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Let X be a Calabi—Yau fourfold and M be a moduli space of stable sheaves, then
1. locally around each E € M it has the form

S

SN

Ext!(E, E) +—— Ext?(E,E)
M=s"1(0

where Serre duality induces a pairing

B:Ext*(E,E)®% - C

)

and B(s,s) = 0.
2. This is not quite the the Kuranishi model, as we need to “halve” Ext?(E, E) by
taking Ext’(E, E)p to get

SR

SN

Ext!(E,E) «+—— Ext?(E,E)g .

3. This introduces a notion of orientation torsor given by a Z,-choice of an
isomorphism
o:detExt?(E,E) = C
such that o = det(B). Gluing these choices as E varies over M leads to the
orientation bundle O — M.
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Virtual fundamental classes

1. The orientation bundles have been shown to be trivializable for (compactly
supported) sheaves ! by Cao—Gross—Joyce (19') in the compact case and in
B.(20") in full generality.

2. With the existence of orientations, Borisov—Joyce (15’) and later on Oh—Thomas
(20") construct virtual fundamental classes [M]*'" of real virtual dimension
2 — x(E, E). Changing orientations changes the sign of [M]¥.2

3. As is clear from Dominic’s talk, wall-crossing is expressed in terms of taking
direct sums of sheaves. So, comparing orientations under direct sums is needed.

Here «, 3, is some topological data and comparison gives signs €., 3.

! More generally compactly supported perfect complexes.

2This is why Borisov—Joyce construction is more intuitive as it includes working with real (derived) manifolds of
real virtual dimensions with orientations while this point of view is lost in the work of Oh—-Thomas(20'). The latter,
on the other hand, offers useful computational tools.



Splitting

1. Suppose that our CY4 obstruction theory splits into two parts

@
PN

then essentially everything reduces to the wall-crossing Dominic presented? for
the standard Behrend—Fantechi obstruction theories. We obviously want to do
more as this is rather restrictive.

3See Liu (22') in the case of CY3.
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Definition of families of vertex algebras.

I will be working with families of vertex algebras over formal discs Cu]. They are
given by the following data on a graded vector space V,

1. a vacuum vector |0) € Vp,
2. a linear operator T: Vo — V,yo called the translation operator,

3. and a formal u-family of state-field correspondences which is a degree zero linear
map
Yu: Vo — End(Ve)[z, 2 '][u],

for deg(u) = 0,deg(z) = —2 extending to a (u)-adic continuous Q[u]-linear map
Y,: Ve[u] — End(Ve)[z,z ][u] .

It must additionally induce

Yu(V,Z) = Z Vu,nzinil Ve — V'((Z))[[u] )

nez
for each v € V, C Ve[u] and
Vu,n : Ve = Ve[u]

linear for each n € Z.



Families of Vertex algebras in a picture
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Axioms of families of vertex algebras.

They are required to satisfy the following set of conditions (see Li (02") for a different
formulation):
1. (vacuum) T]0) =0, Yu(|0),z) =id, Yu(v,2)|0) € v+ zVe[u, 2],
2. (translation covariance)® [T, Yu(v,z)] = %Yu(v,z) forany v € Vo,
3. (locality) for any v,w € Ve and k > 0, there is an N > 0 such that the
truncated fields

Y<i(v,z) = Zu t"{ Yi(v,2)}. (1)

satisfy
(21 — 2)"[Y<i(v, 21), Y<(w, 22)] = 0,

where the supercommutator is defined on End(Ve)[u] by

[A,B]=AoB— (—1)AIBIBo A,

The reason for introducing the truncation and Y, (v, z) mapping to Ve ((2))[u] rather
than Ve [u]((z)) will become apparent from their geometric construction.

5|nfinitesimal version of skew-symmetry (assuming locality).
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The underlying vector space for the geometric construction of the vertex algebras is

Ve = Ho+vdim; (MX)

where My is the stack of sheaves®.

1. The vacuum vector |0) and the translation operator are not important for this
talk. | only note that T is induced by taking the pushforward of the action
p:[%/Gm] X Mx — Mx which rescales the automorphisms of the objects.

2. There is a K-theory class © on Mx x Mx given by the dual of
EXt.(E7 F) at (E, F) € Mx x Mx .

It is clearly additive with respect to taking direct sums and multiplicative with
respect to p.

3. Consider the trivial C* action on Mx X Mx and e" the weight one line
bundle. Take an equivariant K-theory class Q, on Mx X Mx. It must satisfy the
same additivity and scaling property that Ext did. | introduce

O, =0+Q) +0*Q,.

4. Letting M, denote a connected component associated to an o € K2,(X), we
also define

K(Oé,ﬁ) = rk(QulMa XM/;)’ XQ(aaﬁ) = X(avﬁ) + H(aﬁﬁ) + h(ﬁ a) .

50r higher stack of perfect complexes on X
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Geometric construction Il

Definition
Construct the formal family of vertex algebras on Ve by setting

Ya(v, 2)v/ :(,1)H(a«,ﬁHaXQ(ﬁ«ﬂ)eaﬁzxn(aaﬁ)
z (T @id)(vEY Ne1(0w)],

where ¥ is the direct sum map Mx x Mx — Mx.
Consider example
Qul o x i, = e OFX(@5)
then 5
o (lssceany) = 200

It becomes clear that we need to put restrictions on powers of u for any kind of
vertex algebra axioms to be satisfied, because for x(a, 8) < 0, we have an infinite
power-series in z~1. Hence our choice of axioms leads to the following result.

Theorem (B.(?7?) extending Joyce (17")7)
The data (Ve, Yu, T,|0)) defines a formal u-family of vertex algebras.

7Thl:)ugh the proof is different.
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To understand how vertex algebras are applied to wall-crossing, first, construct a
u-family of Lie algebras by

Definition
Starting from a u-family of vertex algebras (Ve, Yy, T,|0)), define a u-family of Lie
algebras (Qe, [—, —]u) for
Qo = Vo i2/TVe
by
[V, W]y = Vaow, Vv,w e Ve[u]

and (—) denotes the associated class in the quotient. 8

Outside of the 0 component, we have Qo = He \dime (M;f) where M:f is the
quotient by the action of [*/G] and we use a non-standard symmetric obstruction
theory on it.

Remark

1. Setting 2, = 0 reduces to the usual vertex/Lie algebra Joyce (17') introduced.

2. This construction is not specific to CY4, | already have applications in mind for
surfaces too.

8The proof that this is a u-family of Lie algebras is standard.
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Theorem
Let o; be two stability conditions for i = 0,1, then for each a € K°(X) the classes
(M), satisfy

(MZ1)y = > (coeff) [ [(Mgg) (M), ] - (M0 ]
akFa
whenever the Assumptions hold.

2. To understand some applications of this statement, let me first describe the
stability conditions | use.

9 am fiddling with the assumptions right now to make them as easy to check and as general as possible. And
that is difficult.
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What stability conditions?

1. Stair polynomial stability condition is a generalization of standard polynomial
stability condition of Bayer with an application to surface counting in Calabi—Yau
fourfolds.

2. Recall that for constructing the latter, one uses a perversity function
p:{0,1,2,3,4} - 7Z

which is non-increasing and changes in steps at most 1.
o 1 2 3 4
o

Figure: Perversity function.

3. Assign to it a heart (of a bounded t-structure) AP consisting of complexes E*®
with )
H'(E®) € Coh,—1(;(X)™°.
E.g. if p:{0,1} — {0} and {2,3,4} — {—1}, then we recover the tilted
category associated to the torsion pair

<COh§1(X)7 Cthz(X)) .

104 subcategory of sheaves E with p( dim supp(E)) = i and no torsion in dimensions"d with p(d) > .
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1. The standard stability condition is given on AP by the central charge
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where H is an ample divisor, U a unipotent transformation, (—1)?()p; € H and
the phases of p; move in the clockwise direction as dimension of support
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Standard polynomial Bridgeland stability

1. The standard stability condition is given on AP by the central charge

4

> (-1)PDpit! / ch(E)H' - U

i=0 X

Z:(E)

where H is an ample divisor, U a unipotent transformation, (—1)?()p; € H and

the phases of p; move in the clockwise direction as dimension of support
increases,

. Instead of comparing phases ¢¢(E) = argg ] Zt(E) for t — oo, which would
recover the usual Bridgeland stability, one compares their germs at t = co

Figure: Standard polynomial stability
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Stair polynomial Bridgeland stability

1. Define a stair function s : {0,1,2,3,4} — Z satisfying
s(i—1)<s(i)<s(i—1)+1

reversing Figure 1 and looking like ascending stairs.
2. Set a perversity function p = p o s starting from one denoted by p.

3. Replace the previous definition of p; by the group homomorphisms
Pij - H[sil(i)] — C

1. .
where HIs™ () = Zjes 1(5) H/(X)

4. To make them well-behaved, we require the phases of p, , to move clockwise as
we increase dim supp:

Paz »

Py



An important example/motivation
1. Take

s([0,1))=0 s(i)=i—1 for i>2,
p({0}) =0, B({1,2,3})=—1,
giving
AP = (Coh>o(X), Coh<1 (X)[-1]).

11Comparing DT = PT(=1 and PTO) is standard from the point of view of stability conditions.
121 am omitting po here because it does not play a role in the wall-crossing.
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An important example/motivation
1. Take
s([0,1]) =0 s(i)=i—1 for i>2,
giving
AP = (Coh>o(X), Coh<1 (X)[-1]).
2. Adapting the work of Pandharipande—Thomas(07’) to Calabi—Yau fourfolds,
Bae—Kool-Park(22') defined PT() stable pairs

Ox = F
for i = —1,0,1, where F has 2 dimensional support and
dim(coker (s)) <1, Hom(Q,F) =0 for dim(Q)<i.

3. The next family of stability conditions interpolates between PT(®) and PT ()11
Definition
Using pj,; = pi, the Pt-stability is defined on AP for each t € R by
po : HO(X) @ H3(X) — H, (B,n) = —n+i(B - H),
—p1: HY(X) = H, v —y-H?,
—p3: H3(X) = H, r—r(—t+1i).

12

11Comparing DT = PT(=1) and PTO) is standard from the point of view of stability conditions.
121 am omitting py here because it does not play a role in the wall-crossing.



Example in picture

Poo

P33

Figure: The grey region represents < 1-dimensional sheaves which are spread out across the upper
half-plane. The wall-crossing happens whenever —p3 crosses a ray of the phase
arctann/B - w + w/2 for some (B, n) € N<1(X).



An example of an application

1. If additional assumptions are checked, the last example of stability conditions
gives us the wall-crossing formula

(—1)% i i
[PTE:)yg)]vir = Z K [ o I:[PTE}/),go)]virv [M61] n} T [Mék] n} )
66 :
9=k

where §; € H2%(X) and v € H*(X). | set Q, = 0 here.
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where §; € HZ5(X) and v € H*(X). I set Q, = 0 here.

2. Next fix a line bundle L on X and construct a family of vertex algebras for the
class Q, where

Quliey,(Fy = e"Ext®(E, F ® L) + correction terms.
- 0
Its restriction ¢* o A%}, () to PT(%(S) is given by

Lo = ety (kL@ F),

where F is the universal two dimensional sheaf.



An example of an application

1. If additional assumptions are checked, the last example of stability conditions
gives us the wall-crossing formula

© . _ (-1)~ o in in
[PT(V"S)]W—@; L T s (M) (M3, )]
1(8)=k

where §; € H2%(X) and v € H*(X). | set Q, = 0 here.

2. Next fix a line bundle L on X and construct a family of vertex algebras for the
class Q, where

Quliey,(Fy = e"Ext®(E, F ® L) + correction terms.
- 0
Its restriction ¢* o A%}, () to PT(%(S) is given by

Lo = ety (kL@ F),

where F is the universal two dimensional sheaf.
3. This leads to

0 (_l)k 1 i i
<PT§’Y),6)>U = 5)_52 k! [ . |:<PTE'Y),6O)>U7 [M51] “} Y ] [Mék} n] "
length(8)=k




Taking coefficients

1. From the definition of invariants, conclude

(PO, = [PT
= [PT (

1Y 0 e ( ug.a)
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Taking coefficients

1. From the definition of invariants, conclude

T, = PO D eu(ert )
= [PT <> ] N uE W realying  (gbv.el)
2. Combining with degc([PT( }V”) — n— 2 leaves us with
(©) yL / [.9]
PT c L
(PTo) = pT{) e = %( )

after taking the coefficient [u%(cl(L)zﬂ/)Mq(L)}{ o }
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Taking coefficients

1. From the definition of invariants, conclude

(PTOD, = [PTO Y 1 e (e L)
_ [PT:?S]vir A u%cl(L)2+6c1(L)+nCU7l (L[%a])

2. Combining with deg([PT";]"") = n — % leaves us with

0
(PTOHE = /[PT( c (Lo

]Vll’ n—-3

after taking the coefficient [u%(fl(L)ZM)Mq(L)}{ o }

3. Notice that the expression depends only on + if the orthogonality assumption
dc1(L) = 0 holds. This motivates the following

Assumption
In the PT(O)/PT(I) wall-crossing formula, assume that

(0 —do) - c1(L)

always holds.



Conjecture of Bae—Kool—-Park

1. Under this assumption, taking [u%(q“)zﬂ)}{ n } in the wall-crossing formula
for PT© /PTM) |eads to

—1)% - in L in L
T = ST G [ e ]

< k!
58
k>0

13 usually work with one that admits a section, but expect the arguments to eventually work independently of
this condition.
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2. Let us now take an elliptic fibration 7 : X — B with a base B3 and set L = Oy
which always satisfies the orthogonality assumption.

13 usually work with one that admits a section, but expect the arguments to eventually work independently of
this condition.



Conjecture of Bae—Kool—-Park

1. Under this assumption, taking [u%(qmzﬂ)}{ n } in the wall-crossing formula
for PT© /PTM) |eads to

1k - in in
Tt = et R [ [ ] ]
£

2. Let us now take an elliptic fibration 7 : X — B with a base B3 and set L = Ox
which always satisfies the orthogonality assumption.

3. For the class (v, ) = 7*(8, n) for (3, n) € HZ*(B) Bae—Kool-Park define

(PTONOx = ST (PTY 1) % a?

d>0
(1) wox _ (1) Ox d
<<PTA,,5>> X *Z<PT%5+dE> xq
d>0
(PTHOx = (PTae)%%q?
d>0

Here E is the Poincare dual of a fiber class and PT stands for the usual PT
stable pairs which are just PT(9 stable pairs with v = 0.

13 usually work with one that admits a section, but expect the arguments to eventually work independently of
this condition.



Proving BKP conjecture and more

1. Up to a simple structural assumption on [I\/Idg,,}ml“ that | expect to be able to
prove once | return to this point, | can show that

Conjecture (Bae—Kool-Park)
The PTO /PTW correspondence

(PTIN = (P

o), )0 (PT)Ox

holds.

14This is a one-dimensional class.
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prove once | return to this point, | can show that
Conjecture (Bae—Kool-Park)
The PTO /PTW correspondence
0 1
(PTOOX = (PTU ) Ox(PT)Ox
holds.

2. This is because in the wall-crossing formula twisted by Ox only the classes
[Mgg,n]™ contribute. Any bracket with [Mge ,]™ for n # 0 up to a small
additional term is almost trivially zero.

14This is a one-dimensional class.
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holds.

2. This is because in the wall-crossing formula twisted by Ox only the classes
[Mgg,n]™ contribute. Any bracket with [Mge ,]™ for n # 0 up to a small
additional term is almost trivially zero.

3. This additional term has to do with the information contained in i.(o) for
o € H?(B) in the expression for [Mye ,]™ and there is some evidence that it
should vanish.

14This is a one-dimensional class.
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additional term is almost trivially zero.

3. This additional term has to do with the information contained in i.(o) for
o € H?(B) in the expression for [Mye ,]™ and there is some evidence that it
should vanish.

4. Note that if v = 0, then this additional assumption is not required in any
geometry, so this expressed PT invariants in terms of just integrals of the form

[ @@,
[Mg.0]

14This is a one-dimensional class.



Proving BKP conjecture and more
1. Up to a simple structural assumption on [MdE‘n}ml“ that | expect to be able to
prove once | return to this point, | can show that
Conjecture (Bae—Kool-Park)
The PTO /PTW correspondence

(PTOOX = (PTU ) Ox(PT)Ox

holds.

2. This is because in the wall-crossing formula twisted by Ox only the classes
[Mgg,n]™ contribute. Any bracket with [Mge ,]™ for n # 0 up to a small
additional term is almost trivially zero.

3. This additional term has to do with the information contained in /(o) for

o € H?(B) in the expression for [Myg »]™ and there is some evidence that it
should vanish.

4. Note that if v = 0, then this additional assumption is not required in any
geometry, so this expressed PT invariants in terms of just integrals of the form

[ @@,
[Mg.0]

5. Further applications: Proves my computations of [Hilb”(X)]¥", [Quotx (E, n)
and expresses them in the framework of families of vertex algebras, proves DT /PT
and DT/PTO correspondences using families of vertex algebras, many more...

]vir

14This is a one-dimensional class.
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