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Moduli space
©00

Curves on smooth projective 3-fold X /C
» stable maps f : C — X
» 1-dimensional closed subschemes Z C X
» PT pairs (F,s):
1-dimensional sheaf F, no subsheaves of dimension < 0
s € H°(X, F), coker(s) of dimension < 0

~~ moduli spaces Mg (X, 3) Konrsevicu
/57,,(X) GROTHENDIECK, P/37n(X) LE POTIER, PANDHARIPANDE-THOMAS
Ch(OZ) = Ch(F) = (0707/87 n— %ﬂcl(x)) € H*(XvQ)
Theorem (Stoppa-Thomas)

3 projective scheme N, reductive group G ~ N, G-linearizations
L_1,Lq such that there are no strictly semistables and

NilesG=1an(X), N//£oG = Pga(X)
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Moduli space
o] 1o}

Surfaces on smooth projective 4-fold X
» 2-dimensional closed subschemes Z C X
» for i =0,1: PT; pairs (F,s):
2-dimensional sheaf F, no subsheaves of dimension </
s € H°(X, F), coker(s) of dimension < i

~ bygn(X), P fyg, (X), i=0,1

ch(Oz) = ch(F) = (0,0,7, 8, n— 38c1(X) —7td2(X)) € H*(X,Q)

Theorem (Bae-K-Park)

3 projective scheme N, reductive algebraic group G ~ N/,
G-linearizations L_1, Lo, L1 such that there are no strictly
semistables and

NJleyG=1lga(X), N//,G=P

(X)), i=0,1
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Moduli space Virtual structure Reducing N 0 \YEY: ami? Virtual Lefschetz PTo-PT
ooe ole ole O O o] [e]e]
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Virtual structure
©0000

For X Calabi-Yau 3-fold, let M = Ig (X), Pg,n(X)

element [(F,s)] € M gives complex
I* =[Ox > F] € D*(X)
where Hom(/®, /*) = C, Ext<°(/*,/1*) =0, det(/*) = Ox

~» 3 2-term perfect obstruction theory Q)\’,if — Ly ToOMaS, PT
~—
(RHomx (/*,1*)o[1])V

symmetric QX}T o (QX/ilr)v[l]

virtual dimension vd := rk(Q}) =0
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Virtual structure
0®000

Local structure M Brav-Buss-Joyck, USING PANTEV-TOEN-VAQUIE-VEZZOSI
let ®: A— C, A smooth variety, s:=dd e HO(A,QA)

let M=Z(s)C A

dos™

Talmy ———Qalm Qyir
b Bn Ol

[true globally for /07,,(((:3) = Hilb”((C3) BEHREND-BRYAN-SZENDROI ()]
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Virtual structure
00®00

For X Calabi-Yau 4-fold, let M = L, g ,(X), P,(y',)g,n(x)

element [(F,s)] € M gives complex
I* = [0x > F] € D*(X)
where Hom(/®, /*) = C, Ext<%(/*,/*) =0, det(/*) = Ox
~~ 3 3-term obstruction theory QY — Ly  Bap-K-Park
~—
(RHomx (/*,1*)o[1])V

also: Guorampour-Jiane-Lo for DT /PTy pairs
v =0 (curves): Cao+(...)
symmetric QU5 = (Q)V[2] (= det(Q))®? = Oum)

virtual dimension vdg := rk(Q}y) = 2n — 1?2
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Virtual structure
00000

Local model M BBJ, using PTVV

» A smooth variety, V — A vector bundle

> M=2Z(s)C A sc HA, V)

> non-degenerate symmetric bilinear form q: V@ V — Oy
> s isotropic

(dos*)* ,EL * os* vir
TalM = V| = Vi~ Qalm Qy
s*i l

Iasal 1y 0 ——= Qalum Ly

vdg = rk(Q}F) = 2dim(A) — rk(V)

[true globally for /070’,,(@4) = Hilb”((C“) K-RENNEMO|

7/21



Virtual structure
oooo0e

CY3: BEHREND-FANTECHI, LI-TIAN = [M]Vir c Ho(M)

BEHREND-FANTECHI, KONTSEVICH, NEKRASOV-OKOUNKOV => (’)X/i,r € Ko(M)

CY4: Borisov-Joyce, OH-THOMAS = [/\4]‘/ir € HvdR(M)
OH-THOMAS = OX},r € KO(M,Z[%])

requires orientation: square root det(Q}F)®2 = Oy
locally: e.g. choice of maximal isotropic0 > A — V — A* -0

globally: existence shown by Cao-Gross-Jovce

usi Ng JoYyCE-TANAKA-UPMEIER

/ a0, aeH(MQ), (MO ®E), EecK(M)
[M]vir
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Three reasons why the invariant is trivial...

Example. X C P5 sextic (then h>1(X) = 426)

suppose 3P? C X, v = [P?]

Issue 1+2: vdr = 2x(Op2) — > = —19 odd and negative

Issue 3: take smooth family X — (B, 0) of sextics, B contractible
Hdg, :={t€ B : 3: € H*(X:,Q) has type (2,2)} CB

has codimension 19

Solution. Combine reducing procedure of Kiem-Park and K-Taomas
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Reducing
00000

CY4
€ e HY(X, Tx) = HY(X,Q3) gives cosection
Ext2(/*, 1%) =5 H3(X, Qx) —5 HA(X, Q%) = C
ST semi—regularity map BUCHWEITZ-FLENNER
for v € H*(X,Z) of type (2,2):

B, HY(X, Tx) ® H{(X, Tx) — C, & @& [yigte7UQ

symmetric and of rank p, (= codim ToHdg,, if KSq iso)

CARLSON-GREEN-GRIFFITHS

Theorem (Bae-K-Park)
For X CY4and M = I, 5.(X), P (X), there exists

[IM]"*? € Hivap (M, Z[3]), 1vdg :=2n—~2+ p,
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Reducing
0000

ob:=t_At(/*®)

HY(X, Tx) Ext?(1°,1°)

~ 1///52//////

Pick: V&—— HY(X, Tx)

~

Get: V — Ext?(I°,1°) = Ext?(/*,I°) - V*=C
Theorem

For any I* € M: |* is semiregular << M is smooth at I*® of
dimension rvdg = 2n—~% + py >0

tadpole conjecture F-theory?
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Fix:
. X CY4, v € HY(X,Z) of type (2,2)
M =1 a(X), P L(X)

1
2
3. smooth family X — (B,0), B smooth algebraic, Xy = X
4. horizontal section {7 € H*(Xt,Z)}tes, Yo =17

Family of moduli M — (B,0), Mo =M,

~ f[_/\/[t]rcd o, « descendent insertion

Theorem
f[/vlt]red «a is invariant over Hdg,,

JiMO]red (@ # 0:>Vt S :E[dg,y 3[/.] € Mt-’ ?t = ChZ(I.)E H2,2(Xt)

f[/vlo]red a # 0 = variational Hodge conjecture for X — (B,0), v
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Reducing
00o0e

Corollary

S C X semiregular, Ici, rigid = rvdg =0, i.e. pjs] = hl(NS/X)
and f[/vto]red 140

Example.

» X C P° sextic: any ci surface S C P° st. S C X is semiregular
SteensrINK,  rigid for types

(1,1,1),(1,1,2),(1,1,3),(1,2,2)
(1,2,3),(2,2,2),(2,2,3),(1,1,4)
» S =P?onany CICY4
> “low degree” S on any CICY4

Example. For X C P° sextic
1. if P2 C X and v = 2[P?], then rvdg < 0
2. if P2 Uy P2 C X and v = [P? Uy, P?], then rvdg < 0
. more cosections?
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DT-PTy
[ Je]

Take X CY4 and M = I, 5.,(X), P} (X)
Universal pair I* = {O — F}
Tautological complex LI := Rry , FR L, L € Pic(X)

Nekrasov genus (L) x ~,8,n := X(M, O g K‘(L[”] ®y 1))

where A°E := >(=1) NE y formal parameter

\/det(E)’
Conjecture (A)

There exist orientations such that

SR g 0
S g = 2"

~v = 0 (curves): conjectured by Cao-K-Monavarr
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DT-PTy
oe

Take X toric CY4, T = {titrtstg =1} C (C*)* ~ X

Fix Z C X = C* 2-dimensional, T-invariant, no embedded points

Ozl(cryxc? & 04X, %], A C C? 0-dimensional

Ozlcrxes = OB[Xlil], B c C3 1-dimensional

= A= {)\ij}lgi<j§4 finite 2D partitions
= p={pit compatible 3D partitions

~ topological vertex VETL(C” t,y), ViTM"(q, t,y)

Conjecture (B)
Fix X, p such that no moduli on PTy side. Then 3 signs such that

VYT (a,t,y) -
= = V}\,If(q, t7y)

Vgg@@@@@@@@ (q7 t, Y)
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Magnificent Four
.

Roughly: by Oh-Thomas localization: (B) = (A) for X toric CY4

Magnificent Four Nexrasov
SUSY Yang-Mills on C* ~~ measure on 4D partitions 7

[tuta][tat3][t2t3]y] )

[ti][ta] (3] [ tally 2 qlly 2 g

DT
V@@@@@@@@@@(%t»Y)::EXP<

1 1 .
[x] :=x2 —x72, equality proved by K-Renxemo
on Hilb"(C#) local structure holds globally and explicitly!
derivation NEKRASOV-PIAZZALUNGA ﬂgn

(_1)\ﬂ|+|{(i7f,ivj)€7f Hi<)H

Compact case:
Bosko using Jovce's (conjectural?) vertex algebra wall-crossing
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Origami?
[ Je]

Special case X general g = p,;, minimal, i.e. PTo = PTy:
Vas (a:t,y)

polynomial of deg ¢(Ext3(0z,0x)) < 0o,  Z pure 2-dim > A

U(Ext(Oz,0x)) = 0 < Z Cohen-Macaulay

For Z = C? Uyt C?, (normalized) topological vertex is

o )
(1)2292(1) tmin [t1 t3] [t2 t3]

Question. Related to Nekrasov's gauge origami?
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Virtual Lefschetz
°

Let X be compact CY4 and Y C X smooth connected divisor

Let My := L 5.(X), P ((X), My := L 5a(Y), P (Y)

“Twist away divisor”: My relates to DT /PT moduli spaces on Y
Theorem
Assume:

> Ox(Y)"l is a vector bundle concentrated in deg 0

» (RHomy, (I%,,1%)0)Y — L, 2-term obstruction theory

Then, for any orientation on My, there exists a sign + for each
connected component My, C My such that

e(Ox (V)M N [Mx]™ = 3 0 Mg

By Park’s virtual pull-back formula,  ~~ special cases Conj. (A)
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0-
o0

Let X 2 B be WeierstraB CY4, discriminant A C B, f fibre class

Conjecture (C)
For B € Hy(B) effective, v := p*f3, n 5—2

= Tk; UI
=, @ f[Pdf,o(X)]vir 1 7 X

'ydfn

for all o; € H*(X) such that p.o; € HZ?(B)
proved when all C C B with [C] = S irreducible Gorenstein and:

> Kp < 0 and X toric: via stationary correspondence on B
OBLOMKOV-OKOUNKOV-PANDHARIPANDE
» Kg = 0: via DT-PT correspondence on B

PANDHARIPANDE-THOMAS, BRIDGELAND, TODA
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PTo-PT
oe

Let X be compact CY4, v = (0,0,7, 8,n — v (X)) € H*(X,Q)
Theorem
Assume:

» pure surfaces S C X with [S] =~ are CM with constant
ch(Os) = v(7).

» (B — v(y)3 is irreducible effective

» Y pure 1-dim sheaf G with ch(G) = v — v(vy) we have

Exti(/s/x, G) =0 V[S] € Iv(’y)(X)
Consider p : P (X) = My_y(4)(X) X hy5)(X)
(F,s) — (torsion subsheaf F, support F)

Then [P OO1 = p! (IMy-y )OI X [y (X))

~> special case PTo—PT; correspondence )
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