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Geometries with torsion

Why Geometries with torsion?

Metric connections having totally skew-symmetric torsion and
special holonomy have strong relations with

e supersymmetric string theories and supergravity;

e generalized Ricci flow and generalized geometry.

In particular, the geometry of NS-5 brane solutions of type Il
supergravity theories is generated by a metric connection with
skew-symmetric torsion.
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Metric connections

(M" g) Riemannian manifold

V any connection on M < we can write

VxY = VEY + AX,Y).

If V is a metric connection, what we can say about A?

V is metric <= g(A(X,Y),Z) +g(A(X,Z),Y)=0, VX,Y,Z
< A€ A8 :=R"®NR"

LULERZTTY Strong Gp-structures with torsion



Since a metric connection V is uniquely determined by its torsion
T(X,Y):=VxY —-VyX—[X,Y],
we have:
Ac A8 «+— T e T = A8,

The space 7 = R" @ A2(R") has dimension w and for n >3
decomposes under the action of O(n) as

R" @ /\3(Rn) @ 7—/7
where
T = {T € T’ O'X,Y,ZT(X7 YvZ) =0, Z T(e,-,e,-,X) =0, VX, Y7Z}'
i=1

[E. Cartan, 1925].

For n = 2 the space R? ® A%(R?) = R? is irreducible.

T = — = =
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The skew-symmetric torsion case

Definition
If A€ A3(R"), V is called connection with skew-symmetric torsion.

Proposition (Cartan, 1926; Agricola, 2006)

A connection V is metric and geodesic preserving <= T is a
3-form. In this case 2A = T and the V-Killing vector fields
coincide with the Riemannian Killing fields.

< VxY =VEY+1T(X,Y,).
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A key example

G/H reductive homogeneous space

— g = h @ m (as vector space) and m is an Ad(H)-invariant
subspace, i.e. Ad(H)(m) C m.
A positive definite scalar product (-, -) on m is naturally reductive if

(X, Ym, Z) + (Y, [X,Z]m) =0, V¥X,Y,Zecmnm.
< On a naturally reductive homogeneous space the (canonical)

connection V! with torsion TY(X,Y,Z) = —([X, Y]m, Z) is a
metric connection with skew symmetric torsion.

LULERZTTY Strong Gp-structures with torsion



e VIT! =0, VIRl =0.
e T! =0 for a symmetric space.

e V! belongs to a family of metric connections V¢ with
skew-symmetric torsion TH(X,Y) = —(t[X, Y]m, Z).

Lie group G with a bi-invariant metric g, i.e.

gladxY,Z)+g(Y,adxZ) =0, VX,Y,Z¢€g.

— VY = 3[X, Y] and the connections V3 Y = A[X, Y] are
metric and with skew-symmetric torsion

TV (X, Y) = 2\ — 1)[X, Y].

Note that RV (X, Y)Z = A(1 — M)[Z,[X, Y]] —
VA is flat for A = 0,1 (& connection) [Cartan, Schouten, 1926].
¢




Curvature of connections with skew-symmetric torsion

(M" g,V, T) with T a 3-form
1
—  g(VxY,Z)=g(VKY,2)+ ST(X.Y.2).

As a consequence

dT(X,Y,Z,V) = oxyz(VxT)(Y,Z,V)
—(VyT)X,Y,2)+207(X,Y,Z,V),

where oT(X,Y,Z,V) =150 (i T) A (i, T)(X, Y, Z, V).
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REC(X,Y,Z,V) = RY(X,Y,Z,V)=L(VxT)(Y,Z,V)
—1aT(X,Y,Z,V).

As a consequence

Ricg(X,Y) =RicV(X,Y) + %55; T(X,Y)— % zn:g(T(e/, X), T(Y,e)),

i=1

where d4(T) is the co-differential of T with respect to g.

In particular, the skew-symmetric part of Ric" is given by

RicY (X, Y) = RicV(Y,X) = =6, T(X, Y).
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Theorem (Cartan, Schouten, 1926; Agricola, Friedrich, 2010)

Let (M, g) be Riemannian manifold admitting a flat metric
connection V with torsion T € Q3(M). Then

3dT =207, V3T =0, VY37 =0,

where V1/3 is the metric connection with torsion %T.

Moreover, || T|| and Scal¥ are both constant and the sectional
curvature satisfy K(X,Y) >0, for every X, Y.

If (M, g) is a simply connected, complete and irreducible
Riemannian manifold admitting a flat metric connection V with
totally skew-symmetric torsion T # 0 — M is a compact
irreducible symmetric space and g is Einstein with Scal® = %H T
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. .ol
Since o7 is V3-parallel there are two cases:
e o7 =0 — (M,g) is isometric to a simple compact Lie group;

eor #0 (i.e. dT #0) — (M, g) is isometric to S’
[Cartan, Schouten, 1926].

e The proof by Agricola and Friedrich uses
Lie{ix T | X € To,M} C so(T,M), Vpe M.

o A different proof has been given by D’Atri, Nickerson and Wolf
using the classification of irreducible compact symmetric spaces
with vanishing Euler characteristic.
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Ricci flat case

Problem

What we can say about Riemannian manifolds (M, g) admitting a
metric connection NV with skew-symmetric torsion T satisfying

dT =0 and Ric¥ =07

In general, given (M, g, T) with T a 3-form we can define a
“Bismut connection” V& given by

1
g(VXY.2) =g(VXY. 2)+ ST(X, Y, 2).

If dT =0, the pair (g, T) is called a generalized metric, since it is
associated to generalized metrics on exact Courant algebroids.
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In general RicB:= Ric(V#) is not symmetric.

Proposition
If dT = 0, then

1 1 1
Ric® = Ric® — ~T2 - 26, T, Scal® =Scal®é — =|T|?,
4 g 2 8 4

where Tg2 is the non-negative definite symmetric 2-tensor given by

T2(X,Y) :=g(ixT,iyT).

As a consequence
e the symmetric part of Ric? is Ric& — %T;;
e the skew-symmetric part of RicB is —%6g T.
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Ric® =0 if and only if 3o T = 0 (T is harmonic) and Ricf = 172,

The generalized metric (g, T) such that Ric® = 0 is called Bismut
Ricci flat (BRF).

BRF metrics are also called generalized Einstein and they are the
fixed points of the generalized Ricci flow

Deg(t) = —2Rics() 4 %(T(t))z(t)a
0:T(t) = —d5g(t) T(t).

\,
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Theorem (Agricola, Friedrich; Garcia-Fernandez, Streets)

The only compact simply connected Riemannian manifolds
admitting a flat VB with closed torsion are compact semisimple
Lie groups (G, gp, Tp), where gp is a bi-invariant metric and

Ty = gb([-,],*) (the Cartan 3-form).

Question (Generalized Alekseevsky-Kimefield)

M homogeneous Riemannian manifold with an invariant
generalized metric (g, T). If Ric(VE) =0, is VB flat?

.

The answer is nol
Example (Podestd, Raffero, 2022)

There exists a family of compact homogeneous spaces
M, q = SU(2) x SU(2)/Kpq, p > q, gcd(p, q) = 1, where

Kpq = {diag(z",z P),diag(z7,z79) € SU(2) x SU(2)} = S™.

admitting an invariant non-flat BRF (g, T).
o




e The metric g on M, 4 is not Einstein and VBT #0 .

e M, 4 are principal bundles over SU(2)/T? = S x $2 and they
are diffeomorphic to S x S2.

e There exist infinitely many compact homogeneous spaces
admitting an invariant non-flat BRF. They are given by

G % G/Kgiag Where G is a compact semisimple Lie group and
(G, K) is a symmetric pair of inner type.

e No examples are known in dimension 6 and 7.

.

Examples (Lauret, Will, 2022)

M = G/K with G a product of two compact simple Lie groups

satisfying b3(M) > 0 and some technical hypothesis. The lowest
SU(2)x SU(3)
ST :

dimensional example is M10 =

\
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In case of an H-structure?

M oriented manifold of dimension n
F(M) frame bundle

If the structure group of F(M) has a reduction to a closed
subgroup H C SO(n) < an H-structure R C F(M).

The existence of an H-connection V with totally skew-symmetric
torsion can be characterized in terms of the intrinsic torsion

ExY =VE Y —VxY

which measures the defect for VL€ to be an H-connection
[Friedrich, lvanov, 2002].

In particular, £ = 0 < hol(VLC) C H.
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G, case

(M7, o) 7-manifold with a Gp-structure
Poinwise: ¢ = e127 1 347 | 135 _ 245 _ o146 _ 236 | o567

Theorem (Friedrich, Ivanov, 2002)

(M7, ) has a Gy-connection ¥ with totally skew-symmetric
torsion if and only if d(xp) = 0 N\ x@, where 0 is a 1-form called
the Lee form. Moreover, V is unique.

If there exists such V we will say that ¢ is a Gy T-structure.

In general for a Gp-structure ¢ we have

do=1oxp+3m1ANp+x13, d(x@)=4m1 A*xp+ T2 A .

So (M7, ) is G, T if and only if 75 = 0.

LULERZTTY Strong Gp-structures with torsion



Since g (X, Y)dV, = %ixcp NiypNp < Vg, =0, s0Visa
metric connection with totally skew-symmetric torsion.

The 3-form T = % x (dp N\ ) —xdp + x(6 A ) is the torsion of
V and the Lee form is given by 6 = —3 « (xdyp A ¢).

In terms of the intrinsic torsion forms 7;:

1
T = ETOSOJF *(TL AN p) — T3, 6 =4r.

In particular:
T=0+= Vo =0«= dp=0and d(xp) = 0.
0 =0 <= ¢ is coclosed.

A
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Relation with the Hull-Strominger system

(M7, ) compact spin manifold, P principal G-bundle over M’
The Hull-Strominger system is given by

dpAp =0, d(xp)=—4df \xp,

Fanxp =0, RyAxp=0,

d* (—dp — 4df Ap) = % (tr(Fa A Fa) — (tr(Ry A Rw)),

where f € C*°(MT), V and A are connections respectively on TM
and P and o/ > 0 is the square of the string lenght.

e If ¢ is a solution, then d(xp) = 6 A xp, with § = —4df and
doANp=0,T =—x(dp+4df A ).
e If additionally d7 = 0, then f = const — T =0 — ¢ is parallel

[Gauntlett, Martelli, Parkis, Waldram; Clarke, Garcia-Fernandez,
Tipler].
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Twisted G,-equations

If we have only df = 0, this is not anymore true!
— New system of equations (twisted Gy-equations):

doNe =0, d(x¢p)=0Axp, df=0, dT =0.

Definition

A G, T-structure ¢ such dT = 0 will be called strong.

The twisted Gy-equations are the Gp-analogue of the twisted CY
equations for SU(n)-structures (w, V), introduced in relation to
(0,2)-symmetry:

dV=0AV, dd‘w=0, db,=0,

where 6, = —JOw is the Lee form [Garcia-Fernandez, Rubio,
Shahbazi, Tipler].

v

= = = =
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Proposition (F, Merchan, Raffero, 2023)

If N°", n =2 or 3, has a SU(n)-structure solving the twisted CY
equations, then M7 = N?" x R?~2" has a strong G, T-structure
solving the twisted Gy-equations with 6 =6, and T = d“w.

Using the expression of the scalar curvature in terms of 7;

Proposition (F, Merchan, Raffero, 2023)

If ¢ is a strong G T-structure, then

49
Scal(g,) = 1061 + ﬁTg + 24|11 |2.
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Some restrictions

e On a unimodular Lie group, if ¢ is a left-invariant strong
Gy T-structure, then Scal(g,) > 0

< A 7-dim compact solvmanifold '\ G cannot admit any invariant
non-parallel strong G, T-structure.

e For n = 2,3 every invariant SU(n)-structures solving the twisted
CY equations on 2n-dim solvmanifolds must be CY.

o If (w, W) is a SU(3)-structure on N°, such that
v =wAn+ Re(V)

is a strong G, T-structure on N° x S with Lee form § = A7, then
b3(/\/6) > 0.
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Homogeneous setting

Theorem (F, Merchan, Raffero, 2023)

Let M” be a connected compact homogeneous space of the almost
effective action of a connected Lie group.

If M has an invariant strong G, T-structure, then M” is (up to a
covering) diffeomorphic either to S® x T* or to S® x S3 x S*.

For the proof we use the classification of compact homogeneous
spaces admitting an invariant Gp-structure [L&, Munir; Reidegeld]
and we apply our general results on strong G T-structures.

On S3 x T* = SU(2) x U(1)*, S3 x S3 x S = SU(2)?> x U(1) w
also construct strong G T-structures solving the twisted
Gp-equations (the associated Gp-connection V is flat!).
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Some open problems

e Do there exist 7-manifolds admitting a strong G, T-structure
inducing a non-flat Gy-connection V7

e If g is a strong G, T-structure on a 7-manifold M’, does the
Laplacian coflow

Or(t) = Dyey¥(t),  ¥(0) = o = *ypo,

preserve the strong Go T condition? Is there any geometric flow
preserving the condition 7 = 07

For the two examples S3 x T# and S3 x S3 x S! giving solutions
to the twisted Gp-equations, the solution (t) exists for all positive
time and defines a strong Gy T-structure.

Moreover, along the flow the 7-manifolds split as a Riemannian
product Y3 x X*, with Y3 an associative submanifold and X* a
coassociative submanifold.

v

— = = = =
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THANK YOU VERY MUCH FOR THE ATTENTION!!
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