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Histor 4 / Londext

1. Giromov -Wikken wvariawts: Loumt T — holoworphic corves

- Scibmaa.—w.'#eu WMuariants: Countd Colutious ( commections) to SW eguatious.
3. Donaldzon ~Thomas imvariants:

4. Joyce: Count @,-}lomolo% 2- spheres m dimension 4.

%" Donaldsou ~ Thowmas / Doualld$ou—-§aa.a|{-‘ éauq_e, +heory . higher dimemsions

6. Doon - al Punkﬁ73"o%w: (.'ouw-l-iuq. associdtives ju F -oliu ausious.
4 others...

# Calibroted geometry is relared +o qaunoe theory

# This Hlk is obout dimension 6.

Stable Forms
Delinckion: o & AZURMYE 16 called stable i} s Giin, IBY —orbit is open.
¥ HH‘c}nm 200! : Stable Lorms + Spaddl metrics . /A].;p Bn‘.awf- ¢ Esco’o)
Facts:

1. TFf M" hac a shable p-torm ot, then M bos a G —structure where G = stabd (pep).
Z. The existence of o stable p- Porm =3 +he existence of o stable (n-p)-torm

Called ks Hikchin dual & deuoted L'ﬂ' of -

3. Related 4o special holomomy where “dorcjon —Free” is expresceol n derws of  aouditions
on Hie fovws.

Ex: A Grp - Struchure @ ona F —wan; ol



I s
6 dimensions is special

g

We have o lot oF stadle forme
1. R-Forme w
2 stobilizer Splb, 2)
2 4- Forms T
3. 3 -—ﬁ:rWlS p

o Stabilizer SL(2,0) <— positive S

o Stabilizer SL[2, RY x SL(2, /R) <«— regative

Tn dimension & on’-i,} a stable 2 Jorwmw => an almost cona plex sttucture.

I &

Hitchin Duals

1. aJS'—"é"wAw T=L24T
Z. p is the Wigve 2 - Forwn such that p 4z is o nowhere ~vanshing.
complex volume forua .
Ex: Mis Chlabi—Yan => w, 'ts--éwa w, p=Reln) , p=TwmlA)
Delinidion: An SULL) ~structure on a 6 - manibid M is o pair of stavle forms
(p.T) &6 NBIM) x4 M)

such +ha+ Ye Tu +his case, +he stalrl; zer
ot dhe pair is SU(.

1. wap =0 (whe.rc w=z)
. W LY <=> dw =0
Z. -}g—w"-—--z,‘pAE dz =0
dP =0
do =0



I3.

£- dimensons

Lemma: (p,w) € N3(M) x N¥M) defines an SU(R) - structure  wiHr metric gum
it aud ouly it @=prdtaw is a b,-Stuckwe on R xM Yat oebmes
the product metric Aq = d+2 + AM -
% On Lhe olher haud, i could bo Hhe cae +hat @ =pidiaw is clable (ie. &) but

fp,w') is mot am SU) structure. However, cven in +hix case, T w’ such +het+ (p,w?) is
oan SUIL) struclure.

¥ Suls) —structures on }u‘.pm:.ar-&r.g; wm & b —manibold were studied by Colok;.

Delinition: (p,z) or (pres) will be called a Ga-pair if @=p +dHas is a stable 2-Forw
on IR AM.

*{SM[S) - struclures § is o delormation —redract of § g, - pqirtg

%
rg.
The Z—aa&mm%@ Malli phers Prola@ﬂ (Frow Donaldson - Seqal)
Let (M, T,0) be a closed 6- manifold eguipped with a closed G - pair.
Fix: Debive :
s A closed 2-manifold P el F—r
» M ) = 2"*‘:'
A 6”5 (M; Z) -'F-t z ) J[a,l] <p
* An embeddiu Zo : P—M
L -C,:fze-.’r”:z*p=o, z*3>o§
Let <F = emkala'}mtg 2:P—>M, [c1=A Geal: Fiud the ppitical points of

5‘ = coverih? Space, of F based a+ Zo . 'F.; } E
0
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_édICU.IUlS 726!/:'80\.3 [-L\)m'-le. - ol mencional audlaﬂ.a.e,)

La%mmq:, Maldi pl:e.rs Theorem:
Set-up:
2 =57(0), a submanilolel pez is ocritical pont of Fly jfp
E 3 2 e&* such that
&, o rank A vector bundle
S
~]) df, = 40 Ds,
M —__-F_‘-’ M Ds = ’r‘f ods

La%ma&a, Lonction: A: €E¥F—s R Lowmma: A eEF is o aritical pont of A 4=

7T(A)Y is o aritical peiut of -F,z

MNAY = P (A))- (Aosorr)(A)

ﬂw:&m[scﬁad--}er -Xu ‘13, UU)-' “The Morse homoIOﬂ, of N is well-delined and egual 4o

the Morce homolow od J-‘]a (s‘mﬂlar homo}oﬁo-P Z) win
%roo\iu? shidied by A.

r
10.
The paturbed SL eg__ug-lious
Set-up Sowme motadion: T o & NEM) yaunishes
ou o sabwani fold 2P, let oty e NP M)
€ = %P e cled) =s%p be debined by
fl?‘ L4 CP = G-l[oj xN (v'a L) V"--‘l) = “[t*v.; we=y Z*V‘_,, '-)
~ .ja____,g . 2F¥_ poe . . *
de% W//-P _Fz. € EGJ,(P) L"%"M“" Eouctioual: A: ET— /2
£¥A>O 4’ o\ i ~ 2,*
P - z *
Iel=A L[’of ¥ A(ﬂj Jf’ﬂ]"P i JPﬂz P
Enler - La.%mwo‘c. 5{M-})ou83 Harua.*—'l.awsou: L3 [M,q, N, T) s SA it
1. ¢%p =0 1. 2@[J1)L =0
2.ty +ddapy =0 z. w|, =0
Y¢ We shouid do Morse 'Thech&. ,’ But Melean says woe
need. 4o sousider e case wheve 1 # soustant.




M.

Gldtl/tq‘b Thvariance

w Let ,&s orienlotion — presenvivg d,‘-f-rwmorphisms ot P

Let & = smocth isodopies [o,13—> Dife(P) stardiug. ot tue iclewlity-

Lek . -

Y& The Fumciouals . and A are ,?-— Mvorionk .

ﬂe’:r denyvahives are /& —‘mvariaut + horizeoudal.

Thus Hiey all descoud 4o submanibolds.

L
(2.
Elliplicity_and Yhe G, - ey linder
let Z4:P— R xM R [?‘fP),ﬂfpl)‘
Lemma.: Suppose that (4,2) solves the perturbed 8L eguatious. Them ¢ 4lP) is au
associative Subman! fold ofF RxM with respect Jo Y=z +oltap.
3 B xM
M
¥t However, these are mot hecessarily,
cd)“ﬂ'd‘l"d /M'ilﬁm"' gsjuce 31 w, &
Hrere re = la"-l-di‘-ﬂ-w are not
¢ losecl.
Cons&zuemces:

o The operador associated Yo the paturbd SL eguatrous is self- adljoret & elliptc
(abrer moddling. out by ditFeoworphisms).

. "716 %N\diew-l' Mﬂ'edorics are qiven b‘a_ eam sub wanifolds Su RExM



Nz.
Vilume Bounds

Definition: Suppose Hhat (X,¥) is a 2 -manifll eguipped witn o0 sthavle 4-forun @.
Then we say that a closed Z —Lform @ Hames ¥ L Lor all x € X, oud al)
Y - associabive, orientgd R~ planes VeaX, & K% >0 such +hai

voly ¢ ¥-gr|,

W Tk @/ tames p +hen @’ is stadle.

W T4 gP s P-ascociative, Fhen Volgy (2P) 2 Vi LT, [21D  (Hopological)

Suppose (M,p,-c, w?, p’) is o b- mani fold with a +amed &, - petir. Suppose

L emma.:
also Hat (4,2) is a araphical asseciabive. Then both +he volume of cP + Nd A},
ore bounded. Mere preciseld . F o constant U >0 such Hhat
Volgu(cP) + ldAl 2 ¥grer1, rerd
-
r,q'

Yr wWe have Jo do this because 2P s net wiivimal !

_g_e_ o‘o\)o\r |-l-ll&,

Theorem' Let £ 2 1 be av jnteqor, 2 £ (0,1) o number. Let (X, @) be o closed F —manifolol
ezuiPPCA wiHh a S‘I'abf&‘ d-‘l“ 4-porm Q. L&.}- Z: P —aX be an emw;q? go
that ¢P is o %%, ¢ - associatve submanifold. Thea 2P 1 a & “Lox s nbuanibold.

T Par-l—ico\lar, iF P is smoodh Jhenw so is 2P

proo'Fi
' Lacall-ﬂ&, own associotive ,oa;Ls );‘)u. +he q_mph o-p-a. ML-HOM -P.M-—"H whlc.h
sotisfies o moditied Harvey —Lawson eguatrom

DY — (P +Rp ) =0

* Appla "D to bedh sides & dmh of fLac a Jmear A _oroler PDE witin non-smootn

aoelticients.

¢ Use Schaunder eshimmaticet.



Fs.
é:asza_ COWlpath]'neQS ¥ The «Followi“q- ako hobls for jurmersions.

3
Theorem: Let 421 bean ivheqer, @ 6(0,1) o namber, p = -, - Let+ X be an oriented|
F —woi Pl cguipped with o seguence Yy of tome statle 4 - Foris
Qonvergug. Jo ¢ in Vi Jaia®

gp

Let ¢,:P—3X be a sequewe ot Yo — assccative, W™" - aurbedolmgs such +had

> > .p,‘x-ed i

| tater - algd, o

‘l’) ” I[ta} "LP < C

Then there exists a subseguence z, , an ewbedding. z: P —>X also Satis Rgiuq. e alove,
ond o sepueuce of dibbeomorphisms @y, such thet

Zho Gp: P—>X
donverqes do z w the C4% — Jopologuy

L

fe.
Proo‘p!

. &re.umm? 20012 - £ gownapactuess for juumersious
witin bounded zud  pa ekt fopua.

e Ellipic reque\h‘-kt.



The Local Modul;i Space

e Bx¥ acks on L29P) x F.

Gven (A.2) €C2PYxF, let S be a /local slice defmed USiucy +Hie exponendral
map on M.

o Then aounsider
L:S —s 03P xn3(p, A¥.)

(4,2) —> (z%. Tn + d44pbw)

- ME = M3(A,P 7)) = L7C0)
* Dyp,¢) = Livearization of L at (Ae)emS
s ﬂl‘xg {cl,ﬂ éz—po\‘urs (PJT) 4ameol Ll-a. (p’,w')g

- ﬂf_’:‘? = {(pnr)é né such that Diaq) is Surjechive when (ﬂ,ﬁjéﬂ?sg

o Umiversal Local Modali Space: 71S(A,P; B4*)

rl%.
Tronsversa |,'J-.}

T-;MDVQM5 ‘rh& moduli space M[A,P; (pﬂ:')) is o set of jsolited powvils henever (pT) & ﬂre?.

‘P,-oo-Pi
e Fivst, work on a glice.

o After 4"""""‘3" He apprpricite Cobolev cowmpletions, yiew A as oo wmap detween
Ranach gpoces 5,4 mszU:"P

» B'ﬁ' Wl,r,'.hq, IS does no¥ pleperd on Aédp.

’ APP'"&- the 1wmpliciy funchion Lheovewr auol uote Hitt Jue pomtts ‘m 215 ave
alee isolated in fue L4 _dopslogey.

* Siuce Hais holds for all Jocal slices i+ ako holols Hor AL aldogqethner.



M.
Propozi-hbw; For +4he right choices ot £.4, e puivarsal woduli space PIS(A, P: B2)
Is oo geparable (£ £-4-! Bauack gabmwan;blod of w:-:Pxﬂe,N.
Proot : Twplici+ function Fheovew & some huear algebra .
Recall..
Debwition . T T is & Jopokgical space o cubeet is called residual if 4 Fhe udersechion
of & couutable pumber of open, deuse seids.
Sords Smale Theoveur: T+ £ X—>Y betueen separable Banach wmanifolds
then the set o} reqular values is resicual.
% Se "residual” is “"gemic
L
l0.

Theovew: ﬂm.& is residual n A.

Proo¥:
1. First, tousider tne projection s g1S(A, P, gen) —= 7B
Note ot ﬂ,f,'; = r‘eo‘d.ldr‘ values of 1+ & apply Cearol- Swale.

So ﬂféu is deuse i BE* wrd pLw dopologey -



1. ,
Tawbes Trick

2. Detive gnq,d C R 4o be the set oF surcoth Gre—pairs (p,T) € 2Z such +hat

Dia,¢r is sur-lle.ul-lve. For all :a_mpwcal assocrddives sd-hsﬁtiua_

lzte> -2,

. |

z.) —_— vV prge P
letey - etgd,p 27 ¢

ét) ] ﬂ:ffa)”kr £ L p>3

-€vcv? a&,rqphlc-tl associotive satisfies 7)) & £¢) for some & >0. Therehore
/4 =/1 R
Tt T T ¥

> The €asy- sompack ness Jheoveur dllos ugs to prove that Preg.c is open by
proviue Hat i4s complewmmt is cloged .

s Then we alcd have +o ghow each is deuse., This works w ‘e"““”‘d- AUe game
way as j¥ does for T - holoworpuic curves.



