
Summer Workshop in Mathematics
Application Problems for SWiM 2022
Department of Mathematics, Duke University, Durham NC

Welcome SWiM 2022 applicant!

The problems below are t he SWiM 2022 application problems. Solve as many problems 
as possible. These problems are meant t o be challenging. They may take you days t o solve 
them. If you can only solve a portion of t he problems, you are s till welcome t o apply. 
Please write not only answers, but also proofs and partial solutions, partial results or ideas 
if you cannot completely solve the problem. You will not receive credit for your answer 
if there is no work explaining why you have arrived at that answer.

You can e ither type t  he solutions or write t  hem up by hand and t  hen s  can t  hem. We have 
included problems from last year along with a sample solution for your reference. Please upload 
your solution as aPDF file attachment with t  he application and remember t  o upload your 
Cover Letter stating why you are i nterested in SWiM and what aspects of 

mathematics are fascinating to you. Moreover, you must include and sign the following 
pledge:

I pledge on my honor that I have solved the problems on my own without help 
of others, books, calculators, the internet, or other sources.

WARNING: Posting these problems on problem-solving websites is s  t rictly f  orbidden. 
Applicants who do s  o will be disqualified, and t  heir parents and recommenders will be 
notified.
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January 2022

1 Instructions

Please attempt each question as best as you can, without consulting books, parents, friends, the internet or
your teachers. These problems are meant to be challenging so don’t be distressed if you can’t answer them
all completely. Just show your work and reasoning, which is what we really want to see. Good luck!

2 Questions

1. A Mersenne prime is a prime number that is 1 less than a power of 2. For example 7 = 23 − 1 or
31 = 25 − 1.

A square number is one that can be written as a product of a number times itself. For example, 25 = 5∗5
or 144 = 12 ∗ 12.

Given that an integer n can be written as the sum of two different Mersenne primes and also can
be written as the sum of two different powers of 2, prove that n is the sum of two different square
numbers.

2. Suppose there are 100 people going for a movie at a theatre which seats exactly 100 people. The first
person who enters the theatre loses their ticket and does not remember their seat number so they sit
at a random seat. The next person who follows sits at their seat (indicated on their ticket) or if its
taken, sits randomly at another seat. Assume that only the first person looses their ticket. What is the
probability that the 100th person sits at their seat?

3. A certain island is inhabited exclusively by truthsayers who always tell the truth and liars who always
lie. In addition, some of the truthsayers are called "established truthsayers" (these are truthsayers who
in a certain sense have proved them selves) and certain liars are called "established liars." Now, the
inhabitants of this island have formed various clubs. It is possible that an inhabitant may belong to
more than one club. Given any inhabitant X and any club C, either X claims that they are a member
of C or they claim that they are not a member of C. We are given that the following four conditions
hold:

C1. The set of all established truthsayers forms a club.

C2. The set of all established liars forms a club.

C3. Given any club C, the set of all inhabitants of the island who are not members of C form a club
of their own.

C4. Given any club C, there is at least one inhabitant of the island who claims that he is a member of
C.

Answer the following questions about the island:
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• Prove that there is atleast one unestablished truthsayer and atleast one unestablished liar on the
island.

• Does the set of all liars on the island form a club? Does the set of all truthsayers on the island
form a club?

Now suppose that Hypatia visits the island. She does not know that the island follows condition C4
(C4 is often known as the Godelian condition) and her goal is to find out if the island is Godelian.

She notices that each club is named after an inhabitant and each inhabitant has a club named after
them. An inhabitant is not necessarily a member of the club named after them; if they are, they are
called sociable, if they aren’t they are called unsociable. An inhabitant X is called a friend of an
inhabitant Y if X testifies that Y is sociable.

Hypatia still did not know whether or not she was on a Godelian island until she found out that the
island satisfied the following condition, which we will call condition H.

H. For any club C, there is another club D such that every member of D has at least one friend in C,
and every nonmember of D has at least one friend who is not a member of C.

From this condition Hypatia deduced that the island was Godelian. How?

4. Let C be a circle of radius 5. Four equally spaced parallel lines split C into 5 "bands", each of width
2. The bands were colored black and white in an alternating fashion, as illustrated in the diagram.
Which area is larger, the black or the white? Why? Do not use calculators or computers.

3 Sample Solution for Q1

There is more than one way to solve the problem above. This is just one example. (Alternately, we
could use Diphantus’ identity (which states that (a2 + b2)(c2 + d2) = (ab− cd)2 + (ad+ bc)2) or think
about uniqueness of binary representation, to have different solutions. But these more esoteric math
concepts aren’t needed: we present one that just relies on us understanding primes and factoring.)

The statement tells us we can write n as the sum of two Mersenne primes: n = (2a− 1)+ (2b− 1). The
statement also tells us we can write n as the sum of two different powers of two: n = 2c + 2d. (Let’s
suppose, without loss of generality, that a > b and c > d.)

So we can write n as n = (2a − 1) + (2b − 1) = 2c + 2d. Hence we have the equality

2a + 2b − 2 = 2c + 2d

Given that 2b−1 is prime, then 2b−1 > 2 so b ≥ 2, and hence a > b ≥ 2. So n = 2a+2b−2 is divisible
by 2 but not 4.

Since n = 2c + 2d with c > d then we must have that d = 1 and c ≥ 2.
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Thus we can take our original equation

2a + 2b − 2 = 2c + 21

and add 2 to both sides
2a + 2b = 2c + 4

and divide by 4 to get
2a−2 + 2b−2 = 2c−2 + 1.

The right hand side of this either 2 (if c = 2) or odd; in either case we must have b = 2.

So returning to the original equation we have then a = c and n = 2a + 2.

Now a must be odd, otherwise 2a − 1 = (2a/2 + 1)(2a/2 − 1) which is impossible since 2a − 1 is prime
and a ≥ 3.

(Alternatively if a were even, then 2a−1 would be divisible by 3, which is impossible since it is prime
and a ≥ 3.)

To complete our proof, we write a = 2k + 1, so that the identity n = 2a + 2 may be rewritten as

n = (2k + 1)2 + (2k − 1)2.

This shows that n is the sum of two distinct squares. □
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2. Application Problems

(1) A coin is called “fair” if the probability that it comes up heads (H) is exactly 1/2, and

of course the probability that it comes up tails (T) is 1/2 as well.

As we toss the coin, we write down the sequence (for instance, HTTHTHH ...) of heads

and tails obtained.

On average, how often should you have to toss the coin to see, in the sequence of H and

T that you write down, 3 H in a row? (i.e. a stretch of HHH somewhere)?

(2) A cat, running with speed v meters/second, wants to catch a ball of yarn that is pulled

away at constant speed of 1 meter/second. At time t = 0 second, the ball is in the xy-plane

at the point (0, 0); at later times, unless the cat has caught the ball, the ball is at (n, 0)

when t = n seconds, for all whole numbers n. (Distances on the x and y-axes are measured

in meters.)

The cat starts at position (0, L) at time t = 0 seconds.

If, at time t = n seconds, the cat is closer to the ball than v meters, then we expect the cat

will catch the ball in the next second. If the distance between cat and ball exceeds v meters

at time t = n seconds, then the cat will run, at speed v meter/second, between t = n seconds

and t = (n + 1) seconds, in the exact straight direction from where it (the cat) was at t = n
seconds, pointing to where the ball was at t = n second. Whenever the advancing time hits

a whole number of seconds, the cat adjusts its direction of running, so that it points again

at where the ball is then.

Can the cat ever catch the ball? Your answer will depend on the values of v and L –

indicate how!

(3) In a math program, 6 problems were given to the participants. Each pair of problems

was solved by more than 2/5 of the contestants. Nobody solved all 6 problems.

Can you explain how we know that there were at least 2 contestants who each solved

exactly 5 problems?

Sample Problems and Solutions from 2021



Solution to the sample question: First note p(x) must be of the form p(x) = x2 + cx ± 1, where
c is an integer.

For c = ±1, polynomial p(x) has the required property by taking q(x) = 1.

For c = 0, polynomial p(x) has the required property by taking q(x) = x + 1.

Suppose now that |c| ≥ 2. Then p(x) has 2 real roots, say x1 and x2, which are also roots

of p(x)q(x) = xn + cn−1xn−1 + ... + c0, with ci = ±1.

Thus

1 =

∣∣∣∣cn−1

xi

+ .... +
c0
xi
n

∣∣∣∣ ≤ 1

|xi|
+ ... +

1

|xi|n
<

1

|xi| − 1
,

which implies |x1|, |x2| < 2.

This rules out the cases |c| ≥ 3 and the polynomials p(x) = x2 ± 2x − 1.

The remaining two polynomials p(x) = x2 ± 2x + 1 satisfy the condition for q(x) = x ∓ 1.

Therefore, the 8 polynomials p(x) with the desired property are

p(x) = x2 ± x ± 1 

p(x) = x2 ± 1 

p(x) = x2 ± 2x + 1.

The following is an example problem. It is of a similar difficulty as the others, and uses (as the 
others do) only high-school level mathematics to solve. We provide two examples of solutions, 
the first here and the second in the accompanying file. One solution is textbook-like, and the 
other more rambling. Both would receive full credit.

Consider polynomials p(x) of degree two, with integer coefficients, and for which the x2 term has
coefficient 1. Find all such p(x) for which there exists a polynomial q(x) (of any degree) with 
integer coefficients such that p(x)q(x) is a polynomial having all coefficients±1.
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