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→ more D-branes might become relevant when changing  
    complex structure → new light particles
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In 2018 we started to use asymptotic  
Hodge theory to study asymptotic  
regions           to test the distance  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Hard mathematical problem:  study growth of cycles in X and argue for  
the existence of increasing number of stable D-brane states in each infinite 
distance limit      
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I ẋJds
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2 Infinite distance divisors in Calabi-Yau moduli space

In this section we introduce the mathematical concepts that allow us to study points in moduli
space that are at infinite geodesic distance with respect to some specific metric g. We denote a
point of infinite distance as on for which all paths � to such a point are infinitely long when
measured with the metric g. Hence we want to make statements about the length of any smooth
path � connecting P,Q given by

d�(P,Q) =

Z

�

p
gIJ ẋ

I ẋJds , (2.1)

where xI(s) embeds the path and ẋ
I = @x

I
/@s. The key point will be to translate the information

about being at infinite distance into a more algebraic statement. Firstly, we note that infinite
geodesic distances can only occur when connecting a path to a singular point P in moduli space
as indicated in Figure 1. Secondly, we will see that such points are characterised by the existence
of an infinite order monodromy matrix T and by the action of the logarithm N = log(T ) of the
monodromy matrix acting on the unique holomorphic three-form at this point. This will allow
us to identify the universal asymptotic behaviour of the field metric g when approaching such
infinite distance points.

singular locus

P

Q

Figure 1: Smooth path connecting a regular point Q to a singular point P which might be at
infinite distance in moduli space.

2.1 Complex structure moduli space and monodromy

To start with we recall some basic facts about the complex structure moduli space Mcs and
introduce its natural metric, the Weil-Petersson metric gWP. The complex structure moduli
space for a Calabi-Yau manifold YD of complex dimension D is a h

D�1,1(YD)-dimensional Kähler
manifold. Locally, it can be parametrised by coordinates zI , I = 1, . . . , hD�1,1(YD), which are
often called the complex structure deformation moduli. The metric on Mcs is determined by
the holomorphic (D, 0)-form ⌦. The metric gWP is Kähler and locally obtained from the Kähler
potential [17, 18]

K = � log
h
� i

D
Z

YD

⌦ ^ ⌦̄
i
, (2.2)

i.e. one finds that gWP has components gIJ̄ = @zI@z̄JK.

The holomorphic (D, 0)-form ⌦ can be expanded into an appropriate real integral basis
�I . It is a non-trivial task to identify such an ‘appropriate’ integral basis �I . We refer to the

5

Kähler metric:

➡ Weil-Petersson metric on complex structure moduli space of CY manifolds:
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➡ Distances are determined by: 
 

literature discussing Calabi-Yau threefold and fourfolds for more details on its construction.
Furthermore, one can show that ⌦ depends holomorphically on the coordinates zI . Hence, we
write

⌦ = ⇧I(z) �I ⌘ ⇧
T� , ⇧I =

Z

�I

⌦ , (2.3)

where �I integrates to �
J
I over the cycle �J . The holomorphic functions ⇧I are called the

periods of ⌦. In order to rewrite intersection products it will be also convenient to introduce
the intersection matrix ⌘ with components

⌘IJ =

Z

YD

�I ^ �J (2.4)

which is anti-symmetric for D odd and symmetric for D even. In Calabi-Yau threefolds,
i.e. D = 3, the matrix ⌘IJ is anti-symmetric and the basis �I can be chosen to be symplectic.
Hence, we can pick

�I = (↵L,�
K) ,

Z

Y3

↵L ^ �
K = �

K
L ,

Z

Y3

↵L ^ ↵K =

Z

Y3

�
L ^ �

K = 0 . (2.5)

Let us stress that the coordinates z
I , periods ⇧(z)I , and the basis �I are adapted to the

considered patch in Mcs and can very non-trivially change when moving to di↵erent regions in
Mcs. With this definitions at hand we can write (2.2) as

K = � log
⇥
� i

D
⇧

T
⌘⇧̄

⇤
. (2.6)

It is crucial for our considerations that the complex structure moduli space Mcs is not
generally smooth, but will admit special singular points. These can always be made to lie
on divisors that intersect normally.3 The periods ⇧ are in fact multi-valued and experience
monodromies along paths encircling such special divisors. To make this more precise, let us
introduce local coordinates zI , such that the considered singular divisor is given by z

j = 0 for
some j 2 {1, . . . , hD,1(YD)}. Note that we can consider several intersecting divisors. We encircle
z
j = 0 by sending z

j ! e
2⇡i

z
j . In general the periods will non-trivially transform with a matrix

Ti under this identification

⇧(..., e2⇡izj , ...) = Tj ⇧(..., zj , ...) . (2.7)

Two facts about the Tj will be important for us in the next sections [14, 20]

each Tj is quasi-unipotent : 9mj , nj 2 Z : (Tmj+1 � Id)nj+1 = 0 , (2.8)

Tj locally arising at a point commute : [Ti, Tj ] = 0 . (2.9)

Collecting all such Ti throughout the moduli space Mcs one obtains a group � known as the
monodromy group.4 In general, the elements of � will not commute, and (2.9) only holds for
the elements Ti at a point in a higher-dimensional moduli space. However, we will not need a
detailed global understanding of the moduli space and therefore restrict most of our discussion
to a local patch around such special points. It is important to note that the ‘infinite distance’
in the metric gWP will be picked up in such a local patch if the special point satisfied certain
criteria. This will be discussed in the next subsections.

3To be mathematically more precise, it was shown [19] that one can resolve the moduli space such that all
special points are on divisors that intersect normally.

4Strictly speaking the monodromy group can be defined as � = ⇡1(Mcs) and the T
J
I give a representation of

this group on the period vectors.
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➡ Periods of (3,0)-from           (variation of Hodge structure  [Griffiths]…)⌦
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p
gIJ ẋ

I ẋJds

2 Infinite distance divisors in Calabi-Yau moduli space

In this section we introduce the mathematical concepts that allow us to study points in moduli
space that are at infinite geodesic distance with respect to some specific metric g. We denote a
point of infinite distance as on for which all paths � to such a point are infinitely long when
measured with the metric g. Hence we want to make statements about the length of any smooth
path � connecting P,Q given by

d�(P,Q) =

Z

�

p
gIJ ẋ

I ẋJds , (2.1)

where xI(s) embeds the path and ẋ
I = @x

I
/@s. The key point will be to translate the information

about being at infinite distance into a more algebraic statement. Firstly, we note that infinite
geodesic distances can only occur when connecting a path to a singular point P in moduli space
as indicated in Figure 1. Secondly, we will see that such points are characterised by the existence
of an infinite order monodromy matrix T and by the action of the logarithm N = log(T ) of the
monodromy matrix acting on the unique holomorphic three-form at this point. This will allow
us to identify the universal asymptotic behaviour of the field metric g when approaching such
infinite distance points.

singular locus

P

Q

Figure 1: Smooth path connecting a regular point Q to a singular point P which might be at
infinite distance in moduli space.

2.1 Complex structure moduli space and monodromy

To start with we recall some basic facts about the complex structure moduli space Mcs and
introduce its natural metric, the Weil-Petersson metric gWP. The complex structure moduli
space for a Calabi-Yau manifold YD of complex dimension D is a h

D�1,1(YD)-dimensional Kähler
manifold. Locally, it can be parametrised by coordinates zI , I = 1, . . . , hD�1,1(YD), which are
often called the complex structure deformation moduli. The metric on Mcs is determined by
the holomorphic (D, 0)-form ⌦. The metric gWP is Kähler and locally obtained from the Kähler
potential [17, 18]

K = � log
h
� i

D
Z

YD

⌦ ^ ⌦̄
i
, (2.2)

i.e. one finds that gWP has components gIJ̄ = @zI@z̄JK.

The holomorphic (D, 0)-form ⌦ can be expanded into an appropriate real integral basis
�I . It is a non-trivial task to identify such an ‘appropriate’ integral basis �I . We refer to the

5

Kähler metric:

➡ Weil-Petersson metric on complex structure moduli space of CY manifolds:
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⇥
iQ(⌦, ⌦̄)

⇤ <latexit sha1_base64="8S8gBJ4fED+JZ90KPAQt0LARyiw=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKChF3xdZKAF48RjAayIfROOsng7Ow60xsJwe/w4q948aCIN/Hi3zh5HHwVDBRV1fR0RamSlnz/05uYnJqemZ2bzy0sLi2v5FfXLm2SGYEVkajEVCOwqKTGCklSWE0NQhwpvIquTwf+VReNlYm+oF6K9RjaWrakAHJSIx+cb4eg0g7shhES7PAQbzLZ5aHU1KjykcfDW2y2kQ8jjXzBL/pD8L8kGJMCG6PcyL+HzURkMWoSCqytBX5K9T4YkkLhXS7MLKYgrqGNNUc1xGjr/eFpd3zLKU3eSox7mvhQ/T7Rh9jaXhy5ZAzUsb+9gfifV8uodVzvS51mhFqMFrUyxSnhg554UxoUpHqOgDDS/ZWLDhgQ5NrMuRKC3yf/JZd7xeCweHC+XyidjOuYYxtsk22zgB2xEjtjZVZhgt2zR/bMXrwH78l79d5G0QlvPLPOfsD7+AKqMqAJ</latexit>

Q(↵,�) ⌘
Z

X
↵ ^ �



  Distance in complex structure moduli space

➡ Distances are determined by: 
 

Question 1:   What are the points  P  for which                     
                        is infinite for every path? 
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d�(P,O)

literature discussing Calabi-Yau threefold and fourfolds for more details on its construction.
Furthermore, one can show that ⌦ depends holomorphically on the coordinates zI . Hence, we
write

⌦ = ⇧I(z) �I ⌘ ⇧
T� , ⇧I =

Z

�I

⌦ , (2.3)

where �I integrates to �
J
I over the cycle �J . The holomorphic functions ⇧I are called the

periods of ⌦. In order to rewrite intersection products it will be also convenient to introduce
the intersection matrix ⌘ with components

⌘IJ =

Z

YD

�I ^ �J (2.4)

which is anti-symmetric for D odd and symmetric for D even. In Calabi-Yau threefolds,
i.e. D = 3, the matrix ⌘IJ is anti-symmetric and the basis �I can be chosen to be symplectic.
Hence, we can pick

�I = (↵L,�
K) ,

Z

Y3

↵L ^ �
K = �

K
L ,

Z

Y3

↵L ^ ↵K =

Z

Y3

�
L ^ �

K = 0 . (2.5)

Let us stress that the coordinates z
I , periods ⇧(z)I , and the basis �I are adapted to the

considered patch in Mcs and can very non-trivially change when moving to di↵erent regions in
Mcs. With this definitions at hand we can write (2.2) as

K = � log
⇥
� i

D
⇧

T
⌘⇧̄

⇤
. (2.6)

It is crucial for our considerations that the complex structure moduli space Mcs is not
generally smooth, but will admit special singular points. These can always be made to lie
on divisors that intersect normally.3 The periods ⇧ are in fact multi-valued and experience
monodromies along paths encircling such special divisors. To make this more precise, let us
introduce local coordinates zI , such that the considered singular divisor is given by z

j = 0 for
some j 2 {1, . . . , hD,1(YD)}. Note that we can consider several intersecting divisors. We encircle
z
j = 0 by sending z

j ! e
2⇡i

z
j . In general the periods will non-trivially transform with a matrix

Ti under this identification

⇧(..., e2⇡izj , ...) = Tj ⇧(..., zj , ...) . (2.7)

Two facts about the Tj will be important for us in the next sections [14, 20]

each Tj is quasi-unipotent : 9mj , nj 2 Z : (Tmj+1 � Id)nj+1 = 0 , (2.8)

Tj locally arising at a point commute : [Ti, Tj ] = 0 . (2.9)

Collecting all such Ti throughout the moduli space Mcs one obtains a group � known as the
monodromy group.4 In general, the elements of � will not commute, and (2.9) only holds for
the elements Ti at a point in a higher-dimensional moduli space. However, we will not need a
detailed global understanding of the moduli space and therefore restrict most of our discussion
to a local patch around such special points. It is important to note that the ‘infinite distance’
in the metric gWP will be picked up in such a local patch if the special point satisfied certain
criteria. This will be discussed in the next subsections.

3To be mathematically more precise, it was shown [19] that one can resolve the moduli space such that all
special points are on divisors that intersect normally.

4Strictly speaking the monodromy group can be defined as � = ⇡1(Mcs) and the T
J
I give a representation of

this group on the period vectors.
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➡ Periods of (3,0)-from           (variation of Hodge structure  [Griffiths]…)⌦
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2 Infinite distance divisors in Calabi-Yau moduli space

In this section we introduce the mathematical concepts that allow us to study points in moduli
space that are at infinite geodesic distance with respect to some specific metric g. We denote a
point of infinite distance as on for which all paths � to such a point are infinitely long when
measured with the metric g. Hence we want to make statements about the length of any smooth
path � connecting P,Q given by

d�(P,Q) =

Z

�

p
gIJ ẋ

I ẋJds , (2.1)

where xI(s) embeds the path and ẋ
I = @x

I
/@s. The key point will be to translate the information

about being at infinite distance into a more algebraic statement. Firstly, we note that infinite
geodesic distances can only occur when connecting a path to a singular point P in moduli space
as indicated in Figure 1. Secondly, we will see that such points are characterised by the existence
of an infinite order monodromy matrix T and by the action of the logarithm N = log(T ) of the
monodromy matrix acting on the unique holomorphic three-form at this point. This will allow
us to identify the universal asymptotic behaviour of the field metric g when approaching such
infinite distance points.

singular locus

P

Q

Figure 1: Smooth path connecting a regular point Q to a singular point P which might be at
infinite distance in moduli space.

2.1 Complex structure moduli space and monodromy

To start with we recall some basic facts about the complex structure moduli space Mcs and
introduce its natural metric, the Weil-Petersson metric gWP. The complex structure moduli
space for a Calabi-Yau manifold YD of complex dimension D is a h

D�1,1(YD)-dimensional Kähler
manifold. Locally, it can be parametrised by coordinates zI , I = 1, . . . , hD�1,1(YD), which are
often called the complex structure deformation moduli. The metric on Mcs is determined by
the holomorphic (D, 0)-form ⌦. The metric gWP is Kähler and locally obtained from the Kähler
potential [17, 18]

K = � log
h
� i

D
Z

YD

⌦ ^ ⌦̄
i
, (2.2)

i.e. one finds that gWP has components gIJ̄ = @zI@z̄JK.

The holomorphic (D, 0)-form ⌦ can be expanded into an appropriate real integral basis
�I . It is a non-trivial task to identify such an ‘appropriate’ integral basis �I . We refer to the
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Kähler metric:

➡ Weil-Petersson metric on complex structure moduli space of CY manifolds:
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K = �log
⇥
iQ(⌦, ⌦̄)
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  States and their masses

➡ Candidate states to consider:  BPS - D3 branes wrapping three-cycles 

⇒ label the states by                                    integral class                                                 
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  States and their masses

➡ Candidate states to consider:  BPS - D3 branes wrapping three-cycles 

⇒ label the states by                                    integral class                                                 

                 given by central charge:

➡ Evaluate the mass of BPS states:
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m(z,H) = |Z(z,H)|
<latexit sha1_base64="eMW2sgeRNSaqTUb/+tH05FW5gsY=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCBIkzwe0iBL0EPJiAWTAZQ0+nkjTpWejuEcIQvPgrXjwo4tWv8Obf2EnmoIkPCh7vVVFVzwk4k8o0v43E3PzC4lJyObWyura+kd7cqko/FBQq1Oe+qDtEAmceVBRTHOqBAOI6HGpO/2rk1x5ASOZ7t2oQgO2Srsc6jBKlpVZ65w5fYLiPro/yQ1zOFg9x88aFLsEHrXTGzJlj4FlixSSDYpRa6a9m26ehC56inEjZsMxA2RERilEOw1QzlBAQ2iddaGjqERekHY1fGOJ9rbRxxxe6PIXH6u+JiLhSDlxHd7pE9eS0NxL/8xqh6pzbEfOCUIFHJ4s6IcfKx6M8cJsJoIoPNCFUMH0rpj0iCFU6tZQOwZp+eZZU8znrNHdSPs4ULuM4kmgX7aEsstAZKqAiKqEKougRPaNX9GY8GS/Gu/ExaU0Y8cw2+gPj8wcJXJSo</latexit>

Z = e
K/2

Q(H,⌦)

<latexit sha1_base64="b48vO9qKeOmuFGTJptoQ6GJVl5g=">AAACAnicbVDLSgNBEOyNrxhfUU/iZTAIESTs+j4GveQYwTwwu4bZySQZMju7zMwKYQle/BUvHhTx6ld482+cJHvQaEFDUdVNd5cfcaa0bX9Zmbn5hcWl7HJuZXVtfSO/uVVXYSwJrZGQh7LpY0U5E7Smmea0GUmKA5/Thj+4GvuNeyoVC8WNHkbUC3BPsC4jWBupnd+pIBe5TKDK3XGxeegGWPd9P7kdHbTzBbtkT4D+EiclBUhRbec/3U5I4oAKTThWquXYkfYSLDUjnI5ybqxohMkA92jLUIEDqrxk8sII7Rulg7qhNCU0mqg/JxIcKDUMfNM5PlHNemPxP68V6+6FlzARxZoKMl3UjTnSIRrngTpMUqL50BBMJDO3ItLHEhNtUsuZEJzZl/+S+lHJOSudXp8UypdpHFnYhT0oggPnUIYKVKEGBB7gCV7g1Xq0nq03633amrHSmW34BevjG558lbA=</latexit>

H 2 H
3(X,Z)



  States and their masses

➡ Candidate states to consider:  BPS - D3 branes wrapping three-cycles 

⇒ label the states by                                    integral class                                                 

                 given by central charge:

➡ Evaluate the mass of BPS states:
<latexit sha1_base64="92fRZu0vckj2pIOFZVrJKmmiY8Y=">AAAB+nicbZDLSgMxFIYz9VbrbapLN8EiVJAyI942QtFNlxXsBduhZNK0DU0yQ5JR6rSP4saFIm59Ene+jel0Ftr6Q+DjP+dwTn4/ZFRpx/m2MkvLK6tr2fXcxubW9o6d362rIJKY1HDAAtn0kSKMClLTVDPSDCVB3Gek4Q9vpvXGA5GKBuJOj0LicdQXtEcx0sbq2HlefDquHMErOL5PaNyxC07JSQQXwU2hAFJVO/ZXuxvgiBOhMUNKtVwn1F6MpKaYkUmuHSkSIjxEfdIyKBAnyouT0yfw0Dhd2AukeULDxP09ESOu1Ij7ppMjPVDztan5X60V6d6lF1MRRpoIPFvUixjUAZzmALtUEqzZyADCkppbIR4gibA2aeVMCO78lxehflJyz0tnt6eF8nUaRxbsgwNQBC64AGVQAVVQAxg8gmfwCt6ssfVivVsfs9aMlc7sgT+yPn8ASj+SGQ==</latexit>

m(z,H) = |Z(z,H)|
<latexit sha1_base64="eMW2sgeRNSaqTUb/+tH05FW5gsY=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCBIkzwe0iBL0EPJiAWTAZQ0+nkjTpWejuEcIQvPgrXjwo4tWv8Obf2EnmoIkPCh7vVVFVzwk4k8o0v43E3PzC4lJyObWyura+kd7cqko/FBQq1Oe+qDtEAmceVBRTHOqBAOI6HGpO/2rk1x5ASOZ7t2oQgO2Srsc6jBKlpVZ65w5fYLiPro/yQ1zOFg9x88aFLsEHrXTGzJlj4FlixSSDYpRa6a9m26ehC56inEjZsMxA2RERilEOw1QzlBAQ2iddaGjqERekHY1fGOJ9rbRxxxe6PIXH6u+JiLhSDlxHd7pE9eS0NxL/8xqh6pzbEfOCUIFHJ4s6IcfKx6M8cJsJoIoPNCFUMH0rpj0iCFU6tZQOwZp+eZZU8znrNHdSPs4ULuM4kmgX7aEsstAZKqAiKqEKougRPaNX9GY8GS/Gu/ExaU0Y8cw2+gPj8wcJXJSo</latexit>

Z = e
K/2

Q(H,⌦)

<latexit sha1_base64="b48vO9qKeOmuFGTJptoQ6GJVl5g=">AAACAnicbVDLSgNBEOyNrxhfUU/iZTAIESTs+j4GveQYwTwwu4bZySQZMju7zMwKYQle/BUvHhTx6ld482+cJHvQaEFDUdVNd5cfcaa0bX9Zmbn5hcWl7HJuZXVtfSO/uVVXYSwJrZGQh7LpY0U5E7Smmea0GUmKA5/Thj+4GvuNeyoVC8WNHkbUC3BPsC4jWBupnd+pIBe5TKDK3XGxeegGWPd9P7kdHbTzBbtkT4D+EiclBUhRbec/3U5I4oAKTThWquXYkfYSLDUjnI5ybqxohMkA92jLUIEDqrxk8sII7Rulg7qhNCU0mqg/JxIcKDUMfNM5PlHNemPxP68V6+6FlzARxZoKMl3UjTnSIRrngTpMUqL50BBMJDO3ItLHEhNtUsuZEJzZl/+S+lHJOSudXp8UypdpHFnYhT0oggPnUIYKVKEGBB7gCV7g1Xq0nq03633amrHSmW34BevjG558lbA=</latexit>

H 2 H
3(X,Z)

volume of cycles  
period integral



  States and their masses

➡ Candidate states to consider:  BPS - D3 branes wrapping three-cycles 

⇒ label the states by                                    integral class                                                 

                 given by central charge:

➡ Evaluate the mass of BPS states:
<latexit sha1_base64="92fRZu0vckj2pIOFZVrJKmmiY8Y=">AAAB+nicbZDLSgMxFIYz9VbrbapLN8EiVJAyI942QtFNlxXsBduhZNK0DU0yQ5JR6rSP4saFIm59Ene+jel0Ftr6Q+DjP+dwTn4/ZFRpx/m2MkvLK6tr2fXcxubW9o6d362rIJKY1HDAAtn0kSKMClLTVDPSDCVB3Gek4Q9vpvXGA5GKBuJOj0LicdQXtEcx0sbq2HlefDquHMErOL5PaNyxC07JSQQXwU2hAFJVO/ZXuxvgiBOhMUNKtVwn1F6MpKaYkUmuHSkSIjxEfdIyKBAnyouT0yfw0Dhd2AukeULDxP09ESOu1Ij7ppMjPVDztan5X60V6d6lF1MRRpoIPFvUixjUAZzmALtUEqzZyADCkppbIR4gibA2aeVMCO78lxehflJyz0tnt6eF8nUaRxbsgwNQBC64AGVQAVVQAxg8gmfwCt6ssfVivVsfs9aMlc7sgT+yPn8ASj+SGQ==</latexit>

m(z,H) = |Z(z,H)|
<latexit sha1_base64="eMW2sgeRNSaqTUb/+tH05FW5gsY=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCBIkzwe0iBL0EPJiAWTAZQ0+nkjTpWejuEcIQvPgrXjwo4tWv8Obf2EnmoIkPCh7vVVFVzwk4k8o0v43E3PzC4lJyObWyura+kd7cqko/FBQq1Oe+qDtEAmceVBRTHOqBAOI6HGpO/2rk1x5ASOZ7t2oQgO2Srsc6jBKlpVZ65w5fYLiPro/yQ1zOFg9x88aFLsEHrXTGzJlj4FlixSSDYpRa6a9m26ehC56inEjZsMxA2RERilEOw1QzlBAQ2iddaGjqERekHY1fGOJ9rbRxxxe6PIXH6u+JiLhSDlxHd7pE9eS0NxL/8xqh6pzbEfOCUIFHJ4s6IcfKx6M8cJsJoIoPNCFUMH0rpj0iCFU6tZQOwZp+eZZU8znrNHdSPs4ULuM4kmgX7aEsstAZKqAiKqEKougRPaNX9GY8GS/Gu/ExaU0Y8cw2+gPj8wcJXJSo</latexit>

Z = e
K/2

Q(H,⌦)

<latexit sha1_base64="b48vO9qKeOmuFGTJptoQ6GJVl5g=">AAACAnicbVDLSgNBEOyNrxhfUU/iZTAIESTs+j4GveQYwTwwu4bZySQZMju7zMwKYQle/BUvHhTx6ld482+cJHvQaEFDUdVNd5cfcaa0bX9Zmbn5hcWl7HJuZXVtfSO/uVVXYSwJrZGQh7LpY0U5E7Smmea0GUmKA5/Thj+4GvuNeyoVC8WNHkbUC3BPsC4jWBupnd+pIBe5TKDK3XGxeegGWPd9P7kdHbTzBbtkT4D+EiclBUhRbec/3U5I4oAKTThWquXYkfYSLDUjnI5ybqxohMkA92jLUIEDqrxk8sII7Rulg7qhNCU0mqg/JxIcKDUMfNM5PlHNemPxP68V6+6FlzARxZoKMl3UjTnSIRrngTpMUqL50BBMJDO3ItLHEhNtUsuZEJzZl/+S+lHJOSudXp8UypdpHFnYhT0oggPnUIYKVKEGBB7gCV7g1Xq0nq03633amrHSmW34BevjG558lbA=</latexit>

H 2 H
3(X,Z)

volume of cycles  
period integral

Question 2:   Is there an infinite set of lattice sites in                   
?such that  

<latexit sha1_base64="DqbViDrJMg1yRsffstyCjGzMlaM=">AAAB+3icbVDLSgMxFL1TX7W+xrp0EyxCBSkzvpdFN11WsA9sx5JJ0zY08yDJiGWYX3HjQhG3/og7/8ZMOwttPRA4nHMv9+S4IWdSWda3kVtaXlldy68XNja3tnfM3WJTBpEgtEECHoi2iyXlzKcNxRSn7VBQ7LmcttzxTeq3HqmQLPDv1CSkjoeHPhswgpWWemYR1R5Oy+3jrofVyHXj++SoZ5asijUFWiR2RkqQod4zv7r9gEQe9RXhWMqObYXKibFQjHCaFLqRpCEmYzykHU197FHpxNPsCTrUSh8NAqGfr9BU/b0RY0/KiefqyTSinPdS8T+vE6nBlRMzP4wU9cns0CDiSAUoLQL1maBE8YkmmAimsyIywgITpesq6BLs+S8vkuZJxb6onN+elarXWR152IcDKIMNl1CFGtShAQSe4Ble4c1IjBfj3fiYjeaMbGcP/sD4/AFEWJNT</latexit>

H
3(X,Z)

<latexit sha1_base64="L3v47Ooy0QrvHJHa9fGHGQbPf6M="></latexit>

m(z) / e�d(z0,z) d(z0, z) ! 1



  States and their masses

➡ Candidate states to consider:  BPS - D3 branes wrapping three-cycles 

Question 3:   Are there BPS states at these sites, are they stable?                   
⇒ counting problem, study walls of stability…  

⇒ label the states by                                    integral class                                                 

                 given by central charge:

➡ Evaluate the mass of BPS states:
<latexit sha1_base64="eMW2sgeRNSaqTUb/+tH05FW5gsY=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCBIkzwe0iBL0EPJiAWTAZQ0+nkjTpWejuEcIQvPgrXjwo4tWv8Obf2EnmoIkPCh7vVVFVzwk4k8o0v43E3PzC4lJyObWyura+kd7cqko/FBQq1Oe+qDtEAmceVBRTHOqBAOI6HGpO/2rk1x5ASOZ7t2oQgO2Srsc6jBKlpVZ65w5fYLiPro/yQ1zOFg9x88aFLsEHrXTGzJlj4FlixSSDYpRa6a9m26ehC56inEjZsMxA2RERilEOw1QzlBAQ2iddaGjqERekHY1fGOJ9rbRxxxe6PIXH6u+JiLhSDlxHd7pE9eS0NxL/8xqh6pzbEfOCUIFHJ4s6IcfKx6M8cJsJoIoPNCFUMH0rpj0iCFU6tZQOwZp+eZZU8znrNHdSPs4ULuM4kmgX7aEsstAZKqAiKqEKougRPaNX9GY8GS/Gu/ExaU0Y8cw2+gPj8wcJXJSo</latexit>

Z = e
K/2

Q(H,⌦)

<latexit sha1_base64="b48vO9qKeOmuFGTJptoQ6GJVl5g=">AAACAnicbVDLSgNBEOyNrxhfUU/iZTAIESTs+j4GveQYwTwwu4bZySQZMju7zMwKYQle/BUvHhTx6ld482+cJHvQaEFDUdVNd5cfcaa0bX9Zmbn5hcWl7HJuZXVtfSO/uVVXYSwJrZGQh7LpY0U5E7Smmea0GUmKA5/Thj+4GvuNeyoVC8WNHkbUC3BPsC4jWBupnd+pIBe5TKDK3XGxeegGWPd9P7kdHbTzBbtkT4D+EiclBUhRbec/3U5I4oAKTThWquXYkfYSLDUjnI5ybqxohMkA92jLUIEDqrxk8sII7Rulg7qhNCU0mqg/JxIcKDUMfNM5PlHNemPxP68V6+6FlzARxZoKMl3UjTnSIRrngTpMUqL50BBMJDO3ItLHEhNtUsuZEJzZl/+S+lHJOSudXp8UypdpHFnYhT0oggPnUIYKVKEGBB7gCV7g1Xq0nq03633amrHSmW34BevjG558lbA=</latexit>

H 2 H
3(X,Z)

volume of cycles  
period integral

<latexit sha1_base64="92fRZu0vckj2pIOFZVrJKmmiY8Y=">AAAB+nicbZDLSgMxFIYz9VbrbapLN8EiVJAyI942QtFNlxXsBduhZNK0DU0yQ5JR6rSP4saFIm59Ene+jel0Ftr6Q+DjP+dwTn4/ZFRpx/m2MkvLK6tr2fXcxubW9o6d362rIJKY1HDAAtn0kSKMClLTVDPSDCVB3Gek4Q9vpvXGA5GKBuJOj0LicdQXtEcx0sbq2HlefDquHMErOL5PaNyxC07JSQQXwU2hAFJVO/ZXuxvgiBOhMUNKtVwn1F6MpKaYkUmuHSkSIjxEfdIyKBAnyouT0yfw0Dhd2AukeULDxP09ESOu1Ij7ppMjPVDztan5X60V6d6lF1MRRpoIPFvUixjUAZzmALtUEqzZyADCkppbIR4gibA2aeVMCO78lxehflJyz0tnt6eF8nUaRxbsgwNQBC64AGVQAVVQAxg8gmfwCt6ssfVivVsfs9aMlc7sgT+yPn8ASj+SGQ==</latexit>

m(z,H) = |Z(z,H)|



  States and their masses

➡ Candidate states to consider:  BPS - D3 branes wrapping three-cycles 

We used general results from asymptotic Hodge theory for Question 1 & 2. 

⇒ label the states by                                    integral class                                                 

                 given by central charge:

➡ Evaluate the mass of BPS states:
<latexit sha1_base64="eMW2sgeRNSaqTUb/+tH05FW5gsY=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCBIkzwe0iBL0EPJiAWTAZQ0+nkjTpWejuEcIQvPgrXjwo4tWv8Obf2EnmoIkPCh7vVVFVzwk4k8o0v43E3PzC4lJyObWyura+kd7cqko/FBQq1Oe+qDtEAmceVBRTHOqBAOI6HGpO/2rk1x5ASOZ7t2oQgO2Srsc6jBKlpVZ65w5fYLiPro/yQ1zOFg9x88aFLsEHrXTGzJlj4FlixSSDYpRa6a9m26ehC56inEjZsMxA2RERilEOw1QzlBAQ2iddaGjqERekHY1fGOJ9rbRxxxe6PIXH6u+JiLhSDlxHd7pE9eS0NxL/8xqh6pzbEfOCUIFHJ4s6IcfKx6M8cJsJoIoPNCFUMH0rpj0iCFU6tZQOwZp+eZZU8znrNHdSPs4ULuM4kmgX7aEsstAZKqAiKqEKougRPaNX9GY8GS/Gu/ExaU0Y8cw2+gPj8wcJXJSo</latexit>

Z = e
K/2

Q(H,⌦)

<latexit sha1_base64="b48vO9qKeOmuFGTJptoQ6GJVl5g=">AAACAnicbVDLSgNBEOyNrxhfUU/iZTAIESTs+j4GveQYwTwwu4bZySQZMju7zMwKYQle/BUvHhTx6ld482+cJHvQaEFDUdVNd5cfcaa0bX9Zmbn5hcWl7HJuZXVtfSO/uVVXYSwJrZGQh7LpY0U5E7Smmea0GUmKA5/Thj+4GvuNeyoVC8WNHkbUC3BPsC4jWBupnd+pIBe5TKDK3XGxeegGWPd9P7kdHbTzBbtkT4D+EiclBUhRbec/3U5I4oAKTThWquXYkfYSLDUjnI5ybqxohMkA92jLUIEDqrxk8sII7Rulg7qhNCU0mqg/JxIcKDUMfNM5PlHNemPxP68V6+6FlzARxZoKMl3UjTnSIRrngTpMUqL50BBMJDO3ItLHEhNtUsuZEJzZl/+S+lHJOSudXp8UypdpHFnYhT0oggPnUIYKVKEGBB7gCV7g1Xq0nq03633amrHSmW34BevjG558lbA=</latexit>

H 2 H
3(X,Z)

volume of cycles  
period integral

<latexit sha1_base64="92fRZu0vckj2pIOFZVrJKmmiY8Y=">AAAB+nicbZDLSgMxFIYz9VbrbapLN8EiVJAyI942QtFNlxXsBduhZNK0DU0yQ5JR6rSP4saFIm59Ene+jel0Ftr6Q+DjP+dwTn4/ZFRpx/m2MkvLK6tr2fXcxubW9o6d362rIJKY1HDAAtn0kSKMClLTVDPSDCVB3Gek4Q9vpvXGA5GKBuJOj0LicdQXtEcx0sbq2HlefDquHMErOL5PaNyxC07JSQQXwU2hAFJVO/ZXuxvgiBOhMUNKtVwn1F6MpKaYkUmuHSkSIjxEfdIyKBAnyouT0yfw0Dhd2AukeULDxP09ESOu1Ij7ppMjPVDztan5X60V6d6lF1MRRpoIPFvUixjUAZzmALtUEqzZyADCkppbIR4gibA2aeVMCO78lxehflJyz0tnt6eF8nUaRxbsgwNQBC64AGVQAVVQAxg8gmfwCt6ssfVivVsfs9aMlc7sgT+yPn8ASj+SGQ==</latexit>

m(z,H) = |Z(z,H)|



  States and their masses

➡ Candidate states to consider:  BPS - D3 branes wrapping three-cycles 

We used general results from asymptotic Hodge theory for Question 1 & 2. 

What is the physics of the limits?   
         emergence proposal [TG,Palti,Valenzuela][Heidenreich,Reece,Rudelius][Palti]… 
         emergent strings [Lee,Lerche,Weigand]…

⇒ label the states by                                    integral class                                                 

                 given by central charge:

➡ Evaluate the mass of BPS states:
<latexit sha1_base64="eMW2sgeRNSaqTUb/+tH05FW5gsY=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCBIkzwe0iBL0EPJiAWTAZQ0+nkjTpWejuEcIQvPgrXjwo4tWv8Obf2EnmoIkPCh7vVVFVzwk4k8o0v43E3PzC4lJyObWyura+kd7cqko/FBQq1Oe+qDtEAmceVBRTHOqBAOI6HGpO/2rk1x5ASOZ7t2oQgO2Srsc6jBKlpVZ65w5fYLiPro/yQ1zOFg9x88aFLsEHrXTGzJlj4FlixSSDYpRa6a9m26ehC56inEjZsMxA2RERilEOw1QzlBAQ2iddaGjqERekHY1fGOJ9rbRxxxe6PIXH6u+JiLhSDlxHd7pE9eS0NxL/8xqh6pzbEfOCUIFHJ4s6IcfKx6M8cJsJoIoPNCFUMH0rpj0iCFU6tZQOwZp+eZZU8znrNHdSPs4ULuM4kmgX7aEsstAZKqAiKqEKougRPaNX9GY8GS/Gu/ExaU0Y8cw2+gPj8wcJXJSo</latexit>

Z = e
K/2

Q(H,⌦)

<latexit sha1_base64="b48vO9qKeOmuFGTJptoQ6GJVl5g=">AAACAnicbVDLSgNBEOyNrxhfUU/iZTAIESTs+j4GveQYwTwwu4bZySQZMju7zMwKYQle/BUvHhTx6ld482+cJHvQaEFDUdVNd5cfcaa0bX9Zmbn5hcWl7HJuZXVtfSO/uVVXYSwJrZGQh7LpY0U5E7Smmea0GUmKA5/Thj+4GvuNeyoVC8WNHkbUC3BPsC4jWBupnd+pIBe5TKDK3XGxeegGWPd9P7kdHbTzBbtkT4D+EiclBUhRbec/3U5I4oAKTThWquXYkfYSLDUjnI5ybqxohMkA92jLUIEDqrxk8sII7Rulg7qhNCU0mqg/JxIcKDUMfNM5PlHNemPxP68V6+6FlzARxZoKMl3UjTnSIRrngTpMUqL50BBMJDO3ItLHEhNtUsuZEJzZl/+S+lHJOSudXp8UypdpHFnYhT0oggPnUIYKVKEGBB7gCV7g1Xq0nq03633amrHSmW34BevjG558lbA=</latexit>

H 2 H
3(X,Z)

volume of cycles  
period integral

<latexit sha1_base64="92fRZu0vckj2pIOFZVrJKmmiY8Y=">AAAB+nicbZDLSgMxFIYz9VbrbapLN8EiVJAyI942QtFNlxXsBduhZNK0DU0yQ5JR6rSP4saFIm59Ene+jel0Ftr6Q+DjP+dwTn4/ZFRpx/m2MkvLK6tr2fXcxubW9o6d362rIJKY1HDAAtn0kSKMClLTVDPSDCVB3Gek4Q9vpvXGA5GKBuJOj0LicdQXtEcx0sbq2HlefDquHMErOL5PaNyxC07JSQQXwU2hAFJVO/ZXuxvgiBOhMUNKtVwn1F6MpKaYkUmuHSkSIjxEfdIyKBAnyouT0yfw0Dhd2AukeULDxP09ESOu1Ij7ppMjPVDztan5X60V6d6lF1MRRpoIPFvUixjUAZzmALtUEqzZyADCkppbIR4gibA2aeVMCO78lxehflJyz0tnt6eF8nUaRxbsgwNQBC64AGVQAVVQAxg8gmfwCt6ssfVivVsfs9aMlc7sgT+yPn8ASj+SGQ==</latexit>

m(z,H) = |Z(z,H)|
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  Structure of complex structure moduli space

➡ Consider one-dimensional moduli spaces         of a Calabi-Yau D-fold
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

10



  Structure of complex structure moduli space

➡ Consider one-dimensional moduli spaces         of a Calabi-Yau D-fold

Example:  Calabi-Yau threefold  (such as mirror quintic)

2-sphere with  
three excluded  

points
large complex  
structure point

conifold point

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M
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  Structure of complex structure moduli space

➡ Consider one-dimensional moduli spaces         of a Calabi-Yau D-fold

Example:  Calabi-Yau threefold  (such as mirror quintic)

2-sphere with  
three excluded  

points
large complex  
structure point

conifold point

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

10

Local geometry:    <latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

upper half-planepunctured disc

<latexit sha1_base64="cEn4Kf6vvoBV5SWQ896GgfOLZ4k=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARPYSa4XYSgF48RzALJJPR0epImPQvdNUoc8h9ePCji1X/x5t/YSeagiQ8KHu9VUVXPi6XQaNvf1tLyyuraem4jv7m1vbNb2Nuv6yhRjNdYJCPV9KjmUoS8hgIlb8aK08CTvOENbyZ+44ErLaLwHkcxdwPaD4UvGEUjdZ6ueCctt2NBBMFxt1C0S/YUZJE4GSlChmq38NXuRSwJeIhMUq1bjh2jm1KFgkk+zrcTzWPKhrTPW4aGNODaTadXj8mxUXrEj5SpEMlU/T2R0kDrUeCZzoDiQM97E/E/r5Wgf+mmIowT5CGbLfITSTAikwhITyjOUI4MoUwJcythA6ooQxNU3oTgzL+8SOrlknNeOrs7LVauszhycAhHcAIOXEAFbqEKNWCg4Ble4c16tF6sd+tj1rpkZTMH8AfW5w+5vJIG</latexit>

z = e2⇡it
<latexit sha1_base64="JUrM3bsfdAd9dMviJvbSjmDJo74=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMgCGFXfF2EoBePEcwDNkuYnUySIbMzy0yvuCz5DC8eFPHq13jzb5wke9DEgoaiqpvurjAW3IDrfjuFpeWV1bXiemljc2t7p7y71zQq0ZQ1qBJKt0NimOCSNYCDYO1YMxKFgrXC0e3Ebz0ybbiSD5DGLIjIQPI+pwSs5AO+xk/4BHOcdssVt+pOgReJl5MKylHvlr86PUWTiEmgghjje24MQUY0cCrYuNRJDIsJHZEB8y2VJGImyKYnj/GRVXq4r7QtCXiq/p7ISGRMGoW2MyIwNPPeRPzP8xPoXwUZl3ECTNLZon4iMCg8+R/3uGYURGoJoZrbWzEdEk0o2JRKNgRv/uVF0jytehfV8/uzSu0mj6OIDtAhOkYeukQ1dIfqqIEoUugZvaI3B5wX5935mLUWnHxmH/2B8/kD/1yPyA==</latexit>

t = x+ iy

<latexit sha1_base64="qQTWZL7doGukuX10EYj2ICMKbhU=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIr2XRjcsK9gFNKJPppB06mYSZGyXELvwVNy4UcetvuPNvnLZZaOuBC4dz7uXee4JEcA2O820tLC4tr6yW1srrG5tb2/bOblPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLwe+617pjSP5R1kCfMj0pc85JSAkbr2PmBP8f4AiFLxA+bY4zKErGtXnKozAZ4nbkEqqEC9a395vZimEZNABdG64zoJ+DlRwKlgo7KXapYQOiR91jFUkohpP5/cP8JHRunhMFamJOCJ+nsiJ5HWWRSYzojAQM96Y/E/r5NCeOnnXCYpMEmni8JUYIjxOAzc44pREJkhhCpubsV0QBShYCIrmxDc2ZfnSfOk6p5Xz25PK7WrIo4SOkCH6Bi56ALV0A2qowai6BE9o1f0Zj1ZL9a79TFtXbCKmT30B9bnD8oNlfk=</latexit>

t ! i1



  Boundaries in complex structure moduli space

➡ Boundaries are the points where Calabi-Yau manifold degenerates

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

⇒ associate a monodromy         around singular loci
<latexit sha1_base64="JrVcfiY/1NYMXGUgfu7+F6+Q3dg=">AAACE3icbZDLSgMxFIYzXmu9jbp0M1gEESlJUdvuim5cVugNpkPJpJk2NHMhyQhl6Du48VXcuFDErRt3vo2Z6Sy09UDg4//PSU5+N+JMKgi/jZXVtfWNzcJWcXtnd2/fPDjsyDAWhLZJyEPRc7GknAW0rZjitBcJin2X0647uU397gMVkoVBS00j6vh4FDCPEay0NDDPk352iS1GrpPAMoQQIXSRAqpeQw31eq2CarPWbGCWMl+XtQwohxLIqzkwv/rDkMQ+DRThWEobwUg5CRaKEU5nxX4saYTJBI+orTHAPpVOkq0zs061MrS8UOgTKCtTf08k2Jdy6ru608dqLBe9VPzPs2Pl1ZyEBVGsaEDmD3kxt1RopQFZQyYoUXyqARPB9K4WGWOBidIxFnUIaPHLy9CplNFVGd5flho3eRwFcAxOwBlAoAoa4A40QRsQ8AiewSt4M56MF+Pd+Ji3rhj5zBH4U8bnD22Pmg0=</latexit>

T
<latexit sha1_base64="20W0IPBIwFpd8V2cahCH6sGdG2k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqCcJePEYIS/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPGi1oKKq66e6KU8Et+P6XV1pb39jcKm9Xdnb39g+qh0cdqzNDWZtqoU0vJpYJrlgbOAjWSw0jMhasG0/u5n73kRnLtWrBNGWRJCPFE04JOClsDfK+kZhqNRtUa37dXwD/JUFBaqhAc1D97A81zSRTQAWxNgz8FKKcGOBUsFmln1mWEjohIxY6qohkNsoXJ8/wmVOGONHGlQK8UH9O5ERaO5Wx65QExnbVm4v/eWEGyU2Uc5VmwBRdLkoygUHj+f94yA2jIKaOEGq4uxXTMTGEgkup4kIIVl/+SzoX9eCq7j9c1hq3RRxldIJO0TkK0DVqoHvURG1EkUZP6AW9euA9e2/e+7K15BUzx+gXvI9vMVqRLw==</latexit>

Tcon

<latexit sha1_base64="NFepFN+Up5a5+duhwabU6L2WJxE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqCcJePEYIS/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPGi1oKKq66e6KU8Et+P6XV1pb39jcKm9Xdnb39g+qh0cdqzNDWZtqoU0vJpYJrlgbOAjWSw0jMhasG0/u5n73kRnLtWrBNGWRJCPFE04JOClsDfK+kVhQOxtUa37dXwD/JUFBaqhAc1D97A81zSRTQAWxNgz8FKKcGOBUsFmln1mWEjohIxY6qohkNsoXJ8/wmVOGONHGlQK8UH9O5ERaO5Wx65QExnbVm4v/eWEGyU2Uc5VmwBRdLkoygUHj+f94yA2jIKaOEGq4uxXTMTGEgkup4kIIVl/+SzoX9eCq7j9c1hq3RRxldIJO0TkK0DVqoHvURG1EkUZP6AW9euA9e2/e+7K15BUzx+gXvI9vNGqRMQ==</latexit>

Tlcs
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  Boundaries in complex structure moduli space

➡ Boundaries are the points where Calabi-Yau manifold degenerates

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

⇒ associate a monodromy         around singular loci
<latexit sha1_base64="JrVcfiY/1NYMXGUgfu7+F6+Q3dg=">AAACE3icbZDLSgMxFIYzXmu9jbp0M1gEESlJUdvuim5cVugNpkPJpJk2NHMhyQhl6Du48VXcuFDErRt3vo2Z6Sy09UDg4//PSU5+N+JMKgi/jZXVtfWNzcJWcXtnd2/fPDjsyDAWhLZJyEPRc7GknAW0rZjitBcJin2X0647uU397gMVkoVBS00j6vh4FDCPEay0NDDPk352iS1GrpPAMoQQIXSRAqpeQw31eq2CarPWbGCWMl+XtQwohxLIqzkwv/rDkMQ+DRThWEobwUg5CRaKEU5nxX4saYTJBI+orTHAPpVOkq0zs061MrS8UOgTKCtTf08k2Jdy6ru608dqLBe9VPzPs2Pl1ZyEBVGsaEDmD3kxt1RopQFZQyYoUXyqARPB9K4WGWOBidIxFnUIaPHLy9CplNFVGd5flho3eRwFcAxOwBlAoAoa4A40QRsQ8AiewSt4M56MF+Pd+Ji3rhj5zBH4U8bnD22Pmg0=</latexit>

T
<latexit sha1_base64="20W0IPBIwFpd8V2cahCH6sGdG2k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqCcJePEYIS/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPGi1oKKq66e6KU8Et+P6XV1pb39jcKm9Xdnb39g+qh0cdqzNDWZtqoU0vJpYJrlgbOAjWSw0jMhasG0/u5n73kRnLtWrBNGWRJCPFE04JOClsDfK+kZhqNRtUa37dXwD/JUFBaqhAc1D97A81zSRTQAWxNgz8FKKcGOBUsFmln1mWEjohIxY6qohkNsoXJ8/wmVOGONHGlQK8UH9O5ERaO5Wx65QExnbVm4v/eWEGyU2Uc5VmwBRdLkoygUHj+f94yA2jIKaOEGq4uxXTMTGEgkup4kIIVl/+SzoX9eCq7j9c1hq3RRxldIJO0TkK0DVqoHvURG1EkUZP6AW9euA9e2/e+7K15BUzx+gXvI9vMVqRLw==</latexit>

Tcon

<latexit sha1_base64="NFepFN+Up5a5+duhwabU6L2WJxE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqCcJePEYIS/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPGi1oKKq66e6KU8Et+P6XV1pb39jcKm9Xdnb39g+qh0cdqzNDWZtqoU0vJpYJrlgbOAjWSw0jMhasG0/u5n73kRnLtWrBNGWRJCPFE04JOClsDfK+kVhQOxtUa37dXwD/JUFBaqhAc1D97A81zSRTQAWxNgz8FKKcGOBUsFmln1mWEjohIxY6qohkNsoXJ8/wmVOGONHGlQK8UH9O5ERaO5Wx65QExnbVm4v/eWEGyU2Uc5VmwBRdLkoygUHj+f94yA2jIKaOEGq4uxXTMTGEgkup4kIIVl/+SzoX9eCq7j9c1hq3RRxldIJO0TkK0DVqoHvURG1EkUZP6AW9euA9e2/e+7K15BUzx+gXvI9vNGqRMQ==</latexit>

Tlcs
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[Landman][Borel]:                                  ⇒ coordinate change:   remove
<latexit sha1_base64="Gt9MdMDQVsxm5mgHKYtAjo80gvs=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48R8oJkDbOTTjJkZnedmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1090VxIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dJQohnUWiUi1AqpR8BDrhhuBrVghlYHAZjC6m/nNMSrNo7BmJjH6kg5C3ueMGiv5pPaYdpQkGuWUdIslt+zOQVaJl5ESZKh2i1+dXsQSiaFhgmrd9tzY+ClVhjOB00In0RhTNqIDbFsaUonaT+dHT8mZVXqkHylboSFz9fdESqXWExnYTknNUC97M/E/r52Y/o2f8jBODIZssaifCGIiMkuA9LhCZsTEEsoUt7cSNqSKMmNzKtgQvOWXV0njouxdld2Hy1LlNosjDydwCufgwTVU4B6qUAcGT/AMr/DmjJ0X5935WLTmnGzmGP7A+fwB6WyRiw==</latexit>

T sem<latexit sha1_base64="laGO+BWEsQtPRcUrU5zTkMkr1LQ="></latexit>

T = T sem · T

nilpotent each boundary:
<latexit sha1_base64="oB8mqbXGn+R5DcErMYzyfgyX+Xk=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIqAhC0Y0rqWAf0MQymd60QyYPZiZiDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvcdLOJPKsr6Nwtz8wuJScbm0srq2vmFubjVknAoKdRrzWLQ8IoGzCOqKKQ6tRAAJPQ5NL7gc+c17EJLF0a0aJOCGpBcxn1GitNQxdxx40FskDs6wg6/vAnyOrY5ZtirWGHiW2Dkpoxy1jvnldGOahhApyomUbdtKlJsRoRjlMCw5qYSE0ID0oK1pREKQbja+foj3tdLFfix0RQqP1d8TGQmlHISe7gyJ6stpbyT+57VT5Z+6GYuSVEFEJ4v8lGMV41EUuMsEUMUHmhAqmL4V0z4RhCodWEmHYE+/PEsahxX7uGLdHJWrF3kcRbSL9tABstEJqqIrVEN1RNEjekav6M14Ml6Md+Nj0low8plt9AfG5w/2OJOZ</latexit>

9k : Nk = 0
u

u

<latexit sha1_base64="fTWT8Wzj7iQwT+Kumws+Dg1+3Yw="></latexit>

N = logT



  Boundaries in complex structure moduli space

➡ Boundaries are the points where Calabi-Yau manifold degenerates

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

⇒ associate a monodromy         around singular loci
<latexit sha1_base64="JrVcfiY/1NYMXGUgfu7+F6+Q3dg=">AAACE3icbZDLSgMxFIYzXmu9jbp0M1gEESlJUdvuim5cVugNpkPJpJk2NHMhyQhl6Du48VXcuFDErRt3vo2Z6Sy09UDg4//PSU5+N+JMKgi/jZXVtfWNzcJWcXtnd2/fPDjsyDAWhLZJyEPRc7GknAW0rZjitBcJin2X0647uU397gMVkoVBS00j6vh4FDCPEay0NDDPk352iS1GrpPAMoQQIXSRAqpeQw31eq2CarPWbGCWMl+XtQwohxLIqzkwv/rDkMQ+DRThWEobwUg5CRaKEU5nxX4saYTJBI+orTHAPpVOkq0zs061MrS8UOgTKCtTf08k2Jdy6ru608dqLBe9VPzPs2Pl1ZyEBVGsaEDmD3kxt1RopQFZQyYoUXyqARPB9K4WGWOBidIxFnUIaPHLy9CplNFVGd5flho3eRwFcAxOwBlAoAoa4A40QRsQ8AiewSt4M56MF+Pd+Ji3rhj5zBH4U8bnD22Pmg0=</latexit>

T
<latexit sha1_base64="20W0IPBIwFpd8V2cahCH6sGdG2k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqCcJePEYIS/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPGi1oKKq66e6KU8Et+P6XV1pb39jcKm9Xdnb39g+qh0cdqzNDWZtqoU0vJpYJrlgbOAjWSw0jMhasG0/u5n73kRnLtWrBNGWRJCPFE04JOClsDfK+kZhqNRtUa37dXwD/JUFBaqhAc1D97A81zSRTQAWxNgz8FKKcGOBUsFmln1mWEjohIxY6qohkNsoXJ8/wmVOGONHGlQK8UH9O5ERaO5Wx65QExnbVm4v/eWEGyU2Uc5VmwBRdLkoygUHj+f94yA2jIKaOEGq4uxXTMTGEgkup4kIIVl/+SzoX9eCq7j9c1hq3RRxldIJO0TkK0DVqoHvURG1EkUZP6AW9euA9e2/e+7K15BUzx+gXvI9vMVqRLw==</latexit>

Tcon

<latexit sha1_base64="NFepFN+Up5a5+duhwabU6L2WJxE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqCcJePEYIS/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPGi1oKKq66e6KU8Et+P6XV1pb39jcKm9Xdnb39g+qh0cdqzNDWZtqoU0vJpYJrlgbOAjWSw0jMhasG0/u5n73kRnLtWrBNGWRJCPFE04JOClsDfK+kVhQOxtUa37dXwD/JUFBaqhAc1D97A81zSRTQAWxNgz8FKKcGOBUsFmln1mWEjohIxY6qohkNsoXJ8/wmVOGONHGlQK8UH9O5ERaO5Wx65QExnbVm4v/eWEGyU2Uc5VmwBRdLkoygUHj+f94yA2jIKaOEGq4uxXTMTGEgkup4kIIVl/+SzoX9eCq7j9c1hq3RRxldIJO0TkK0DVqoHvURG1EkUZP6AW9euA9e2/e+7K15BUzx+gXvI9vNGqRMQ==</latexit>

Tlcs
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[Landman][Borel]:                                  ⇒ coordinate change:   remove
<latexit sha1_base64="Gt9MdMDQVsxm5mgHKYtAjo80gvs=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48R8oJkDbOTTjJkZnedmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1090VxIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dJQohnUWiUi1AqpR8BDrhhuBrVghlYHAZjC6m/nNMSrNo7BmJjH6kg5C3ueMGiv5pPaYdpQkGuWUdIslt+zOQVaJl5ESZKh2i1+dXsQSiaFhgmrd9tzY+ClVhjOB00In0RhTNqIDbFsaUonaT+dHT8mZVXqkHylboSFz9fdESqXWExnYTknNUC97M/E/r52Y/o2f8jBODIZssaifCGIiMkuA9LhCZsTEEsoUt7cSNqSKMmNzKtgQvOWXV0njouxdld2Hy1LlNosjDydwCufgwTVU4B6qUAcGT/AMr/DmjJ0X5935WLTmnGzmGP7A+fwB6WyRiw==</latexit>

T sem<latexit sha1_base64="laGO+BWEsQtPRcUrU5zTkMkr1LQ="></latexit>

T = T sem · T

nilpotent each boundary:
<latexit sha1_base64="oB8mqbXGn+R5DcErMYzyfgyX+Xk=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIqAhC0Y0rqWAf0MQymd60QyYPZiZiDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvcdLOJPKsr6Nwtz8wuJScbm0srq2vmFubjVknAoKdRrzWLQ8IoGzCOqKKQ6tRAAJPQ5NL7gc+c17EJLF0a0aJOCGpBcxn1GitNQxdxx40FskDs6wg6/vAnyOrY5ZtirWGHiW2Dkpoxy1jvnldGOahhApyomUbdtKlJsRoRjlMCw5qYSE0ID0oK1pREKQbja+foj3tdLFfix0RQqP1d8TGQmlHISe7gyJ6stpbyT+57VT5Z+6GYuSVEFEJ4v8lGMV41EUuMsEUMUHmhAqmL4V0z4RhCodWEmHYE+/PEsahxX7uGLdHJWrF3kcRbSL9tABstEJqqIrVEN1RNEjekav6M14Ml6Md+Nj0low8plt9AfG5w/2OJOZ</latexit>

9k : Nk = 0
u

u

<latexit sha1_base64="fTWT8Wzj7iQwT+Kumws+Dg1+3Yw="></latexit>

N = logT

higher-dimensional situation:             boundaries at normal intersection
<latexit sha1_base64="ScHETtgtOxM1XDQZKkf4VdnCyDI=">AAACFXicbZDLSsNAFIYnXmu9RV26CRbBRSmZIr3sim5cSQV7gTSEyXTSDp1cmJkIJeQl3Pgqblwo4lZw59s4SbPQ1h8GPv5zzsyZ340YFdI0v7W19Y3Nre3STnl3b//gUD867osw5pj0cMhCPnSRIIwGpCepZGQYcYJ8l5GBO7vO6oMHwgUNg3s5j4jto0lAPYqRVJajV5NRfonFJ66dmDXTNCGE1Qxgs2EqaLdbddhKbx2aOnol71AyVgEWUAGFuo7+NRqHOPZJIDFDQljQjKSdIC4pZiQtj2JBIoRnaEIshQHyibCTfKHUOFfO2PBCrk4gjdz9PZEgX4i576pOH8mpWK5l5n81K5Zey05oEMWSBHjxkBczQ4ZGFpExppxgyeYKEOZU7WrgKeIISxVkWYUAl7+8Cv16DTZq9bvLSueqiKMETsEZuAAQNEEH3IAu6AEMHsEzeAVv2pP2or1rH4vWNa2YOQF/pH3+APbZmuY=</latexit>

Ni
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➡ naturally combine:  

over the real numbers will be denoted by GR, while the corresponding algebra is denoted by gR.
Hence, we have

g 2 GR : hg↵,�i = h↵, g�1�i , L 2 gR : hL↵,�i = �h↵, L�i . (2.4)

As an example, we note that for Calabi-Yau threefolds one has GR = Sp(2h2,1 + 2,R). The
complex version of this group and algebra are henceforth denoted by GC, gC.

When computing the effective actions arising from compactifications of string theory the
Hodge norm (2.2) appears in many instances. As a first example, note that in Type IIB
string theory on a Calabi-Yau threefold the Hodge norm determines the kinetic terms of the
four-dimensional gauge fields, which arise by expanding the R-R four-form C4 into three-forms
H3(Y3,Z). Picking a symplectic basis (↵M ,�N ) with h↵M ,�N i = �NM of H3(Y3,Z) we write
C4 = AM ^↵M � ÃM ^�M . The four-dimensional vectors AM and ÃM are electric and magnetic
U(1) gauge fields in the effective theory, respectively. The charged particles in the effective theory
arise from D3-branes wrapped on three-cycles in Y3. The space H3(Y3,Z) can be identified with
the charge lattice of these states under (AM , ÃN ). The relevance of these states in the distance
conjecture will be briefly discussed in the very last section 6.3. A second example, which will be
central to section 6, are F-theory and M-theory compactifications on Calabi-Yau fourfolds. In
these cases the flux scalar potential induced by a background four-form flux G4 in H4(Y4,Z/2)
is determined by the Hodge norm. The lattice H4(Y4,Z/2) corresponds to the flux lattice.

The goal of the following discussion is to keep track of the dependence of the Hodge norm
on the complex structure deformations of the manifold YD. For Calabi-Yau manifolds it can be
shown that there exists an unobstructed moduli space M, the complex structure deformation
space. This space is a Kähler manifold of complex dimension hD�1,1 = dimHD�1,1(YD). In
order to investigate the change of (2.2) along M, we consider the Hodge decomposition

HD(YD,C) = HD,0 �HD�1,1 � ...�H1,D�1 �H0,D , (2.5)

where Hp,q = Hq,p and p + q = D. This decomposition has to be determined for the chosen
complex structure on YD and hence varies when moving along M. Using the Kähler metric on
YD to determine the Hodge star ⇤ one shows that

⇤ wp,q = ip�qwp,q , wp,q 2 Hp,q . (2.6)

Furthermore, one has the relation that

hwp,q, vr,si = 0 , for p 6= s , q 6= r . (2.7)

This implies that one can evaluate the Hodge norm k↵k, defined in (2.2), if the (p, q)-decomposition
of ↵ has been determined.

The dependence of (2.2) on the coordinates zI of the moduli space M can thus be understood
by following the (p, q)-decomposition along M. It is actually better to study how the spaces

F p =
M

r�p

Hr,D�r (2.8)

7

holomorphic over 
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M
<latexit sha1_base64="pyO2xm2CCKLwhEBMzvpK5m/pDP8=">AAACAnicbVDLSgNBEJyN7/iKehIvg0HwIGFXFL0IoiLejGCikI1hdtJJhszOLjO9YliCF3/FiwdFvPoV3vwbJ4+DJhY0FFXddHcFsRQGXffbyUxMTk3PzM5l5xcWl5ZzK6tlEyWaQ4lHMtK3ATMghYISCpRwG2tgYSDhJmif9vybe9BGROoaOzFUQ9ZUoiE4QyvVcuvnd2f0yEd4wNTETHX9HepfhtBktVzeLbh90HHiDUmeDFGs5b78esSTEBRyyYypeG6M1ZRpFFxCN+snBmLG26wJFUsVC8FU0/4LXbpllTptRNqWQtpXf0+kLDSmEwa2M2TYMqNeT/zPqyTYOKymQsUJguKDRY1EUoxoLw9aFxo4yo4ljGthb6W8xTTjaFPL2hC80ZfHSXm34O0X3Ku9/PHJMI5ZskE2yTbxyAE5JhekSEqEk0fyTF7Jm/PkvDjvzsegNeMMZ9bIHzifPyvclqY=</latexit>

FD = span⌦
[Griffiths] 
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<latexit sha1_base64="/ByZmGmhQx4AUjYrllu3pJo+mdA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNREI8V7Qe0sWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjq6nfeuTaiFjd4zjhfkQHSoSCUbTS3fVD0itX3Ko7A/lLvJxUIEe9V/7s9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5skqfhLG2pZDM1J8TGY2MGUeB7YwoDs2iNxX/8zophhd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyX9I8qXpnVff2tFK7zOMowgEcwjF4cA41uIE6NIDBAJ7gBV4d6Tw7b877vLXg5DP78AvOxzcezY2w</latexit>

F p
➡ Nilpotent orbit theorem:  

limiting behavior of          near boundary    
<latexit sha1_base64="y4cR1Sk6bTAiQoJQuj0VLCRXthk=">AAACHHicbZDLSsNAFIYnXmu9VV26GSyCIJRERV0W3bisYC/Q1jKZTtqhk0mcOamG0gdx46u4caGIGxeCb+MkzUJbDwx8/P85nDm/Gwquwba/rbn5hcWl5dxKfnVtfWOzsLVd00GkKKvSQASq4RLNBJesChwEa4SKEd8VrO4OLhO/PmRK80DeQByytk96knucEjBSp3AMtxy32F3Eh/jB4CHmOE4kxXt9IEoF94nesVOnxaUHcadQtEt2WngWnAyKKKtKp/DZ6gY08pkEKojWTccOoT0iCjgVbJxvRZqFhA5IjzUNSuIz3R6lx43xvlG62AuUeRJwqv6eGBFf69h3TadPoK+nvUT8z2tG4J23R1yGETBJJ4u8SGAIcJIU7nLFKIjYAKGKm79i2ieKUDB55k0IzvTJs1A7KjmnJfv6pFi+yOLIoV20hw6Qg85QGV2hCqoiih7RM3pFb9aT9WK9Wx+T1jkrm9lBf8r6+gFgiaBP</latexit>

ti ⌘ xi + iyi ! xi
0 + i1

<latexit sha1_base64="A3jNTz4pRA18Hw6tEH6DgLbugZU="></latexit>

F p = e
P

i t
iNiF p

0 +O(e2⇡it)

[Schmid] 

➡ naturally combine:  

over the real numbers will be denoted by GR, while the corresponding algebra is denoted by gR.
Hence, we have

g 2 GR : hg↵,�i = h↵, g�1�i , L 2 gR : hL↵,�i = �h↵, L�i . (2.4)

As an example, we note that for Calabi-Yau threefolds one has GR = Sp(2h2,1 + 2,R). The
complex version of this group and algebra are henceforth denoted by GC, gC.

When computing the effective actions arising from compactifications of string theory the
Hodge norm (2.2) appears in many instances. As a first example, note that in Type IIB
string theory on a Calabi-Yau threefold the Hodge norm determines the kinetic terms of the
four-dimensional gauge fields, which arise by expanding the R-R four-form C4 into three-forms
H3(Y3,Z). Picking a symplectic basis (↵M ,�N ) with h↵M ,�N i = �NM of H3(Y3,Z) we write
C4 = AM ^↵M � ÃM ^�M . The four-dimensional vectors AM and ÃM are electric and magnetic
U(1) gauge fields in the effective theory, respectively. The charged particles in the effective theory
arise from D3-branes wrapped on three-cycles in Y3. The space H3(Y3,Z) can be identified with
the charge lattice of these states under (AM , ÃN ). The relevance of these states in the distance
conjecture will be briefly discussed in the very last section 6.3. A second example, which will be
central to section 6, are F-theory and M-theory compactifications on Calabi-Yau fourfolds. In
these cases the flux scalar potential induced by a background four-form flux G4 in H4(Y4,Z/2)
is determined by the Hodge norm. The lattice H4(Y4,Z/2) corresponds to the flux lattice.

The goal of the following discussion is to keep track of the dependence of the Hodge norm
on the complex structure deformations of the manifold YD. For Calabi-Yau manifolds it can be
shown that there exists an unobstructed moduli space M, the complex structure deformation
space. This space is a Kähler manifold of complex dimension hD�1,1 = dimHD�1,1(YD). In
order to investigate the change of (2.2) along M, we consider the Hodge decomposition

HD(YD,C) = HD,0 �HD�1,1 � ...�H1,D�1 �H0,D , (2.5)

where Hp,q = Hq,p and p + q = D. This decomposition has to be determined for the chosen
complex structure on YD and hence varies when moving along M. Using the Kähler metric on
YD to determine the Hodge star ⇤ one shows that

⇤ wp,q = ip�qwp,q , wp,q 2 Hp,q . (2.6)

Furthermore, one has the relation that

hwp,q, vr,si = 0 , for p 6= s , q 6= r . (2.7)

This implies that one can evaluate the Hodge norm k↵k, defined in (2.2), if the (p, q)-decomposition
of ↵ has been determined.

The dependence of (2.2) on the coordinates zI of the moduli space M can thus be understood
by following the (p, q)-decomposition along M. It is actually better to study how the spaces

F p =
M

r�p

Hr,D�r (2.8)

7

holomorphic over 
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M
<latexit sha1_base64="pyO2xm2CCKLwhEBMzvpK5m/pDP8=">AAACAnicbVDLSgNBEJyN7/iKehIvg0HwIGFXFL0IoiLejGCikI1hdtJJhszOLjO9YliCF3/FiwdFvPoV3vwbJ4+DJhY0FFXddHcFsRQGXffbyUxMTk3PzM5l5xcWl5ZzK6tlEyWaQ4lHMtK3ATMghYISCpRwG2tgYSDhJmif9vybe9BGROoaOzFUQ9ZUoiE4QyvVcuvnd2f0yEd4wNTETHX9HepfhtBktVzeLbh90HHiDUmeDFGs5b78esSTEBRyyYypeG6M1ZRpFFxCN+snBmLG26wJFUsVC8FU0/4LXbpllTptRNqWQtpXf0+kLDSmEwa2M2TYMqNeT/zPqyTYOKymQsUJguKDRY1EUoxoLw9aFxo4yo4ljGthb6W8xTTjaFPL2hC80ZfHSXm34O0X3Ku9/PHJMI5ZskE2yTbxyAE5JhekSEqEk0fyTF7Jm/PkvDjvzsegNeMMZ9bIHzifPyvclqY=</latexit>

FD = span⌦
[Griffiths] 



  Asymptotic behavior of (p,q)-decomposition

12

<latexit sha1_base64="/ByZmGmhQx4AUjYrllu3pJo+mdA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNREI8V7Qe0sWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjq6nfeuTaiFjd4zjhfkQHSoSCUbTS3fVD0itX3Ko7A/lLvJxUIEe9V/7s9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5skqfhLG2pZDM1J8TGY2MGUeB7YwoDs2iNxX/8zophhd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyX9I8qXpnVff2tFK7zOMowgEcwjF4cA41uIE6NIDBAJ7gBV4d6Tw7b877vLXg5DP78AvOxzcezY2w</latexit>

F p
➡ Nilpotent orbit theorem:  

limiting behavior of          near boundary    
<latexit sha1_base64="y4cR1Sk6bTAiQoJQuj0VLCRXthk=">AAACHHicbZDLSsNAFIYnXmu9VV26GSyCIJRERV0W3bisYC/Q1jKZTtqhk0mcOamG0gdx46u4caGIGxeCb+MkzUJbDwx8/P85nDm/Gwquwba/rbn5hcWl5dxKfnVtfWOzsLVd00GkKKvSQASq4RLNBJesChwEa4SKEd8VrO4OLhO/PmRK80DeQByytk96knucEjBSp3AMtxy32F3Eh/jB4CHmOE4kxXt9IEoF94nesVOnxaUHcadQtEt2WngWnAyKKKtKp/DZ6gY08pkEKojWTccOoT0iCjgVbJxvRZqFhA5IjzUNSuIz3R6lx43xvlG62AuUeRJwqv6eGBFf69h3TadPoK+nvUT8z2tG4J23R1yGETBJJ4u8SGAIcJIU7nLFKIjYAKGKm79i2ieKUDB55k0IzvTJs1A7KjmnJfv6pFi+yOLIoV20hw6Qg85QGV2hCqoiih7RM3pFb9aT9WK9Wx+T1jkrm9lBf8r6+gFgiaBP</latexit>

ti ⌘ xi + iyi ! xi
0 + i1

<latexit sha1_base64="A3jNTz4pRA18Hw6tEH6DgLbugZU="></latexit>

F p = e
P

i t
iNiF p

0 +O(e2⇡it)

[Schmid] 

small near boundary ⟹ neglectPolynomial in 
nilpotent orbit

<latexit sha1_base64="FUPa1/zJVwcRCd+xxPMeGv6KjSM=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rGC/YB2Ldk024Ym2SXJCmXpX/DiQRGv/iFv/hvT7R609cHA470ZZuaFieDGet43WlldW9/YLG2Vt3d29/YrB4ctE6easiaNRaw7ITFMcMWallvBOolmRIaCtcPx7cxvPzFteKwe7CRhgSRDxSNOic2lR477lapX83LgZeIXpAoFGv3KV28Q01QyZakgxnR9L7FBRrTlVLBpuZcalhA6JkPWdVQRyUyQ5bdO8alTBjiKtStlca7+nsiINGYiQ9cpiR2ZRW8m/ud1UxtdBxlXSWqZovNFUSqwjfHscTzgmlErJo4Qqrm7FdMR0YRaF0/ZheAvvrxMWuc1/7Lm3V9U6zdFHCU4hhM4Ax+uoA530IAmUBjBM7zCG5LoBb2jj3nrCipmjuAP0OcPsTyOAg==</latexit>
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➡ naturally combine:  

over the real numbers will be denoted by GR, while the corresponding algebra is denoted by gR.
Hence, we have

g 2 GR : hg↵,�i = h↵, g�1�i , L 2 gR : hL↵,�i = �h↵, L�i . (2.4)

As an example, we note that for Calabi-Yau threefolds one has GR = Sp(2h2,1 + 2,R). The
complex version of this group and algebra are henceforth denoted by GC, gC.

When computing the effective actions arising from compactifications of string theory the
Hodge norm (2.2) appears in many instances. As a first example, note that in Type IIB
string theory on a Calabi-Yau threefold the Hodge norm determines the kinetic terms of the
four-dimensional gauge fields, which arise by expanding the R-R four-form C4 into three-forms
H3(Y3,Z). Picking a symplectic basis (↵M ,�N ) with h↵M ,�N i = �NM of H3(Y3,Z) we write
C4 = AM ^↵M � ÃM ^�M . The four-dimensional vectors AM and ÃM are electric and magnetic
U(1) gauge fields in the effective theory, respectively. The charged particles in the effective theory
arise from D3-branes wrapped on three-cycles in Y3. The space H3(Y3,Z) can be identified with
the charge lattice of these states under (AM , ÃN ). The relevance of these states in the distance
conjecture will be briefly discussed in the very last section 6.3. A second example, which will be
central to section 6, are F-theory and M-theory compactifications on Calabi-Yau fourfolds. In
these cases the flux scalar potential induced by a background four-form flux G4 in H4(Y4,Z/2)
is determined by the Hodge norm. The lattice H4(Y4,Z/2) corresponds to the flux lattice.

The goal of the following discussion is to keep track of the dependence of the Hodge norm
on the complex structure deformations of the manifold YD. For Calabi-Yau manifolds it can be
shown that there exists an unobstructed moduli space M, the complex structure deformation
space. This space is a Kähler manifold of complex dimension hD�1,1 = dimHD�1,1(YD). In
order to investigate the change of (2.2) along M, we consider the Hodge decomposition

HD(YD,C) = HD,0 �HD�1,1 � ...�H1,D�1 �H0,D , (2.5)

where Hp,q = Hq,p and p + q = D. This decomposition has to be determined for the chosen
complex structure on YD and hence varies when moving along M. Using the Kähler metric on
YD to determine the Hodge star ⇤ one shows that

⇤ wp,q = ip�qwp,q , wp,q 2 Hp,q . (2.6)

Furthermore, one has the relation that

hwp,q, vr,si = 0 , for p 6= s , q 6= r . (2.7)

This implies that one can evaluate the Hodge norm k↵k, defined in (2.2), if the (p, q)-decomposition
of ↵ has been determined.

The dependence of (2.2) on the coordinates zI of the moduli space M can thus be understood
by following the (p, q)-decomposition along M. It is actually better to study how the spaces

F p =
M

r�p

Hr,D�r (2.8)
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➡ Calabi-Yau threefolds:   4 h2,1 types of data [Kerr,Pearlstein,Robles] 

Types: Ia, IIb, IIIc, IVd
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2.2 Classifying infinite distance limits in Kähler moduli space

To introduce the classification [8,27], we first note that we can associate a certain log-monodromy matrix
N(I) to each limit, defined by3

t
I
⌘ (ti1 , ..., tin) ! i1 �! N(I) = Ni1 + ...+Nin , (14)

where I = (i1, ..., in) is an ordered index set specifying the growth sector (11). Note that each t
ik

can have a constant real part in the limit, which we set to zero in the following.4 The association of
log-monodromy matrices to a limit can actually be done for any degeneration limit in complex structure
moduli space. The large complex structure limits, which are mirror to degeneration limits in Kähler
moduli space, are thus only specific examples. It is therefore no extra e↵ort to introduce the general
classification of log-monodromy matrices for Calabi-Yau threefolds before returning to the large complex
structure/large volume setting. Let us consider an m-dimensional complex structure moduli space. We
also abbreviate the log-monodromy matrix associated to the considered degeneration limit by N , rather
than N(I). The pairing between two three-forms is denoted by ⌘ as in (3). The allowed pairs (N, ⌘) can
be classified into 4m degeneration types denoted by

Ia , a = 0, ...,m ,

IIb , b = 0, ...,m� 1 , (15)

IIIc , c = 0, ...,m� 2 ,

IVd , d = 1, ...,m .

One can now show that these degeneration types classify the limiting mixed Hodge structures that
can arise at any limit in complex structure moduli space reaching its boundaries. The types are
distinguished [8] by the conditions listed in Table 1, where we stress that the categorization of cases Ia
and IIb needs both ⌘ and N , while cases IIIc and IVd only depend on N .

Type
rank of

eigenvalues of ⌘N
N N

2
N

3

Ia a 0 0 a negative

IIb 2 + b 0 0 2 positive, b negative

IIIc 4 + c 2 0 not needed

IVd 2 + d 2 1 not needed

Table 1: Classification of pairs (N, ⌘) allowed at limits of the complex structure moduli space of
Calabi-Yau threefolds.

Having introduced a classification of the possible degeneration types of (N(I), ⌘) occurring at any
limit (14), we can now use this to perform successive limits. More precisely, we can successively send
the t

ik ! i1 for k = 1, ..., n and record the occurring degeneration type at each step. Let us denote
the degeneration type (15) that occurs at the k

th step by Type A(ik). We then find what we call an

3
Let us stress that any positive linear combination of the Nik would work equally well [41].

4
The boundary component approached in the limit (14) is of complex co-dimension n.

8

wedge product
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8

wedge product

➡ Calabi-Yau fourfolds:   8 h3,1  types of data [TG,Li,Valenzuela]

Types: Ia,a0 , IIb,b0 , IIIc,c0 , IVd,d0 , Ve,e0
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Types: Ia, IIb, IIIc, IVd
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➡ Use nilpotent orbit theorem to compute asymptotic K

Question 1:   Infinite distance boundaries   
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IIb, IIIc, IVd



  An example moduli space

➡ An explicit example:                                      [Candelas,Font,Katz,Morrison] 
                                                                                 [Candelas,De La Ossa,Font,Katz,Morrison]

19

IV1

IV1

IV1

I1

III0

IV2
IV2

IV1IV1

Figure 3: Figure showing an example intersecting network for the (mirror of the) Calabi-Yau
P1,1,1,6,9[18] as studied in [23]. In this case we focus in one a particular region of the network,
within the box, and show the more refined data for each locus including the sub-index. At the
points of intersections the type of a locus can be modified. We show the types associated to
each intersection point in the focused region.

which become massless approaching the locus even away from the intersection point itself. We
call this an inheritance of a charge orbit by a locus from its intersection point. It is important
to note, however, that in [12] the monodromy induced tower was shown to be populated by BPS
states, while in this paper we will identify the charge orbit but will be unable to prove that it is
populated by BPS states. Nonetheless, we propose that it indeed captures the tower of states of
the distance conjecture, while leaving a proof in terms of BPS states for future work.

The paper is structured as follows. In section 2 we introduce the formalism and underlying
theorems which we will use in the paper. In section 3 we show how the data of the type of
infinite distance locus can be used to form a complete classification of such loci, and how this
type can be extracted from the discrete monodromy. In section 4 we utilise these results to
define the charge orbits at intersections of infinite distance loci. We summarise our results,
and discuss extensions and interpretations of them in section 5. In the appendix we present a
detailed analysis of some example intersection loci as well as collect some of the more technical
formalism.

2 Monodromy and Orbit Theorems in Calabi-YauModuli Spaces

In this section we introduce, and develop in a way adapted to our needs, the crucial mathematical
theorems and structures associated to so-called orbits. The central elements are the nilpotent
orbit theorem, the Sl(2)-Orbit theorem and the growth theorems. The theorems lead to a
detailed and powerful description of the moduli space locally around any singular loci. In
particular, we will utilise their multi-variable versions which will allow for a description of a
patch of moduli space that can include intersections of infinite distance loci.

5

P1,1,1,6,9[18]
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Figure 3: Figure showing an example intersecting network for the (mirror of the) Calabi-Yau
P1,1,1,6,9[18] as studied in [23]. In this case we focus in one a particular region of the network,
within the box, and show the more refined data for each locus including the sub-index. At the
points of intersections the type of a locus can be modified. We show the types associated to
each intersection point in the focused region.

which become massless approaching the locus even away from the intersection point itself. We
call this an inheritance of a charge orbit by a locus from its intersection point. It is important
to note, however, that in [12] the monodromy induced tower was shown to be populated by BPS
states, while in this paper we will identify the charge orbit but will be unable to prove that it is
populated by BPS states. Nonetheless, we propose that it indeed captures the tower of states of
the distance conjecture, while leaving a proof in terms of BPS states for future work.

The paper is structured as follows. In section 2 we introduce the formalism and underlying
theorems which we will use in the paper. In section 3 we show how the data of the type of
infinite distance locus can be used to form a complete classification of such loci, and how this
type can be extracted from the discrete monodromy. In section 4 we utilise these results to
define the charge orbits at intersections of infinite distance loci. We summarise our results,
and discuss extensions and interpretations of them in section 5. In the appendix we present a
detailed analysis of some example intersection loci as well as collect some of the more technical
formalism.

2 Monodromy and Orbit Theorems in Calabi-YauModuli Spaces

In this section we introduce, and develop in a way adapted to our needs, the crucial mathematical
theorems and structures associated to so-called orbits. The central elements are the nilpotent
orbit theorem, the Sl(2)-Orbit theorem and the growth theorems. The theorems lead to a
detailed and powerful description of the moduli space locally around any singular loci. In
particular, we will utilise their multi-variable versions which will allow for a description of a
patch of moduli space that can include intersections of infinite distance loci.

5

P1,1,1,6,9[18]
<latexit sha1_base64="XF2e8A4lvTjoI00u25IAFsWwLNs=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBRSlJFa27ohuXFewD0lgm00k7dDIJMxOhhIAbf8WNC0Xc+hPu/BsnbRbaeoaBwzn3cu89XsSoVJb1bRSWlldW14rrpY3Nre0dc3evLcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vfJ35nQciJA35nZpExA3QkFOfYqS01DcPegFSI89Lmul9Yleyd165TB277vbNslW1poCLxM5JGeRo9s2v3iDEcUC4wgxJ6dhWpNwECUUxI2mpF0sSITxGQ+JoylFApJtMb0jhsVYG0A+F/lzBqfq7I0GBlJPA05XZxnLey8T/PCdWft1NKI9iRTieDfJjBlUIs0DggAqCFZtogrCgeleIR0ggrHRsJR2CPX/yImnXqvZptXZ7Vm5c5XEUwSE4AifABhegAW5AE7QABo/gGbyCN+PJeDHejY9ZacHIe/bBHxifPzPKle4=</latexit>



  Asymptotic masses of states

20

➡ upper bound on asymptotic masses:

⇒  growth theorems for the Hodge norm  
      by [Schmid][Kashiwara]

<latexit sha1_base64="eoWtxsArovOewvDCbleJD+3HH94=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyyCipSZ4m0puumygr1AZyyZ9LSGZjLTJKPUaZ/Dja/ixoUi7sSNb2N6WXj7IfDxn3M4OX8Qc6a043xaU9Mzs3PzmYXs4tLyyqq9tl5RUSIplGnEI1kLiALOBJQ10xxqsQQSBhyqQed8WK/egFQsEpe6F4MfkrZgLUaJNlbDdsOdu/3iLvY4dLHHhG6ktQEuYu8Wmm3Ae4agm7Ab7PWHbv+q0LBzTt4ZCf8FdwI5NFGpYb97zYgmIQhNOVGq7jqx9lMiNaMcBlkvURAT2iFtqBsUJATlp6PTBnjbOE3ciqR5QuOR+30iJaFSvTAwnSHR1+p3bWj+V6snunXip0zEiQZBx4taCcc6wsOccJNJoJr3DBAqmfkrptdEEqpNmlkTgvv75L9QKeTdo/zhxUHu9GwSRwZtoi20g1x0jE5REZVQGVF0jx7RM3qxHqwn69V6G7dOWZOZDfRD1scXS26ejw==</latexit>

m(z,H) 
Z

X
H ^ ⇤H ⌘ kHk2
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➡ upper bound on asymptotic masses:

⇒  growth theorems for the Hodge norm  
      by [Schmid][Kashiwara]

➡ nilpotent N defines weight filtration:
<latexit sha1_base64="fM5rSfvrxYJWpQewobPQ1uodMy0="></latexit>

Wn(N) =
X

j�max(�1,n�3)

kerN j+1 \ imgN j�n+3
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➡ upper bound on asymptotic masses:

⇒  growth theorems for the Hodge norm  
      by [Schmid][Kashiwara]

➡ nilpotent N defines weight filtration:
<latexit sha1_base64="fM5rSfvrxYJWpQewobPQ1uodMy0="></latexit>

Wn(N) =
X

j�max(�1,n�3)

kerN j+1 \ imgN j�n+3
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m(z,H) 
Z

X
H ^ ⇤H ⌘ kHk2

→                      can be used to define mixed Hodge structures
<latexit sha1_base64="TJMdBmPv2NhxCFLzx0v6jdRtQmY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNgVX8egIB4jmAcm6zI7mU2GzMwuM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dYcKZNq777SwsLi2vrBbWiusbm1vbpZ3dho5TRWidxDxWrRBrypmkdcMMp61EUSxCTpvh4HrsN5+o0iyW92aYUF/gnmQRI9hY6aEZyGN0E4hHNyiV3Yo7AZonXk7KkKMWlL463ZikgkpDONa67bmJ8TOsDCOcjoqdVNMEkwHu0balEguq/Wxy8QgdWqWLoljZkgZN1N8TGRZaD0VoOwU2fT3rjcX/vHZqoks/YzJJDZVkuihKOTIxGr+PukxRYvjQEkwUs7ci0scKE2NDKtoQvNmX50njpOKdV87uTsvVqzyOAuzDARyBBxdQhVuoQR0ISHiGV3hztPPivDsf09YFJ5/Zgz9wPn8AMp2P+A==</latexit>

Wn, F
0
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➡ upper bound on asymptotic masses:

⇒  growth theorems for the Hodge norm  
      by [Schmid][Kashiwara]

➡ nilpotent N defines weight filtration:
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m(z,H) 
Z

X
H ^ ⇤H ⌘ kHk2

➡ growth on sectors:  

<latexit sha1_base64="8wVgmxZ/hftH9nhC3AXtRQ3c1+4="></latexit>

kHk2 ⇠ (y1)l1�3(y2)l2�l1 ...(yn)ln�1�ln

<latexit sha1_base64="nNBOX5EvByLaHQpXllVcUYRcD+g=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXEhIilZXpejGZQV7gSaEyXTSDp1M4sxEDKFv4sZXceNCEXHXt3HaZqGtBwY+/v8czpzfjxmVyrImRmFldW19o7hZ2tre2d0r7x+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPbqZ+55EISSN+r9KYuCEacBpQjJSWvHLNyVLPhs6APMDUq87BNM1c4LAObXjmQLsOnzw6ty1n7JUrlmnNCi6DnUMF5NX0yt9OP8JJSLjCDEnZs61YuRkSimJGxiUnkSRGeIQGpKeRo5BIN5vdN4YnWunDIBL6cQVn6u+JDIVSpqGvO0OkhnLRm4r/eb1EBVduRnmcKMLxfFGQMKgiOA0L9qkgWLFUA8KC6r9CPEQCYaUjLekQ7MWTl6FdNe2aeXF3Xmlc53EUwRE4BqfABpegAW5BE7QABs/gFbyDD+PFeDM+ja95a8HIZw7BnzImP9Ddnx4=</latexit>

{y1 � y2 � ... � yn > 1, 1 > xi � 0}

(smallest          for which this is true)
<latexit sha1_base64="yhTmJhe8S7ir/DyNJSkXwdemQqU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOJsmQ2dl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh9RwKRRvoEDJ24nmNAolb4Wj26nfeuLaiFg94DjhQUQHSvQFo2iltp8R2RX+pFuuuFV3BrJMvJxUIEe9W/7yezFLI66QSWpMx3MTDDKqUTDJJyU/NTyhbEQHvGOpohE3QTa7d0JOrNIj/VjbUkhm6u+JjEbGjKPQdkYUh2bRm4r/eZ0U+9dBJlSSIldsvqifSoIxmT5PekJzhnJsCWVa2FsJG1JNGdqISjYEb/HlZdI8q3qX1Yv780rtJo+jCEdwDKfgwRXU4A7q0AAGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8A0luP2A==</latexit>

{li}

<latexit sha1_base64="pkkTuHIbpxvNdjwFc4RY1ZoEXT4="></latexit>

H 2 Wl1(N1) \Wl2(N(2)) \ ... \Wln(N(n)) N(i) = N1 + ...+Ni
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➡ upper bound on asymptotic masses:

⇒  growth theorems for the Hodge norm  
      by [Schmid][Kashiwara]

➡ nilpotent N defines weight filtration:
<latexit sha1_base64="fM5rSfvrxYJWpQewobPQ1uodMy0="></latexit>

Wn(N) =
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j�max(�1,n�3)

kerN j+1 \ imgN j�n+3

<latexit sha1_base64="eoWtxsArovOewvDCbleJD+3HH94=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyyCipSZ4m0puumygr1AZyyZ9LSGZjLTJKPUaZ/Dja/ixoUi7sSNb2N6WXj7IfDxn3M4OX8Qc6a043xaU9Mzs3PzmYXs4tLyyqq9tl5RUSIplGnEI1kLiALOBJQ10xxqsQQSBhyqQed8WK/egFQsEpe6F4MfkrZgLUaJNlbDdsOdu/3iLvY4dLHHhG6ktQEuYu8Wmm3Ae4agm7Ab7PWHbv+q0LBzTt4ZCf8FdwI5NFGpYb97zYgmIQhNOVGq7jqx9lMiNaMcBlkvURAT2iFtqBsUJATlp6PTBnjbOE3ciqR5QuOR+30iJaFSvTAwnSHR1+p3bWj+V6snunXip0zEiQZBx4taCcc6wsOccJNJoJr3DBAqmfkrptdEEqpNmlkTgvv75L9QKeTdo/zhxUHu9GwSRwZtoi20g1x0jE5REZVQGVF0jx7RM3qxHqwn69V6G7dOWZOZDfRD1scXS26ejw==</latexit>

m(z,H) 
Z

X
H ^ ⇤H ⌘ kHk2

➡ growth on sectors:  
<latexit sha1_base64="OZrX3mg+LpNPAWEHKzLErYXEIO8="></latexit>

H
3(X,Q) = Vlight � Vheavy � Vrest

<latexit sha1_base64="GloM7bRJsIHHSNvCU29vbHVPGwE=">AAACAHicbVC7TsNAEDzzDOFloKCgOREhUUV2xKuMoEkZJPKQYhOdL5fklPPZuluDIicNv0JDAUK0fAYdf8MlcQEJI600mtnV7k4QC67Bcb6tpeWV1bX13EZ+c2t7Z9fe26/rKFGU1WgkItUMiGaCS1YDDoI1Y8VIGAjWCAY3E7/xwJTmkbyDYcz8kPQk73JKwEht+9Ab4Qr2Rvcl7Cne6wNRKnrETtsuOEVnCrxI3IwUUIZq2/7yOhFNQiaBCqJ1y3Vi8FOigFPBxnkv0SwmdEB6rGWoJCHTfjp9YIxPjNLB3UiZkoCn6u+JlIRaD8PAdIYE+nrem4j/ea0Euld+ymWcAJN0tqibCAwRnqSBO1wxCmJoCKGKm1sx7RNFKJjM8iYEd/7lRVIvFd2L4vntWaF8ncWRQ0foGJ0iF12iMqqgKqohisboGb2iN+vJerHerY9Z65KVzRygP7A+fwAZdJV4</latexit>

kHk2 ! 0
<latexit sha1_base64="Yt+Gq06mGZhLUF9PjlHstIcAC5w=">AAACBXicbVC5TsNAEF2HK4QrQAnFigiJKrIjrjKCJmWQyCHFJlpv1skq67W1OwZFThoafoWGAoRo+Qc6/obNUUDCk0Z6em9GM/P8WHANtv1tZZaWV1bXsuu5jc2t7Z387l5dR4mirEYjEammTzQTXLIacBCsGStGQl+wht+/HvuNe6Y0j+QtDGLmhaQrecApASO184fuEFewO7wrYVfxbg+IUtEDdrkMYNDOF+yiPQFeJM6MFNAM1Xb+y+1ENAmZBCqI1i3HjsFLiQJOBRvl3ESzmNA+6bKWoZKETHvp5IsRPjZKBweRMiUBT9TfEykJtR6EvukMCfT0vDcW//NaCQSXXsplnACTdLooSASGCI8jwR2uGAUxMIRQxc2tmPaIIhRMcDkTgjP/8iKpl4rOefHs5rRQvprFkUUH6AidIAddoDKqoCqqIYoe0TN6RW/Wk/VivVsf09aMNZvZR39gff4AimKYAA==</latexit>

kHk2 ! 1

<latexit sha1_base64="nNBOX5EvByLaHQpXllVcUYRcD+g=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXEhIilZXpejGZQV7gSaEyXTSDp1M4sxEDKFv4sZXceNCEXHXt3HaZqGtBwY+/v8czpzfjxmVyrImRmFldW19o7hZ2tre2d0r7x+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPbqZ+55EISSN+r9KYuCEacBpQjJSWvHLNyVLPhs6APMDUq87BNM1c4LAObXjmQLsOnzw6ty1n7JUrlmnNCi6DnUMF5NX0yt9OP8JJSLjCDEnZs61YuRkSimJGxiUnkSRGeIQGpKeRo5BIN5vdN4YnWunDIBL6cQVn6u+JDIVSpqGvO0OkhnLRm4r/eb1EBVduRnmcKMLxfFGQMKgiOA0L9qkgWLFUA8KC6r9CPEQCYaUjLekQ7MWTl6FdNe2aeXF3Xmlc53EUwRE4BqfABpegAW5BE7QABs/gFbyDD+PFeDM+ja95a8HIZw7BnzImP9Ddnx4=</latexit>

{y1 � y2 � ... � yn > 1, 1 > xi � 0}
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➡ upper bound on asymptotic masses:

⇒  growth theorems for the Hodge norm  
      by [Schmid][Kashiwara]
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➡ growth on sectors:  
<latexit sha1_base64="OZrX3mg+LpNPAWEHKzLErYXEIO8="></latexit>

H
3(X,Q) = Vlight � Vheavy � Vrest

<latexit sha1_base64="GloM7bRJsIHHSNvCU29vbHVPGwE=">AAACAHicbVC7TsNAEDzzDOFloKCgOREhUUV2xKuMoEkZJPKQYhOdL5fklPPZuluDIicNv0JDAUK0fAYdf8MlcQEJI600mtnV7k4QC67Bcb6tpeWV1bX13EZ+c2t7Z9fe26/rKFGU1WgkItUMiGaCS1YDDoI1Y8VIGAjWCAY3E7/xwJTmkbyDYcz8kPQk73JKwEht+9Ab4Qr2Rvcl7Cne6wNRKnrETtsuOEVnCrxI3IwUUIZq2/7yOhFNQiaBCqJ1y3Vi8FOigFPBxnkv0SwmdEB6rGWoJCHTfjp9YIxPjNLB3UiZkoCn6u+JlIRaD8PAdIYE+nrem4j/ea0Euld+ymWcAJN0tqibCAwRnqSBO1wxCmJoCKGKm1sx7RNFKJjM8iYEd/7lRVIvFd2L4vntWaF8ncWRQ0foGJ0iF12iMqqgKqohisboGb2iN+vJerHerY9Z65KVzRygP7A+fwAZdJV4</latexit>

kHk2 ! 0
<latexit sha1_base64="Yt+Gq06mGZhLUF9PjlHstIcAC5w=">AAACBXicbVC5TsNAEF2HK4QrQAnFigiJKrIjrjKCJmWQyCHFJlpv1skq67W1OwZFThoafoWGAoRo+Qc6/obNUUDCk0Z6em9GM/P8WHANtv1tZZaWV1bXsuu5jc2t7Z387l5dR4mirEYjEammTzQTXLIacBCsGStGQl+wht+/HvuNe6Y0j+QtDGLmhaQrecApASO184fuEFewO7wrYVfxbg+IUtEDdrkMYNDOF+yiPQFeJM6MFNAM1Xb+y+1ENAmZBCqI1i3HjsFLiQJOBRvl3ESzmNA+6bKWoZKETHvp5IsRPjZKBweRMiUBT9TfEykJtR6EvukMCfT0vDcW//NaCQSXXsplnACTdLooSASGCI8jwR2uGAUxMIRQxc2tmPaIIhRMcDkTgjP/8iKpl4rOefHs5rRQvprFkUUH6AidIAddoDKqoCqqIYoe0TN6RW/Wk/VivVsf09aMNZvZR39gff4AimKYAA==</latexit>

kHk2 ! 1

Question 2:   All infinite distance boundaries have   
<latexit sha1_base64="TNWa0F1thppoHp7KCVfc5rgNryw="></latexit>

H 2Vlight
<latexit sha1_base64="OV7xtlqfwOYzqDOUvRaPAH9QsOY=">AAACFXicbVDLSgNBEJz1bXxFPXoZDEIECbvi6xj04jGCSYRsDLOT2WRwZmeZ6VXXJT/hxV/x4kERr4I3/8ZJsgdfBQ1FVTfdXUEsuAHX/XQmJqemZ2bn5gsLi0vLK8XVtYZRiaasTpVQ+iIghgkesTpwEOwi1ozIQLBmcHUy9JvXTBuuonNIY9aWpBfxkFMCVuoUd2T5bud0G/uGS+wDu4UsViIdlNNLblXsa97rA9Fa3WC3Uyy5FXcE/Jd4OSmhHLVO8cPvKppIFgEVxJiW58bQzogGTgUbFPzEsJjQK9JjLUsjIplpZ6OvBnjLKl0cKm0rAjxSv09kRBqTysB2SgJ989sbiv95rQTCo3bGozgBFtHxojARGBQeRoS7XDMKIrWEUM3trZj2iSYUbJAFG4L3++W/pLFb8Q4q+2d7pepxHscc2kCbqIw8dIiq6BTVUB1RdI8e0TN6cR6cJ+fVeRu3Tjj5zDr6Aef9C8hbnf0=</latexit>

m(z,H) ⇠ poly(yi) ! 0

<latexit sha1_base64="nNBOX5EvByLaHQpXllVcUYRcD+g=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXEhIilZXpejGZQV7gSaEyXTSDp1M4sxEDKFv4sZXceNCEXHXt3HaZqGtBwY+/v8czpzfjxmVyrImRmFldW19o7hZ2tre2d0r7x+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPbqZ+55EISSN+r9KYuCEacBpQjJSWvHLNyVLPhs6APMDUq87BNM1c4LAObXjmQLsOnzw6ty1n7JUrlmnNCi6DnUMF5NX0yt9OP8JJSLjCDEnZs61YuRkSimJGxiUnkSRGeIQGpKeRo5BIN5vdN4YnWunDIBL6cQVn6u+JDIVSpqGvO0OkhnLRm4r/eb1EBVduRnmcKMLxfFGQMKgiOA0L9qkgWLFUA8KC6r9CPEQCYaUjLekQ7MWTl6FdNe2aeXF3Xmlc53EUwRE4BqfABpegAW5BE7QABs/gFbyDD+PFeDM+ja95a8HIZw7BnzImP9Ddnx4=</latexit>

{y1 � y2 � ... � yn > 1, 1 > xi � 0}
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⇧(z)➡ Construct near-boundary periods            starting from this boundary data
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  Recovering asymptotic periods

Two ways to perform construction:
(1) use proof of sl(2) orbit theorem to construct                            satisfying  
     certain differential and algebraic constraints ⟹ familiar physics approach

detailed account & examples:  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[Bastian,TG,vd Heisteeg, ’21]  
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→  Many applications in swampland program and model building: 
      general tests to asymptotic conjectures, new models away from large  
      complex structure (MUM point)



A Finiteness Conjecture 
and Theorem

25



  Solutions with background fields

→    Four-dimensional physics depends on choice of      
<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

compact 
many choices

Recall: higher-dimensional space-time manifold:

our 4-dimensional  
space-time

<latexit sha1_base64="DUxTmHQX9rpdiDwRGXT1E6PCg6Y="></latexit>
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  Solutions with background fields

Problem:   deformations of      can correspond to massless fields 
                   → fifths force → immediate contradiction with experiment
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  Solutions with background fields

Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…

review:  [Graña] [Kachru,Douglas] 
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Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…

review:  [Graña] [Kachru,Douglas] 

rough idea:     -       is Calabi-Yau fourfold
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Y

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y
<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4

<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4- introduce generalization of electromagnetic field



  Solutions with background fields

Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…

review:  [Graña] [Kachru,Douglas] 

rough idea:     -       is Calabi-Yau fourfold
<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y
<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4

<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4- introduce generalization of electromagnetic field

differential 4-form ‘flux’



  Solutions with background fields

Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…

review:  [Graña] [Kachru,Douglas] 

rough idea:     -       is Calabi-Yau fourfold
<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y
<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4

<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4- introduce generalization of electromagnetic field

equations of motion (Maxwell eq):
<latexit sha1_base64="Tfwz+e0Azzx2yB1NObkMV+wgDhU="></latexit>

G42 H
4(Y,R)

differential 4-form ‘flux’



  Solutions with background fields

Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…

review:  [Graña] [Kachru,Douglas] 

rough idea:     -       is Calabi-Yau fourfold
<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y
<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4

<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4- introduce generalization of electromagnetic field

equations of motion (Maxwell eq):
<latexit sha1_base64="Tfwz+e0Azzx2yB1NObkMV+wgDhU="></latexit>

G42 H
4(Y,R)

quantization:
<latexit sha1_base64="d8omvmKluzovcCcBoGew5wI9E+s="></latexit>

G42 H
4(Y,Z)

differential 4-form ‘flux’



  Solutions with background fields

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

+

+

-
<latexit sha1_base64="K/qVU9jtniRvqS+Qw5dTpQvnu1k=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBKJakFPWgUPDisYL9gDaEzXbTLt1s4u6mUEJ/hxcPinj1x3jz37htc9DWBwOP92aYmefHnClt299Wbm19Y3Mrv13Y2d3bPygeHrVUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y/uZn57TKVikXjUk5i6IR4IFjCCtZFc4ZVRGQnvAt0i2yuW7Io9B1olTkZKkKHhFb96/YgkIRWacKxU17Fj7aZYakY4nRZ6iaIxJiM8oF1DBQ6pctP50VN0ZpQ+CiJpSmg0V39PpDhUahL6pjPEeqiWvZn4n9dNdHDtpkzEiaaCLBYFCUc6QrMEUJ9JSjSfGIKJZOZWRIZYYqJNTgUTgrP88ippVSvOZaX2UCvVb7I48nACp3AODlxBHe6hAU0g8ATP8Apv1th6sd6tj0VrzspmjuEPrM8fnI+QCQ==</latexit>

n+ + n� = 0

Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…

review:  [Graña] [Kachru,Douglas] 

      is compact:

+
-

-

rough idea:     -       is Calabi-Yau fourfold
<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4- introduce generalization of electromagnetic field

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y



  Solutions with background fields

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

+

Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…

review:  [Graña] [Kachru,Douglas] 

Assume       is compact:

+
-

-
-<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4

<latexit sha1_base64="fHzpMRGewfZ8HEm2qFhXIuGAAv4="></latexit>Z

Y
G4 ^G4 + n+ + n� = 0

rough idea:     -       is Calabi-Yau fourfold
<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4- introduce generalization of electromagnetic field

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y



  Solutions with background fields

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

+

Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…

review:  [Graña] [Kachru,Douglas] 

Assume       is compact:

+
-

-
-

<latexit sha1_base64="gqT07xT6om7lPH3dpUb0iM2fFgw="></latexit>Z

Y
G4 ^G4 = `

<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4

rough idea:     -       is Calabi-Yau fourfold
<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4- introduce generalization of electromagnetic field

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y



  Solutions with background fields

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>
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Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…
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   Finiteness conjectures

➡ Concrete conjecture:   The number of solutions in the described setting 
                                       finite. Finitely many choices for       .
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arising from string theory finite (with fixed energy cut-off)? 

➡ Answer:  Yes, if one assumes finiteness of Calabi-Yau manifolds. 
[Bakker,TG,Schnell,Tsimerman ’21]



   Finiteness conjectures

➡ Concrete conjecture:   The number of solutions in the described setting 
                                       finite. Finitely many choices for       .

[Douglas ’03] [Acharya,Douglas ’06]

<latexit sha1_base64="Ugtc9xSN0+QTF7B1tflgZTmCvM0=">AAACFXicdVBLSwMxGMzWV62vVY9egkXwUJbdurQVPBQ86LGCfUC7lGyabUOzD5KsUJb+CS/+FS8eFPEqePPfmN2u4HMgMMzMl3wZN2JUSNN81wpLyyura8X10sbm1vaOvrvXEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113ep763RvCBQ2DazmLiOOjcUA9ipFU0lCvJIPskj4fu05iGmaGyi8yvxja86FeNo3TRq1q12Bq1K2qlZJq3T6xoZVHyyBHa6i/DUYhjn0SSMyQEH3LjKSTIC4pZmReGsSCRAhP0Zj0FQ2QT4STZAvN4ZFSRtALuTqBhJn6dSJBvhAz31VJH8mJ+Oml4l9eP5Zew0loEMWSBHjxkBczKEOYVgRHlBMs2UwRhDlVu0I8QRxhqYosqRI+fwr/J52qYdUM+8ouN8/yOorgAByCY2CBOmiCS9ACbYDBLbgHj+BJu9MetGftZREtaPnMPvgG7fUDpmKasg==</latexit>

G4

[Kim,Shiu,Vafa],[Lee,Weigand],[Tarazi,Vafa] [Hamada,Montero,Vafa,Valenzuela]

much activity:  [Vafa][Adams,DeWolfe,Taylor] [Kim,Shiu,Vafa] [Kim,Tarazi,Vafa] [Cvetic,Dierigl,Lin,Zang] 
[Dierigl,Heckman] [Font,Fraiman,Grana,Nunez,DeFreitas] [Hamada,Vafa] [Taylor etal]

➡ More general:  Is the number of four-dimensional effective theories  
arising from string theory finite (with fixed energy cut-off)? 

➡ Answer:  Yes, if one assumes finiteness of Calabi-Yau manifolds. 
[Bakker,TG,Schnell,Tsimerman ’21]

 

[TG ’21][Douglas,TG,Schlechter] I & II 

Tameness conjectures of set of UV completable quantum field  
theories and all their physical observables.

Recently:   Finiteness is part of a stronger property ‘Tameness’



  Connection with Hodge theory

<latexit sha1_base64="JvPzuicZYvfi6tFf7dx8upXTOmo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSKIiyHjTB/uim5ctmBroR1KJs20sZnMkGSEMvQL3LhQxK2f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwOltML6a+bf3VCoWixs9Sagf4aFgISNYG6l51i+WkI3cC7fsQmS7Za/iVQzxajVUrkLHRnOUwBKNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/ND53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnUMZx9DQdMUqL5xBBMJDO3QjLCEhNtsimYEL4+hf+T9rntVGy36ZXql8s48uAIHINT4IAqqINr0AAtQAAFD+AJPFt31qP1Yr0uWnPWcuYQ/ID19gnqXo0J</latexit>⇤➡ Hodge star     changes over complex structure moduli space  
                                                                                                          → complicated

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M



  Connection with Hodge theory

<latexit sha1_base64="JvPzuicZYvfi6tFf7dx8upXTOmo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSKIiyHjTB/uim5ctmBroR1KJs20sZnMkGSEMvQL3LhQxK2f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwOltML6a+bf3VCoWixs9Sagf4aFgISNYG6l51i+WkI3cC7fsQmS7Za/iVQzxajVUrkLHRnOUwBKNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/ND53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnUMZx9DQdMUqL5xBBMJDO3QjLCEhNtsimYEL4+hf+T9rntVGy36ZXql8s48uAIHINT4IAqqINr0AAtQAAFD+AJPFt31qP1Yr0uWnPWcuYQ/ID19gnqXo0J</latexit>⇤➡ Hodge star     changes over complex structure moduli space  
                                                                                                          → complicated

➡ How to find solution? →  (p,q)-forms in                              
<latexit sha1_base64="/0w3eqoQGZ7oFyORMInYgSTlAZs=">AAACGXicbZDLSsNAFIZPvNZ6i7p0EyyCi1ISKeqy6KbLCvYCaSyT6bQdOpnEmYlQQl7Dja/ixoUiLnXl2zhNI2jrgYGP/z9n5szvR4xKZdtfxtLyyuraemGjuLm1vbNr7u23ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr6Z++54ISUN+oyYR8QI05HRAMVJa6pl20s0uccXQ9xK7YmdVXoC0fptE5bs07ZmlH81aBCeHEuTV6Jkf3X6I44BwhRmS0nXsSHkJEopiRtJiN5YkQniMhsTVyFFApJdkS6XWsVb61iAU+nBlZerviQQFUk4CX3cGSI3kvDcV//PcWA0uvITyKFaE49lDg5hZKrSmMVl9KghWbKIBYUH1rhYeIYGw0mEWdQjO/JcXoXVacc4q1etqqXaZx1GAQziCE3DgHGpQhwY0AcMDPMELvBqPxrPxZrzPWpeMfOYA/pTx+Q3RvZxv</latexit>

H
p,q - Hodge decomposition

<latexit sha1_base64="8OkC69GEc50/YTgIZKwXlnIE6/g="></latexit>

H
4(Y,C) = H

4,0 �H
3,1 �H

2,2 �H
1,3 �H

0,4

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M



  Connection with Hodge theory

<latexit sha1_base64="JvPzuicZYvfi6tFf7dx8upXTOmo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSKIiyHjTB/uim5ctmBroR1KJs20sZnMkGSEMvQL3LhQxK2f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwOltML6a+bf3VCoWixs9Sagf4aFgISNYG6l51i+WkI3cC7fsQmS7Za/iVQzxajVUrkLHRnOUwBKNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/ND53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnUMZx9DQdMUqL5xBBMJDO3QjLCEhNtsimYEL4+hf+T9rntVGy36ZXql8s48uAIHINT4IAqqINr0AAtQAAFD+AJPFt31qP1Yr0uWnPWcuYQ/ID19gnqXo0J</latexit>⇤➡ Hodge star     changes over complex structure moduli space  
                                                                                                          → complicated

➡ How to find solution? →  (p,q)-forms in                              
<latexit sha1_base64="/0w3eqoQGZ7oFyORMInYgSTlAZs=">AAACGXicbZDLSsNAFIZPvNZ6i7p0EyyCi1ISKeqy6KbLCvYCaSyT6bQdOpnEmYlQQl7Dja/ixoUiLnXl2zhNI2jrgYGP/z9n5szvR4xKZdtfxtLyyuraemGjuLm1vbNr7u23ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr6Z++54ISUN+oyYR8QI05HRAMVJa6pl20s0uccXQ9xK7YmdVXoC0fptE5bs07ZmlH81aBCeHEuTV6Jkf3X6I44BwhRmS0nXsSHkJEopiRtJiN5YkQniMhsTVyFFApJdkS6XWsVb61iAU+nBlZerviQQFUk4CX3cGSI3kvDcV//PcWA0uvITyKFaE49lDg5hZKrSmMVl9KghWbKIBYUH1rhYeIYGw0mEWdQjO/JcXoXVacc4q1etqqXaZx1GAQziCE3DgHGpQhwY0AcMDPMELvBqPxrPxZrzPWpeMfOYA/pTx+Q3RvZxv</latexit>

H
p,q - Hodge decomposition

<latexit sha1_base64="8OkC69GEc50/YTgIZKwXlnIE6/g="></latexit>

H
4(Y,C) = H

4,0 �H
3,1 �H

2,2 �H
1,3 �H

0,4

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

Hodge    = Weil Operator     :                             
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1

<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1
<latexit sha1_base64="xeEohARhtBipARe1RzICQAs8EXk=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiCIh9AtIcst6MVjAmaBZAg9nU7Spmehu0cIQ77AiwdFvPpJ3vwbe5IIKvqg4PFeFVX1vEgKbTD+cDJr6xubW9nt3M7u3v5B/vCorcNYMd5ioQxV16OaSxHwlhFG8m6kOPU9yTve9Dr1O/dcaREGt2YWcden40CMBKPGSs2LQb6AixhjQghKCamUsSW1WvWSVBFJLYsCrNAY5N/7w5DFPg8Mk1TrHsGRcROqjGCSz3P9WPOIsikd856lAfW5dpPFoXN0ZpUhGoXKVmDQQv0+kVBf65nv2U6fmon+7aXiX14vNqOqm4ggig0P2HLRKJbIhCj9Gg2F4szImSWUKWFvRWxCFWXGZpOzIXx9iv4n7csiKRdLzVKhfrWKIwsncArnQKACdbiBBrSAAYcHeIJn5855dF6c12VrxlnNHMMPOG+fv+WM7Q==</latexit>⇤ <latexit sha1_base64="sgI5AtUZJT1Osg1EU9PvQ0e7ZB4=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4Ct0hZLkFc/EYxSyQDKGn05M06Vno7hFCyB948aCIV//Im39jTxJBRR8UPN6roqqeF0uhDcYfTmZjc2t7J7ub29s/ODzKH590dJQoxtsskpHqeVRzKULeNsJI3osVp4EnedebNlO/e8+VFlF4Z2YxdwM6DoUvGDVWum2iYb6AixhjQghKCalWsCX1eq1EaoiklkUB1mgN8++DUcSSgIeGSap1n+DYuHOqjGCSL3KDRPOYsikd876lIQ24dufLSxfowioj5EfKVmjQUv0+MaeB1rPAs50BNRP920vFv7x+YvyaOxdhnBgestUiP5HIRCh9G42E4szImSWUKWFvRWxCFWXGhpOzIXx9iv4nnVKRVIrlm3KhcbWOIwtncA6XQKAKDbiGFrSBgQ8P8ATPztR5dF6c11VrxlnPnMIPOG+fO3+NMA==</latexit>

C



  Connection with Hodge theory

<latexit sha1_base64="JvPzuicZYvfi6tFf7dx8upXTOmo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSKIiyHjTB/uim5ctmBroR1KJs20sZnMkGSEMvQL3LhQxK2f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwOltML6a+bf3VCoWixs9Sagf4aFgISNYG6l51i+WkI3cC7fsQmS7Za/iVQzxajVUrkLHRnOUwBKNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/ND53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnUMZx9DQdMUqL5xBBMJDO3QjLCEhNtsimYEL4+hf+T9rntVGy36ZXql8s48uAIHINT4IAqqINr0AAtQAAFD+AJPFt31qP1Yr0uWnPWcuYQ/ID19gnqXo0J</latexit>⇤➡ Hodge star     changes over complex structure moduli space  
                                                                                                          → complicated

➡ How to find solution? →  (p,q)-forms in                              
<latexit sha1_base64="/0w3eqoQGZ7oFyORMInYgSTlAZs=">AAACGXicbZDLSsNAFIZPvNZ6i7p0EyyCi1ISKeqy6KbLCvYCaSyT6bQdOpnEmYlQQl7Dja/ixoUiLnXl2zhNI2jrgYGP/z9n5szvR4xKZdtfxtLyyuraemGjuLm1vbNr7u23ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr6Z++54ISUN+oyYR8QI05HRAMVJa6pl20s0uccXQ9xK7YmdVXoC0fptE5bs07ZmlH81aBCeHEuTV6Jkf3X6I44BwhRmS0nXsSHkJEopiRtJiN5YkQniMhsTVyFFApJdkS6XWsVb61iAU+nBlZerviQQFUk4CX3cGSI3kvDcV//PcWA0uvITyKFaE49lDg5hZKrSmMVl9KghWbKIBYUH1rhYeIYGw0mEWdQjO/JcXoXVacc4q1etqqXaZx1GAQziCE3DgHGpQhwY0AcMDPMELvBqPxrPxZrzPWpeMfOYA/pTx+Q3RvZxv</latexit>

H
p,q - Hodge decomposition

<latexit sha1_base64="8OkC69GEc50/YTgIZKwXlnIE6/g="></latexit>

H
4(Y,C) = H

4,0 �H
3,1 �H

2,2 �H
1,3 �H

0,4

Self-dual solutions satisfy: 
<latexit sha1_base64="M5D9KvrM60t8G8X0Ser0d4O7EtU="></latexit>

G4 2 H
4(Y,Z)\(H4,0 �H

2,2 �H
0,4)

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

Hodge    = Weil Operator     :                             
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1

<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1
<latexit sha1_base64="xeEohARhtBipARe1RzICQAs8EXk=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiCIh9AtIcst6MVjAmaBZAg9nU7Spmehu0cIQ77AiwdFvPpJ3vwbe5IIKvqg4PFeFVX1vEgKbTD+cDJr6xubW9nt3M7u3v5B/vCorcNYMd5ioQxV16OaSxHwlhFG8m6kOPU9yTve9Dr1O/dcaREGt2YWcden40CMBKPGSs2LQb6AixhjQghKCamUsSW1WvWSVBFJLYsCrNAY5N/7w5DFPg8Mk1TrHsGRcROqjGCSz3P9WPOIsikd856lAfW5dpPFoXN0ZpUhGoXKVmDQQv0+kVBf65nv2U6fmon+7aXiX14vNqOqm4ggig0P2HLRKJbIhCj9Gg2F4szImSWUKWFvRWxCFWXGZpOzIXx9iv4n7csiKRdLzVKhfrWKIwsncArnQKACdbiBBrSAAYcHeIJn5855dF6c12VrxlnNHMMPOG+fv+WM7Q==</latexit>⇤ <latexit sha1_base64="sgI5AtUZJT1Osg1EU9PvQ0e7ZB4=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4Ct0hZLkFc/EYxSyQDKGn05M06Vno7hFCyB948aCIV//Im39jTxJBRR8UPN6roqqeF0uhDcYfTmZjc2t7J7ub29s/ODzKH590dJQoxtsskpHqeVRzKULeNsJI3osVp4EnedebNlO/e8+VFlF4Z2YxdwM6DoUvGDVWum2iYb6AixhjQghKCalWsCX1eq1EaoiklkUB1mgN8++DUcSSgIeGSap1n+DYuHOqjGCSL3KDRPOYsikd876lIQ24dufLSxfowioj5EfKVmjQUv0+MaeB1rPAs50BNRP920vFv7x+YvyaOxdhnBgestUiP5HIRCh9G42E4szImSWUKWFvRWxCFWXGhpOzIXx9iv4nnVKRVIrlm3KhcbWOIwtncA6XQKAKDbiGFrSBgQ8P8ATPztR5dF6c11VrxlnPnMIPOG+fO3+NMA==</latexit>

C



  Connection with Hodge theory

<latexit sha1_base64="JvPzuicZYvfi6tFf7dx8upXTOmo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSKIiyHjTB/uim5ctmBroR1KJs20sZnMkGSEMvQL3LhQxK2f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwOltML6a+bf3VCoWixs9Sagf4aFgISNYG6l51i+WkI3cC7fsQmS7Za/iVQzxajVUrkLHRnOUwBKNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/ND53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnUMZx9DQdMUqL5xBBMJDO3QjLCEhNtsimYEL4+hf+T9rntVGy36ZXql8s48uAIHINT4IAqqINr0AAtQAAFD+AJPFt31qP1Yr0uWnPWcuYQ/ID19gnqXo0J</latexit>⇤➡ Hodge star     changes over complex structure moduli space  
                                                                                                          → complicated

➡ How to find solution? →  (p,q)-forms in                              
<latexit sha1_base64="/0w3eqoQGZ7oFyORMInYgSTlAZs=">AAACGXicbZDLSsNAFIZPvNZ6i7p0EyyCi1ISKeqy6KbLCvYCaSyT6bQdOpnEmYlQQl7Dja/ixoUiLnXl2zhNI2jrgYGP/z9n5szvR4xKZdtfxtLyyuraemGjuLm1vbNr7u23ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr6Z++54ISUN+oyYR8QI05HRAMVJa6pl20s0uccXQ9xK7YmdVXoC0fptE5bs07ZmlH81aBCeHEuTV6Jkf3X6I44BwhRmS0nXsSHkJEopiRtJiN5YkQniMhsTVyFFApJdkS6XWsVb61iAU+nBlZerviQQFUk4CX3cGSI3kvDcV//PcWA0uvITyKFaE49lDg5hZKrSmMVl9KghWbKIBYUH1rhYeIYGw0mEWdQjO/JcXoXVacc4q1etqqXaZx1GAQziCE3DgHGpQhwY0AcMDPMELvBqPxrPxZrzPWpeMfOYA/pTx+Q3RvZxv</latexit>

H
p,q - Hodge decomposition

<latexit sha1_base64="8OkC69GEc50/YTgIZKwXlnIE6/g="></latexit>

H
4(Y,C) = H

4,0 �H
3,1 �H

2,2 �H
1,3 �H

0,4

Self-dual solutions satisfy: 
<latexit sha1_base64="M5D9KvrM60t8G8X0Ser0d4O7EtU="></latexit>

G4 2 H
4(Y,Z)\(H4,0 �H

2,2 �H
0,4)

➡ Study how             changes over the moduli space
⇒ variations of Hodge structures

<latexit sha1_base64="95UJPchojquhTeixW/Eq+Uw1GWA=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyChzHaMdTj0MuOE9wLdLWkWbaFpWlNUnGUfg8vfhUvHhTxJHjw25h1FXTzgcCP//95kid/P2JUKsv6MpaWV1bX1gsbxc2t7Z1dc2+/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/fDn1O3dESBryazWJiBugIacDipHSkmdWk152iSOGvptYFSur8gKkjZskKt+m3n3qmaUfFS6CnUMJ5NX0zI9eP8RxQLjCDEnp2Fak3AQJRTEjabEXSxIhPEZD4mjkKCDSTbK1UnislT4chEIfrmCm/p5IUCDlJPB1Z4DUSM57U/E/z4nV4NxNKI9iRTiePTSIGVQhnAYF+1QQrNhEA8KC6l0hHiGBsNJxFnUI9vyXF6FdrdinldpVrVS/yOMogENwBE6ADc5AHTRAE7QABg/gCbyAV+PReDbejPdZ65KRzxyAP2V8fgN+bZ1a</latexit>

H
p,q
x

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

Hodge    = Weil Operator     :                             
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1

<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1
<latexit sha1_base64="xeEohARhtBipARe1RzICQAs8EXk=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiCIh9AtIcst6MVjAmaBZAg9nU7Spmehu0cIQ77AiwdFvPpJ3vwbe5IIKvqg4PFeFVX1vEgKbTD+cDJr6xubW9nt3M7u3v5B/vCorcNYMd5ioQxV16OaSxHwlhFG8m6kOPU9yTve9Dr1O/dcaREGt2YWcden40CMBKPGSs2LQb6AixhjQghKCamUsSW1WvWSVBFJLYsCrNAY5N/7w5DFPg8Mk1TrHsGRcROqjGCSz3P9WPOIsikd856lAfW5dpPFoXN0ZpUhGoXKVmDQQv0+kVBf65nv2U6fmon+7aXiX14vNqOqm4ggig0P2HLRKJbIhCj9Gg2F4szImSWUKWFvRWxCFWXGZpOzIXx9iv4n7csiKRdLzVKhfrWKIwsncArnQKACdbiBBrSAAYcHeIJn5855dF6c12VrxlnNHMMPOG+fv+WM7Q==</latexit>⇤ <latexit sha1_base64="sgI5AtUZJT1Osg1EU9PvQ0e7ZB4=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4Ct0hZLkFc/EYxSyQDKGn05M06Vno7hFCyB948aCIV//Im39jTxJBRR8UPN6roqqeF0uhDcYfTmZjc2t7J7ub29s/ODzKH590dJQoxtsskpHqeVRzKULeNsJI3osVp4EnedebNlO/e8+VFlF4Z2YxdwM6DoUvGDVWum2iYb6AixhjQghKCalWsCX1eq1EaoiklkUB1mgN8++DUcSSgIeGSap1n+DYuHOqjGCSL3KDRPOYsikd876lIQ24dufLSxfowioj5EfKVmjQUv0+MaeB1rPAs50BNRP920vFv7x+YvyaOxdhnBgestUiP5HIRCh9G42E4szImSWUKWFvRWxCFWXGhpOzIXx9iv4nnVKRVIrlm3KhcbWOIwtncA6XQKAKDbiGFrSBgQ8P8ATPztR5dF6c11VrxlnPnMIPOG+fO3+NMA==</latexit>

C



  Why is finiteness non-trivial?

➡ Simple case: consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>

Q(G4, G4) = `
<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `



  Why is finiteness non-trivial?

➡ Simple case: 

➡ Allow variation of Hodge structure                               : very hard problem
<latexit sha1_base64="F5R999Cv92Zr8amWDwSG7c0sE9w=">AAACMHicbVDNS8MwHE39nPOr6tFLcAgexmhlqMehB3cRJrgPWOtIs2wLS9OapLJR+id58U/Ri4IiXv0rTLsJuvkg8Hjv/ZJfnhcyKpVlvRoLi0vLK6u5tfz6xubWtrmz25BBJDCp44AFouUhSRjlpK6oYqQVCoJ8j5GmN7xI/eY9EZIG/EaNQ+L6qM9pj2KktNQxL2Mnu6Qt+p4bWyUrQ3GOJNXbOCzeJZ1RUnQgHEGHcuj4SA0wYvFV0jELP1E4T+wpKYApah3zyekGOPIJV5ghKdu2FSo3RkJRzEiSdyJJQoSHqE/amnLkE+nG2a4JPNRKF/YCoQ9XMFN/T8TIl3LsezqZrihnvVT8z2tHqnfmxpSHkSIcTx7qRQyqAKbtwS4VBCs21gRhQfWuEA+QQFjpjvO6BHv2y/OkcVyyT0rl63Khcj6tIwf2wQE4AjY4BRVQBTVQBxg8gGfwBt6NR+PF+DA+J9EFYzqzB/7A+PoG54GlWg==</latexit>

H
p,q
x , x 2 M

consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>
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→ Weil operator (Hodge star) can degenerate on boundaries of 
<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M

consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w
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) Q(G4, ⇤G4) = kG4k2 = `
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➡ Simple case: 
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→ Weil operator (Hodge star) can degenerate on boundaries of 
<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M
→ key challenge to show: no infinite tails in the asymptotic regimes of        

<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M

consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w
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<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `
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H
p,q
x , x 2 M

→ Weil operator (Hodge star) can degenerate on boundaries of 
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M
→ key challenge to show: no infinite tails in the asymptotic regimes of        

<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M

consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
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Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>

Q(G4, G4) = `
<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `

➡ Idea: use asymptotic Hodge theory:  nilpotent orbit theorem [Schmid] , 
sl(2)-orbit theorem [Schmid][Cattani,Kaplan,Schmid]
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➡ Allow variation of Hodge structure                               : very hard problem
<latexit sha1_base64="F5R999Cv92Zr8amWDwSG7c0sE9w=">AAACMHicbVDNS8MwHE39nPOr6tFLcAgexmhlqMehB3cRJrgPWOtIs2wLS9OapLJR+id58U/Ri4IiXv0rTLsJuvkg8Hjv/ZJfnhcyKpVlvRoLi0vLK6u5tfz6xubWtrmz25BBJDCp44AFouUhSRjlpK6oYqQVCoJ8j5GmN7xI/eY9EZIG/EaNQ+L6qM9pj2KktNQxL2Mnu6Qt+p4bWyUrQ3GOJNXbOCzeJZ1RUnQgHEGHcuj4SA0wYvFV0jELP1E4T+wpKYApah3zyekGOPIJV5ghKdu2FSo3RkJRzEiSdyJJQoSHqE/amnLkE+nG2a4JPNRKF/YCoQ9XMFN/T8TIl3LsezqZrihnvVT8z2tHqnfmxpSHkSIcTx7qRQyqAKbtwS4VBCs21gRhQfWuEA+QQFjpjvO6BHv2y/OkcVyyT0rl63Khcj6tIwf2wQE4AjY4BRVQBTVQBxg8gGfwBt6NR+PF+DA+J9EFYzqzB/7A+PoG54GlWg==</latexit>

H
p,q
x , x 2 M

→ Weil operator (Hodge star) can degenerate on boundaries of 
<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M
→ key challenge to show: no infinite tails in the asymptotic regimes of        

<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M

consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>

Q(G4, G4) = `
<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `

⇒ works well for one-parameter limits   [Schnell] [TG] ‘20

➡ Idea: use asymptotic Hodge theory:  nilpotent orbit theorem [Schmid] , 
sl(2)-orbit theorem [Schmid][Cattani,Kaplan,Schmid]



  Why is finiteness non-trivial?

➡ Simple case: consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>

Q(G4, G4) = `
<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `

⇒ using multi-variable Sl(2)-orbit theorem too involved

➡ Allow variation of Hodge structure                               : very hard problem
<latexit sha1_base64="F5R999Cv92Zr8amWDwSG7c0sE9w=">AAACMHicbVDNS8MwHE39nPOr6tFLcAgexmhlqMehB3cRJrgPWOtIs2wLS9OapLJR+id58U/Ri4IiXv0rTLsJuvkg8Hjv/ZJfnhcyKpVlvRoLi0vLK6u5tfz6xubWtrmz25BBJDCp44AFouUhSRjlpK6oYqQVCoJ8j5GmN7xI/eY9EZIG/EaNQ+L6qM9pj2KktNQxL2Mnu6Qt+p4bWyUrQ3GOJNXbOCzeJZ1RUnQgHEGHcuj4SA0wYvFV0jELP1E4T+wpKYApah3zyekGOPIJV5ghKdu2FSo3RkJRzEiSdyJJQoSHqE/amnLkE+nG2a4JPNRKF/YCoQ9XMFN/T8TIl3LsezqZrihnvVT8z2tHqnfmxpSHkSIcTx7qRQyqAKbtwS4VBCs21gRhQfWuEA+QQFjpjvO6BHv2y/OkcVyyT0rl63Khcj6tIwf2wQE4AjY4BRVQBTVQBxg8gGfwBt6NR+PF+DA+J9EFYzqzB/7A+PoG54GlWg==</latexit>

H
p,q
x , x 2 M

→ Weil operator (Hodge star) can degenerate on boundaries of 
<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M
→ key challenge to show: no infinite tails in the asymptotic regimes of        

<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M

➡ Idea: use asymptotic Hodge theory:  nilpotent orbit theorem [Schmid] , 
sl(2)-orbit theorem [Schmid][Cattani,Kaplan,Schmid]



Theorems in Abstract 
Variations of Hodge Structures 



  Reminder of a famous theorem

➡      smooth complex algebraic variety (e.g. moduli space               )
<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="F63JqMyX8hpg5grUTnnNfuAtxM8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MaNUME+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1mfmtMlWZSPJpJTP0IDwQLGcHGSn77uhthMySYp/fTXrniVt0Z0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n85CT9GJVfoolMo+YdBM/b2R4kjrSRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkfChOOjERZA6jPFCWGTyzBRDGbFZEhVpgY21PJluAtfnmZNM+q3kX1/OG8UrvJ6yjCERzDKXhwCTW4gzo0gMATPMMrvDlj58V5dz7mowUn3zmEP3A+fwC4DJIV</latexit>

X = M



  Reminder of a famous theorem

➡      smooth complex algebraic variety (e.g. moduli space               )

➡ Hodge bundle:                          with fibers   
<latexit sha1_base64="4z6xbnWQ1MDTWTaeFnNo7HJ3XOg="></latexit>

p : E ! X
<latexit sha1_base64="7hjRJ3o3b6TtQ2XX5uV9c0opk2M="></latexit>

HC,x =
M

p+q=2d

H
p,q
x , x 2 X

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="F63JqMyX8hpg5grUTnnNfuAtxM8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MaNUME+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1mfmtMlWZSPJpJTP0IDwQLGcHGSn77uhthMySYp/fTXrniVt0Z0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n85CT9GJVfoolMo+YdBM/b2R4kjrSRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkfChOOjERZA6jPFCWGTyzBRDGbFZEhVpgY21PJluAtfnmZNM+q3kX1/OG8UrvJ6yjCERzDKXhwCTW4gzo0gMATPMMrvDlj58V5dz7mowUn3zmEP3A+fwC4DJIV</latexit>

X = M



  Reminder of a famous theorem

➡      smooth complex algebraic variety (e.g. moduli space               )

➡ Hodge bundle:                          with fibers   
<latexit sha1_base64="4z6xbnWQ1MDTWTaeFnNo7HJ3XOg="></latexit>

p : E ! X
<latexit sha1_base64="7hjRJ3o3b6TtQ2XX5uV9c0opk2M="></latexit>

HC,x =
M

p+q=2d

H
p,q
x , x 2 X

Theorem [Cattani,Deligne,Kaplan ’95]:   For integer           , locus of integral  
Hodge classes  
 
 
 
is algebraic, and the restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="agllbviil6oquOb6pTH22PYw4x8="></latexit>n
(x, v) 2 E : v 2 (Hd,d \HZ)x and Q(v, v) = `

o

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="F63JqMyX8hpg5grUTnnNfuAtxM8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MaNUME+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1mfmtMlWZSPJpJTP0IDwQLGcHGSn77uhthMySYp/fTXrniVt0Z0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n85CT9GJVfoolMo+YdBM/b2R4kjrSRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkfChOOjERZA6jPFCWGTyzBRDGbFZEhVpgY21PJluAtfnmZNM+q3kX1/OG8UrvJ6yjCERzDKXhwCTW4gzo0gMATPMMrvDlj58V5dz7mowUn3zmEP3A+fwC4DJIV</latexit>

X = M



  Reminder of a famous theorem

➡      smooth complex algebraic variety (e.g. moduli space               )

➡ Hodge bundle:                          with fibers   
<latexit sha1_base64="4z6xbnWQ1MDTWTaeFnNo7HJ3XOg="></latexit>

p : E ! X
<latexit sha1_base64="7hjRJ3o3b6TtQ2XX5uV9c0opk2M="></latexit>

HC,x =
M

p+q=2d

H
p,q
x , x 2 X

Theorem [Cattani,Deligne,Kaplan ’95]:   For integer           , locus of integral  
Hodge classes  
 
 
 
is algebraic, and the restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="agllbviil6oquOb6pTH22PYw4x8="></latexit>n
(x, v) 2 E : v 2 (Hd,d \HZ)x and Q(v, v) = `

o

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="F63JqMyX8hpg5grUTnnNfuAtxM8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MaNUME+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1mfmtMlWZSPJpJTP0IDwQLGcHGSn77uhthMySYp/fTXrniVt0Z0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n85CT9GJVfoolMo+YdBM/b2R4kjrSRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkfChOOjERZA6jPFCWGTyzBRDGbFZEhVpgY21PJluAtfnmZNM+q3kX1/OG8UrvJ6yjCERzDKXhwCTW4gzo0gMATPMMrvDlj58V5dz7mowUn3zmEP3A+fwC4DJIV</latexit>

X = M

➡ remarkable theorem which follows partly from the Hodge conjecture for  
Hodge structures associated to families of projective Kähler manifolds 

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y



  Reminder of a famous theorem

➡      smooth complex algebraic variety (e.g. moduli space               )
<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="F63JqMyX8hpg5grUTnnNfuAtxM8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MaNUME+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1mfmtMlWZSPJpJTP0IDwQLGcHGSn77uhthMySYp/fTXrniVt0Z0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n85CT9GJVfoolMo+YdBM/b2R4kjrSRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkfChOOjERZA6jPFCWGTyzBRDGbFZEhVpgY21PJluAtfnmZNM+q3kX1/OG8UrvJ6yjCERzDKXhwCTW4gzo0gMATPMMrvDlj58V5dz7mowUn3zmEP3A+fwC4DJIV</latexit>

X = M

➡ covers the finiteness of the special case:   
<latexit sha1_base64="qzjQjorHT7YLVeHOw+oqldA7BHI="></latexit>

G4 2 H
4(Y4,Z)\H2,2

(supersymmetric fluxes)

➡ Hodge bundle:                          with fibers   
<latexit sha1_base64="4z6xbnWQ1MDTWTaeFnNo7HJ3XOg="></latexit>

p : E ! X
<latexit sha1_base64="7hjRJ3o3b6TtQ2XX5uV9c0opk2M="></latexit>

HC,x =
M

p+q=2d

H
p,q
x , x 2 X

Theorem [Cattani,Deligne,Kaplan ’95]:   For integer           , locus of integral  
Hodge classes  
 
 
 
is algebraic, and the restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="agllbviil6oquOb6pTH22PYw4x8="></latexit>n
(x, v) 2 E : v 2 (Hd,d \HZ)x and Q(v, v) = `

o



  Generalization to self-dual classes

➡ recall Weil operator      (e.g. Hodge star):            

Theorem [Bakker,TG,Schnell,Tsimerman]:   For integer            ,  the locus of 
integral self-dual classes  
 
 
 
is                  - definable, closed real-analytic subspace of E and the  
restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="Vu+iidxjstCIa4pvwUfUEdoKjo0="></latexit>Ran,exp

<latexit sha1_base64="YEN6ZoEK1f86DbjGsxN8BtZwnp8=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyWRol6EYi8eK9gPaGPZbDft0s0m7m4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO822trK6tb2zmtvLbO7t7BXv/oKGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf1id+s0RlYpF4l6PY+qFuC9YwAjWRurahSoaoWvEHtL47HGCRl276JScGdAycTNShAy1rv3V6UUkCanQhGOl2q4Tay/FUjPC6STfSRSNMRniPm0bKnBIlZfODp+gE6P0UBBJU0Kjmfp7IsWhUuPQN50h1gO16E3F/7x2ooMrL2UiTjQVZL4oSDjSEZqmgHpMUqL52BBMJDO3IjLAEhNtssqbENzFl5dJ47zkXpTKd+Vi5SaLIwdHcAyn4MIlVOAWalAHAgk8wyu8WU/Wi/VufcxbV6xs5hD+wPr8AfbWkgM=</latexit>

Cv = ip�qv
<latexit sha1_base64="Cjk9mD/Q8OOrPZmJQKjOG+VMOS8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ530yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m186JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ22QgNGcoJ5ZQpoW9lbAR1ZShDadkQ/CWX14lrYuqd1W9vL+s1G7zOIpwAqdwDh5cQw3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+56jPo=</latexit>

C
<latexit sha1_base64="s7baZQwdyQDHWGrF0yamEj+LwiI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvfRYwX5Au5Zsmm1Ds9k0yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBZIzbVz321lb39jc2s7t5Hf39g8OC0fHDR0nitA6iXmsWgHWlDNB64YZTltSURwFnDaD4f3Mb46p0iwWj2YiqR/hvmAhI9hYyR+jDhOo+pTKy9G0Wyi6JXcOtEq8jBQhQ61b+Or0YpJEVBjCsdZtz5XGT7EyjHA6zXcSTSUmQ9ynbUsFjqj20/nRU3RulR4KY2VLGDRXf0+kONJ6EgW2M8JmoJe9mfif105MeOunTMjEUEEWi8KEIxOjWQKoxxQlhk8swUQxeysiA6wwMTanvA3BW355lTSuSt51qfxQLlbusjhycApncAEe3EAFqlCDOhAYwTO8wpszdl6cd+dj0brmZDMn8AfO5w/5T5GZ</latexit>

v 2 H
p,q

<latexit sha1_base64="1WEB5JklVx5hntVJFVPUz2WTGzQ="></latexit>n
(x, v) 2 E : v 2 HZ,x and Cxv = v and Q(v, v) = `

o



  Generalization to self-dual classes

➡ recall Weil operator      (e.g. Hodge star):            

Theorem [Bakker,TG,Schnell,Tsimerman]:   For integer            ,  the locus of 
integral self-dual classes  
 
 
 
is                  - definable, closed real-analytic subspace of E and the  
restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="Vu+iidxjstCIa4pvwUfUEdoKjo0="></latexit>Ran,exp

<latexit sha1_base64="YEN6ZoEK1f86DbjGsxN8BtZwnp8=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyWRol6EYi8eK9gPaGPZbDft0s0m7m4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO822trK6tb2zmtvLbO7t7BXv/oKGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf1id+s0RlYpF4l6PY+qFuC9YwAjWRurahSoaoWvEHtL47HGCRl276JScGdAycTNShAy1rv3V6UUkCanQhGOl2q4Tay/FUjPC6STfSRSNMRniPm0bKnBIlZfODp+gE6P0UBBJU0Kjmfp7IsWhUuPQN50h1gO16E3F/7x2ooMrL2UiTjQVZL4oSDjSEZqmgHpMUqL52BBMJDO3IjLAEhNtssqbENzFl5dJ47zkXpTKd+Vi5SaLIwdHcAyn4MIlVOAWalAHAgk8wyu8WU/Wi/VufcxbV6xs5hD+wPr8AfbWkgM=</latexit>

Cv = ip�qv
<latexit sha1_base64="Cjk9mD/Q8OOrPZmJQKjOG+VMOS8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ530yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m186JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ22QgNGcoJ5ZQpoW9lbAR1ZShDadkQ/CWX14lrYuqd1W9vL+s1G7zOIpwAqdwDh5cQw3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+56jPo=</latexit>

C
<latexit sha1_base64="s7baZQwdyQDHWGrF0yamEj+LwiI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvfRYwX5Au5Zsmm1Ds9k0yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBZIzbVz321lb39jc2s7t5Hf39g8OC0fHDR0nitA6iXmsWgHWlDNB64YZTltSURwFnDaD4f3Mb46p0iwWj2YiqR/hvmAhI9hYyR+jDhOo+pTKy9G0Wyi6JXcOtEq8jBQhQ61b+Or0YpJEVBjCsdZtz5XGT7EyjHA6zXcSTSUmQ9ynbUsFjqj20/nRU3RulR4KY2VLGDRXf0+kONJ6EgW2M8JmoJe9mfif105MeOunTMjEUEEWi8KEIxOjWQKoxxQlhk8swUQxeysiA6wwMTanvA3BW355lTSuSt51qfxQLlbusjhycApncAEe3EAFqlCDOhAYwTO8wpszdl6cd+dj0brmZDMn8AfO5w/5T5GZ</latexit>

v 2 H
p,q

<latexit sha1_base64="1WEB5JklVx5hntVJFVPUz2WTGzQ="></latexit>n
(x, v) 2 E : v 2 HZ,x and Cxv = v and Q(v, v) = `

o

quantized flux
<latexit sha1_base64="ssGaZs+sg8JQrKYlEBOVnlH7yLI=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQQUoiRV0WXdhlBfvQJobJdNoOnUzCzEQoIQs3/oobF4q49SPc+TdO2iy09cCFwzn3cu89XsioVKb5beSWlldW1/LrhY3Nre2d4u5eWwaRwKSFAxaIrockYZSTlqKKkW4oCPI9Rjre+DL1Ow9ESBrwGzUJieOjIacDipHSklssXbk1aFMOG/dxLancHts+UiPPi++SI7dYNqvmFHCRWBkpgwxNt/hl9wMc+YQrzJCUPcsMlRMjoShmJCnYkSQhwmM0JD1NOfKJdOLpEwk81EofDgKhiys4VX9PxMiXcuJ7ujM9Uc57qfif14vU4NyJKQ8jRTieLRpEDKoAponAPhUEKzbRBGFB9a0Qj5BAWOncCjoEa/7lRdI+qVqn1dp1rVy/yOLIgxI4ABVggTNQBw3QBC2AwSN4Bq/gzXgyXox342PWmjOymX3wB8bnD5vLltM=</latexit>

G4 2 H
4(Y,Z)



  Generalization to self-dual classes

➡ recall Weil operator      (e.g. Hodge star):            

Theorem [Bakker,TG,Schnell,Tsimerman]:   For integer            ,  the locus of 
integral self-dual classes  
 
 
 
is                  - definable, closed real-analytic subspace of E and the  
restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="Vu+iidxjstCIa4pvwUfUEdoKjo0="></latexit>Ran,exp

<latexit sha1_base64="YEN6ZoEK1f86DbjGsxN8BtZwnp8=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyWRol6EYi8eK9gPaGPZbDft0s0m7m4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO822trK6tb2zmtvLbO7t7BXv/oKGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf1id+s0RlYpF4l6PY+qFuC9YwAjWRurahSoaoWvEHtL47HGCRl276JScGdAycTNShAy1rv3V6UUkCanQhGOl2q4Tay/FUjPC6STfSRSNMRniPm0bKnBIlZfODp+gE6P0UBBJU0Kjmfp7IsWhUuPQN50h1gO16E3F/7x2ooMrL2UiTjQVZL4oSDjSEZqmgHpMUqL52BBMJDO3IjLAEhNtssqbENzFl5dJ47zkXpTKd+Vi5SaLIwdHcAyn4MIlVOAWalAHAgk8wyu8WU/Wi/VufcxbV6xs5hD+wPr8AfbWkgM=</latexit>

Cv = ip�qv
<latexit sha1_base64="Cjk9mD/Q8OOrPZmJQKjOG+VMOS8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ530yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m186JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ22QgNGcoJ5ZQpoW9lbAR1ZShDadkQ/CWX14lrYuqd1W9vL+s1G7zOIpwAqdwDh5cQw3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+56jPo=</latexit>

C
<latexit sha1_base64="s7baZQwdyQDHWGrF0yamEj+LwiI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvfRYwX5Au5Zsmm1Ds9k0yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBZIzbVz321lb39jc2s7t5Hf39g8OC0fHDR0nitA6iXmsWgHWlDNB64YZTltSURwFnDaD4f3Mb46p0iwWj2YiqR/hvmAhI9hYyR+jDhOo+pTKy9G0Wyi6JXcOtEq8jBQhQ61b+Or0YpJEVBjCsdZtz5XGT7EyjHA6zXcSTSUmQ9ynbUsFjqj20/nRU3RulR4KY2VLGDRXf0+kONJ6EgW2M8JmoJe9mfif105MeOunTMjEUEEWi8KEIxOjWQKoxxQlhk8swUQxeysiA6wwMTanvA3BW355lTSuSt51qfxQLlbusjhycApncAEe3EAFqlCDOhAYwTO8wpszdl6cd+dj0brmZDMn8AfO5w/5T5GZ</latexit>

v 2 H
p,q

<latexit sha1_base64="1WEB5JklVx5hntVJFVPUz2WTGzQ="></latexit>n
(x, v) 2 E : v 2 HZ,x and Cxv = v and Q(v, v) = `

o

quantized flux
<latexit sha1_base64="ssGaZs+sg8JQrKYlEBOVnlH7yLI=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQQUoiRV0WXdhlBfvQJobJdNoOnUzCzEQoIQs3/oobF4q49SPc+TdO2iy09cCFwzn3cu89XsioVKb5beSWlldW1/LrhY3Nre2d4u5eWwaRwKSFAxaIrockYZSTlqKKkW4oCPI9Rjre+DL1Ow9ESBrwGzUJieOjIacDipHSklssXbk1aFMOG/dxLancHts+UiPPi++SI7dYNqvmFHCRWBkpgwxNt/hl9wMc+YQrzJCUPcsMlRMjoShmJCnYkSQhwmM0JD1NOfKJdOLpEwk81EofDgKhiys4VX9PxMiXcuJ7ujM9Uc57qfif14vU4NyJKQ8jRTieLRpEDKoAponAPhUEKzbRBGFB9a0Qj5BAWOncCjoEa/7lRdI+qVqn1dp1rVy/yOLIgxI4ABVggTNQBw3QBC2AwSN4Bq/gzXgyXox342PWmjOymX3wB8bnD5vLltM=</latexit>

G4 2 H
4(Y,Z)

<latexit sha1_base64="4J16EA0uQ6VgaWi/kJrrx97tWSs=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDEQ9iVoB4UAh70GME8MFnC7GQ2GTI7u8z0CmHJX3jxoIhX/8abf+PkcdDEghmKqm66u4JECoOu++0sLa+srq3nNvKbW9s7u4W9/bqJU814jcUy1s2AGi6F4jUUKHkz0ZxGgeSNYHAz9htPXBsRqwccJtyPaE+JUDCKVno8ve2UyTWxf6dQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8mG4/IsVW6JIy1fQrJRP3dkdHImGEU2MqIYt/Me2PxP6+VYnjpZ0IlKXLFpoPCVBKMyfh80hWaM5RDSyjTwu5KWJ9qytCGlLchePMnL5L6Wck7L5Xvy8XK1SyOHBzCEZyABxdQgTuoQg0YKHiGV3hzjPPivDsf09IlZ9ZzAH/gfP4AGmCPPA==</latexit>

⇤G4 = G4



  Generalization to self-dual classes

➡ recall Weil operator      (e.g. Hodge star):            

Theorem [Bakker,TG,Schnell,Tsimerman]:   For integer            ,  the locus of 
integral self-dual classes  
 
 
 
is                  - definable, closed real-analytic subspace of E and the  
restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="Vu+iidxjstCIa4pvwUfUEdoKjo0="></latexit>Ran,exp

<latexit sha1_base64="YEN6ZoEK1f86DbjGsxN8BtZwnp8=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyWRol6EYi8eK9gPaGPZbDft0s0m7m4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO822trK6tb2zmtvLbO7t7BXv/oKGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf1id+s0RlYpF4l6PY+qFuC9YwAjWRurahSoaoWvEHtL47HGCRl276JScGdAycTNShAy1rv3V6UUkCanQhGOl2q4Tay/FUjPC6STfSRSNMRniPm0bKnBIlZfODp+gE6P0UBBJU0Kjmfp7IsWhUuPQN50h1gO16E3F/7x2ooMrL2UiTjQVZL4oSDjSEZqmgHpMUqL52BBMJDO3IjLAEhNtssqbENzFl5dJ47zkXpTKd+Vi5SaLIwdHcAyn4MIlVOAWalAHAgk8wyu8WU/Wi/VufcxbV6xs5hD+wPr8AfbWkgM=</latexit>

Cv = ip�qv
<latexit sha1_base64="Cjk9mD/Q8OOrPZmJQKjOG+VMOS8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ530yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m186JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ22QgNGcoJ5ZQpoW9lbAR1ZShDadkQ/CWX14lrYuqd1W9vL+s1G7zOIpwAqdwDh5cQw3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+56jPo=</latexit>

C
<latexit sha1_base64="s7baZQwdyQDHWGrF0yamEj+LwiI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvfRYwX5Au5Zsmm1Ds9k0yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBZIzbVz321lb39jc2s7t5Hf39g8OC0fHDR0nitA6iXmsWgHWlDNB64YZTltSURwFnDaD4f3Mb46p0iwWj2YiqR/hvmAhI9hYyR+jDhOo+pTKy9G0Wyi6JXcOtEq8jBQhQ61b+Or0YpJEVBjCsdZtz5XGT7EyjHA6zXcSTSUmQ9ynbUsFjqj20/nRU3RulR4KY2VLGDRXf0+kONJ6EgW2M8JmoJe9mfif105MeOunTMjEUEEWi8KEIxOjWQKoxxQlhk8swUQxeysiA6wwMTanvA3BW355lTSuSt51qfxQLlbusjhycApncAEe3EAFqlCDOhAYwTO8wpszdl6cd+dj0brmZDMn8AfO5w/5T5GZ</latexit>

v 2 H
p,q

<latexit sha1_base64="1WEB5JklVx5hntVJFVPUz2WTGzQ="></latexit>n
(x, v) 2 E : v 2 HZ,x and Cxv = v and Q(v, v) = `

o

quantized flux
<latexit sha1_base64="ssGaZs+sg8JQrKYlEBOVnlH7yLI=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQQUoiRV0WXdhlBfvQJobJdNoOnUzCzEQoIQs3/oobF4q49SPc+TdO2iy09cCFwzn3cu89XsioVKb5beSWlldW1/LrhY3Nre2d4u5eWwaRwKSFAxaIrockYZSTlqKKkW4oCPI9Rjre+DL1Ow9ESBrwGzUJieOjIacDipHSklssXbk1aFMOG/dxLancHts+UiPPi++SI7dYNqvmFHCRWBkpgwxNt/hl9wMc+YQrzJCUPcsMlRMjoShmJCnYkSQhwmM0JD1NOfKJdOLpEwk81EofDgKhiys4VX9PxMiXcuJ7ujM9Uc57qfif14vU4NyJKQ8jRTieLRpEDKoAponAPhUEKzbRBGFB9a0Qj5BAWOncCjoEa/7lRdI+qVqn1dp1rVy/yOLIgxI4ABVggTNQBw3QBC2AwSN4Bq/gzXgyXox342PWmjOymX3wB8bnD5vLltM=</latexit>

G4 2 H
4(Y,Z)

<latexit sha1_base64="4J16EA0uQ6VgaWi/kJrrx97tWSs=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDEQ9iVoB4UAh70GME8MFnC7GQ2GTI7u8z0CmHJX3jxoIhX/8abf+PkcdDEghmKqm66u4JECoOu++0sLa+srq3nNvKbW9s7u4W9/bqJU814jcUy1s2AGi6F4jUUKHkz0ZxGgeSNYHAz9htPXBsRqwccJtyPaE+JUDCKVno8ve2UyTWxf6dQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8mG4/IsVW6JIy1fQrJRP3dkdHImGEU2MqIYt/Me2PxP6+VYnjpZ0IlKXLFpoPCVBKMyfh80hWaM5RDSyjTwu5KWJ9qytCGlLchePMnL5L6Wck7L5Xvy8XK1SyOHBzCEZyABxdQgTuoQg0YKHiGV3hzjPPivDsf09IlZ9ZzAH/gfP4AGmCPPA==</latexit>

⇤G4 = G4

<latexit sha1_base64="nONYxrRK5MQkTNvd48mDRNlYEZY=">AAACBXicbZC7SgNBFIZn4y3GW9RSi8EgWIVdCWqhELDQMoK5SHZZZicnyZDZ2WVmVgkhjY2vYmOhiK3vYOfbONlsoYk/DHz85xzOnD+IOVPatr+t3MLi0vJKfrWwtr6xuVXc3mmoKJEU6jTikWwFRAFnAuqaaQ6tWAIJAw7NYHA5qTfvQSoWiVs9jMELSU+wLqNEG8sv7rtMaP8OX/kV7D5ApwcpXmAXOPeLJbtsp8Lz4GRQQplqfvHL7UQ0CUFoyolSbceOtTciUjPKYVxwEwUxoQPSg7ZBQUJQ3ii9YowPjdPB3UiaJzRO3d8TIxIqNQwD0xkS3VeztYn5X62d6O6ZN2IiTjQIOl3UTTjWEZ5EgjtMAtV8aIBQycxfMe0TSag2wRVMCM7syfPQOC47J+XKTaVUPc/iyKM9dICOkINOURVdoxqqI4oe0TN6RW/Wk/VivVsf09aclc3soj+yPn8AnGWWtw==</latexit>Z

Y
G4 ^G4 = `



  Generalization to self-dual classes

➡ recall Weil operator      (e.g. Hodge star):            

Theorem [Bakker,TG,Schnell,Tsimerman]:   For integer            ,  the locus of 
integral self-dual classes  
 
 
 
is                  - definable, closed real-analytic subspace of E and the  
restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="Vu+iidxjstCIa4pvwUfUEdoKjo0="></latexit>Ran,exp

<latexit sha1_base64="YEN6ZoEK1f86DbjGsxN8BtZwnp8=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyWRol6EYi8eK9gPaGPZbDft0s0m7m4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO822trK6tb2zmtvLbO7t7BXv/oKGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf1id+s0RlYpF4l6PY+qFuC9YwAjWRurahSoaoWvEHtL47HGCRl276JScGdAycTNShAy1rv3V6UUkCanQhGOl2q4Tay/FUjPC6STfSRSNMRniPm0bKnBIlZfODp+gE6P0UBBJU0Kjmfp7IsWhUuPQN50h1gO16E3F/7x2ooMrL2UiTjQVZL4oSDjSEZqmgHpMUqL52BBMJDO3IjLAEhNtssqbENzFl5dJ47zkXpTKd+Vi5SaLIwdHcAyn4MIlVOAWalAHAgk8wyu8WU/Wi/VufcxbV6xs5hD+wPr8AfbWkgM=</latexit>

Cv = ip�qv
<latexit sha1_base64="Cjk9mD/Q8OOrPZmJQKjOG+VMOS8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ530yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m186JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ22QgNGcoJ5ZQpoW9lbAR1ZShDadkQ/CWX14lrYuqd1W9vL+s1G7zOIpwAqdwDh5cQw3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+56jPo=</latexit>

C
<latexit sha1_base64="s7baZQwdyQDHWGrF0yamEj+LwiI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvfRYwX5Au5Zsmm1Ds9k0yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBZIzbVz321lb39jc2s7t5Hf39g8OC0fHDR0nitA6iXmsWgHWlDNB64YZTltSURwFnDaD4f3Mb46p0iwWj2YiqR/hvmAhI9hYyR+jDhOo+pTKy9G0Wyi6JXcOtEq8jBQhQ61b+Or0YpJEVBjCsdZtz5XGT7EyjHA6zXcSTSUmQ9ynbUsFjqj20/nRU3RulR4KY2VLGDRXf0+kONJ6EgW2M8JmoJe9mfif105MeOunTMjEUEEWi8KEIxOjWQKoxxQlhk8swUQxeysiA6wwMTanvA3BW355lTSuSt51qfxQLlbusjhycApncAEe3EAFqlCDOhAYwTO8wpszdl6cd+dj0brmZDMn8AfO5w/5T5GZ</latexit>

v 2 H
p,q

<latexit sha1_base64="1WEB5JklVx5hntVJFVPUz2WTGzQ="></latexit>n
(x, v) 2 E : v 2 HZ,x and Cxv = v and Q(v, v) = `

o

locus is definable in the o-minimal structure
<latexit sha1_base64="Vu+iidxjstCIa4pvwUfUEdoKjo0="></latexit>Ran,exp

general fact 
of tame geometry

finitely many connected components
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➡ uses recent results connecting Hodge theory with tame geometry (theory 
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➡ theory of o-minimal structures comes from model theory (logic) 
→ gives a generalization of real algebraic geometry  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and allowed (definable) functions 

<latexit sha1_base64="YGYOpW+fFhsn5ZmQmtQ6sVYMlLc=">AAACAXicbVDLSsNAFL3xWeur6kZwM1gEVyWRoi6LblzWRx/QxDKZTtqhk0mYmQgl1I2/4saFIm79C3f+jZM2C209cOFwzr3ce48fc6a0bX9bC4tLyyurhbXi+sbm1nZpZ7epokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX94mfmtByoVi8SdHsXUC3FfsIARrI3ULe3fdgVyVeIrqpEbYj3w/fRmfG+ssl2xJ0DzxMlJGXLUu6UvtxeRJKRCE46V6jh2rL0US80Ip+OimygaYzLEfdoxVOCQKi+dfDBGR0bpoSCSpoRGE/X3RIpDpUahbzqzG9Wsl4n/eZ1EB+deykScaCrIdFGQcKQjlMWBekxSovnIEEwkM7ciMsASE21CK5oQnNmX50nzpOKcVqrX1XLtIo+jAAdwCMfgwBnU4Arq0AACj/AMr/BmPVkv1rv1MW1dsPKZPfgD6/MHVYGW1g==</latexit>

Sn ⇢ Rn
<latexit sha1_base64="HtcR7vXvA/N7OOD7iYVEnWlWUX4=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCUIAWKqYGEsiD6kJlSO67RWHTuyHVAV9RdY+BUWBhBiZWPjb3DaDKXlSFc6Oude3XtPEDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbAVKEUU4ammpG2rEkKAoYaQXDq8xvPRCpqOB3ehQTP0J9TkOKkTZS166EF9CLkB4EQXo7vufQk7Q/0EhK8ThrRF277FSdCeAicXNSBjnqXfvb6wmcRIRrzJBSHdeJtZ8iqSlmZFzyEkVihIeoTzqGchQR5aeTj8bwyCg9GAppims4UWcnUhQpNYoC05ndqOa9TPzP6yQ6PPdTyuNEE46ni8KEQS1gFg/sUUmwZiNDEJbU3ArxAEmEtQmxZEJw519eJM3jqntaPbk5Kdcu8ziK4AAcggpwwRmogWtQBw2AwRN4AW/g3Xq2Xq0P63PaWrDymX3wB9bXL8sEnag=</latexit>

f : Rn ! Rm

→ definable manifolds, definable bundles,… a whole tame geometry 
→ strong finiteness properties



  A mathematical structure with finiteness

➡ uses recent results connecting Hodge theory with tame geometry (theory 
of o-minimal structures)

➡ theory of o-minimal structures comes from model theory (logic) 
→ gives a generalization of real algebraic geometry  
→ provides a tame topology    intro book [van den Dries] 

lectures: Fields program 2022

➡ Basic idea:  specify space of allowed (definable) sets              
and allowed (definable) functions 

<latexit sha1_base64="YGYOpW+fFhsn5ZmQmtQ6sVYMlLc=">AAACAXicbVDLSsNAFL3xWeur6kZwM1gEVyWRoi6LblzWRx/QxDKZTtqhk0mYmQgl1I2/4saFIm79C3f+jZM2C209cOFwzr3ce48fc6a0bX9bC4tLyyurhbXi+sbm1nZpZ7epokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX94mfmtByoVi8SdHsXUC3FfsIARrI3ULe3fdgVyVeIrqpEbYj3w/fRmfG+ssl2xJ0DzxMlJGXLUu6UvtxeRJKRCE46V6jh2rL0US80Ip+OimygaYzLEfdoxVOCQKi+dfDBGR0bpoSCSpoRGE/X3RIpDpUahbzqzG9Wsl4n/eZ1EB+deykScaCrIdFGQcKQjlMWBekxSovnIEEwkM7ciMsASE21CK5oQnNmX50nzpOKcVqrX1XLtIo+jAAdwCMfgwBnU4Arq0AACj/AMr/BmPVkv1rv1MW1dsPKZPfgD6/MHVYGW1g==</latexit>

Sn ⇢ Rn
<latexit sha1_base64="HtcR7vXvA/N7OOD7iYVEnWlWUX4=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCUIAWKqYGEsiD6kJlSO67RWHTuyHVAV9RdY+BUWBhBiZWPjb3DaDKXlSFc6Oude3XtPEDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbAVKEUU4ammpG2rEkKAoYaQXDq8xvPRCpqOB3ehQTP0J9TkOKkTZS166EF9CLkB4EQXo7vufQk7Q/0EhK8ThrRF277FSdCeAicXNSBjnqXfvb6wmcRIRrzJBSHdeJtZ8iqSlmZFzyEkVihIeoTzqGchQR5aeTj8bwyCg9GAppims4UWcnUhQpNYoC05ndqOa9TPzP6yQ6PPdTyuNEE46ni8KEQS1gFg/sUUmwZiNDEJbU3ArxAEmEtQmxZEJw519eJM3jqntaPbk5Kdcu8ziK4AAcggpwwRmogWtQBw2AwRN4AW/g3Xq2Xq0P63PaWrDymX3wB9bXL8sEnag=</latexit>

f : Rn ! Rm

→ definable manifolds, definable bundles,… a whole tame geometry 
→ strong finiteness properties

➡ Crucial criterium:  definable sets in      are finitely many points  
                                 and intervals + every higher-dimensional set linearly  
                                 projects to such sets on 

<latexit sha1_base64="MHYYQvP7X3Ri8MfGeQ0XuHMFlhQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsq9oHtUDJp2oZmMkNyRyhD/8KNC0Xc+jfu/Bsz7Sy0eiBwOOdecu4JYikMuu6XU1haXlldK66XNja3tnfKu3tNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4OvNbj1wbEal7nMTcD+lQiYFgFK300A0pjoIgvZv2yhW36s5A/hIvJxXIUe+VP7v9iCUhV8gkNabjuTH6KdUomOTTUjcxPKZsTIe8Y6miITd+Oks8JUdW6ZNBpO1TSGbqz42UhsZMwsBOZgnNopeJ/3mdBAeXfipUnCBXbP7RIJEEI5KdT/pCc4ZyYgllWtishI2opgxtSSVbgrd48l/SPKl659Wz29NK7SqvowgHcAjH4MEF1OAG6tAABgqe4AVeHeM8O2/O+3y04OQ7+/ALzsc3wJ+Q/A==</latexit>R
<latexit sha1_base64="MHYYQvP7X3Ri8MfGeQ0XuHMFlhQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsq9oHtUDJp2oZmMkNyRyhD/8KNC0Xc+jfu/Bsz7Sy0eiBwOOdecu4JYikMuu6XU1haXlldK66XNja3tnfKu3tNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4OvNbj1wbEal7nMTcD+lQiYFgFK300A0pjoIgvZv2yhW36s5A/hIvJxXIUe+VP7v9iCUhV8gkNabjuTH6KdUomOTTUjcxPKZsTIe8Y6miITd+Oks8JUdW6ZNBpO1TSGbqz42UhsZMwsBOZgnNopeJ/3mdBAeXfipUnCBXbP7RIJEEI5KdT/pCc4ZyYgllWtishI2opgxtSSVbgrd48l/SPKl659Wz29NK7SqvowgHcAjH4MEF1OAG6tAABgqe4AVeHeM8O2/O+3y04OQ7+/ALzsc3wJ+Q/A==</latexit>R



  Tameness in Hodge theory

➡ there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate some of the sets  →  non-trivial 

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn



  Tameness in Hodge theory

➡ there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate some of the sets  →  non-trivial 

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp [Wilkie ’96]
[van den Dries, Miller ’94]

‣                 is such an o-minimal structure 



  Tameness in Hodge theory

➡ there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate some of the sets  →  non-trivial 

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

➡ Seminal paper of [Bakker,Klingler,Tsimerman ’18]:

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp [Wilkie ’96]
[van den Dries, Miller ’94]

‣                 is such an o-minimal structure 



  Tameness in Hodge theory

➡ there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate some of the sets  →  non-trivial 

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

➡ Seminal paper of [Bakker,Klingler,Tsimerman ’18]:
‣ maps between arithmetic quotients are definable:

<latexit sha1_base64="uZphRa03Kc7e1lAfJ9J5ZKNX3CE=">AAACMnicbVDLSgNBEJz1GeMr6tHLYBA8xV3xdRQ9RMklglEhG0LvZDY7ZGZ3melVQvCbvPglggc9KOLVj3CS7MFXw0BRVd09XUEqhUHXfXYmJqemZ2YLc8X5hcWl5dLK6qVJMs14gyUy0dcBGC5FzBsoUPLrVHNQgeRXQe9kqF/dcG1EEl9gP+UtBd1YhIIBWqpdOvMjQOpXQSmgfgCsZySYiI7oKt0egxr1tehGCFont/+4rbHWLpXdijsq+hd4OSiTvOrt0qPfSVimeIzMTjFNz02xNQCNgkl+V/Qzw1O7Arq8aWEMipvWYHTyHd20TIeGibYvRjpiv3cMQBnTV4F1KsDI/NaG5H9aM8PwsDUQcZohj9l4UZhJigkd5kc7QnOGsm8BMC3sXymLQANDm3LRhuD9PvkvuNypePuVvfPd8tFxHkeBrJMNskU8ckCOyCmpkwZh5J48kVfy5jw4L8678zG2Tjh5zxr5Uc7nF5stqI8=</latexit>

�̂\Ĝ/K̂ ! �\G/K

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp [Wilkie ’96]
[van den Dries, Miller ’94]

‣                 is such an o-minimal structure 



  Tameness in Hodge theory

➡ there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate some of the sets  →  non-trivial 

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

➡ Seminal paper of [Bakker,Klingler,Tsimerman ’18]:

‣ use orbit theorems of Hodge theory to show that period map 
is definable in                  

<latexit sha1_base64="moeB+JytxNky0OstzPlsnbk3t18="></latexit>Ran,exp

‣ maps between arithmetic quotients are definable:
<latexit sha1_base64="uZphRa03Kc7e1lAfJ9J5ZKNX3CE=">AAACMnicbVDLSgNBEJz1GeMr6tHLYBA8xV3xdRQ9RMklglEhG0LvZDY7ZGZ3melVQvCbvPglggc9KOLVj3CS7MFXw0BRVd09XUEqhUHXfXYmJqemZ2YLc8X5hcWl5dLK6qVJMs14gyUy0dcBGC5FzBsoUPLrVHNQgeRXQe9kqF/dcG1EEl9gP+UtBd1YhIIBWqpdOvMjQOpXQSmgfgCsZySYiI7oKt0egxr1tehGCFont/+4rbHWLpXdijsq+hd4OSiTvOrt0qPfSVimeIzMTjFNz02xNQCNgkl+V/Qzw1O7Arq8aWEMipvWYHTyHd20TIeGibYvRjpiv3cMQBnTV4F1KsDI/NaG5H9aM8PwsDUQcZohj9l4UZhJigkd5kc7QnOGsm8BMC3sXymLQANDm3LRhuD9PvkvuNypePuVvfPd8tFxHkeBrJMNskU8ckCOyCmpkwZh5J48kVfy5jw4L8678zG2Tjh5zxr5Uc7nF5stqI8=</latexit>

�̂\Ĝ/K̂ ! �\G/K

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp [Wilkie ’96]
[van den Dries, Miller ’94]

‣                 is such an o-minimal structure 



  Tameness in Hodge theory

➡ there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate some of the sets  →  non-trivial 

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

➡ Seminal paper of [Bakker,Klingler,Tsimerman ’18]:

‣ use orbit theorems of Hodge theory to show that period map 
is definable in                  

<latexit sha1_base64="moeB+JytxNky0OstzPlsnbk3t18="></latexit>Ran,exp

‣ maps between arithmetic quotients are definable:
<latexit sha1_base64="uZphRa03Kc7e1lAfJ9J5ZKNX3CE=">AAACMnicbVDLSgNBEJz1GeMr6tHLYBA8xV3xdRQ9RMklglEhG0LvZDY7ZGZ3melVQvCbvPglggc9KOLVj3CS7MFXw0BRVd09XUEqhUHXfXYmJqemZ2YLc8X5hcWl5dLK6qVJMs14gyUy0dcBGC5FzBsoUPLrVHNQgeRXQe9kqF/dcG1EEl9gP+UtBd1YhIIBWqpdOvMjQOpXQSmgfgCsZySYiI7oKt0egxr1tehGCFont/+4rbHWLpXdijsq+hd4OSiTvOrt0qPfSVimeIzMTjFNz02xNQCNgkl+V/Qzw1O7Arq8aWEMipvWYHTyHd20TIeGibYvRjpiv3cMQBnTV4F1KsDI/NaG5H9aM8PwsDUQcZohj9l4UZhJigkd5kc7QnOGsm8BMC3sXymLQANDm3LRhuD9PvkvuNypePuVvfPd8tFxHkeBrJMNskU8ckCOyCmpkwZh5J48kVfy5jw4L8678zG2Tjh5zxr5Uc7nF5stqI8=</latexit>

�̂\Ĝ/K̂ ! �\G/K

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp [Wilkie ’96]
[van den Dries, Miller ’94]

‣                 is such an o-minimal structure 

‣ new proof of the theorem of [Cattani,Deligne,Kaplan] for Hodge classes
but:  uses holomorphicity - self-dual world is real!
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�E : E ! �\
�
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➡ Step 3: Reduction of lattice          into finitely many orbits 
<latexit sha1_base64="Jj5Qb1/7IvrVZWnfjIufHEq2vU4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuimy4r2Ae2Q0nSTBuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uSeHxIJr47rfTmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHqEKyZ4JI1DTeCdWLFcEgEa5PxXea3J0xpHskHM42ZH+Kh5AGn2FjJR/V+L8RmREj6OOuXK27VnQOtEi8nFcjR6Je/eoOIJiGThgqsdddzY+OnWBlOBZuVeolmMaZjPGRdSyUOmfbTeegZOrPKAAWRsk8aNFd/b6Q41HoaEjuZJdTLXib+53UTE9z4KZdxYpiki0NBIpCJUNYAGnDFqBFTSzBV3GZFdIQVpsb2VLIleMtfXiWti6p3Vb28v6zUbvM6inACp3AOHlxDDerQgCZQeIJneIU3Z+K8OO/Ox2K04OQ7x/AHzucPcWWR6A==</latexit>

HZ
use group        acts on set                                                with finitely  
many orbits  [e.g. Kneser]

<latexit sha1_base64="/lAqvFPcF4/IPCEDiHMyBtzhJ3U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegBz1GMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk5qdm+xELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrn9+eV2nUeRxGO4BhOIYBLqMEd1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AFjZjv4=</latexit>

�
<latexit sha1_base64="nGnL6vP3qHv1NOAtaqIl2XIYIVw=">AAACGHicbVDLSsNAFJ3UV62vqks3g0WoIDWRoiIIRTddtmAf2IQymU7aoZNJmJkUSuhnuPFX3LhQxG13/o2TNAutHhg4nHMuc+9xQ0alMs0vI7eyura+kd8sbG3v7O4V9w/aMogEJi0csEB0XSQJo5y0FFWMdENBkO8y0nHH94nfmRAhacAf1DQkjo+GnHoUI6WlfvHcdunQjifQphzW+7aP1Mh148fZDWzC8uRscgpvoU0Yg2lw1i+WzIqZAv4lVkZKIEOjX5zbgwBHPuEKMyRlzzJD5cRIKIoZmRXsSJIQ4TEakp6mHPlEOnF62AyeaGUAvUDoxxVM1Z8TMfKlnPquTiaLy2UvEf/zepHyrp2Y8jBShOPFR17EoApg0hIcUEGwYlNNEBZU7wrxCAmEle6yoEuwlk/+S9oXFeuyUm1WS7W7rI48OALHoAwscAVqoA4aoAUweAIv4A28G8/Gq/FhfC6iOSObOQS/YMy/AeM9nmw=</latexit>�
v 2 HZ : Q(v, v) = `
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�
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<latexit sha1_base64="Jj5Qb1/7IvrVZWnfjIufHEq2vU4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuimy4r2Ae2Q0nSTBuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uSeHxIJr47rfTmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHqEKyZ4JI1DTeCdWLFcEgEa5PxXea3J0xpHskHM42ZH+Kh5AGn2FjJR/V+L8RmREj6OOuXK27VnQOtEi8nFcjR6Je/eoOIJiGThgqsdddzY+OnWBlOBZuVeolmMaZjPGRdSyUOmfbTeegZOrPKAAWRsk8aNFd/b6Q41HoaEjuZJdTLXib+53UTE9z4KZdxYpiki0NBIpCJUNYAGnDFqBFTSzBV3GZFdIQVpsb2VLIleMtfXiWti6p3Vb28v6zUbvM6inACp3AOHlxDDerQgCZQeIJneIU3Z+K8OO/Ox2K04OQ7x/AHzucPcWWR6A==</latexit>

HZ
use group        acts on set                                                with finitely  
many orbits  [e.g. Kneser]

<latexit sha1_base64="/lAqvFPcF4/IPCEDiHMyBtzhJ3U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegBz1GMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk5qdm+xELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrn9+eV2nUeRxGO4BhOIYBLqMEd1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AFjZjv4=</latexit>

�
<latexit sha1_base64="nGnL6vP3qHv1NOAtaqIl2XIYIVw=">AAACGHicbVDLSsNAFJ3UV62vqks3g0WoIDWRoiIIRTddtmAf2IQymU7aoZNJmJkUSuhnuPFX3LhQxG13/o2TNAutHhg4nHMuc+9xQ0alMs0vI7eyura+kd8sbG3v7O4V9w/aMogEJi0csEB0XSQJo5y0FFWMdENBkO8y0nHH94nfmRAhacAf1DQkjo+GnHoUI6WlfvHcdunQjifQphzW+7aP1Mh148fZDWzC8uRscgpvoU0Yg2lw1i+WzIqZAv4lVkZKIEOjX5zbgwBHPuEKMyRlzzJD5cRIKIoZmRXsSJIQ4TEakp6mHPlEOnF62AyeaGUAvUDoxxVM1Z8TMfKlnPquTiaLy2UvEf/zepHyrp2Y8jBShOPFR17EoApg0hIcUEGwYlNNEBZU7wrxCAmEle6yoEuwlk/+S9oXFeuyUm1WS7W7rI48OALHoAwscAVqoA4aoAUweAIv4A28G8/Gq/FhfC6iOSObOQS/YMy/AeM9nmw=</latexit>�
v 2 HZ : Q(v, v) = `

 

➡ Step 4: Prove finiteness in a single orbit: 
<latexit sha1_base64="A7lbFurkuzGtBsCSYRf2aY1/1pQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQsqMFHVZdGGXFewDO6XcSdM2NMkMSUYoQ3du/BU3LhRx6y+4829MHwttPZBwOOde7r0njDnTxvO+nczS8srqWnY9t7G5tb3j7u7VdJQoQqsk4pFqhKApZ5JWDTOcNmJFQYSc1sPB9divP1ClWSTvzDCmLQE9ybqMgLFS2z0MbkAIwIBPA/sFTOJyOxBg+mGY3o/abt4reBPgReLPSB7NUGm7X0EnIomg0hAOWjd9LzatFJRhhNNRLkg0jYEMoEeblkoQVLfSyR0jfGyVDu5Gyj5p8ET93ZGC0HooQls53lDPe2PxP6+ZmO5lK2UyTgyVZDqom3BsIjwOBXeYosTwoSVAFLO7YtIHBcTY6HI2BH/+5EVSOyv454XibTFfuprFkUUH6AidIB9doBIqowqqIoIe0TN6RW/Ok/PivDsf09KMM+vZR3/gfP4AvwmX/w==</latexit>

�a, a 2 HZ
Proof: some computations and definablity of                                                    [BKT] 

<latexit sha1_base64="2M40EVoja824YPAPMmw6gHHOUnU=">AAACKXicbVDLSgMxFM34rPVVdekmWARX7YwUdVl0UaGbCvYBnVLupJk2NJkZkoxShv6OG3/FjYKibv0R03YWtvVA4OTcc3NzjxdxprRtf1krq2vrG5uZrez2zu7efu7gsKHCWBJaJyEPZcsDRTkLaF0zzWkrkhSEx2nTG95M6s0HKhULg3s9imhHQD9gPiOgjdTNld0KCAFdwK4HZKg4qAGumGsRVyeiZP2BBinDRzxzzvlwsdrN5e2CPQVeJk5K8ihFrZt7c3shiQUNNDGvqLZjR7qTgNSMcDrOurGikRkBfdo2NABBVSeZbjrGp0bpYT+U5gQaT9W/HQkIpUbCM04BeqAWaxPxv1o71v5VJ2FBFGsakNkgP+ZYh3gSG+4xSYnmI0OASGb+iskAJBBtws2aEJzFlZdJ47zgXBRKd6V8+TqNI4OO0Qk6Qw66RGV0i2qojgh6Qi/oHX1Yz9ar9Wl9z6wrVtpzhOZg/fwCELClSQ==</latexit>

�a\Ga/Ka ! �\G/K

groups fixing <latexit sha1_base64="g1udoKqo8BCWu2kpDHD3VWkGU3k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxkuM7g==</latexit>a
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➡ Hodge theory machinery is important for many quantum gravity  
conjectures - general results not requiring to first construct a manifold

Open math questions:
➡ Can one prove the distance conjecture in the Calabi-Yau threefold setting?

➡ Results: - tests of distance conjecture  
               - general models for periods in Calabi-Yau threefolds/fourfolds 
               - finiteness theorem for the number of self-dual integral classes

➡ Application to manifolds with G2 or Spin(7)? Tameness results for 
deformation maps? 

➡ What are the properties of cycles dual to self-dual integral classes?
→ analog to Hodge conjecture for Hodge classes

➡ Tame differential geometry?



  Approach 1: constructing   

➡ Constraints on                  in real 2-dimensional        : coords            
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M <latexit sha1_base64="5vXwcYQtKdkKGzUYo2cMqhUeEdQ=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwIWFi0oe7ohuXFewD2lAm00k7dPJgZiKG0F9w40IRt/6QO//GSVtBRQ9cOJxzL/fe48WcSYXQh1FYWV1b3yhulra2d3b3yvsHHRklgtA2iXgkeh6WlLOQthVTnPZiQXHgcdr1ple5372jQrIovFVpTN0Aj0PmM4JVLt2fwXRYriAT2Rd21YbItKtOzalp4jQaqFqHlonmqIAlWsPy+2AUkSSgoSIcS9m3UKzcDAvFCKez0iCRNMZkise0r2mIAyrdbH7rDJ5oZQT9SOgKFZyr3ycyHEiZBp7uDLCayN9eLv7l9RPlN9yMhXGiaEgWi/yEQxXB/HE4YoISxVNNMBFM3wrJBAtMlI6npEP4+hT+TzrnplUz0Y1TaV4u4yiCI3AMToEF6qAJrkELtAEBE/AAnsCzERiPxovxumgtGMuZQ/ADxtsn+uSONw==</latexit>x, y

22

<latexit sha1_base64="Fa4lJ0RF3ZUKCAXwsh6A+D3Z1yk=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUkLJbRD0WvXisYD+gXUo2zbah2WRJsuKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp367UeqNJPiwaQx9SM8FCxkBBsrtUeVp/P0DPVLZbfqzoCWiZeTMuRo9EtfvYEkSUSFIRxr3fXc2PgZVoYRTifFXqJpjMkYD2nXUoEjqv1sdu4EnVplgEKpbAmDZurviQxHWqdRYDsjbEZ60ZuK/3ndxITXfsZEnBgqyHxRmHBkJJr+jgZMUWJ4agkmitlbERlhhYmxCRVtCN7iy8ukVat6l9Xa/UW5fpPHUYBjOIEKeHAFdbiDBjSBwBie4RXenNh5cd6dj3nripPPHMEfOJ8/D+SOvQ==</latexit>

h(x, y)

<latexit sha1_base64="Fa4lJ0RF3ZUKCAXwsh6A+D3Z1yk=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUkLJbRD0WvXisYD+gXUo2zbah2WRJsuKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp367UeqNJPiwaQx9SM8FCxkBBsrtUeVp/P0DPVLZbfqzoCWiZeTMuRo9EtfvYEkSUSFIRxr3fXc2PgZVoYRTifFXqJpjMkYD2nXUoEjqv1sdu4EnVplgEKpbAmDZurviQxHWqdRYDsjbEZ60ZuK/3ndxITXfsZEnBgqyHxRmHBkJJr+jgZMUWJ4agkmitlbERlhhYmxCRVtCN7iy8ukVat6l9Xa/UW5fpPHUYBjOIEKeHAFdbiDBjSBwBie4RXenNh5cd6dj3nripPPHMEfOJ8/D+SOvQ==</latexit>

h(x, y)



  Approach 1: constructing   

➡ Constraints on                  in real 2-dimensional        : coords            
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>
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22
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M
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h(x+ c, y) = ecN h(x, y)
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h(x+ c, y) = ecN h(x, y)

(2) Q - condition:
<latexit sha1_base64="tkj1YTgSXvTc31ZMnFxDKs6Hoqg="></latexit>

� 2[Q1, h�1@yh] = i(h�1@xh)
† + ih�1@xh

<latexit sha1_base64="9+RfAXsD3vN4ET0w6Vh+tcwu4Is=">AAACI3icbVDLSsNAFJ3UV62vqks3g0VxoSUpoiIIRTcuW7APSGOYTCft0MkkzEzEEPovbvwVNy6U4saF/+KkzUKrBy4czrl35t7jRYxKZZqfRmFhcWl5pbhaWlvf2Nwqb++0ZRgLTFo4ZKHoekgSRjlpKaoY6UaCoMBjpOONbjK/80CEpCG/U0lEnAANOPUpRkpLbvny0G66Pcp9lRynw/v0xBr3IiQURcx9hMOxcwUhhfNOop2SW66YVXMK+JdYOamAHA23POn1QxwHhCvMkJS2ZUbKSbM3MSPjUi+WJEJ4hAbE1pSjgEgnnd44hgda6UM/FLq4glP150SKAimTwNOdAVJDOe9l4n+eHSv/wkkpj2JFOJ595McMqhBmgcE+FQQrlmiCsKB6V4iHSCCsdKxZCNb8yX9Ju1a1zqq15mmlfp3HUQR7YB8cAQucgzq4BQ3QAhg8gRfwBt6NZ+PVmBgfs9aCkc/sgl8wvr4ByyWjvw==</latexit>

[Q1, h�1@xh] = ih�1@yh

<latexit sha1_base64="5vXwcYQtKdkKGzUYo2cMqhUeEdQ=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwIWFi0oe7ohuXFewD2lAm00k7dPJgZiKG0F9w40IRt/6QO//GSVtBRQ9cOJxzL/fe48WcSYXQh1FYWV1b3yhulra2d3b3yvsHHRklgtA2iXgkeh6WlLOQthVTnPZiQXHgcdr1ple5372jQrIovFVpTN0Aj0PmM4JVLt2fwXRYriAT2Rd21YbItKtOzalp4jQaqFqHlonmqIAlWsPy+2AUkSSgoSIcS9m3UKzcDAvFCKez0iCRNMZkise0r2mIAyrdbH7rDJ5oZQT9SOgKFZyr3ycyHEiZBp7uDLCayN9eLv7l9RPlN9yMhXGiaEgWi/yEQxXB/HE4YoISxVNNMBFM3wrJBAtMlI6npEP4+hT+TzrnplUz0Y1TaV4u4yiCI3AMToEF6qAJrkELtAEBE/AAnsCzERiPxovxumgtGMuZQ/ADxtsn+uSONw==</latexit>x, y
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M

Solutions have near boundary expansion:    
<latexit sha1_base64="xV435Odk8u/N6Htk1pauVTnNHPY="></latexit>

h(x, y) = exN
⇣
1 +

g1
y

+
g2
y2

+ . . .
⌘
y�

1
2N

0

<latexit sha1_base64="JNhqEEsMIQuvx2PWVAPKnAXhk54=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae0oWy2m3TtZjfsboQQ+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBtMbmd+94kqzaR4MFlC/RhHgoWMYGOlTjaIIuQNqzW37s6BVolXkBoUaA2rX4ORJGlMhSEca9333MT4OVaGEU6nlUGqaYLJBEe0b6nAMdV+Pr92is6sMkKhVLaEQXP190SOY62zOLCdMTZjvezNxP+8fmrCaz9nIkkNFWSxKEw5MhLNXkcjpigxPLMEE8XsrYiMscLE2IAqNgRv+eVV0mnUvct64/6i1rwp4ijDCZzCOXhwBU24gxa0gcAjPMMrvDnSeXHenY9Fa8kpZo7hD5zPH+cYjrE=</latexit>

y � 1

(1) Continuous symmetry:                                                          (near boundary)
<latexit sha1_base64="lP1LSuizmBVr0W7rcCn3HDkNBus=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVCwlKaJuhKIbV1LBXqCNZTKdtEMnkzAzEUPozo2v4saFIm59BXe+jZM2C63+MPDznXM4c343ZFQqy/oycnPzC4tL+eXCyura+oa5udWUQSQwaeCABaLtIkkY5aShqGKkHQqCfJeRlju6SOutOyIkDfiNikPi+GjAqUcxUhr1zF04LN0f4nJ8AOEZhOQ2wfBq3C2nWMOeWbQq1kTwr7EzUwSZ6j3zs9sPcOQTrjBDUnZsK1ROgoSimJFxoRtJEiI8QgPS0ZYjn0gnmdwxhvua9KEXCP24ghP6cyJBvpSx7+pOH6mhnK2l8L9aJ1LeqZNQHkaKcDxd5EUMqgCmocA+FQQrFmuDsKD6rxAPkUBY6egKOgR79uS/plmt2MeV6vVRsXaexZEHO2APlIANTkANXII6aAAMHsATeAGvxqPxbLwZ79PWnJHNbINfMj6+AeQwlik=</latexit>

h(x+ c, y) = ecN h(x, y)

(2) Q - condition:
<latexit sha1_base64="tkj1YTgSXvTc31ZMnFxDKs6Hoqg="></latexit>

� 2[Q1, h�1@yh] = i(h�1@xh)
† + ih�1@xh

<latexit sha1_base64="9+RfAXsD3vN4ET0w6Vh+tcwu4Is=">AAACI3icbVDLSsNAFJ3UV62vqks3g0VxoSUpoiIIRTcuW7APSGOYTCft0MkkzEzEEPovbvwVNy6U4saF/+KkzUKrBy4czrl35t7jRYxKZZqfRmFhcWl5pbhaWlvf2Nwqb++0ZRgLTFo4ZKHoekgSRjlpKaoY6UaCoMBjpOONbjK/80CEpCG/U0lEnAANOPUpRkpLbvny0G66Pcp9lRynw/v0xBr3IiQURcx9hMOxcwUhhfNOop2SW66YVXMK+JdYOamAHA23POn1QxwHhCvMkJS2ZUbKSbM3MSPjUi+WJEJ4hAbE1pSjgEgnnd44hgda6UM/FLq4glP150SKAimTwNOdAVJDOe9l4n+eHSv/wkkpj2JFOJ595McMqhBmgcE+FQQrlmiCsKB6V4iHSCCsdKxZCNb8yX9Ju1a1zqq15mmlfp3HUQR7YB8cAQucgzq4BQ3QAhg8gRfwBt6NZ+PVmBgfs9aCkc/sgl8wvr4ByyWjvw==</latexit>

[Q1, h�1@xh] = ih�1@yh

<latexit sha1_base64="5vXwcYQtKdkKGzUYo2cMqhUeEdQ=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwIWFi0oe7ohuXFewD2lAm00k7dPJgZiKG0F9w40IRt/6QO//GSVtBRQ9cOJxzL/fe48WcSYXQh1FYWV1b3yhulra2d3b3yvsHHRklgtA2iXgkeh6WlLOQthVTnPZiQXHgcdr1ple5372jQrIovFVpTN0Aj0PmM4JVLt2fwXRYriAT2Rd21YbItKtOzalp4jQaqFqHlonmqIAlWsPy+2AUkSSgoSIcS9m3UKzcDAvFCKez0iCRNMZkise0r2mIAyrdbH7rDJ5oZQT9SOgKFZyr3ycyHEiZBp7uDLCayN9eLv7l9RPlN9yMhXGiaEgWi/yEQxXB/HE4YoISxVNNMBFM3wrJBAtMlI6npEP4+hT+TzrnplUz0Y1TaV4u4yiCI3AMToEF6qAJrkELtAEBE/AAnsCzERiPxovxumgtGMuZQ/ADxtsn+uSONw==</latexit>x, y
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<latexit sha1_base64="Fa4lJ0RF3ZUKCAXwsh6A+D3Z1yk=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUkLJbRD0WvXisYD+gXUo2zbah2WRJsuKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp367UeqNJPiwaQx9SM8FCxkBBsrtUeVp/P0DPVLZbfqzoCWiZeTMuRo9EtfvYEkSUSFIRxr3fXc2PgZVoYRTifFXqJpjMkYD2nXUoEjqv1sdu4EnVplgEKpbAmDZurviQxHWqdRYDsjbEZ60ZuK/3ndxITXfsZEnBgqyHxRmHBkJJr+jgZMUWJ4agkmitlbERlhhYmxCRVtCN7iy8ukVat6l9Xa/UW5fpPHUYBjOIEKeHAFdbiDBjSBwBie4RXenNh5cd6dj3nripPPHMEfOJ8/D+SOvQ==</latexit>

h(x, y)

<latexit sha1_base64="Fa4lJ0RF3ZUKCAXwsh6A+D3Z1yk=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUkLJbRD0WvXisYD+gXUo2zbah2WRJsuKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp367UeqNJPiwaQx9SM8FCxkBBsrtUeVp/P0DPVLZbfqzoCWiZeTMuRo9EtfvYEkSUSFIRxr3fXc2PgZVoYRTifFXqJpjMkYD2nXUoEjqv1sdu4EnVplgEKpbAmDZurviQxHWqdRYDsjbEZ60ZuK/3ndxITXfsZEnBgqyHxRmHBkJJr+jgZMUWJ4agkmitlbERlhhYmxCRVtCN7iy8ukVat6l9Xa/UW5fpPHUYBjOIEKeHAFdbiDBjSBwBie4RXenNh5cd6dj3nripPPHMEfOJ8/D+SOvQ==</latexit>

h(x, y)

(1) Variational principle:
<latexit sha1_base64="Wo7gnkfGNPVkbtS37boiyHuBhQw="></latexit>

S(h) =
1

2

Z

M
Tr|(h�1dh)† + h�1dh|2 [Cecotti] 

[TG]



  Approach 1: constructing

 [Cattani,Kaplan,Schmid]➡ Solve equations iteratively:

➡ complicated recursion relations on components of 
<latexit sha1_base64="A0QOqLnjE0SK4uOPK7AkLs5ugXU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAhuLImIuiy6cVnBPqBJy8102gydJMPMRCghH+DGX3HjQhG3foA7/8ZJm4W2Hhg4nHMud+7xBWdK2/a3tbS8srq2Xtoob25t7+xW9vZbKk4koU0S81h2fFCUs4g2NdOcdoSkEPqctv3xTe63H6hULI7u9URQL4RRxIaMgDZSv1LFadBLT53MFSA1A95PXcVGIfRc4CKADAeZSdk1ewq8SJyCVFGBRr/y5Q5ikoQ00oSDUl3HFtpL8wWE06zsJooKIGMY0a6hEYRUeen0mAwfG2WAh7E0L9J4qv6eSCFUahL6JhmCDtS8l4v/ed1ED6+8lEUi0TQis0XDhGMd47wZPGCSEs0nhgCRzPwVkwAkEG36K5sSnPmTF0nrrOZc1Oy782r9uqijhA7RETpBDrpEdXSLGqiJCHpEz+gVvVlP1ov1bn3MoktWMXOA/sD6/AH9D5uX</latexit>

h�1@�↵h
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<latexit sha1_base64="Fa4lJ0RF3ZUKCAXwsh6A+D3Z1yk=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUkLJbRD0WvXisYD+gXUo2zbah2WRJsuKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp367UeqNJPiwaQx9SM8FCxkBBsrtUeVp/P0DPVLZbfqzoCWiZeTMuRo9EtfvYEkSUSFIRxr3fXc2PgZVoYRTifFXqJpjMkYD2nXUoEjqv1sdu4EnVplgEKpbAmDZurviQxHWqdRYDsjbEZ60ZuK/3ndxITXfsZEnBgqyHxRmHBkJJr+jgZMUWJ4agkmitlbERlhhYmxCRVtCN7iy8ukVat6l9Xa/UW5fpPHUYBjOIEKeHAFdbiDBjSBwBie4RXenNh5cd6dj3nripPPHMEfOJ8/D+SOvQ==</latexit>

h(x, y)



  Approach 1: constructing

 [Cattani,Kaplan,Schmid]➡ Solve equations iteratively:

➡ complicated recursion relations on components of 
<latexit sha1_base64="A0QOqLnjE0SK4uOPK7AkLs5ugXU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAhuLImIuiy6cVnBPqBJy8102gydJMPMRCghH+DGX3HjQhG3foA7/8ZJm4W2Hhg4nHMud+7xBWdK2/a3tbS8srq2Xtoob25t7+xW9vZbKk4koU0S81h2fFCUs4g2NdOcdoSkEPqctv3xTe63H6hULI7u9URQL4RRxIaMgDZSv1LFadBLT53MFSA1A95PXcVGIfRc4CKADAeZSdk1ewq8SJyCVFGBRr/y5Q5ikoQ00oSDUl3HFtpL8wWE06zsJooKIGMY0a6hEYRUeen0mAwfG2WAh7E0L9J4qv6eSCFUahL6JhmCDtS8l4v/ed1ED6+8lEUi0TQis0XDhGMd47wZPGCSEs0nhgCRzPwVkwAkEG36K5sSnPmTF0nrrOZc1Oy782r9uqijhA7RETpBDrpEdXSLGqiJCHpEz+gVvVlP1ov1bn3MoktWMXOA/sD6/AH9D5uX</latexit>

h�1@�↵h
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<latexit sha1_base64="Fa4lJ0RF3ZUKCAXwsh6A+D3Z1yk=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUkLJbRD0WvXisYD+gXUo2zbah2WRJsuKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp367UeqNJPiwaQx9SM8FCxkBBsrtUeVp/P0DPVLZbfqzoCWiZeTMuRo9EtfvYEkSUSFIRxr3fXc2PgZVoYRTifFXqJpjMkYD2nXUoEjqv1sdu4EnVplgEKpbAmDZurviQxHWqdRYDsjbEZ60ZuK/3ndxITXfsZEnBgqyHxRmHBkJJr+jgZMUWJ4agkmitlbERlhhYmxCRVtCN7iy8ukVat6l9Xa/UW5fpPHUYBjOIEKeHAFdbiDBjSBwBie4RXenNh5cd6dj3nripPPHMEfOJ8/D+SOvQ==</latexit>

h(x, y)

<latexit sha1_base64="C+knHNwXnp2Ff42+iW+XMtVt+PI="></latexit>

ei� =
⇣
1 +

X

k>0

1

k!
(adN)kgk

⌘
➡ single matching condition:

⟹ fixes the         uniquely in terms of the boundary data
<latexit sha1_base64="Hb2qXz8TcUuNAG5qMe5SS7XPw6A=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeStkU7eNW9OKxgn1AuyzZNG1Dsw+SrFCW/RNe/CtePCjiVfDmvzG73YKKDgSGmW+SL+OGnEllWZ/Gyura+sZmYau4vbO7t28eHHZlEAlCOyTggei7WFLOfNpRTHHaDwXFnstpz51dpX7vjgrJAv9WzUNqe3jiszEjWGnJMcvxMLtkICauHVuVCytF2apYS7JQkokzSxyzlBkIIZgSVK9ZmjSbjSpqQJRnSiBH2zE/hqOARB71FeFYygGyQmXHWChGOE2Kw0jSEJMZntCBpj72qLTjbKEEnmplBMeB0MdXMFO/J2LsSTn3XD3pYTWVv71U/MsbRGrcsGPmh5GiPlk8NI44VAFMK4IjJihRfK4JJoLpXSGZYoGJ0kUWdQnLn8L/SbdaQbVK9ea81LrM6yiAY3ACzgACddAC16ANOoCAe/AInsGL8WA8Ga/G22J0xcgzR+AHjPcvKNubCw==</latexit>gk



  Approach 1: constructing

 [Cattani,Kaplan,Schmid]➡ Solve equations iteratively:

➡ complicated recursion relations on components of 
<latexit sha1_base64="A0QOqLnjE0SK4uOPK7AkLs5ugXU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAhuLImIuiy6cVnBPqBJy8102gydJMPMRCghH+DGX3HjQhG3foA7/8ZJm4W2Hhg4nHMud+7xBWdK2/a3tbS8srq2Xtoob25t7+xW9vZbKk4koU0S81h2fFCUs4g2NdOcdoSkEPqctv3xTe63H6hULI7u9URQL4RRxIaMgDZSv1LFadBLT53MFSA1A95PXcVGIfRc4CKADAeZSdk1ewq8SJyCVFGBRr/y5Q5ikoQ00oSDUl3HFtpL8wWE06zsJooKIGMY0a6hEYRUeen0mAwfG2WAh7E0L9J4qv6eSCFUahL6JhmCDtS8l4v/ed1ED6+8lEUi0TQis0XDhGMd47wZPGCSEs0nhgCRzPwVkwAkEG36K5sSnPmTF0nrrOZc1Oy782r9uqijhA7RETpBDrpEdXSLGqiJCHpEz+gVvVlP1ov1bn3MoktWMXOA/sD6/AH9D5uX</latexit>

h�1@�↵h

23

<latexit sha1_base64="KP70L5JE7YaU2xHYGHh6to6QpyA=">AAACGXicdVBLSwMxGMz6rPW16tFLsAgepCRF+rgVvXisYB/QLiWbpm1oNrskWaEs/Rte/CtePCjiUU/+G7NtF1R0IDDMzJd8GT8SXBuEPp2V1bX1jc3cVn57Z3dv3z04bOkwVpQ1aShC1fGJZoJL1jTcCNaJFCOBL1jbn1ylfvuOKc1DeWumEfMCMpJ8yCkxVuq7CCa9+S1dNfK9BBURQhjj85TgShlZUqtVS7g66w2YMGTWdwtZCGYhmIUgTi2LAlii0Xffe4OQxgGThgqidRejyHgJUYZTwWb5XqxZROiEjFjXUkkCpr1kvtMMnlplAIehskcaOFe/TyQk0Hoa+DYZEDPWv71U/MvrxmZY9RIuo9gwSRcPDWMBTQjTmuCAK0aNmFpCqOJ2V0jHRBFqbJl5W0L2U/g/aZWKuFxENxeF+uWyjhw4BifgDGBQAXVwDRqgCSi4B4/gGbw4D86T8+q8LaIrznLmCPyA8/EFM16csg==</latexit>

�
➡ Reconstruct the near boundary solution near boundaries 

                         from simple sl(2)-data and compatible   
<latexit sha1_base64="Wj768QDMq1WChYXLgfmtdaynLto="></latexit>

I1, II0, IV1

<latexit sha1_base64="Fa4lJ0RF3ZUKCAXwsh6A+D3Z1yk=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUkLJbRD0WvXisYD+gXUo2zbah2WRJsuKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp367UeqNJPiwaQx9SM8FCxkBBsrtUeVp/P0DPVLZbfqzoCWiZeTMuRo9EtfvYEkSUSFIRxr3fXc2PgZVoYRTifFXqJpjMkYD2nXUoEjqv1sdu4EnVplgEKpbAmDZurviQxHWqdRYDsjbEZ60ZuK/3ndxITXfsZEnBgqyHxRmHBkJJr+jgZMUWJ4agkmitlbERlhhYmxCRVtCN7iy8ukVat6l9Xa/UW5fpPHUYBjOIEKeHAFdbiDBjSBwBie4RXenNh5cd6dj3nripPPHMEfOJ8/D+SOvQ==</latexit>

h(x, y)

<latexit sha1_base64="C+knHNwXnp2Ff42+iW+XMtVt+PI="></latexit>

ei� =
⇣
1 +

X

k>0

1

k!
(adN)kgk

⌘
➡ single matching condition:

⟹ fixes the         uniquely in terms of the boundary data
<latexit sha1_base64="Hb2qXz8TcUuNAG5qMe5SS7XPw6A=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeStkU7eNW9OKxgn1AuyzZNG1Dsw+SrFCW/RNe/CtePCjiVfDmvzG73YKKDgSGmW+SL+OGnEllWZ/Gyura+sZmYau4vbO7t28eHHZlEAlCOyTggei7WFLOfNpRTHHaDwXFnstpz51dpX7vjgrJAv9WzUNqe3jiszEjWGnJMcvxMLtkICauHVuVCytF2apYS7JQkokzSxyzlBkIIZgSVK9ZmjSbjSpqQJRnSiBH2zE/hqOARB71FeFYygGyQmXHWChGOE2Kw0jSEJMZntCBpj72qLTjbKEEnmplBMeB0MdXMFO/J2LsSTn3XD3pYTWVv71U/MsbRGrcsGPmh5GiPlk8NI44VAFMK4IjJihRfK4JJoLpXSGZYoGJ0kUWdQnLn8L/SbdaQbVK9ea81LrM6yiAY3ACzgACddAC16ANOoCAe/AInsGL8WA8Ga/G22J0xcgzR+AHjPcvKNubCw==</latexit>gk



   An example

➡ Simple boundary data for I1  boundary

product

3 Bulk reconstruction around conifold point

We start by writing down the boundary theory.

1. The Hilbert space H is given by the cohomology group H
3(Y3,C). Since we consider the

case h
2,1 = 1, the space H is four dimensional. The pairing h·, ·i is given by

hv, wi = v
T
Sw, S =

0

BB@

0 0 0 1
0 0 �1 0
0 1 0 0
�1 0 0 0

1

CCA . (3.1)

The inner product h·|·i is induced by the charge operator

Q1 =

0

BB@

0 0 0 �3i
2

0 0 � i
2 0

0 i
2 0 0

3i
2 0 0 0

1

CCA . (3.2)

Indeed, one checks that

Se
⇡iQ1 =

0

BB@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

1

CCA (3.3)

which is obviously non-degenerate, symmetric and positive-definite.

2. The Lie algebra g is given by the symplectic algebra sp(4), which is ten dimensional. It
consists of 4⇥ 4 matrices X satisfying

X
T
S + SX = 0 (3.4)

3. The sl(2)-algebra acting on H that comes with the conifold point is given by

N
+ =

0

BB@

0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

1

CCA , N
0 =

0

BB@

0 0 0 0
0 1 0 0
0 0 �1 0
0 0 0 0

1

CCA , N
� =

0

BB@

0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

1

CCA . (3.5)

One readily checks that N• 2 g.

4. The phase operator � is given by

� =

0

BB@

0 0 0 0
0 0 0 0
0 �c 0 0
0 0 0 0

1

CCA . (3.6)

JM: add argumentation.
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<latexit sha1_base64="F8oWqeBTZAoTutq+PyTEr8ar+pw=">AAACLnicbVBdS8MwFE3n15xfVR99KQ5hwhjtUBSfhiL4OMVtQltGmqVbWPpBkgoj9Bf54l/RB0FFfPVnmHYVdPNC4OSce29OjhdTwoVpvmqlhcWl5ZXyamVtfWNzS9/e6fIoYQh3UEQjdudBjikJcUcQQfFdzDAMPIp73vgi03v3mHEShbdiEmM3gMOQ+ARBoai+fimdfInNhp4rzYaZV30OpE4AxchncCw5TWvNen73PHmTHqZnfb3602jMA6sAVVBUu68/O4MIJQEOBaKQc9syY+FKyARBFKcVJ+E4hmgMh9hWMIQB5q7MnabGgWIGhh8xdUJh5OzvCQkDzieBpzozk3xWy8j/NDsR/qkrSRgnAodo+pCfUENERpadMSAMI0EnCkDEiPJqoBFkEAmVcEWFYM1+eR50mw3ruGFeH1Vb50UcZbAH9kENWOAEtMAVaIMOQOABPIE38K49ai/ah/Y5bS1pxcwu+FPa1zc0UaUP</latexit>
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   An example

➡ Simple boundary data for I1  boundary

product

3 Bulk reconstruction around conifold point

We start by writing down the boundary theory.

1. The Hilbert space H is given by the cohomology group H
3(Y3,C). Since we consider the

case h
2,1 = 1, the space H is four dimensional. The pairing h·, ·i is given by

hv, wi = v
T
Sw, S =

0

BB@

0 0 0 1
0 0 �1 0
0 1 0 0
�1 0 0 0

1

CCA . (3.1)

The inner product h·|·i is induced by the charge operator

Q1 =

0

BB@

0 0 0 �3i
2

0 0 � i
2 0

0 i
2 0 0

3i
2 0 0 0

1

CCA . (3.2)

Indeed, one checks that

Se
⇡iQ1 =

0

BB@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

1

CCA (3.3)

which is obviously non-degenerate, symmetric and positive-definite.

2. The Lie algebra g is given by the symplectic algebra sp(4), which is ten dimensional. It
consists of 4⇥ 4 matrices X satisfying

X
T
S + SX = 0 (3.4)

3. The sl(2)-algebra acting on H that comes with the conifold point is given by

N
+ =

0

BB@

0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

1

CCA , N
0 =

0

BB@

0 0 0 0
0 1 0 0
0 0 �1 0
0 0 0 0

1

CCA , N
� =

0

BB@

0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

1

CCA . (3.5)

One readily checks that N• 2 g.

4. The phase operator � is given by

� =

0

BB@

0 0 0 0
0 0 0 0
0 �c 0 0
0 0 0 0

1

CCA . (3.6)

JM: add argumentation.
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phase operator: ⇒ most general form
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   An example
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<latexit sha1_base64="xV435Odk8u/N6Htk1pauVTnNHPY="></latexit>

h(x, y) = exN
⇣
1 +

g1
y

+
g2
y2

+ . . .
⌘
y�

1
2N

0
➡ recall general solution:

24



   An example

➡ apply CKS recursion:

Finally, let us go through the steps to obtain h(y). From

N 0
2n = c

n
N0. (3.15)

one quickly obtains

Bn = �1

2
N 0

2n�2 = �1

2
c
n�1

N
0
. (3.16)

From here, the gk are given recursively by

g0 = 1, �kgk =
kX

j=1

gk�jBj+1 = �1

2

2

4
kX

j=1

gk�jc
j

3

5N
0
. (3.17)

Since N
0 is diagonal with non-zero eigenvalues ±1, it follows that each gk is diagonal. Putting

gk = diag
�
0,↵+

k c
k
,↵

�
k c

k
, 0
�
for k > 0, the recursion reduces to

2k↵±
k = ±

kX

j=1

↵
±
k�j . (3.18)

Combining the equations for level k and k + 1, one can write this as

↵
±
k+1 =

(2k ⌥ 1)

2(k + 1)
↵
±
k , ↵

±
0 = 1. (3.19)

The solutions to these recursion relations are

↵
+
k = �1

2

�(k � 1/2)

�(1/2)�(k + 1)
, ↵

�
k =

1

2

�(k + 1/2)

�(3/2)�(k + 1)
, (3.20)

where �(n+ 1) = n! denotes the gamma function. Putting all together, we have

gk = �1

2

c
k

k!

0

BBB@

0 0 0 0

0 �(k�1/2)
�(1/2) 0 0

0 0 ��(k+1/2)
�(3/2) 0

0 0 0 0

1

CCCA
. (3.21)

For future reference, we remark that one can write the two non-trivial components of gk in
terms of hypergeometric functions as

(gk)2,2 = �1

2
c
k ⇥ 2F1

✓
�3

2
, k � 1; k � 1

2
; 1

◆
(3.22)

(gk)3,3 =
1

2
c
k ⇥ 2F1

✓
�1

2
, k � 1; k +

1

2
; 1

◆
. (3.23)

One can perform the sum over all gk to obtain g(y) as

g(y) =
X

k�0

gky
�k =

0

BBBB@

1 0 0 0

0
q

y�c
y 0 0

0 0
q

y
y�c 0

0 0 0 1

1

CCCCA
. (3.24)
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➡ write in geometric terms (period vector):
<latexit sha1_base64="zJPXulWniou6qfrCk4uTAK40PjM="></latexit>

⇧T (z) =
⇣
1, z,

1

2⇡i
z log(z)� i(c+ 2⇡)z, i� i

4⇡
z2
⌘

<latexit sha1_base64="KhRd+AUtUxbTNpGavrSEvD1EzrI="></latexit>

z = e2⇡it

⇒ conifold period
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  Approach 2: constructing two-cube periods   

25

where �(z) is a matrix-valued function holomorphic in z = e
2⇡it with �(0) = 0. Vanishing at

z = 0 ensures that the nilpotent orbit et
iNiF

p
0 provides a good approximation for F p for yi � 1.

To be more precise, �(z) is a map valued in the Lie algebra sp(2h2,1 + 2), located in

�(z) 2 ⇤� =
M

p<0

M

q

⇤p,q , (3.11)

where we consider the operator spaces ⇤p,q with respect to the sl(2)-split Deligne splitting Ĩ
p,q
(n).

From a practical perspective this means one needs to determine a basis for elements of ⇤� that
lie in the Lie algebra sp(2h2,1 + 2). One can then write out �(z) by expanding in terms of this
basis, where holomorphic functions vanishing at z = 0 are taken as coe�cients. Later we find
that these holomorphic coe�cients can be constrained by di↵erential equations obtained from
(3.19) and (3.21).

For the purposes of this work we want to translate the vector space relation (3.10) into an
expression for the period vector. By taking a representative ã0 of F̃ 3

0 , we find that we can write
the period vector ⇧ as

⇧(t) = e
i�
e
�⇣

e
tiNie

�(z)
ã0 . (3.12)

where we wrote again z = e
2⇡it for convenience. When comparing the asymptotic expansion

(3.12) to (2.21), one should keep in mind that although we used the same notation for the �(z)
map to make things simpler, they are related as explained in footnote 7. In the context of
the asymptotic expansion (3.12) the vanishing condition �(0) = 0 can be understood as the
statement that the nilpotent orbit approximation (2.22) provides a good estimate for the period
vector for yi � 1.

In order to constrain the instanton map �(z), we can now use the horizontality property of
the Hodge filtration as described by (2.4). The idea is that besides (3.11) the instanton map
should satisfy certain di↵erential conditions to produce a consistent period vector. To obtain
these conditions, it is convenient to first combine the exponential maps acting on F̃

p
0 in (3.10)

(respectively on ã0 in (3.12)) into a single Sp(2h2,1 + 2,C)-valued matrix. We define this matrix
as

E(t) = exp[X(t)] ⌘ e
i�
e
�⇣

e
tiNie

�(z)
, (3.13)

where X(t) is valued in sp(2h2,1 + 2,C) and ⇤�, since �, ⇣, Ni,�(z) are all valued in these
operator subspaces. For later reference let us write out the component in ⇤�1 =

L
q ⇤�1,q

explicitly as
X�1(t) = i��1 � ⇣�1 + t

i
Ni + ��1(z) , (3.14)

which follows simply from expanding the exponentials in (3.13). The horizontality property (2.4)
can now be recast into a condition on E(t) by rewriting the Hodge filtration F
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p,q
(n) according to (2.26), so E

�1
@iE can only be valued

in the operator subspaces ⇤�1,q. Therefore we must impose

E
�1

@iE 2 ⇤�1 . (3.16)

23

➡ General form of the periods:

<latexit sha1_base64="Rx23GtN/jRngTcvW0ck+DCcKo3U=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF09SwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPshQ8Nqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0mnUfcu642Hi1rzpoijDCdwCufgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz95XI3f</latexit>

Ni➡ Step 1:  construct most general           from           [Brosnan,Pearlstein,Robles]
<latexit sha1_base64="QLGrVtX8WxHFm8k1Uc6ftaHZjk0=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxCBSkzRdRl0Y2rUsE+oJ0OmTTThiaZIckIdeiXuHGhiFs/xZ1/Y9rOQlsPXDiccy/33hPEjCrtON9Wbm19Y3Mrv13Y2d3bL9oHhy0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g/HtzG8/EqloJB70JCYeR0NBQ4qRNpJvF8v1fi/mPj2v9x2fnvl2yak4c8BV4makBDI0fPurN4hwwonQmCGluq4Tay9FUlPMyLTQSxSJER6jIekaKhAnykvnh0/hqVEGMIykKaHhXP09kSKu1IQHppMjPVLL3kz8z+smOrz2UiriRBOBF4vChEEdwVkKcEAlwZpNDEFYUnMrxCMkEdYmq4IJwV1+eZW0qhX3slK9vyjVbrI48uAYnIAycMEVqIE70ABNgEECnsEreLOerBfr3fpYtOasbOYI/IH1+QMan5IW</latexit>

(N±
i , N0

i )

weight under 
<latexit sha1_base64="3EaSQKSgTfm7TCuxkkmBZKcPbgU=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQEbUmKqBuh6MZVqWAf0MQwmU7boTNJnJkIJeQL3Pgrblwo4ta1O//GaZuFth643MM59zJzjx8xKpVlfRsLi0vLK6u5tfz6xubWtrmz25RhLDBp4JCFou0jSRgNSENRxUg7EgRxn5GWP7wa+60HIiQNg1s1iojLUT+gPYqR0pJnFmsehRewdlfS/Qg6MuZewhxG7mGpksKal9BjlnpmwSpbE8B5YmekADLUPfPL6YY45iRQmCEpO7YVKTdBQlHMSJp3YkkihIeoTzqaBogT6SaTc1JY1EoX9kKhK1Bwov7eSBCXcsR9PcmRGshZbyz+53Vi1Tt3ExpEsSIBnj7UixlUIRxnA7tUEKzYSBOEBdV/hXiABMJKJ5jXIdizJ8+TZqVsn5YrNyeF6mUWRw7sgwNwCGxwBqrgGtRBA2DwCJ7BK3gznowX4934mI4uGNnOHvgD4/MH0FyaGg==</latexit>

Ni = N�
i +

X

l�2

Ni,l
<latexit sha1_base64="d3j+PHHdjQBMeaOiEhiHCTzMK5Q=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgpiUpoi6LblxJBfuANobJdNoOnUzCzESooV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCDmTGnH+bZWVtfWNzYLW8Xtnd29kr1/0FJRIgltkohHshNgRTkTtKmZ5rQTS4rDgNN2ML7O/PYjlYpF4l5PYuqFeCjYgBGsjeTbpdsHx2eVrKes4k59u+xUnRnQMnFzUoYcDd/+6vUjkoRUaMKxUl3XibWXYqkZ4XRa7CWKxpiM8ZB2DRU4pMpLZ4dP0YlR+mgQSVNCo5n6eyPFoVKTMDCTIdYjtehl4n9eN9GDSy9lIk40FWT+0CDhSEcoSwH1maRE84khmEhmbkVkhCUm2mRVNCG4i19eJq1a1T2v1u7OyvWrPI4CHMExnIILF1CHG2hAEwgk8Ayv8GY9WS/Wu/UxH12x8p1D+APr8wcUhZIT</latexit>

N0
i �N0

i�1



  Approach 2: constructing two-cube periods   

25

where �(z) is a matrix-valued function holomorphic in z = e
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(n).

From a practical perspective this means one needs to determine a basis for elements of ⇤� that
lie in the Lie algebra sp(2h2,1 + 2). One can then write out �(z) by expanding in terms of this
basis, where holomorphic functions vanishing at z = 0 are taken as coe�cients. Later we find
that these holomorphic coe�cients can be constrained by di↵erential equations obtained from
(3.19) and (3.21).

For the purposes of this work we want to translate the vector space relation (3.10) into an
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where we wrote again z = e
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(3.12) to (2.21), one should keep in mind that although we used the same notation for the �(z)
map to make things simpler, they are related as explained in footnote 7. In the context of
the asymptotic expansion (3.12) the vanishing condition �(0) = 0 can be understood as the
statement that the nilpotent orbit approximation (2.22) provides a good estimate for the period
vector for yi � 1.

In order to constrain the instanton map �(z), we can now use the horizontality property of
the Hodge filtration as described by (2.4). The idea is that besides (3.11) the instanton map
should satisfy certain di↵erential conditions to produce a consistent period vector. To obtain
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where X(t) is valued in sp(2h2,1 + 2,C) and ⇤�, since �, ⇣, Ni,�(z) are all valued in these
operator subspaces. For later reference let us write out the component in ⇤�1 =
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explicitly as
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i
Ni + ��1(z) , (3.14)

which follows simply from expanding the exponentials in (3.13). The horizontality property (2.4)
can now be recast into a condition on E(t) by rewriting the Hodge filtration F
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➡ General form of the periods:

➡ Step 3:  get       from     : 
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Next we discuss how to rotate the Deligne splitting away from the sl(2)-split Ĩp,q(n) charac-
terizing the intersection. We parametrize this rotation by two real matrices �, ⇣, and use that
⇣ is fixed componentwise by phase operator � as shown by [42]. The most convenient way to
describe this rotation is by acting with these matrices on the filtration F̃
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as described by (2.38). For completeness let us record the reverse of this identity here, which
states that the rotation away from the sl(2)-splitting is given by
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Finding the most general rotation away from the sl(2)-splitting thus amounts to writing down
the most general phase operator �. Following up on the discussion in section 2.4, we now show
how to constrain �. To begin with, it is an infinitesimal isometry of the symplectic pairing
similar to the log-monodromy matrices, i.e. �T ⌘ + ⌘� = 0. It can be decomposed with respect to
the sl(2)-splitting Ĩ

p,q
(n) as

� =
X

p,q�1

��p,�q , ��p,�q 2 ⇤�p,�q , (3.7)

where ⇤p,q is defined in (2.32). Furthermore, we must require that � also commutes with the
log-monodromy matrices

[Ni , �] = 0 . (3.8)

These conditions together can then be solved in order to determine the most general phase
operator � allowed for a given sl(2)-splitting. The componentwise relations for ⇣ can be written
out as [69]

⇣�1,�1 = ⇣�2,�2 = 0 , ⇣�1,�2 = �
i

2
��1,�2 , ⇣�1,�3 = �

3i

4
��1,�3 ,

⇣�2,�3 = �
3i

8
��2,�3 �

1

8

⇥
��1,�1, ��1,�2

⇤
, ⇣�3,�3 = �

1

8

⇥
��1,�1, ��2,�2

⇤
,

(3.9)

and the other components of ⇣ follow by complex conjugation. More concretely, let us note
that this rotation captures additional model-dependent parameters in our expressions for the
periods, since for instance it rotates the leading term a0 2 F

3
0 in the expansion of the period

vector (2.21). A well-known example of this sort is the ↵
0-correction that arises in the mirror

Calabi-Yau threefold and corrects the period vector near the LCS point with a term proportional
to the Euler characteristic.

3.3 Reconstructing the periods II: instanton map

We now turn to the instanton map �(z). We use this map to describe the expansion in instanton
terms z = e

2⇡it for the period vector. This map has originally been studied in great detail
in [50, 51], and we review the relevant aspects of their work here. Let us first state how we can
recover the Hodge filtration F

p from the boundary structure by using �(z). We can write it in
terms of the limiting filtration F̃

p
0 of the sl(2)-splitting Ĩ

p,q
(n) as

7

F
p = e

i�
e
�⇣

e
tiNie

�(z)
F̃

p
0 , (3.10)

7
In comparison to [50] we chose to expand F p

0 = ei�e�⇣F̃ p
0 , and rewrite in terms of the filtration F̃ p

0 of the

sl(2)-split mixed Hodge structure instead of F p
0 . Furthermore we commuted the exponentials involving � and ⇣ to

the left, which means that the instanton maps are related by �|here = e⇣e�i�
�|thereei�e�⇣

.
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where �(z) is a matrix-valued function holomorphic in z = e
2⇡it with �(0) = 0. Vanishing at

z = 0 ensures that the nilpotent orbit et
iNiF

p
0 provides a good approximation for F p for yi � 1.

To be more precise, �(z) is a map valued in the Lie algebra sp(2h2,1 + 2), located in

�(z) 2 ⇤� =
M

p<0

M

q

⇤p,q , (3.11)

where we consider the operator spaces ⇤p,q with respect to the sl(2)-split Deligne splitting Ĩ
p,q
(n).

From a practical perspective this means one needs to determine a basis for elements of ⇤� that
lie in the Lie algebra sp(2h2,1 + 2). One can then write out �(z) by expanding in terms of this
basis, where holomorphic functions vanishing at z = 0 are taken as coe�cients. Later we find
that these holomorphic coe�cients can be constrained by di↵erential equations obtained from
(3.19) and (3.21).

For the purposes of this work we want to translate the vector space relation (3.10) into an
expression for the period vector. By taking a representative ã0 of F̃ 3

0 , we find that we can write
the period vector ⇧ as

⇧(t) = e
i�
e
�⇣

e
tiNie

�(z)
ã0 . (3.12)

where we wrote again z = e
2⇡it for convenience. When comparing the asymptotic expansion

(3.12) to (2.21), one should keep in mind that although we used the same notation for the �(z)
map to make things simpler, they are related as explained in footnote 7. In the context of
the asymptotic expansion (3.12) the vanishing condition �(0) = 0 can be understood as the
statement that the nilpotent orbit approximation (2.22) provides a good estimate for the period
vector for yi � 1.

In order to constrain the instanton map �(z), we can now use the horizontality property of
the Hodge filtration as described by (2.4). The idea is that besides (3.11) the instanton map
should satisfy certain di↵erential conditions to produce a consistent period vector. To obtain
these conditions, it is convenient to first combine the exponential maps acting on F̃

p
0 in (3.10)

(respectively on ã0 in (3.12)) into a single Sp(2h2,1 + 2,C)-valued matrix. We define this matrix
as

E(t) = exp[X(t)] ⌘ e
i�
e
�⇣

e
tiNie

�(z)
, (3.13)

where X(t) is valued in sp(2h2,1 + 2,C) and ⇤�, since �, ⇣, Ni,�(z) are all valued in these
operator subspaces. For later reference let us write out the component in ⇤�1 =

L
q ⇤�1,q

explicitly as
X�1(t) = i��1 � ⇣�1 + t

i
Ni + ��1(z) , (3.14)

which follows simply from expanding the exponentials in (3.13). The horizontality property (2.4)
can now be recast into a condition on E(t) by rewriting the Hodge filtration F

p with (3.10).
This leads to a vector space relation that reads

�
E

�1
@iE

�
F̃

p
0 ✓ F̃

p�1
0 . (3.15)

From writing out the exponentials in (3.13) it already follows that E�1
@iE 2 ⇤�. However, we

also know that the F̃
p
0 can be split into Ĩ

p,q
(n) according to (2.26), so E

�1
@iE can only be valued

in the operator subspaces ⇤�1,q. Therefore we must impose

E
�1

@iE 2 ⇤�1 . (3.16)
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➡ General form of the periods:

➡ Step 4:  derive most general             using horizontality  
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4.2 Models for two-moduli periods

Having discussed the one-modulus periods, we now turn to periods in a two-moduli setting.
We refer to section 5.2 for the construction of these periods, to avoid distracting the reader
with technical details. Recall from section 2.3 that two-moduli boundaries are characterized by
three types of limiting mixed Hodge structures, written as a 2-cube hA1|A(2)|A2i. In addition to
the intersection y1 = y2 = 1 with singularity type A(2), we can consider the separate divisors
y1 = 1 and y2 = 1 characterized by the types A1 and A2 respectively as well. Conveniently
such 2-cubes have already been classified in [52], where the possible combinations of singularity
types for the boundaries were identified. We do not review the details of this classification
by [52] in this work, but simply present the exhaustive set of 2-cubes that was obtained

I2 class : hI1|I2|I1i , hI2|I2|I1i , hI2|I2|I2i ,

Coni-LCS class : hI1|IV2|IV1i , hI1|IV2|IV2i ,

II1 class : hII0|II1|I1i , hII1|II1|I1i , hII0|II1|II1i , hII1|II1|II1i ,

LCS class : hII1|IV2|III0i , hII1|IV2|IV2i , hIII0|IV2|III0i , hIII0|IV2|IV1i ,

hIII0|IV2|IV2i , hIV1|IV2|IV2i , hIV2|IV2|IV2i ,

(4.10)

where we chose to sort 2-cubes with similar characteristics together. For the first three classes
we find that instanton corrections are needed in ⇧ in order to recover the information in the
nilpotent orbit F p

nil. We determine the general models for the corresponding period vectors in
section 5.2, and give a summary of the obtained results here. The fourth subset of 2-cubes
consists of cases that can be realized for particular values of the coe�cients Kijk describing a
large complex structure region and hence specify the intersection numbers of a candidate mirror
Calabi-Yau threefold. At these boundaries we do not have any predictive capabilities regarding
the instanton series with our machinery and we recover the usual Kähler cone restrictions, so we
will not discuss the periods for these two-moduli setups later.

4.2.1 Class I2 boundaries

Let us begin with the class of I2 boundaries. From the analysis in section 5.2.1 we found that
we can write the periods near these boundaries as
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CCCCCCCA
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Let us briefly discuss the parameters that appear in these periods, whose properties have been
summarized in table 4.1. The numbers n1, n2 2 Q�0 parametrize the monodromy transformations
under zi ! e

2⇡i
zi. The integers k1, k2 2 N and m1,m2 2 N specify the order in the instanton

expansion. These orders are fixed to be the (smallest) integers such that n1 = k1/k2 and
n2 = m2/m1 (with m1, k2 > 0), which follows from the horizontality property (2.10) of the
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periods. We must furthermore require n1n2 6= 1 to ensure that the derivatives of the periods
together span a six-dimensional space, i.e. the full three-form cohomology H

3(Y3,C). Finally,
we have real coe�cients �1 2 R and a, b 2 R. The coe�cient �1 coming from the phase operator
is always real, while the instanton coe�cients a, b have been rotated to real values using shifts
of the axions xi in x

i + iy
i = log[zi]/2⇡i as explained below (3.22).

parameters hI1|I2|I1i hI2|I2|I1i hI2|I2|I2i

log-monodromies n1, n2 n1 = n2 = 0 n1 2 Q>0, n2 = 0 n1, n2 2 Q>0, n1n2 6= 1

instanton orders k1, k2 k1 = 0, k2 = 1 k1 = n1k2 k1 = n1k2

instanton orders m1,m2 m1 = 1,m2 = 0 m1 = 1,m2 = 0 m2 = n2m1

instanton coe�cients a, b a, b 2 R� {0}

phase operator � �1 2 R

Table 4.1: Summary for the properties of the parameters in the periods (4.11) for each of the
possible boundaries of class I2.

Let us now compute the Kähler potential (2.11) from these periods. We find that

e
�K = 2� 2a2e�4⇡k1y1�4⇡k2y2

⇣
n1y1 + y2 +

1

2⇡k2

⌘

� 2b2e�4⇡m1y1�4⇡m2y2
⇣
y1 + n2y2 +

1

2⇡m1

⌘

+ 4�1abe
�4⇡(k1+m1)y1�4⇡(k2+m2)y2 cos[2⇡(k1 �m1)x1 + 2⇡(k2 �m2)x2] ,

(4.12)

where we only included terms up to square order in the two instanton expansions, i.e. |z1|2k1 |z2|2k2 ,
|z1|

2m1 |z2|
2m2 and |z1|

k1+m1 |z2|
k1+m1 , and we used 2⇡iti = 2⇡i(xi + yi) = log zi for convenience.

Note that the sign of the first two non-constant terms is fixed to be negative similar to
the one-modulus I1 boundaries, which again follows from the polarization conditions (2.35)
that the symplectic form satisfies. The parameter �1 of the phase operator controls the
mixing between the two di↵erent instanton terms in the periods, i.e. one coming from az

k1
1 z

k2
2

and the other from bz
m1
1 z

m2
2 . This mixing term breaks the continuous shift symmetry for a

particular linear combination of the axions (k1 �m1)x1 + (k2 �m2)x2, while for the direction
(k1 �m1)x1 = �(k2 �m2)x2 we still find that a continuous shift symmetry emerges near the
boundary for the Kähler potential. Finally, one can straightforwardly verify by computing the
Kähler metric from (4.12) that class I2 boundaries are at finite distance for any large field limit
in y1, y2 due to the exponential dependence.
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➡ Results for two-cubes:

4.2 Models for two-moduli periods

Having discussed the one-modulus periods, we now turn to periods in a two-moduli setting.
We refer to section 5.2 for the construction of these periods, to avoid distracting the reader
with technical details. Recall from section 2.3 that two-moduli boundaries are characterized by
three types of limiting mixed Hodge structures, written as a 2-cube hA1|A(2)|A2i. In addition to
the intersection y1 = y2 = 1 with singularity type A(2), we can consider the separate divisors
y1 = 1 and y2 = 1 characterized by the types A1 and A2 respectively as well. Conveniently
such 2-cubes have already been classified in [52], where the possible combinations of singularity
types for the boundaries were identified. We do not review the details of this classification
by [52] in this work, but simply present the exhaustive set of 2-cubes that was obtained

I2 class : hI1|I2|I1i , hI2|I2|I1i , hI2|I2|I2i ,

Coni-LCS class : hI1|IV2|IV1i , hI1|IV2|IV2i ,

II1 class : hII0|II1|I1i , hII1|II1|I1i , hII0|II1|II1i , hII1|II1|II1i ,

LCS class : hII1|IV2|III0i , hII1|IV2|IV2i , hIII0|IV2|III0i , hIII0|IV2|IV1i ,

hIII0|IV2|IV2i , hIV1|IV2|IV2i , hIV2|IV2|IV2i ,

(4.10)

where we chose to sort 2-cubes with similar characteristics together. For the first three classes
we find that instanton corrections are needed in ⇧ in order to recover the information in the
nilpotent orbit F p

nil. We determine the general models for the corresponding period vectors in
section 5.2, and give a summary of the obtained results here. The fourth subset of 2-cubes
consists of cases that can be realized for particular values of the coe�cients Kijk describing a
large complex structure region and hence specify the intersection numbers of a candidate mirror
Calabi-Yau threefold. At these boundaries we do not have any predictive capabilities regarding
the instanton series with our machinery and we recover the usual Kähler cone restrictions, so we
will not discuss the periods for these two-moduli setups later.

4.2.1 Class I2 boundaries

Let us begin with the class of I2 boundaries. From the analysis in section 5.2.1 we found that
we can write the periods near these boundaries as
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Let us briefly discuss the parameters that appear in these periods, whose properties have been
summarized in table 4.1. The numbers n1, n2 2 Q�0 parametrize the monodromy transformations
under zi ! e

2⇡i
zi. The integers k1, k2 2 N and m1,m2 2 N specify the order in the instanton

expansion. These orders are fixed to be the (smallest) integers such that n1 = k1/k2 and
n2 = m2/m1 (with m1, k2 > 0), which follows from the horizontality property (2.10) of the
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➡ Results for two-cubes:

4.2 Models for two-moduli periods

Having discussed the one-modulus periods, we now turn to periods in a two-moduli setting.
We refer to section 5.2 for the construction of these periods, to avoid distracting the reader
with technical details. Recall from section 2.3 that two-moduli boundaries are characterized by
three types of limiting mixed Hodge structures, written as a 2-cube hA1|A(2)|A2i. In addition to
the intersection y1 = y2 = 1 with singularity type A(2), we can consider the separate divisors
y1 = 1 and y2 = 1 characterized by the types A1 and A2 respectively as well. Conveniently
such 2-cubes have already been classified in [52], where the possible combinations of singularity
types for the boundaries were identified. We do not review the details of this classification
by [52] in this work, but simply present the exhaustive set of 2-cubes that was obtained

I2 class : hI1|I2|I1i , hI2|I2|I1i , hI2|I2|I2i ,

Coni-LCS class : hI1|IV2|IV1i , hI1|IV2|IV2i ,

II1 class : hII0|II1|I1i , hII1|II1|I1i , hII0|II1|II1i , hII1|II1|II1i ,

LCS class : hII1|IV2|III0i , hII1|IV2|IV2i , hIII0|IV2|III0i , hIII0|IV2|IV1i ,

hIII0|IV2|IV2i , hIV1|IV2|IV2i , hIV2|IV2|IV2i ,

(4.10)

where we chose to sort 2-cubes with similar characteristics together. For the first three classes
we find that instanton corrections are needed in ⇧ in order to recover the information in the
nilpotent orbit F p

nil. We determine the general models for the corresponding period vectors in
section 5.2, and give a summary of the obtained results here. The fourth subset of 2-cubes
consists of cases that can be realized for particular values of the coe�cients Kijk describing a
large complex structure region and hence specify the intersection numbers of a candidate mirror
Calabi-Yau threefold. At these boundaries we do not have any predictive capabilities regarding
the instanton series with our machinery and we recover the usual Kähler cone restrictions, so we
will not discuss the periods for these two-moduli setups later.

4.2.1 Class I2 boundaries

Let us begin with the class of I2 boundaries. From the analysis in section 5.2.1 we found that
we can write the periods near these boundaries as
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Let us briefly discuss the parameters that appear in these periods, whose properties have been
summarized in table 4.1. The numbers n1, n2 2 Q�0 parametrize the monodromy transformations
under zi ! e

2⇡i
zi. The integers k1, k2 2 N and m1,m2 2 N specify the order in the instanton

expansion. These orders are fixed to be the (smallest) integers such that n1 = k1/k2 and
n2 = m2/m1 (with m1, k2 > 0), which follows from the horizontality property (2.10) of the
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where we wrote out G3 = (g1, . . . , g6). In turn, we find as leading polynomial scalar potential

4V2Im ⌧Vlead = Ḡ

0

BBBBBBB@

y1 + n2y2 0 0 0 0 0
0 y1 + n2y2 0 0 0 0
0 0 n1y1 + y2 0 0 0
0 0 0 1

y1+n2y2
0 0
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n1y1+y2

1

CCCCCCCA

G , (4.18)

where we absorbed the axion-dependence as G = e
�xiNiG3 with Ni the log-monodromy matrices

given in (5.31). We again dropped exponentially suppressed corrections in y1, y2 and left out
the hG3, Ḡ3i term. Note that only the linear combinations of fluxes g1 + ig2 and g4 + ig5 appear
at polynomial order in ti = log[zi]/2⇡i in the superpotential (4.17). In particular the fluxes
g3, g6 only appear through exponential corrections in the superpotential, while they appear
at polynomial order in the scalar potential. In the computation of (4.18) these exponential
factors cancel out against factors in the Kähler metric, resulting in polynomial terms for the
scalar potential. In other words, we find that class II1 boundaries require us to include essential
exponential corrections in the superpotential, even though these are at infinite distance. To
be more precise, the terms at order z

k1
1 z

k2
2 in the superpotential contribute to the leading

polynomial scalar potential, while the other instanton terms lead to exponential corrections.

4.2.3 Coni-LCS class boundaries

Finally we come to the class of coni-LCS boundaries. While these boundaries are characterized
by a IV2 singularity type similar to large complex structure points, one has to include essential
instanton terms in the periods. Recently the periods near such boundaries have been considered
in the context of small flux superpotentials in [55, 56] (see also [72] for the original study at
large complex structure). The period vector that we construct in section 5.2.3 is given by
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Note that the modulus t1 = log[z1]/2⇡i only appears in terms with exponential factors e2⇡it1 ,
while t2 = log[z2]/2⇡i appears polynomially. The former we typically attribute to conifold points
in the moduli space, while the latter is familiar from large complex structure points, hence the
term coni-LCS boundary.

The information about the di↵erent parameters is summarized in table 4.3. It is assumed
that the coe�cient a is non-vanishing as this is required in order to span the entire three-form
cohomology H

3(Y3,C) from derivatives of the period vector. Furthermore, we have used the
residual axion shift symmetry to set a to a real value as discussed below (3.22) . The parameter
n controls which member of the coni-LCS class we are considering.
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parameters hI1|IV2|IV1i hI1|IV2|IV2i

log-monodromies n1, n2 n = 0 n 2 Q>0

instanton coe�cient a a 2 R� {0}

phase operator � �1, �2 2 R

Table 4.3: Summary for the properties of the parameters in the periods (4.19) for each of the
possible boundaries of the coni-LCS class.

Using these periods we calculate the Kähler potential (2.11) for coni-LCS class boundaries

e
�K =

4y32
3

+ 2�2 + 4a�1e
�2⇡y1 cos[2⇡x1]

� 2a2e�4⇡y1
�
y1 + ny2 � (ny2 � 1/4⇡) cos[4⇡x1]

�
.

(4.20)

where we used the coordinates 2⇡ti = 2⇡i(xi + iyi) = log[zi] for convenience. The signs of
the terms without parameters �i are fixed by the polarization conditions (2.35) similar to the
previous examples. Note in particular that, as expected from the presence of a finite distance I1
divisor, the associated field y1 only appears in exponentially suppressed terms. Furthermore,
we can understand the role of the phase operator parameters �1, �2 by inspecting this Kähler
potential. We find that �2 gives rise to a constant term in the Kähler potential, similar to the
Euler characteristic term at large complex structure. Interestingly, the parameter �1 produces
an axion-dependent term at order |z1|, which is leading compared to the usual term at order
|z1|

2. See appendix B.2 for a more careful comparison with the standard large complex structure
expressions.

We next consider the flux superpotential (2.12). By inserting the above periods we find

W = � g4 + ig2�1 + ig1�2 � g6
log[z2]

2⇡i
� g3

log[z2]2

8⇡2
� ig1

log[z2]3

48⇡3

az1

✓
� g2

log[z1] + n log[z2]

2⇡i
� g5 + ig1�1

◆
�

a
2
z
2
1

2

✓
g3n+ g1

1 + n log[z2]

2⇡i

◆
.

(4.21)

We compute the corresponding scalar potential (2.13) to be

4V2Im ⌧ Vlead = Ḡ3e
�xiNT

i

0

BBBBBBB@

y32
6 0 0 0 0 0
0 y2

2 0 0 0 0
0 0 y1 + ny2 0 0 0
0 0 0 6

y32
0 0

0 0 0 0 2
y2

0

0 0 0 0 0 1
y1+n2y2

1

CCCCCCCA

e
�xiNiG3 , (4.22)

where the log-monodromy matrices Ni are given in (5.43). We again dropped exponentially
suppressed corrections in y1 and left out the hG3, Ḡ3i term for convenience. Note that the fluxes
g1, g2, g5 as well as the linear combination g4 � i�1g3 + i�2g2 appear at polynomial order in the
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