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1. Introduction

Welcome SWiM 2021 applicant!

The problems below are the SWiM 2021 application problems. Solve as many problems 
as possible. These problems are meant to be challenging. They may take you days to solve 
them. If you can only solve a portion of the problems, you are still welcome to apply. Please 
write not only answers, but also proofs and partial solutions, partial results or ideas if you 
cannot completely solve the problem. You will not receive credit for your answer if there is 
no work explaining why you have arrived at that answer.

You can either type the solutions or write them up by hand and then scan them. Please upload 
your solution to https://www.mathprograms.org/db/programs/884 as an attachment with the 
application as a PDF file. Please remember to upload your Cover Letter stating why you are 
interested in SWiM and what aspects of mathematics are fascinating to you.  Moreover, 
in it, you must include and sign the following pledge:

I pledge on my honor that I have solved the problems on my own without help 
of others, books, calculators, the internet or other sources.

WARNING: Posting these problems on problem-solving websites is strictly forbidden.  
Applicants who do so will be disqualified, and their parents and recommenders will be notified.



2. Application Problems

(1) A coin is called “fair” if the probability that it comes up heads (H) is exactly 1/2, and

of course the probability that it comes up tails (T) is 1/2 as well.

As we toss the coin, we write down the sequence (for instance, HTTHTHH ...) of heads

and tails obtained.

On average, how often should you have to toss the coin to see, in the sequence of H and

T that you write down, 3 H in a row? (i.e. a stretch of HHH somewhere)?

(2) A cat, running with speed v meters/second, wants to catch a ball of yarn that is pulled

away at constant speed of 1 meter/second. At time t = 0 second, the ball is in the xy-plane

at the point (0, 0); at later times, unless the cat has caught the ball, the ball is at (n, 0)

when t = n seconds, for all whole numbers n. (Distances on the x and y-axes are measured

in meters.)

The cat starts at position (0, L) at time t = 0 seconds.

If, at time t = n seconds, the cat is closer to the ball than v meters, then we expect the cat

will catch the ball in the next second. If the distance between cat and ball exceeds v meters

at time t = n seconds, then the cat will run, at speed v meter/second, between t = n seconds

and t = (n + 1) seconds, in the exact straight direction from where it (the cat) was at t = n
seconds, pointing to where the ball was at t = n second. Whenever the advancing time hits

a whole number of seconds, the cat adjusts its direction of running, so that it points again

at where the ball is then.

Can the cat ever catch the ball? Your answer will depend on the values of v and L –

indicate how!

(3) In a math program, 6 problems were given to the participants. Each pair of problems

was solved by more than 2/5 of the contestants. Nobody solved all 6 problems.

Can you explain how we know that there were at least 2 contestants who each solved

exactly 5 problems?



Solution to the sample question: First note p(x) must be of the form p(x) = x2 + cx ± 1, where
c is an integer.

For c = ±1, polynomial p(x) has the required property by taking q(x) = 1.

For c = 0, polynomial p(x) has the required property by taking q(x) = x + 1.

Suppose now that |c| ≥ 2. Then p(x) has 2 real roots, say x1 and x2, which are also roots

of p(x)q(x) = xn + cn−1xn−1 + ... + c0, with ci = ±1.

Thus
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which implies |x1|, |x2| < 2.

This rules out the cases |c| ≥ 3 and the polynomials p(x) = x2 ± 2x − 1.

The remaining two polynomials p(x) = x2 ± 2x + 1 satisfy the condition for q(x) = x ∓ 1.

Therefore, the 8 polynomials p(x) with the desired property are

p(x) = x2 ± x ± 1 

p(x) = x2 ± 1 

p(x) = x2 ± 2x + 1.

The following is an example problem. It is of a similar difficulty as the others, and uses (as the 
others do) only high-school level mathematics to solve. We provide two examples of solutions, 
the first here and the second in the accompanying file. One solution is textbook-like, and the 
other more rambling. Both would receive full credit.

Consider polynomials p(x) of degree two, with integer coefficients, and for which the x2 term has
coefficient 1. Find all such p(x) for which there exists a polynomial q(x) (of any degree) with 
integer coefficients such that p(x)q(x) is a polynomial having all coefficients±1.












