity of u2. Hence, u1(c
′)+u2(

1
2m+ 1

2m
′)≤

u1(c)+ u2(m
′).

To show sufficiency, suppose that � satisfies mixture aversion. Since u1 is noncon-
stant, fix c∗� c∗ ∈ C such that u1(c

∗) > u1(c∗). First, consider any m�m′ ∈ �(D) such that
|u2(m)− u2(

1
2m+ 1

2m
′)| ≤ u1(c

∗)− u1(c∗). Then, since C is connected and u1 is continu-
ous, there exist c� c′ ∈C such that

u1

(
c′) − u1(c)= u2

(
1
2
m+ 1

2
m′

)
− u2(m)�

This implies (c′�m)∼ (c� 1
2m+ 1

2m
′), and hence (c�m′)� (c′� 1

2m+ 1
2m

′) by the mixture
aversion axiom. Therefore,

u2

(
m′) − u2

(
1
2
m+ 1

2
m′

)
≥ u1

(
c′) − u1(c)= u2

(
1
2
m+ 1

2
m′

)
− u2(m)

=⇒ 1
2
u2(m)+ 1

2
u2

(
m′) ≥ u2

(
1
2
m+ 1

2
m′

)
�

Now, take anym�m′ ∈ �(D). Define a function ψ : [0�1] → R by ψ(α)= u2(αm+ (1 −
α)m′). This function is continuous by the weak* continuity of u2, and since its domain
is compact, ψ is therefore uniformly continuous. Thus, there exists δ > 0 such that |α−
α′| ≤ δ implies |ψ(α)−ψ(α′)| ≤ u1(c

∗)−u1(c∗). By the preceding arguments, this implies
ψ is midpoint convex on any interval [ᾱ� ᾱ′] ⊂ [0�1] with |ᾱ − ᾱ′| ≤ δ, that is, for any
α�α′ ∈ [ᾱ� ᾱ′],

1
2
ψ(α)+ 1

2
ψ

(
α′) ≥ψ

(
1
2
α+ 1

2
α′

)
�

It is a standard result that any continuous and midpoint convex function is convex. Thus,
ψ is convex on any interval [ᾱ� ᾱ′] ⊂ [0�1] with |ᾱ− ᾱ′| ≤ δ. This, in turn, is sufficient to
ensure that ψ is convex on [0�1]. Therefore, for any α ∈ [0�1],

αu2(m)+ (1 − α)u2

(
m′) = αψ(1)+ (1 − α)ψ(0)≥ψ(α)= u2

(
αm+ (1 − α)m′)�

Since m and m′ were arbitrary, u2 is convex. Q.E.D.
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LEMMA 4: Suppose V , u1, u2, and β are as in Lemma 1, and suppose V and u2 satisfy
Equation (B.4). Then, there exists a functionW : �(V (D))→ R such that u2(m)= βW (m◦
V −1) for all m ∈ �(D). Moreover,

1. W (δx)= x for all x ∈ V (D).
2. W is weak* continuous and monotone with respect to FOSD.
3. if u2 is convex, then W is convex.

PROOF: Existence of W : First, note that since V is continuous and V (D) is compact,
any Borel probability measure on V (D) can be written as m ◦ V −1 for some m ∈ �(D)
(Part 5 of Theorem 15.14 in Aliprantis and Border (2006)), that is,{

m ◦ V −1 :m ∈ �(D)} = �(
V (D)

)
�

Fix any μ ∈ �(V (D)). Let W (μ) = 1
β
u2(m) for any m ∈ �(D) such that μ = m ◦ V −1.

There exists at least one such m by the preceding arguments. In addition, if μ = m ◦
V −1 =m′ ◦V −1 form�m′ ∈ �(D), then u2(m)= u2(m

′) by Equation (B.4). ThusW is well
defined, and by construction, u2(m)= βW (m ◦ V −1) for all m ∈ �(D).

Proof of 1: By condition 2 in Lemma 1, u2(δ(ĉ�m̂))= βV (ĉ� m̂) for every (ĉ� m̂) ∈D, and
hence

W (δV (ĉ�m̂))=W (
δ(ĉ�m̂) ◦ V −1

) = 1
β
u2(δ(ĉ�m̂))= V (ĉ� m̂)�

Proof of 2: To see that W is weak* continuous, take any sequence {μn} in �(V (D)) that
converges to some μ ∈ �(V (D)). It suffices to show that there exists a subsequence {μnk}
such that W (μnk)→W (μ).43 For each n, take any mn ∈ �(D) such that μn =mn ◦ V −1.
Since �(D) is compact and metrizable, there is a subsequence {mnk} converging to some
m ∈ �(D). By the continuity of V ,

mnk

w∗−→m =⇒ μnk =mnk ◦ V −1 w∗−→m ◦ V −1�

This implication follows directly from the definition of weak* convergence, or see Part 1
of Theorem 15.14 in Aliprantis and Border (2006). Thus, μ=m ◦ V −1. Since u2 is weak*
continuous,

W (μnk)= 1
β
u2(mnk)→ 1

β
u2(m)=W (μ)�

Therefore, W is weak* continuous. To see that W is monotone with respect to FOSD,
suppose μ�η ∈ �(V (D)) satisfy μ([x�b])≥ η([x�b]) for all x ∈ [a�b] ≡ V (D). Take any
m�m′ ∈ �(D) such that μ = m ◦ V −1 and η = m′ ◦ V −1. Then, Equation (B.4) implies
u2(m)≥ u2(m

′), and hence W (μ)≥W (η).
Proof of 3: Suppose u2 is convex. Fix any μ�η ∈ �(V (D)) and α ∈ (0�1). Take any

m�m′ ∈ �(D) such that μ=m ◦ V −1 and η=m′ ◦ V −1. Then,

αμ+ (1 − α)η= (
αm+ (1 − α)m′) ◦ V −1�

43If W is not continuous at a point μ, there exist ε > 0 and a sequence {μn} converging to μ such that
|W (μn)−W (μ)|> ε for every n. This sequence has no subsequence with the convergence properties described
above.
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and hence

W
(
αμ+ (1 − α)η) = 1

β
u2

(
αm+ (1 − α)m′)

≤ α 1
β
u2(m)+ (1 − α) 1

β
u2

(
m′)

= αW (μ)+ (1 − α)W (η)�
establishing the convexity of W . Q.E.D.

PROOF OF PROPOSITION 3: The necessity of the axioms is straightforward. To establish
sufficiency, suppose � satisfies Axioms 2–7. By Lemmas 1, 2, and 4, there exist a con-
tinuous function V :D→ R, a scalar β ∈ (0�1), a continuous and nonconstant function
u : C → R, and a weak* continuous function W : �(V (D))→ R such that

V (c�m)= u(c)+βW (
m ◦ V −1

)
� ∀(c�m) ∈D�

Moreover, W (δx) = x for all x ∈ V (D), and W is monotone with respect to FOSD. Fi-
nally, since V is continuous and D is compact and connected, V (D) = [a�b] for some
a�b ∈ R. Q.E.D.

PROOF OF THEOREM 1: Proof of 3 ⇒ 1: The necessity of Axiom 1 is straightforward.
Proof of 1 ⇒ 2: By Lemmas 3 and 4, the certainty equivalent W is convex.
Proof of 2 ⇒ 3: Apply Part 1 of Proposition 1 to conclude there exists a collection � of

continuous and nondecreasing functions φ : [a�b] → R such that

W (μ)= sup
φ∈�

∫ b

a

φ(x)dμ(x)�

Using the change of variables formula, for every (c�m) ∈D,

V (c�m)= u(c)+βW (
m ◦ V −1

)
= u(c)+β sup

φ∈�

∫ b

a

φ(x)d
(
m ◦ V −1

)
(x)

= u(c)+β sup
φ∈�

∫
D

φ
(
V (ĉ� m̂)

)
dm(ĉ� m̂)�

In addition,

sup
φ∈�

φ(x̄)= sup
φ∈�

∫
φ(x)dδx̄(x)=W (δx̄)= x̄

for all x̄ ∈ [a�b]. Q.E.D.

B.2. Proof of Proposition 2

The concavity of h implies that h(x)− h(γ)≤ h′(γ)(x− γ) for any γ�x ∈ [a�b]. Rear-
ranging terms yields

γ+ h(x)− h(γ)
h′(γ)

≤ x�
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with equality if γ = x. For any y ∈ h([a�b]), letting x= h−1(y), this implies

γ+ y − h(γ)
h′(γ)

≤ h−1(y)�

with equality if γ = h−1(y). The results follows by taking y = Em[h(V )].

B.3. Proof of Theorem 3

It is immediate that if V2 ≥ αV1 + λ, with equality for deterministic consumption
streams, then �1 is more risk averse than �2. For the other direction, first note that for
any ORA representation (V �u���β) and any c = (c0� c1� c2� � � � ) ∈ CN,

V (c)=
∞∑
t=0

βtu(ct)�

The following lemma shows that the range of V on D is the same as its range when
restricted to deterministic consumption streams in CN. As a consequence, it is possible to
construct a measurable mapping from any continuation value in V (D) to a deterministic
consumption stream that gives the same continuation value.

LEMMA 5: Fix any ORA representation (V �u���β). There exist c∗� c∗ ∈ C such that, for
any (c�m) ∈D,

1
1 −βu(c∗)≤ V (c�m)≤ 1

1 −βu
(
c∗)�

Therefore,

V (D)= V (
CN

) =
[
u(c∗)
1 −β�

u
(
c∗)

1 −β
]

and there exists a measurable function g : V (D)→ CN such that V (g(x)) = x for all x ∈
V (D).

PROOF: By the continuity of V and the compactness of D, there exist (c∗�m∗),
(c∗�m∗) ∈D such that, for all (c�m) ∈D,

V (c∗�m∗)≤ V (c�m)≤ V (
c∗�m∗)�

Since each φ ∈� is nondecreasing and supφ∈� φ(x)= x for all x ∈ V (D),
V

(
c∗�m∗) = u(c∗) +β sup

φ∈�
Em∗

[
φ(V )

]
≤ u(c∗) +β max

(c�m)∈D
V (c�m)

= u(c∗) +βV (
c∗�m∗)�

Rearranging terms gives

V
(
c∗�m∗) ≤ u

(
c∗)

1 −β�
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A similar argument gives

u(c∗)
1 −β ≤ V (c∗�m∗)�

which proves the first claim. Since C is connected and V is continuous, it follows that
V (D)= V (CN)= [ u(c∗)1−β �

u(c∗)
1−β ].

The existence of a function g : V (D)→ CN such that V (g(x))= x for all x ∈ V (D) fol-
lows immediately from the range condition above. That g can be chosen to be measurable
is less trivial, but follows from Theorem 18.17 in Aliprantis and Border (2006). Q.E.D.

Continuing the proof of Theorem 3, the definition of more risk averse applied to deter-
ministic consumption streams implies that, for any c� c′ ∈ CN,

V1

(
c′) ≥ V1(c) =⇒ V2

(
c′) ≥ V2(c)� (B.5)

Note that we have not established that the preferences over deterministic consumption
streams are the same for these two individuals, since V1(c′) > V1(c) does not necessar-
ily imply V2(c′) > V2(c). However, the following lemma shows that given the separable
structure of the representations, this is in fact implied.

LEMMA 6: Fix any two ORA representations (V1�u1��1�β1) and (V2�u2��2�β2). Sup-
pose that, for any c� c′ ∈ CN, V1(c′) ≥ V1(c) implies V2(c′) ≥ V2(c). Then β1 = β2 and
there exist α > 0 and λ ∈ R such that u2 = αu1 + λ(1 − β1). Hence, for any c ∈ CN,
V2(c)= αV1(c)+ λ.

PROOF: First, show that u1 and u2 are ordinally equivalent. Let c∗� c∗ ∈ C be such that
u2(c

∗) > u2(c∗). Such consumption values exist by the nontriviality axiom. Now fix any
c� c′ ∈ C. If u1(c

′)≥ u1(c), then u2(c
′)≥ u2(c). This follows by applying Equation (B.5) to

the consumption streams c = (c� c� c� � � � ) and c′ = (c′� c′� c′� � � � ). Also, if u1(c
′) > u1(c),

then u2(c
′) > u2(c). To see that this must hold, choose t ∈ N sufficiently large that

u1

(
c′) +βt1u1(c∗) > u1(c)+βt1u1

(
c∗)�

and fix any consumption streams c = (c0� c1� c2� � � � ) and c′ = (c′
0� c

′
1� c

′
2� � � � ) such that c0 =

c, ct = c∗, c′
0 = c′, c′

t = c∗, and cτ = c′
τ for τ /∈ {0� t}. Thus V1(c′) > V1(c). By Equation (B.5),

this implies V2(c′)≥ V2(c) or, equivalently,

u2

(
c′) +βt2u2(c∗)≥ u2(c)+βt2u2

(
c∗)�

Since u2(c
∗) > u2(c∗), this implies u2(c

′) > u2(c), as claimed. Thus we have shown that
u1(c

′)≥ u1(c) ⇐⇒ u2(c
′)≥ u2(c).

Next, fix any consumption streams c = (c0� c1� c2� � � � ) and c′ = (c′
0� c

′
1� c

′
2� � � � ). We need

to show that V1(c′) > V1(c) implies V2(c′) > V2(c). Suppose to the contrary that V2(c′) =
V2(c). By the continuity of u1 and the connectedness of C, there exists a consumption
stream c′′ = (c′′

0 � c
′′
1 � c

′′
2 � � � � ) such that u1(c

′′
t ) < u1(c

′
t) for some t ∈ N, c′′

t′ = c′
t′ for all t ′ �= t,

and V1(c′) > V1(c′′) > V1(c). Since u1 and u2 are ordinally equivalent, this requires that
u2(c

′′
t ) < u2(c

′
t) and hence V2(c′′) < V2(c′)= V2(c), contradicting Equation (B.5). Thus we

have shown that V1(c′)≥ V1(c) ⇐⇒ V2(c′)≥ V2(c).
Since these representations are ordinally equivalent for all deterministic consump-

tion streams, it follows from the uniqueness of additively separable representations (see
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Debreu (1960) or Theorem 5.4 in Fishburn (1970)) that β1 = β2 and there exist α> 0 and
γ ∈R such that u2 = αu1 +γ. Let λ= γ/(1−β1), and hence u2 = αu1 +λ(1−β1). Q.E.D.

Fix any (c�m) ∈D, and let x= V1(c�m). Define g1 : V1(D)→ CN and g2 : V2(D)→ CN

as in Lemma 5. Note that (c�m) ∼1 g1(x). Since �1 is more risk averse than �2, this
implies (c�m)�2 g1(x). Thus, by Lemma 6,

V2(c�m)≥ V2

(
g1(x)

)
= αV1

(
g1(x)

) + λ
= αV1(c�m)+ λ�

More explicitly, letting β≡ β1 = β2,

u2(c)+β sup
φ∈�2

∫
D

φ
(
V2(ĉ� m̂)

)
dm(ĉ� m̂)

≥ αu1(c)+ αβ sup
φ∈�1

∫
D

φ
(
V1(ĉ� m̂)

)
dm(ĉ� m̂)+ λ�

Since u2 = αu1 + λ(1 −β), this implies that for any m ∈ �(D),

sup
φ∈�2

∫
D

φ
(
V2(ĉ� m̂)

)
dm(ĉ� m̂)≥ α sup

φ∈�1

∫
D

φ
(
V1(ĉ� m̂)

)
dm(ĉ� m̂)+ λ� (B.6)

Suppose φ1 ∈�∗
1, and define φ2 : V2(D)→ R by

φ2(x)= αφ1

(
x− λ
α

)
+ λ�

To establish condition 2, it must be shown that φ2 ∈�∗
2. By definition,∫

D

φ1

(
V1(ĉ� m̂)

)
dm(ĉ� m̂)≤ sup

φ̂∈�1

∫
D

φ̂
(
V1(ĉ� m̂)

)
dm(ĉ� m̂)� ∀m ∈ �(D)� (B.7)

Note also that for any (ĉ� m̂) ∈D,

V2(ĉ� m̂)= V2

(
g2

(
V2(ĉ� m̂)

)) = αV1

(
g2

(
V2(ĉ� m̂)

)) + λ� (B.8)

Fix any m ∈ �(D), and let m̃=m ◦ V −1
2 ◦ g−1

2 . Then

α

∫
D

φ1

(
V2(ĉ� m̂)− λ

α

)
dm(ĉ� m̂)+ λ

= α
∫
D

φ1

(
V1

(
g2

(
V2(ĉ� m̂)

)))
dm(ĉ� m̂)+ λ (

by Equation (B.8)
)

= α
∫
D

φ1

(
V1(ĉ� m̂)

)
dm̃(ĉ� m̂)+ λ (change of variables)

≤ α sup
φ̂∈�1

∫
D

φ̂
(
V1(ĉ� m̂)

)
dm̃(ĉ� m̂)+ λ (

by Equation (B.7)
)
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≤ sup
φ̂∈�2

∫
D

φ̂
(
V2(ĉ� m̂)

)
dm̃(ĉ� m̂)

(
by Equation (B.6)

)

= sup
φ̂∈�2

∫
D

φ̂
(
V2

(
g2

(
V2(ĉ� m̂)

)))
dm(ĉ� m̂) (change of variables)

= sup
φ̂∈�2

∫
D

φ̂
(
V2(ĉ� m̂)

)
dm(ĉ� m̂)

(
by Equation (B.8)

)
�

Since this is true for any m ∈ �(D), we have shown that φ2 ∈�∗
2. Therefore, there is an

injection f :�∗
1 →�∗

2 defined by

f (φ1)(x)= αφ1

(
x− λ
α

)
+ λ

for x ∈ V2(D). This establishes condition 2 and completes the proof.

B.4. Proof of Proposition 4

Suppose � has an Epstein–Zin representation (V �u�W �β). Since � also satisfies
the expected-utility axioms when restricted to lotteries m ∈ �(D), there exists a con-
tinuous function f : D → R such that Em[f ] ≥ Em′ [f ] if and only if (c�m) � (c�m′).
(The particular c is irrelevant by the separability of the EZ representation.) Therefore,
W (m ◦ V −1)≥W (m′ ◦ V −1) if and only if Em[f ] ≥ Em′ [f ], and hence there exists a mono-
tone transformation h such that h(W (m ◦ V −1)) = Em[f ] for all m ∈ �(D). Continuity
of h follows from continuity of f and W and connectedness of the domain. Since W is a
certainty equivalent, W (δ(c�m) ◦ V −1)= V (c�m) for any (c�m) ∈D, and hence

h
(
V (c�m)

) = h(
W

(
δ(c�m) ◦ V −1

)) = Eδ(c�m)[f ] = f (c�m)�
Thus, f = h ◦ V , which implies W (m ◦ V −1)= h−1(Em[h(V )]) for any m ∈ �(D).

To prove the second claim, note that m �→ Em[h(V )] is a linear function of m. There-
fore, h−1(Em[h(V )]) is convex in m if and only if h−1 is convex, that is, h is concave. Since
Axiom 1 corresponds to the convexity of the certainty equivalent by Theorem 1, this com-
pletes the proof.
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