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Perturbation theory and its 
discontents

Perturbation theory in a small parameter remains one of the 
most fruitful approaches in physics, in the absence of exact 

solutions. 
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A simple example is the ground state energy of the quartic 
oscillator in quantum mechanics



However, perturbative series must be handled with care. In the 
above example, the coefficients grow factorially 

an ⇠ n!

This turns out to be the norm:  perturbative series in quantum 
theory have zero radius of convergence. Therefore, they do not 

lead (at least immediately) to functions.

Physicists and mathematicians have developed various tricks to 
reconstruct the underlying function from the divergent series.  

After all, most computations in the standard model of 
elementary particles are based on factorially divergent series!
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Making sense of perturbation theory
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Let us consider a formal power series with factorially growing 
coefficients

These are sometimes called Gevrey-1 series. The first step in 
resurgence is the Borel transform, a deceptively simple 

way of transforming these series into “nice” functions
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The Borel transform          is analytic at the origin. Very 
often it can be analytically continued to the complex plane, 

displaying a set of singularities (poles, branch cuts)
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The expansion of the Borel transform around each singularity 
leads to new formal power series.  For example, for so-

called simple resurgent functions, we have only log 
singularities:

Stokes constant '!(z) =
X

n�0

an,!z
n

<latexit sha1_base64="c/DELOC5UJ98Az/EvaTobVBOadg=">AAACHHicbVDLSgMxFM34tr6qLt0Ei6AgZUYFdSGIblwqWFvo1HInvW2DSWZIMoV26Ie48VfcuFDEjQvBvzF9LHwdCBzOuYebe6JEcGN9/9ObmJyanpmdm88tLC4tr+RX125MnGqGJRaLWFciMCi4wpLlVmAl0QgyEliO7s4HfrmD2vBYXdtugjUJLcWbnIF1Uj2/H3ZAJ21eD2OJLdju7ZzQ0KSynikatpD6fQqO79KR36e9W5cq+EV/CPqXBGNSIGNc1vPvYSNmqURlmQBjqoGf2FoG2nImsJ8LU4MJsDtoYdVRBRJNLRse16dbTmnQZqzdU5YO1e+JDKQxXRm5SQm2bX57A/E/r5ra5lEt4ypJLSo2WtRMBbUxHTRFG1wjs6LrCDDN3V8pa4MGZl2fOVdC8Pvkv+RmrxgcFI+vDgqnZ+M65sgG2STbJCCH5JRckEtSIozck0fyTF68B+/Je/XeRqMT3jizTn7A+/gCZLug8g==</latexit>

These new series are typically associated to new sectors of 
the theory, which are not manifest in the original analysis. In 
physics, they often correspond to “non-perturbative” sectors.

<latexit sha1_base64="jCmlETFR1Jw/t3yiP+fGfFG68Qo="></latexit>

b'(⇣) = �S! b'!(⇣ � ⇣!)
log(⇣ � ⇣!)

2⇡
+ · · ·



We can repeat the same analysis for the new functions obtained 
in this way, and generate further series.  At the end, we generate 
a set of formal power series, corresponding to different 
sectors of the theory, and a matrix of Stokes constants
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labels the sectors

I will refer to these, more general series, as “trans-series.” 
Borel resummation of trans-series makes it possible to 

reconstruct actual functions, as we saw yesterday in Brent’s talk, 
but I will not focus on that aspect today. 



An elementary example: 
the Airy functions
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The formal power series underlying the Airy “Ai” function is

In this case the resurgent structure can be worked out in detail, 
since the Borel transform is simply
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Borel plane:
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This a simple resurgent function, with a log singularity along the 
negative real axis:

By studying the expansion around the singularity, one finds the 
other formal power series involved in the game, underlying the 

“Bi” Airy function
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The Stokes constants are 
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As the Airy example shows, saddle-point analysis of one-
dimensional integrals is a rich source of formal power (trans) 

series:
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<latexit sha1_base64="AtJtjzw5Di51mrbGp6Uv55+E150=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AENAo2k</latexit>x1

<latexit sha1_base64="ZXSuBGkmMKn4rpnM6x5dT2R25j4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEOho2l</latexit>x2



One way to approach resurgence in physics is to think about 
the path integral as a generalized one-dimensional integral. In 
this case, different formal power series or trans-series can 

be obtained by asymptotic expansions around different 
critical points (or instantons)

<latexit sha1_base64="pnUQNmXJm6CM+G6n4ZRWSQeFS6g="></latexit>

Z(~) =
Z

D�(x) e�S(�(x))/~

Sometimes, path integrals reduce to ordinary integrals, and 
this leads to some of the best studied examples of 

resurgence in quantum field theory. 

Resurgence in QFT



A relevant example for mathematics is (complex) Chern-
Simons (CS) theory, which defines invariants of three-manifolds 

through a path integral with CS action [Witten, Gukov, …]

(Complex) Chern-Simons theory

<latexit sha1_base64="VP9qZ/kI6it9vqQqWV3dmg73vyQ="></latexit>

ZM (⌧) =

Z
DA exp

✓
i

⌧
SCS(A)

◆

I will focus on the gauge group SL(2,C)

⌧ 2 C\(�1, 0]

<latexit sha1_base64="ZrXatC5mjZ6qVJkaxDpnoBxWf0Q=">AAACEnicbVDLSgMxFM3UV62vUZdugkWooGVGCuqu2I3LCvYBnaFk0kwbmskMyR2hDP0GN/6KGxeKuHXlzr8xfSy09UDgcM69ufeeIBFcg+N8W7mV1bX1jfxmYWt7Z3fP3j9o6jhVlDVoLGLVDohmgkvWAA6CtRPFSBQI1gqGtYnfemBK81jewyhhfkT6koecEjBS1z71gKTY4xJ7EYFBEGS1sRcQOtSC6AEunRsrhNGZ43ftolN2psDLxJ2TIpqj3rW/vF5M04hJoOYz3XGdBPyMKOBUsHHBSzVLzCTSZx1DJYmY9rPpSWN8YpQeDmNlngQ8VX93ZCTSehQFpnKyt170JuJ/XieF8MrPuExSYJLOBoWpwBDjST64xxWjIEaGEKq42RXTAVGEgkmxYEJwF09eJs2LslspX99VitWbeRx5dISOUQm56BJV0S2qowai6BE9o1f0Zj1ZL9a79TErzVnznkP0B9bnDyx/nSs=</latexit>

coupling constant



When M is the complement of a hyperbolic knot K in the three-
sphere, it has been argued that the partition function of complex 

CS theory can be reduced to a finite-dimensional “state 
integral” [Kashaev, Hikami, Dimofte et al., Andersen-Kashaev]

ZK(⌧) =

Z
e�W (x;⌧)/⌧dx

<latexit sha1_base64="PK3iRu2I1+ec/xpTxg0PB8/2oOk="></latexit>

Note for the experts: This is a slightly simplified version 
of the theory. The full version depends in addition on a 

complex modulus, which we set here to zero



 Saddle-points correspond to flat complex connections     on M.  
The expansions of the state integral around these connections 

have the form

hyperbolic 
volume

factorially divergent series!

�

<latexit sha1_base64="yEI9CNkiA+u8nrMwt4FZ6Q4Q2rM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6hk2FLhfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauOrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukdVENatXr+1qlfpPHUYQTOIVzCOAS6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/oD+PLw==</latexit>

Among these connections there is always the “geometric 
connection” g (corresponding to the geodesically complete 

hyperbolic metric on M), and its conjugate c, with

a�n ⇠ n!

<latexit sha1_base64="v2vnyevJZKgZlGKNbBkhTLcNBWo=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbQIrsqMFNRd0Y3LCvYB7VgyaaYNTTJDkhHqUPwVNy4Ucet/uPNvTB8LbT1wuYdz7iU3J0w408bzvp3c0vLK6lp+vbCxubW94+7u1XWcKkJrJOaxaoZYU84krRlmOG0mimIRctoIB9djv/FAlWaxvDPDhAYC9ySLGMHGSh33AHfkfdbWrCfwCNkukDzquEWv5E2AFok/I0WYodpxv9rdmKSCSkM41rrle4kJMqwMI5yOCu1U0wSTAe7RlqUSC6qDbHL9CJ1YpYuiWNmSBk3U3xsZFloPRWgnBTZ9Pe+Nxf+8VmqiiyBjMkkNlWT6UJRyZGI0jgJ1maLE8KElmChmb0WkjxUmxgZWsCH4819eJPWzkl8uXd6Wi5WrWRx5OIRjOAUfzqECN1CFGhB4hGd4hTfnyXlx3p2P6WjOme3swx84nz/roJTk</latexit>

'�(⌧) =
X

n�0

a�n⌧
n

<latexit sha1_base64="I5i//csxqdB4qLbAtlP0zLq4zco=">AAACIHicbVDLSgMxFM3UV62vqks3wSLopsxIoboQim5cVrCt0GmHO2nahiaZIckUytBPceOvuHGhiO70a0wfC209EDiccy4394QxZ9q47peTWVldW9/Ibua2tnd29/L7B3UdJYrQGol4pB5C0JQzSWuGGU4fYkVBhJw2wsHNxG8MqdIskvdmFNOWgJ5kXUbAWCnIl/0hqLjPAl+znoBT30ByduXrRAQpltjvUeyOIZDtdBYY40mibScLbtGdAi8Tb04KaI5qkP/0OxFJBJWGcNC66bmxaaWgDCOcjnN+omkMZAA92rRUgqC6lU4PHOMTq3RwN1L2SYOn6u+JFITWIxHapADT14veRPzPayame9FKmYwTQyWZLeomHJsIT9rCHaYoMXxkCRDF7F8x6YMCYmynOVuCt3jyMqmfF71S8fKuVKhcz+vIoiN0jE6Rh8qogm5RFdUQQY/oGb2iN+fJeXHenY9ZNOPMZw7RHzjfP+jQo3Q=</latexit>

<latexit sha1_base64="Ujc2k7zn2PW8g65MLwRJ4zVaPpk="></latexit>

exp

✓
V� + iC�

2⇡⌧

◆
'�(⌧)

<latexit sha1_base64="iWJCMeYQWSwlnAe284mzjNVXNN8=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBg5RdUfQiFL14rGC3hXYt2TTbhibZJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz88KEM21c99spLC2vrK4V10sbm1vbO+XdPV/HqSK0QWIeq1aINeVM0oZhhtNWoigWIafNcHgz8ZuPVGkWy3szSmggcF+yiBFsrPTgd7P+CRlfoU4ikN8tV9yqOwVaJF5OKpCj3i1/dXoxSQWVhnCsddtzExNkWBlGOB2XOqmmCSZD3KdtSyUWVAfZ9OoxOrJKD0WxsiUNmqq/JzIstB6J0HYKbAZ63puI/3nt1ESXQcZkkhoqyWxRlHJkYjSJAPWYosTwkSWYKGZvRWSAFSbGBlWyIXjzLy8S/7TqnVfdu7NK7TqPowgHcAjH4MEF1OAW6tAAAgqe4RXenCfnxXl3PmatBSef2Yc/cD5/AEuWkbk=</latexit>

Vg,c = ±V



It turns out that the Borel transform of 
each perturbative series appearing in 

the saddle-point expansion has an 
infinite number of singularities, 
due to multi-valuedness of the Chern-
Simons action.  The trans-series are: 

41

<latexit sha1_base64="RMwZI5Vdb3Hi2gCRa67+GUOytiQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ63v9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wen6Y1o</latexit>

The simplest example of such a structure 
is the “figure-eight knot” where there are 

only these two saddle points g, c

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

<latexit sha1_base64="byPk8QWk8oRrj57gAYT/BCNA+RE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KklRFE8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJr5NeyvuVqltz5yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmegmyLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW06jXvquY+XFYbt0UcJTiFM7gAD66hAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8AFfiOLw==</latexit>

2⇡

V/⇡

<latexit sha1_base64="OHpaw74I1NGfJvKN2GBmAfRnMA0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02k4Mep4MVjBdMW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6G7mt564NiJRjzhOeRDTgRKRYBSt5DcvuqnolStu1Z2DrBIvJxXI0eiVv7r9hGUxV8gkNabjuSkGE6pRMMmnpW5meErZiA54x1JFY26CyfzYKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMroOJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8surpHlZ9WrVm4dapX6bx1GEEziFc/DgCupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A2aPjmo=</latexit>

<latexit sha1_base64="hWvrXV6rFLGOfQVkP+OjmEgaoAc="></latexit>

'g,c(⌧)e
� 2⇡in

⌧
<latexit sha1_base64="P2ZtFO3mwBk1adK4e2glzuDCcHQ=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRRZdFNy4r2Ae2Q8mkmTY0kwxJplCG/okbF4q49U/c+Tdm2llo64ELh3PuJScnTDjTxvO+ndLa+sbmVnm7srO7t3/gHh61tEwVoU0iuVSdEGvKmaBNwwynnURRHIectsPxXe63J1RpJsWjmSY0iPFQsIgRbKzUd12BesxOjM0oDLOnWd+tejVvDrRK/IJUoUCj7371BpKkMRWGcKx11/cSE2RYGUY4nVV6qaYJJmM8pF1LBY6pDrJ58hk6s8oARVLZEQbN1d8XGY61nsah3cwT6mUvF//zuqmJboKMiSQ1VJDFQ1HKkZEorwENmKLE8KklmChmsyIywgoTY8uq2BL85S+vktZFzb+qeQ+X1fptUUcZTuAUzsGHa6jDPTSgCQQm8Ayv8OZkzovz7nwsVktOcXMMf+B8/gARopNM</latexit>

n 2 Z



41

<latexit sha1_base64="RMwZI5Vdb3Hi2gCRa67+GUOytiQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ63v9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wen6Y1o</latexit>

In particular, there is an infinite number of Stokes constants, 
which turn out to be integer numbers! [Garoufalidis-Gu-M.M.]. 
We find in this way a new set of integer invariants of a 

hyperbolic knot

�8

<latexit sha1_base64="tWFuUs3D8fTfMvNPix83zkf/1lc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAaOngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMaz6E6GSFLlii0VhKgnGZPY26QvNGcqxJZRpYW8lbEg1ZWjDKdgQvOWXV0nzsuxVytf3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A7/aM9w==</latexit>

�9

<latexit sha1_base64="ceujFgPB8l5mqb9djF6ZJ82LfE8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAY2ngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5LmZdmrlKv3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A8XqM+A==</latexit>

18

<latexit sha1_base64="8OTESINAIJygDD9SR4RZ2z7yU+M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsHoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBq/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xrPmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9S6r1/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Coz7</latexit>

46

<latexit sha1_base64="xuK6DK3Ke4FnxcEnZB8DKq269yk=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0Jvk4BLx6jmAckS5idzCZDZmeXmV4hLPkDLx4U8eofefNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHqoXvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2aXTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2hC8xZeXSfO84lUr1/fVcu0mj6MAx3ACZ+DBJdTgDurQAAYhPMMrvDkj58V5dz7mrStOPnMEf+B8/gD3kYz8</latexit>

90

<latexit sha1_base64="PcORuJGTuf/WX9LEw2hv6+PmFTI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0HoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqi5/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeui6l1Wa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Eoz7</latexit>

9

<latexit sha1_base64="PaiibQmM9w5TUOcK5uBi3VkgTvo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQOMp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9irlaqNSqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4g1jME=</latexit>

3

<latexit sha1_base64="BQTldH/B0HZ8Vir8NlQFEXUrSNA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqwMcp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKN/VKqXqbxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH38djLs=</latexit>

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

<latexit sha1_base64="uQLj63QvRXOBe9hy6ZwaELq4kZM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEUvFU8OKxirWFNpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHjyZONeMtFstYdwJquBSKt1Cg5J1EcxoFkreD8c3Mbz9xbUSsHnCScD+iQyVCwSha6b5e65crbtWdg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8Sh4vql6t6t5dVhrXeRxFOIFTOAcP6tCAW2hCCxiE8Ayv8OaMnRfn3flYtBacfOYY/sD5/AH4Doz2</latexit>

75

<latexit sha1_base64="J+0+6uhTY4Z5ade9sbKpKMsDazI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyG+MBTwIvHiOYByRJmJ7PJkNnZZaZXCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSRSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Mbz1xbUSsHnGccD+iAyVCwSha6eGyWukVS27ZnYOsEi8jJchQ7xW/uv2YpRFXyCQ1puO5CfoTqlEwyaeFbmp4QtmIDnjHUkUjbvzJ/NQpObNKn4SxtqWQzNXfExMaGTOOAtsZURyaZW8m/ud1Ugyv/YlQSYpcscWiMJUEYzL7m/SF5gzl2BLKtLC3EjakmjK06RRsCN7yy6ukWSl7F2X3vlqq3WRx5OEETuEcPLiCGtxBHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHZiyNMA==</latexit>

642

<latexit sha1_base64="By7SUIPg+8d2sS60UUtHfqWIhUk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYPFU8OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyacaeO6305pY3Nre6e8W9nbPzg8qh6fdHScKkLbJOax6oVYU84kbRtmOO0limIRctoNp3e5332iSrNYPppZQgOBx5JFjGCTS77fcIfVmlt3F0DrxCtIDQq0htWvwSgmqaDSEI617ntuYoIMK8MIp/PKINU0wWSKx7RvqcSC6iBb3DpHF1YZoShWtqRBC/X3RIaF1jMR2k6BzUSvern4n9dPTdQIMiaT1FBJlouilCMTo/xxNGKKEsNnlmCimL0VkQlWmBgbT8WG4K2+vE46V3XPr7sP17XmbRFHGc7gHC7Bgxtowj20oA0EJvAMr/DmCOfFeXc+lq0lp5g5hT9wPn8A3Y2NcA==</latexit>

5580

<latexit sha1_base64="/jXyFjfa/JmTEline2KPtWBf+2A=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYvFU8OKxgv2ANpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1Lqu12r1QbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tjZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UY1v1MqCRFrthyUZhKgjGZf06GQnOGcmoJZVrYWwkbU00Z2nxKNgRv9eV10r6qerWq+3BdadzmcRThDM7hEjy4gQbcQxNawEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AV5MjbY=</latexit>

48558

We have developed a theory of these invariants, involving q-
series and deformations thereof. In some cases, they are related 

to known BPS invariants through the 3d/3d correspondence 
[Dimofte-Gaiotto-Gukov]



�8

<latexit sha1_base64="tWFuUs3D8fTfMvNPix83zkf/1lc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAaOngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMaz6E6GSFLlii0VhKgnGZPY26QvNGcqxJZRpYW8lbEg1ZWjDKdgQvOWXV0nzsuxVytf3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A7/aM9w==</latexit>

�9

<latexit sha1_base64="ceujFgPB8l5mqb9djF6ZJ82LfE8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAY2ngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5LmZdmrlKv3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A8XqM+A==</latexit>

18

<latexit sha1_base64="8OTESINAIJygDD9SR4RZ2z7yU+M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsHoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBq/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xrPmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9S6r1/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Coz7</latexit>

46

<latexit sha1_base64="xuK6DK3Ke4FnxcEnZB8DKq269yk=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0Jvk4BLx6jmAckS5idzCZDZmeXmV4hLPkDLx4U8eofefNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHqoXvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2aXTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2hC8xZeXSfO84lUr1/fVcu0mj6MAx3ACZ+DBJdTgDurQAAYhPMMrvDkj58V5dz7mrStOPnMEf+B8/gD3kYz8</latexit>

90

<latexit sha1_base64="PcORuJGTuf/WX9LEw2hv6+PmFTI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0HoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqi5/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeui6l1Wa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Eoz7</latexit>

9

<latexit sha1_base64="PaiibQmM9w5TUOcK5uBi3VkgTvo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQOMp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9irlaqNSqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4g1jME=</latexit>

3

<latexit sha1_base64="BQTldH/B0HZ8Vir8NlQFEXUrSNA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqwMcp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKN/VKqXqbxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH38djLs=</latexit>

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

<latexit sha1_base64="uQLj63QvRXOBe9hy6ZwaELq4kZM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEUvFU8OKxirWFNpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHjyZONeMtFstYdwJquBSKt1Cg5J1EcxoFkreD8c3Mbz9xbUSsHnCScD+iQyVCwSha6b5e65crbtWdg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8Sh4vql6t6t5dVhrXeRxFOIFTOAcP6tCAW2hCCxiE8Ayv8OaMnRfn3flYtBacfOYY/sD5/AH4Doz2</latexit>

75

<latexit sha1_base64="J+0+6uhTY4Z5ade9sbKpKMsDazI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyG+MBTwIvHiOYByRJmJ7PJkNnZZaZXCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSRSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Mbz1xbUSsHnGccD+iAyVCwSha6eGyWukVS27ZnYOsEi8jJchQ7xW/uv2YpRFXyCQ1puO5CfoTqlEwyaeFbmp4QtmIDnjHUkUjbvzJ/NQpObNKn4SxtqWQzNXfExMaGTOOAtsZURyaZW8m/ud1Ugyv/YlQSYpcscWiMJUEYzL7m/SF5gzl2BLKtLC3EjakmjK06RRsCN7yy6ukWSl7F2X3vlqq3WRx5OEETuEcPLiCGtxBHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHZiyNMA==</latexit>

642

<latexit sha1_base64="By7SUIPg+8d2sS60UUtHfqWIhUk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYPFU8OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyacaeO6305pY3Nre6e8W9nbPzg8qh6fdHScKkLbJOax6oVYU84kbRtmOO0limIRctoNp3e5332iSrNYPppZQgOBx5JFjGCTS77fcIfVmlt3F0DrxCtIDQq0htWvwSgmqaDSEI617ntuYoIMK8MIp/PKINU0wWSKx7RvqcSC6iBb3DpHF1YZoShWtqRBC/X3RIaF1jMR2k6BzUSvern4n9dPTdQIMiaT1FBJlouilCMTo/xxNGKKEsNnlmCimL0VkQlWmBgbT8WG4K2+vE46V3XPr7sP17XmbRFHGc7gHC7Bgxtowj20oA0EJvAMr/DmCOfFeXc+lq0lp5g5hT9wPn8A3Y2NcA==</latexit>

5580

<latexit sha1_base64="/jXyFjfa/JmTEline2KPtWBf+2A=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYvFU8OKxgv2ANpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1Lqu12r1QbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tjZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UY1v1MqCRFrthyUZhKgjGZf06GQnOGcmoJZVrYWwkbU00Z2nxKNgRv9eV10r6qerWq+3BdadzmcRThDM7hEjy4gQbcQxNawEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AV5MjbY=</latexit>

48558

We call these singularity structures “peacock patterns” and they 
will reappear later.



There are two important caveats for the study of resurgence in 
field/string theory.

In quantum field theory, not all relevant formal power 
series come from instantons, i.e. from saddle-points of the path 

integral. This is the problem of renormalons.

In string theory, the situation is in some ways worst, since 
we only know how to construct perturbative series around the 

“trivial” sector.  We do not know in general what is the well-
defined function underlying this series, and we have no first-
principles method of constructing additional power series 

solutions for “non-perturbative” sectors.



Topological string theory

Let X be a Calabi-Yau threefold, and let us consider the generating 
function of Gromov-Witten invariants of genus g:

Fg(t) =
X

d�1

Ng,d e
�dt genus g 

free energy 

For simplicity, I assume that there is a single Kahler parameter 
t. This is a convergent series, and the radius of convergence is 

independent of g.

As functions of the modulus t, they are generalized 
hypergeometric functions, with a complicated branch cut 

structure. 



However, for fixed t inside the convergence region, this is a 
factorially divergent series

Fg(t) ⇠ (2g)!, g � 1

The total free energy is a formal power series in the string 
coupling constant

F (t, gs) =
X

g�0

Fg(t)g
2g�2
s

1) Is there a well-defined function leading to the above 
asymptotic expansion?

2)  What is the resurgent structure of this series?



One could think that re-arranging this free energy in terms of 
GV/DT invariants improves things. Indeed, this leads to a partial 

resummation of the perturbative series:

<latexit sha1_base64="QLdGUpQPFftxUBN2jYrd2yx9fjM=">AAACGHicbVBNS8NAEN34bf2qevSyWIQKWhNR9CKIgnisYFVoathspnVxN4m7E6GE/Awv/hUvHhTx2pv/xm3twa8HA4/3ZpiZF6ZSGHTdD2dkdGx8YnJqujQzOze/UF5cujBJpjk0eCITfRUyA1LE0ECBEq5SDUyFEi7D2+O+f3kP2ogkPsduCi3FOrFoC87QSkF566SKG7QTmPUD6ptMBXlE/Q5Qr6A8iKp36zT3taJQXOebEcUiKFfcmjsA/Uu8IamQIepBuedHCc8UxMglM6bpuSm2cqZRcAlFyc8MpIzfsg40LY2ZAtPKB48VdM0qEW0n2laMdKB+n8iZMqarQtupGN6Y315f/M9rZtjeb+UiTjOEmH8tameSYkL7KdFIaOAou5YwroW9lfIbphlHm2XJhuD9fvkvudiuebs192yncng0jGOKrJBVUiUe2SOH5JTUSYNw8kCeyAt5dR6dZ+fNef9qHXGGM8vkB5zeJ9upndI=</latexit>

F (t, gs) =
X

d�1

cd(q)e
�dt <latexit sha1_base64="+4L7rc4/qvWYX/EyHdp30GBhPN4=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclEUU3QtGNywr2Am0Mk+mkHToziTMToYS48VXcuFDErW/hzrdxmmahrT8MfPznHM6cP4gZVdpxvq3SwuLS8kp5tbK2vrG5ZW/vtFSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORleTevuBSEUjcavHMfE4GggaUoy0sXx77/4Cpj3JIcnu0hxoBge+yny76tScXHAe3AKqoFDDt796/QgnnAiNGVKq6zqx9lIkNcWMZJVeokiM8AgNSNegQJwoL80vyOChcfowjKR5QsPc/T2RIq7UmAemkyM9VLO1iflfrZvo8NxLqYgTTQSeLgoTBnUEJ3HAPpUEazY2gLCk5q8QD5FEWJvQKiYEd/bkeWgd19zTmnNzUq1fFnGUwT44AEfABWegDq5BAzQBBo/gGbyCN+vJerHerY9pa8kqZnbBH1mfP+8plpA=</latexit>

q = eigs

However, this has its problems too. For example, even as a formal 
power series it is not well-defined when q is in the unit circle. This 

is similar to the behavior of the compact dilogarithm, and it 
suggests that we are missing a full sector of the theory. 



The resurgent structure of topological 
strings

The first question to ask is: where are the singularities of the 
Borel transform?
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bF (t, ⇣) =
X

g�0

Fg(t)

(2g)!
⇣2g

There is evidence that they are located at the lattice of periods of 
the mirror CY X (although only the case in which X is toric has 

been studied explicitly). 
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[Couso-Santamaria, M.M. and Schiappa]
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X = O(�3) ! P2



Note the presence of towers of singularities, separated by a 
constant        ,  and leading again to “peacock patterns”
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A method to calculate the corresponding trans-series has 
been proposed by [Couso-Santamaria et al.] 

It is based on finding trans-series solutions to the 
holomorphic anomaly equations of BCOV, similar to what 

does in the case of non-linear ODEs.

We are far from a full understanding this structure, in 
particular the values of the Stokes constants.

The take home message is that the generating 
functionals appearing in enumerative geometry 

are the tip of the iceberg in a resurgent structure 
with (potentially) very rich information.

We also do not know what is the actual function behind 
the factorially divergent series!



We also do not know what is the actual function behind the 
factorially divergent series!
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t = gs log()

This function is the Fredholm determinant of a trace-class 
operator on            which can be obtained by quantization of the 
mirror curve. In particular, it is well-defined for real values of the 

string coupling constant. 
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L2(R)

There is however a general conjecture in the case of toric 
CYs, in which the total topological string free energy appears 
as the asymptotic expansion of an entire function on the 

CY moduli space [Hatsuda-Grassi-M.M.]:



Resurgence indicates the existence of a universal, and 
rich mathematical structure in quantum theories, 

characterized by a (typically infinite) collection of trans-series 
and Stokes constants. This might provide a unifying 

language for quantum physics and for quantum 
geometry/topology.

Conclusions and open questions

There are some examples where this structure has been 
understood in some detail, like complex Chern-Simons 

theory for hyperbolic knots. We find there infinite series of 
integer Stokes constants. When does this happen, more 

generally?



In the case of topological strings, there has been some 
progres in understanding this structure. 

The existing evidence indicates strongly that current 
approaches to the enumerative geometry of CY threefolds 

are just approximations to a deeper formulation. 

In this formulation, generating functionals of enumerative 
invariants are asymptotic expansions of an underlying entire 

function, and one needs to include additional non-
perturbative sectors.

The resulting story is similar (but much more complicated ) to 
what one finds in complex Chern-Simons theory. This is being 

explored in work in progress with Jie Gu. 



Thank you for your attention!


