
 

Special Lagrangian submanifolds

in

K3 fibered Calabi Yau 3 folds

Shih Kai Chiu Vanderbilt

Joint with Yu Shen Lin

SCSHGAP meeting Durham NC 13 17May 2024



Def
X W R is a Calabi Yau manifold if
X is a complex manifold with dime n

w is a Kahler form on X

I H Kx is nowhere vanishing

w 1 1 E rust

Ri.lu 0 HollX.w CSUln



Def Harvey Lawson

Fix a CY mfd X w r

A real n dim'd submanifold L C X is

special Lagrangian with phase ER if
Re e ion drol volume

minimizing
minimal

Equivalently

Im e Or 0 and
L

w
L

0



Example

geodesics in CY 1 folds

hyperkahler rotations of holomorphic curves

in hyperkahler 4 manifolds
W R

Wo Rele r

Ro w iImle ion
Eg K3 C w 0

c 2
2

w 51 holo curve C in C

differ to S Riemann Roch
C is SL in Xo



Examples cont'd

I X X Id 1 2 T.tw w

Fix c is SL with 0 0

E g Bryant constructed SL tori in CY hypersurfaces

2,2 2 ZE 1 cent

Wst Stenzel metric

complex conjugation

Wst Wst since Wst is SO ntl invariant

L Fix c S T S



Example cont'd

Harvey Lawson T cone

SL cones with higher genus Haskins Kapouleas

Lawlor necks examples of Joyce Lee Tsa

Deformation of SL McLean

Infinitesimal deformations of opt SL L are
unobstructed and are

parametrized by H L

Desingularizations of conically singular SL
Joyce D Lee YI Lee

Eg Transverse intersections of SLS



How to find compact SLs

Lagrangian mean curvature flow
L C X WI O

nl e'dude eid L s

H JDO

4 H h preserves Lagrangian condition

Smoczyk

Problem singularities

Big picture Thomas Yau conj Joyce's program



Gluing methods

Under complex metric degeneration of X.w.rs
geometry becomes semi explicit
SYZ fibration in generic region in

Fermat quintic near large complex structure
limit Y Li

CY with smoothable ODP singularities Hein Sun

for 04191cal vanishing s can be
chosen to be SL

I

_Yo Xy See also Y M Chen

y y y
2,2 22 23 2 Biquard Rollin Spot



ELI.ITLefahetzfibrationY
1P Wy Fubini Study metric

T X Y holo submersion sit

at each singular point P of x ̅

coordinates around P and CPI sit

Y 7 Z Zz Z Z zj z

Xy 7 91 is K3 by adjunction



Theorem Y.li

Consider CY metrics w̅ t wx wy Octal

Then at singular point P nod U of P

F Fe U C C U at

f Et w̅ was in C
e we

Here the model metric we is the complete CY
metric on we asymptotic to I

constructed independently by Y Li Conlon Rochon and
Székelyhid



Note let S CY be the discriminant locus of a

Tosatti showed

w̅ I w̅y as currents

w̅ w̅ in Ci on If_ 5

Here w̅ axis not is a generalized KE

metric sit Ric ie Weil Peterson metric

of the fibration
Hein Tosat obtained smooth asymptotes to

semi Rice flat metric WSRF away from f S

Y Li's gluing construction is optimal near f s

but needs to be improved away from f s



Newspec.la Lagrangians

Each vanishing cycle
can be chosen as

F f as

Assume

Vanishing cycles ly of
Yo and Y match

up to sign
in Xy Y E V

by 2

4,2
locally well def

α well def
quad diffAssume 2 is a geodesic

wrt Arg r r 20 const



theorem C Lin

FF
tl.IS iec

X.Y
such that

fi
ii

i iiiiiiii

and quadratic differentials theory interesting configurations
Can be thought of as a higher dim'd generation of
SL 5 s in Gibbons Hawking ansate Lotay Oliveira
In contract to Hein Sun's the SL 53 s in Theorem
are long thin and sharp



Ideasof.pro

ty

In e r
L

0 it Of 9 in 191st

is not a good model near f s

Prop In 163 we SL thimble Lps
3 9 zitz z C C Y Z J E

We we

4ps Fix L 1R fibers of 4ps Reo are

SL 52 s in Eguchi Hanson spaces



Ideasof.pro cont'd

Replace the ends of by tanger
091 replace the ends of Ly by copies

of 4R
Get the approximate solutions

Lrit

Note Both the construction of and Lat
require holo curves technique How to generalize
to higher dimensions



Ideasofproof cont'd

General strategy Write Late

For 7 E N IL let V E P TX well g

fy L X f x exp V

F N L N 14 ALL

Fly f Imr ie

Goal find y sit Fly 0

Check S Imr 01T 00
it

so Sly TmR 0 Also atly1 0 because ficht
D



Iffpro cont'd

DF y
d d y

E y

HE1911am 111 Ims Ica al
c a 11716 sn

Can write

Fly Flo d d y 019

let P dtd Im dedt L

Fly O y is a fixed point of

N 7 PF 0 PQ Y



Ideasof.pro cont'd

Inverting d d wrt suitable weighted norms

using parametrix method need to find the

approximate Green operator on

Lips Rx 52 fiberwise zero average

2 equipped with a warped product metric

Rx 5 did version of method of
Székelyhidi Walpuski Brendle



Methodfproof cont'd

d d on Lps

Lps polynomially asym to dg pt 9g
Lockhart Mcowen theory not sufficient
either have cokernel or live with exponentially

growing solutions

Improve from exponential to polynomial
Solve on f at then apply Hein's
result need f Ocp

2 e

Inspired by Székelyhid Haskins Hein Nordstrom



Ideasof.pro cont'd

d d on 8

solutions have large norm compared

to other parts

In sum P sit d d P Id

P f w 7 where

7 lives in the right weighted space

7 depends on 8 norm large

Consequence the deformation f L

has the same shape



Ideasof.pro cont'd

Dealing with the base direction

lifts to a 1 form on L

thanks to the right hand side having
zero

average
PQ is not a contraction

mapping
Do QP instead Find 4 1940144sit X is a fixed point of
Ñ4 Flo Q PX



Remarke

The case of geodesic loop
is easier get SL 51 5 for octal

Evidence for Thomas Yau in 3 dims

stable 78 in the

homology class

of L Lz
Flow version Lotay Oliveira

Donaldson Scaduto Esfahan L


