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(M7, ¢g) compact, o € Qi(l\/l) G, structure

What is the “best way” to try to deform g to torsion-free o ?

Known constructions of compact G2 manifolds use (Joyce 1994):

dpo =0 and df, ¢o “small”
e = can deform (g to nearby ¢u in [pol+ = {¢ = o +dn : p € Q3 (M)}

@ achieved using iteration procedure

What is the “best way” to try to deform closed ¢q in [¢o]+ to torsion-free poo?
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Flow approach

(Bryant 1992): (M7, p), dpo = 0 ~ Gy Laplacian flow ¢;:

0
ESD =DA,p = dd;go and dp =0 (LF)

® ¢ € [po]+ forall t
o Critical points: dip = 0 < torsion-free

(Hitchin 2000): volume functional on [po]+
1
Vol(p) = 7/, © A *xpp0 = Vol(M, g,,)

e (LF) = gradient flow of Vol

e Critical points: strict local maxima (modulo diffeomorphisms)
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@ (LF) “looks like" backwards heat equation!

@ (Bryant—Xu 2011) (LF) parabolic (modulo diffeomorphisms) in direction of closed
forms

Theorem (Bryant-Xu 2011)

Given g (LF) has a unique short-time solution

Theorem (L.-Wei 2015)

Torsion-free Gy structures are dynamically stable under (LF): for all ¢q close to
torsion-free G, p; — poo € DIff'(M) -G as t — oo
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Foundational results
°

Long-time existence

Theorem (L.-Wei 2015)
(LF) exists as long as |Agp| < 0o

o Key quantity: torsion 7 = dj¢ (notice Ay = dT)
o Scalar curvature: Scal = —1|7[2 (cf. Ricci flow)

Does (LF) exist as long as |T| < c0?

Example (Bryant 2005)
o (M7, ) coassociative T*-fibration over T3
@ M’ does not admit torsion-free G, structure

@ (LF) ¢ exists for all t > 0 but does not converge
e Vol(¢t) = o0 as t — oo
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Laplacian solitons

App=X p+Lxp and dp=0
e evolve by dilations and diffeomorphisms along (LF)
@ expected to model singularities

(Bryant 2005): Local generality of Laplacian solitons

Lemma (Lin 2012, L.-Wei 2015)

Compact A < 0 (shrinking or steady) or X = 0 = torsion-free

(Lauret 2016-17): Examples of complete non-compact homogeneous Laplacian
solitons for all A\, X #0

o Gradient Laplacian solitons, i.e. X = Vf7?

@ Non-trivial compact Laplacian solitons?
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Extremally Ricci pinched (ERP)

/ |Sca||2:3/ | Ric |2
M M

e (Bryant 2005) ERP < dr = %|T!280 + % # (T AT)

e (Bryant 2005, Lauret 2017, Ball) Examples of ERP, related to steady Laplacian
solitons

e (Fino—Raffero 2018) ERP ~~ eternal solutions of (LF) ¢; with Vol(¢;) — oo as
t — oo and Vol(ypt) = 0 as t — —oo

6 dimensions
o (Fino—Raffero 2017) Warped products S* x N® ~ expanding Laplacian solitons

o (Fowdar) S'-invariant (LF) (cf. Apostolov—Salamon, Foscolo—Haskins—Nordstrém)
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4 dimensions

M” = T3 x X* compact T3-invariant ¢
e dy =0 «+» hypersymplectic (w1, w2, ws3) & torsion-free <+ hyperkahler
@ (LF) ~ Donaldson conjecture: hypersymplectic < hyperkahler
Recall: asked whether (LF) controlled by 7 = d%¢

Theorem (Fine-Yao 2017)

T3-invariant (LF) on T3 x X* exists as long as || < oo

@ Uses non-collapsing of (LF) when |7| bounded (G. Chen 2017) and ideas from 4D
Ricci flow (M. Simon 2015)

Theorem (Huang—Yao—Wang 2017)

For certain T®-invariant g on T3 x T* (LF) converges to flat oo,

@ o need not be close to torsion-free
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°

3 dimensions

M" = T* x B3 T*invariant ¢
o semi-flat coassociative T*-fibration (cf. Baraglia)
o dy = 0 < spacelike immersion B — R33 = H2(T*%)
@ torsion-free <> maximal spacelike immersion B — R3:3
@ (LF) <> spacelike mean curvature flow

Theorem (Lambert-L. 2018)
o B3 =R3 = (LF) exists for all time

o B3 bounded convex domain, Neumann boundary condition = (LF) converges to
flat limit

o B3 bounded domain, acausal Dirichlet boundary condition = (LF) converges to
torsion-free limit

@ Uses Dirichlet problem for maximal spacelike submanifolds (Y. Li 2018)
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Singularities: No compact shrinking Laplacian solitons
e Examples of compact (LF) with finite time singularities?
@ Bryant-Salamon G manifolds /\3L T*X* as blow-ups?

@ (LF) with conical singularities? (Moore)

Calibrated geometry: Examples where coassociatives collapse

@ Relationship between calibrated geometry and (LF)?

Volume: (LF) gradient flow of volume functional Vol
e Can we control (LF) using Vol?
e Compact (LF) ¢; Vt > 0 with Vol(¢;) bounded but ¢ does not converge?

Boundary: (Donaldson 2018) G, manifolds with boundary
@ (LF) with boundary? (Lambert—Moore)






The G, Laplacian flow



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional
@ critical points are strict maxima and stable



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional
@ critical points are strict maxima and stable

Recent results



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional
@ critical points are strict maxima and stable

Recent results
@ Solitons



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional
@ critical points are strict maxima and stable

Recent results
@ Solitons: non-compact examples



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional
@ critical points are strict maxima and stable

Recent results
@ Solitons: non-compact examples, compact non-existence results



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional
@ critical points are strict maxima and stable

Recent results
@ Solitons: non-compact examples, compact non-existence results
o extremally Ricci pinched ~ eternal solutions



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional
@ critical points are strict maxima and stable

Recent results
@ Solitons: non-compact examples, compact non-existence results
o extremally Ricci pinched ~ eternal solutions
@ reductions to 3D & 4D ~- strong long-time existence results



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional
@ critical points are strict maxima and stable

Recent results
@ Solitons: non-compact examples, compact non-existence results
o extremally Ricci pinched ~ eternal solutions
@ reductions to 3D & 4D ~- strong long-time existence results

Future study



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional
@ critical points are strict maxima and stable

Recent results
@ Solitons: non-compact examples, compact non-existence results
o extremally Ricci pinched ~ eternal solutions
@ reductions to 3D & 4D ~- strong long-time existence results

Future study
o finite-time singularities



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional
@ critical points are strict maxima and stable

Recent results
@ Solitons: non-compact examples, compact non-existence results
o extremally Ricci pinched ~ eternal solutions
@ reductions to 3D & 4D ~- strong long-time existence results

Future study
o finite-time singularities
@ links to calibrated geometry



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
@ gradient flow of volume functional
@ critical points are strict maxima and stable

Recent results
@ Solitons: non-compact examples, compact non-existence results
o extremally Ricci pinched ~ eternal solutions
@ reductions to 3D & 4D ~- strong long-time existence results

Future study
o finite-time singularities
@ links to calibrated geometry
o further study of volume functional



Summary

The G, Laplacian flow
@ method to try to deform closed G; structures to torsion-free
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Recent results
@ Solitons: non-compact examples, compact non-existence results
o extremally Ricci pinched ~ eternal solutions
@ reductions to 3D & 4D ~- strong long-time existence results

Future study
o finite-time singularities
@ links to calibrated geometry
o further study of volume functional
o flow with conical singularities or boundary
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