Practice with Problem Solving Solutions

1. Suppose f is a function such that f(z+vy) = f(x)+ f(y) + 2%y + xy? and lirr(l) =) =1.
r—r €T
(a) Find f(0).

Solution: Let z =0 and y = 0: Then
fl@+y) = fl@)+ fly) + 2%y + 2y> = f(0+0) = f(0) + f(0) = f(0)
2f(0) = £(0) =[0]

(b) Find f'(0).

Solution: f'(0) = lim S
(c¢) Find f'(x).

Solution: f'(z) = lim f(x)+ f(h) + 22h + zh? — f(2)

h—0 h h—0 h
1 f(h> : 2 _ 2
= lim == + lim = +ah=[1+4?]

2. Evaluate 7}1_)1210 kgl In (" <1 + ﬁ) )
Solution: lim é‘ In| ¢ 1—1—E 2 = lim En In 1+E i l
" nSoo —1 n o n—00 P n n

_ /12 In(2?) dz = 2/12 In(z)

u = In(z) dv = dz

1
du=—dxr v=u=x
T

= 2/12 In(z) = 2x1n(m)‘j — 2/12(1) dx = 2<xln(x) — x)

=41In(4) — 2

3. Let f(z) have one zero, at x = 3, and suppose f'(z) < 0 for all z and that

/03f(t)dt:—/35f(t)dt

Define F(z) — / " F(t) dt and Glz) = / F(t) dt.



(a) Find the zeros of F(x).

3 5
Solution: Note that / f(t) dt +/ f(t) dt =
0 3

F(x) =0 at |x=0] and [x=5]

(b) Find all critical points of F(z) and classify each as a local min, a local max, or
neither.

Solution: F'(z) = f(z) = F'(x) = 0 when [x=3] Because f(z) <0, f(z) >0

when z < 3 and f(z) < 0 when & > 3. Thus, F(x) has a |local max at x=3|.

(c) How many zeros does G(z) have?

Solution: [3 zeros|. G(z) is zero at & = 1. The graph of F(z) is concave
down with zeros at 0 and 5. So G(z) must also have a root at some value of = < 0

and some value of x > 5.

(d) Find all critical points of G(z) and classify each as a local min, a local max, or
neither.

Solution: G'(z) = F(z),s0o G'(z) =0at z =0 and z = 5. G"(0) = f(0) > 0 and
G"(5) = f(5) < 0, so G(x) has a |local min at x=0| and a |local max at x=5|

4. Determine whether, for a differentiable function f, — ( / f(t dt> and / (% f (t)) dt
0

are always equal, sometimes equal, or never equal. Explam

Solution: ’Sometimes equal ‘: when f(0) = 0.

Y
. If f(z) is an even function, and g(y) is defined by g(y) = / f(z) dx, decide whether

0
g is even, odd, or neither. Justify your answer mathematically (not by example!).

Solution: ¢(— / f(x f( /f ) dz, because f(z) is
even. Thus, g(—y) = —g(y), so g(y) is [odd ]
[ \/1+t2 dt.

. Evaluate lim
h—0

Solution: Could use definition of the derivative or L’hopital’s Rule:

= lim \/1 + ((I + h)2>2 - (2(x + h)) = 22V1 + 21



