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Elementary Concepts and Notation

1. Definition: A Calibrated manifold is a pair (X, ¢) where
e X is a riemannian manifold, and
e ¢ € EP(X) is a parallel p-form (V¢ = 0) with

comass(®) & sup{¢(&) : £ is a unit simple p-vector} = 1.
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Elementary Concepts and Notation

1. Definition: A Calibrated manifold is a pair (X, ¢) where
¢ X is a riemannian manifold, and
e ¢ € EP(X) is a parallel p-form (V¢ = 0) with
comass(®) &f sup{¢(&) : £ is a unit simple p-vector} = 1.

(& ¢|, < volp V oriented p-planes P)

G(¢) = {€ € N°TX : € is unit simple with ¢(¢) =1}

G(¢) C Grass(p, TX) C N°TX.

Tangent p-planes P corresponding to £ € G(¢) are called ¢-planes.
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¢-Submanifolds and Currents

Definition: A ¢-submanifold is an oriented p-dimensional submanfiold M in
—
X such that TyM € G(¢) for all x € X.
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¢-Submanifolds and Currents

Definition: A ¢-submanifold is an oriented p-dimensional submanfiold M in
—
X such that T,M € G(¢) for all x € X.

Recall that a rectifiable current T of dimension p can be written in the form
>
T(a) = /Xa(Tx) d|| T]I(x) (+)
where || T|| is a Radon measure on X and 7’ is a field of unit simple p-vectors
Definition: T is a rectifiable ¢-current if T € G(¢) for || T|-a.a. x.
Any T of finite mass can be written as in (x) where mass-norm(?’) is=1.

5
Definition: T is a positive ¢-current if T, € Convex Hull of G(¢), || T|-a.a x.
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Fundamental Results:

THEOREM 1. A positive ¢-current T is homologically mass-minimizing.
(T"=T+0S = M(T)>M(T))
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Fundamental Results:

THEOREM 1. A positive ¢-current T is homologically mass-minimizing.
(T"=T+0S = M(T)>M(T))

THEOREM 2. (Compactness). Any set of d-closed ¢-recitfiable currents,
with uniformly bounded mass and supports, is compact in the weak topology.

THEOREM 3. (Almgren Regularity). Any d-closed ¢-recitfiable current is a
smooth submanifold (with integer multiplicities) outside a closed subset of
Hausdorff codimension-2.
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Some Questions:

When (X,w) is Kahler and ¢ = éwf’, the positive ¢-currents are the classical
positive (p, p)-currents of Lelong and the French school.
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When (X,w) is Kahler and ¢ = éw"", the positive ¢-currents are the classical

positive (p, p)-currents of Lelong and the French school.

Natural Question: How much of the classical theory of positive currents on
complex manifolds carries over to positive ¢-currents?

Answer when X = R": Most of the basics. When dT = 0 one has:

Mass{TNB;,
rP

e Monotonicity: )} is non-decreasing in r?

¢ Density: The density
O(T, x) = lim, o Mass{TnB()}

is upper semi-continuous.
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Some Questions:

When (X,w) is Kahler and ¢ = éw"", the positive ¢-currents are the classical

positive (p, p)-currents of Lelong and the French school.

Natural Question: How much of the classical theory of positive currents on
complex manifolds carries over to positive ¢-currents?

Answer when X = R": Most of the basics. When dT = 0 one has:

)} is non-decreasing in r?

o Monotonicity: ~ Yase{T0B(0}

¢ Density: The density

O(T, x) = lim, o YasstTOB ()}

is upper semi-continuous.

e Tangents: Tangents always exist and are again positive ¢-currents.
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Some Questions:

Question 1: Do these results carry over in some way to general (X, ¢)?
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Some Questions:

Question 1: Do these results carry over in some way to general (X, ¢)?

Question 2: What is the structure of the set {© > c} forc > 07

(The Bombieri-Siu Theorem)
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Further Questions:

Suppose T is a rectifiable ¢-current with dT = 0.

Question 3: What is the structure of the singular set of the support of T?
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Further Questions:

Suppose T is a rectifiable ¢-current with dT = 0.

Question 3: What is the structure of the singular set of the support of T?
e Analyticity: Is supp(T) a real analytic variety?

o Stratification: Does supp(T) have a Whitney stratification? Can the
stratification results of Cheeger-Naber be made stronger in the setting of
classical calibrations?

Blaine Lawson Potential Theory for Nonlinear PDE’s September 7, 2016 10/40
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¢-Pluripotential Theory

Define the d?-operator
a?: &%X) — EPY(X)

d’u = Vutk ¢
and then the dd“-operator

dd? : E9(X) — EP(X)
Recall the Riemannian Hessian

(Hessu)(V,.W) = V-W.-u—(VyW)-u
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¢-Pluripotential Theory

Define the d?-operator
a?: &%X) — EPY(X)
d°u = Vut ¢
and then the dd?-operator
dd? : E9(X) — EP(X)

Recall the Riemannian Hessian
(Hessu)(V,W) = V- W-u— (VyW)-u

Proposition 1.

‘ ddu = EVU¢ = DHessud)‘

where for A € Sym?(R"), considered as a map A: R” — R”,

Dy : APR" — APR”

is its extension as a derivation.
September 7,2016  11/40



¢-Plurisubharmonicity
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¢-Plurisubharmonicity

Definition. A function u € C?(X) is ¢-plurisubharmonic if

(dd?u)(€) > 0 V¢ e G(o).
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¢-Plurisubharmonicity

Definition. A function u € C?(X) is ¢-plurisubharmonic if

(dd?u)(€) > 0 V¢ e G(o).

(uis strictly ¢-psh if (dd?u)(¢) > 0 forall €.)

Proposition 2

uis ¢-psh = tr {Hessu|,} > 0 forall ¢-planes P.

Note: The RHS does not depend on an orientation for P.
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Quasi ¢-Plurisubharmonicity
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Quasi ¢-Plurisubharmonicity

Definition. A function u € C?(X) is Quasi ¢-plurisubharmonic if

¢+ dd®u is ¢-positive at every point, i.e.,

1+ (dd?u)(€) > 0 Ve Go).

Blaine Lawson Potential Theory for Nonlinear PDE’s September 7, 2016 13/40



Quasi ¢-Plurisubharmonicity

Definition. A function u € C?(X) is Quasi ¢-plurisubharmonic if

¢+ dd®u is ¢-positive at every point, i.e.,

1+ (dd?u)(€) > 0 Ve Go).

Proposition 2’

uis quasi ¢-psh — tr { (“—)Id + Hess u) } > 0 forall ¢-planes P.

P
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Another View of ¢-Plurisubharmonicity

Consider

P(s) = {AeSym¥(T"X): uw (A],) = 0Ve-planes P}
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Another View of ¢-Plurisubharmonicity

Consider

P(o) = {A € Sym*(T*X) : tr (A,) > 0Vg-planes P}

This is a parallel family of convex cones in Sym?( T*X).

Proposition 2 says that for u € C?(X)

u is ¢-plurisubharmonic = Hessxu € P(¢) Vxe X
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Extension to Upper Semi-Continuous Functions
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Extension to Upper Semi-Continuous Functions

Let USC(X) denote the set of upper semi-continuous functions

u:X — RU{-oc0}.
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Extension to Upper Semi-Continuous Functions

Let USC(X) denote the set of upper semi-continuous functions
u:X — RU{-oc0}.
Fix u € USC(X). A viscosity test function for u at x € X is a C? function ¢

such that
u < nearx and u(x) = o(x)
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Hessxp € P(¢).

Blaine Lawson Potential Theory for Nonlinear PDE’s September 7, 2016 15/40



Extension to Upper Semi-Continuous Functions

Let USC(X) denote the set of upper semi-continuous functions
u:X — RU{-oc0}.
Fix u € USC(X). A viscosity test function for u at x € X is a C? function ¢

such that
u < nearx and u(x) = o(x)

Definition. A function u € USC(X) is ¢-plurisubharmonic on X if for every
test function ¢ at any point x

Hessyp € P(9).

PSH(X, ¢) = the set of these functions.
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Properties of PSH(X, ¢)
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Properties of PSH(X, ¢)

(1)

u,v € PSH(X, ¢)

=

max{u, v} € PSH(X, ¢)

=} F = = DA
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Properties of PSH(X, ¢)

(1) u,v € PSH(X, ¢) = max{u, v} € PSH(X, ¢)

(2) PSH(X, ¢) is closed under uniform limits and decreasing limits.
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Properties of PSH(X, ¢)

(1) u,v € PSH(X, ¢) = max{u, v} € PSH(X, ¢)
(2) PSH(X, ¢) is closed under uniform limits and decreasing limits.
(3) For any family 7 C PSH(X, ¢), locally bounded above,

U= {supu} € PSH(X, ¢)

ueF
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¢-Harmonic Functions.
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¢-Harmonic Functions.

Definition. A function u € C?(X) is ¢-harmonic if

HessyU € OP(d)x vVxeX
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¢-Harmonic Functions.
Definition. A function u € C?(X) is ¢-harmonic if
HessyU € OP(d)x vVxeX

Example. When ¢ = w, the Kahler form on a Kahler manifold,

The w-harmonic functions are the
solutions of the homogeneous complex Monge-Ampeére Equation.
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¢-Harmonic Functions.

Definition. A function u € C?(X) is ¢-harmonic if

HessyU € OP(d)x vVxeX

Example. When ¢ = w, the Kahler form on a Kahler manifold,

The w-harmonic functions are the
solutions of the homogeneous complex Monge-Ampeére Equation.

So the ¢-harmonic functions are direct generalizations of (smooth) solutions
to Monge-Ampére.
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Basic Example.
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Basic Example.

For any calibration ¢ € APR" on euclidean space,
u(x) = L is ¢-harmonic when p >3
- |X\P_2 p =
and

u(x) = log|x| is ¢-harmonicif p=2

(outside the origin).
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Tangents to ¢-plurisubharmonic functions.
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Tangents to ¢-plurisubharmonic functions.

Let ¢ € APR" again (p > 3)
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Tangents to ¢-plurisubharmonic functions.

Let ¢ € APR" again (p > 3) and suppose that
uis a ¢-plurisubharmonic function defined in a neighborhood of 0.
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Tangents to ¢-plurisubharmonic functions.

Let ¢ € APR" again (p > 3) and suppose that
uis a ¢-plurisubharmonic function defined in a neighborhood of 0.

Atangent to v at 0 is a limit in L{ .(R") of functions

ur(x) = rP2u(rx)

for some sequence r = r; — 0.
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Tangents to ¢-plurisubharmonic functions.

Let ¢ € APR" again (p > 3) and suppose that
uis a ¢-plurisubharmonic function defined in a neighborhood of 0.

A tangent to v at 0 is a limit in L] _(R") of functions

Toc
ur(x) = rP2u(rx)

for some sequence r = r; — 0.

Tangents always exist.
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Strong Uniqueness of Tangents.
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Strong Uniqueness of Tangents.

Theorem. Suppose p > 3 and G(¢) satisfies a certain transitivity condition
(which holds for all the classical calibrations).
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Strong Uniqueness of Tangents.

Theorem. Suppose p > 3 and G(¢) satisfies a certain transitivity condition
(which holds for all the classical calibrations). Then

limu,(x) = — ©
rlo T X2

for some constant © > 0.

This fails completely in Kéahler case (Kiselman).
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Question.

Does strong uniqueness of tangents continue to hold for calibrations on
special holonomy manifolds?
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Viscosity ¢-Harmonic Functions.
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Viscosity ¢-Harmonic Functions.

Definition. A function u € C(X) is ¢-harmonic if:

(1) uis ¢-plurisubharmonic, and
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Viscosity ¢-Harmonic Functions.

Definition. A function u € C(X) is ¢-harmonic if:
(1) uis ¢-plurisubharmonic, and
(2) —u satisfies the dual subequation

P(¢) =~ {~IntP(¢)}
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The Dirichlet Problem.
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The Dirichlet Problem.

Let (X, ¢) be a calibrated manifold and
Q CcC X a domain with smooth boundary 052.
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The Dirichlet Problem.

Let (X, ¢) be a calibrated manifold and
Q CcC X a domain with smooth boundary 052.

p € C=(Q) is a defining function for Q if Q = {p < 0} and Vp # 0 on 9.
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The Dirichlet Problem.

Let (X, ¢) be a calibrated manifold and
Q cc X a domain with smooth boundary 0.

p € C>=(Q) is a defining function for Q if Q = {p < 0} and Vp # 0 on 9Q.

Theorem. (The Dirichlet Problem for y-Harmonic Functions). Suppose
that Q2 has a strictly ¢-plurisubharmonic defining function. Then for every
p € C(09), there exists and unique u € C(£2) such that

(1) wuis ¢-harmonic on 2, and

@ ulyy = ¢

Blaine Lawson Potential Theory for Nonlinear PDE’s September 7, 2016 23/40



The Dirichlet Problem with Prescribed Asymptotic
Singularities.
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The Dirichlet Problem with Prescribed Asymptotic
Singularities.

Theorem. Let Q and ¢ € C(99), be as before and suppose we are given
points X1, ..., Xx € £ and real numbers ©1 > 0, ...,0, > 0.
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The Dirichlet Problem with Prescribed Asymptotic
Singularities.

Theorem. Let Q and ¢ € C(99), be as before and suppose we are given
points X1, ..., Xk € Q and real numbers ©¢ > 0,...,0, > 0. (Suppose p > 3.)
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The Dirichlet Problem with Prescribed Asymptotic
Singularities.

Theorem. Let Q and ¢ € C(99), be as before and suppose we are given
points X1, ..., Xk € Q and real numbers ©¢ > 0,...,0, > 0. (Suppose p > 3.)

Then there exists a unique u € C(Q — {xi, ..., X}) such that
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The Dirichlet Problem with Prescribed Asymptotic
Singularities.

Theorem. Let Q and ¢ € C(99), be as before and suppose we are given
points X1, ..., Xk € Q and real numbers ©¢ > 0,...,0, > 0. (Suppose p > 3.)

Then there exists a unique u € C(Q — {xy, ..., X}) such that

(1) uis ¢-harmonic on Q — {xq, ..., Xk},
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Theorem. Let Q and ¢ € C(99), be as before and suppose we are given
points X1, ..., Xk € Q and real numbers ©¢ > 0,...,0, > 0. (Suppose p > 3.)

Then there exists a unique u € C(Q — {xy, ..., X}) such that
(1) uis ¢-harmonic on Q — {xq, ..., Xk},

@) ulyg =
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The Dirichlet Problem with Prescribed Asymptotic
Singularities.

Theorem. Let Q and ¢ € C(99), be as before and suppose we are given
points X1, ..., Xk € Q and real numbers ©¢ > 0,...,0, > 0. (Suppose p > 3.)

Then there exists a unique u € C(Q — {x1, ..., Xc}) such that
(1) uis ¢-harmonic on Q — {xq, ..., Xk},
@) ulpg = @

(3) 3C >0suchthatforj=1,....k

O; O;
—— - C < ux) < - ! +C
P © = U= T
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Problem

In the Special Lagrangian, Associative, Co-Associative and Cayley
Cases
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Problem

In the Special Lagrangian, Associative, Co-Associative and Cayley
Cases

Do the smooth ¢-harmonic functions satisfy a natural polynomial differential
equation?
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The First Relation of PSH(X, ¢) to ¢-Submanifolds

Restricition Theorem. For any u € PSH(X, ¢) and any ¢-submanifold M C X,

the restriction
ul,, is Ay-subharmonic on M

(or = —o0).
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¢-Convexity

Definition. For K cc X, the ¢-convex hull of K is the set K of points
x € X such that
u(x) < supu
K

for all (smooth) u € PSH(X, ¢).
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¢-Convexity

Definition. For K cc X, the ¢-convex hull of K is the set K of points
x € X such that
u(x) < supu
K

for all (smooth) u € PSH(X, ¢).

Definition. The calibrated manifold X is ¢-convex if

K cc X - K cc X.
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¢-Convexity

Theorem.
X is ¢p-convex <—
X admits a smooth ¢-plurisubharmonic proper exhaustion function.
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¢-Convexity

Theorem.

X is ¢p-convex <—
X admits a smooth ¢-plurisubharmonic proper exhaustion function.

If, in addition, X admits any strictly ¢-psh function, the exhaustion can be
taken to be strictly ¢-psh, and X is called strictly ¢-convex.
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¢-Convexity

Theorem.

X is ¢p-convex <—
X admits a smooth ¢-plurisubharmonic proper exhaustion function.

If, in addition, X admits any strictly ¢-psh function, the exhaustion can be
taken to be strictly ¢-psh, and X is called strictly ¢-convex.

These are the ¢-analogues of Stein manifolds
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The Free Dimension of ¢

=} F = = DA
Blaine Lawson Potential Theory for Nonlinear PDE’s



The Free Dimension of ¢

fd(¢) &' the largest dimension of a

linear subspace (C T, X) which contains no ¢-planes.

Blaine Lawson Potential Theory for Nonlinear PDE’s September 7, 2016 29 /40



The Free Dimension of ¢

fd(¢) &' the largest dimension of a

linear subspace (C T, X) which contains no ¢-planes.

If = K&hler form on a complex n manifold, then fd(¢) = n.
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The Free Dimension of ¢

fd(¢) &' the largest dimension of a

linear subspace (C T X) which contains no ¢-planes.

If = K&hler form on a complex n manifold, then fd(¢) = n.
If $ = the special Lagrangian calibration on a Calabi-Yau, then fd(¢) = 2n — 2.
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The Free Dimension of ¢

fd(¢) &' the largest dimension of a

linear subspace (C TxX) which contains no ¢-planes.

If = K&hler form on a complex n manifold, then fd(¢) = n.

If $ = the special Lagrangian calibration on a Calabi-Yau, then fd(¢) = 2n — 2.
If ¢ = the associative calibration on a Gz-manifold, then fd(¢) = fd(x¢) = 4

If = the Cayley calibration on a Spinz-manifold, then fd(¢) = 4.
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The Free Dimension of ¢

fd(¢) &' the largest dimension of a

linear subspace (C TxX) which contains no ¢-planes.

If = K&hler form on a complex n manifold, then fd(¢) = n.

If $ = the special Lagrangian calibration on a Calabi-Yau, then fd(¢) = 2n — 2.
If ¢ = the associative calibration on a Gz-manifold, then fd(¢) = fd(x¢) = 4

If = the Cayley calibration on a Spinz-manifold, then fd(¢) = 4.

Theorem. If X is strictly ¢-convex, then

X has the homotopy-type of a complex of dimension < fd(¢).
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Examples of Strictly ¢-Convex Domains
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There are many!
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Examples of Strictly ¢-Convex Domains

There are many!

A compact submanifold Y c X (without boundary) is called ¢-free if it has no
tangent ¢-planes.

Note: If dim(Y) < p, then Y is ¢-free.
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Examples of Strictly ¢-Convex Domains

There are many!

A compact submanifold Y c X (without boundary) is called ¢-free if it has no
tangent ¢-planes.

Note: If dim(Y) < p, then Y is ¢-free.

Theorem If Y C X is ¢-free, every tubular neighborhood
Q. ={xeX:dist(x,Y) < e}

for e > 0 sufficiently small, is strictly ¢-convex.
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The Second Relation of PSH(X, ¢) to ¢-Submanifolds

Theorem. For any ¢-positive current T,

—

supp(T) C supp(9T)
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The Second Relation of PSH(X, ¢) to ¢-Submanifolds

Theorem. For any ¢-positive current T,

—

supp(T) C supp(9T) U Core(X)

x € Core(X) = no u € PSH(X,¢) is strict at x.
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Boundary Convexity

Let Q cc X be a domain with smooth boundary 09.

=} F = = DA
Blaine Lawson Potential Theory for Nonlinear PDE’s



Boundary Convexity

Let Q cc X be a domain with smooth boundary 09.

Let IIsq be the second fundamental form of 9Q
with respect to the interior normal.
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Boundary Convexity

Let Q cc X be a domain with smooth boundary 09.

Let IIsq be the second fundamental form of 9Q
with respect to the interior normal.

Definition. 09 is strictly ¢-convex if

tr {II@Q‘P} >0

for every ¢-plane P which is tangent to 09, i.e., P C T(99).
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Boundary Convexity

Let Q cc X be a domain with smooth boundary 09.

Let IIpq be the second fundamental form of 0Q2
with respect to the interior normal.

Definition. 09 is strictly ¢-convex if

tr {II@Q‘P} >0

for every ¢-plane P which is tangent to 9, i.e., P C T(9%).

Theorem. If 0Q is strictly ¢-convex, then Q admits a smooth ¢-psh proper
exhaustion function which is strict near 9.
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Characterizing Boundaries of ¢-submanifolds.
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Characterizing Boundaries of ¢-submanifolds.

Question: Let S C X be a compact oriented submanifold of dimension p — 1.

When is S the boundary of a compact ¢-manifold?
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Characterizing Boundaries of ¢-submanifolds.

Question: Let S C X be a compact oriented submanifold of dimension p — 1.

When is S the boundary of a compact ¢-manifold?

Replacing manifolds by currents, there is a complete answer.
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Characterizing Boundaries of ¢-submanifolds.

Question: Let S C X be a compact oriented submanifold of dimension p — 1.

When is S the boundary of a compact ¢-manifold?

Replacing manifolds by currents, there is a complete answer.

Theorem 1. Suppose (X, ¢) is a non-compact, strictly ¢-convex manifold, and
that ¢ is exact. Then given a (p — 1)-dimensional current S € £, _(X) with
compact support,

there exists a ¢-positive current T € £,(X) with 0T = S
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Characterizing Boundaries of ¢-submanifolds.

Question: Let S C X be a compact oriented submanifold of dimension p — 1.

When is S the boundary of a compact ¢-manifold?

Replacing manifolds by currents, there is a complete answer.

Theorem 1. Suppose (X, ¢) is a non-compact, strictly ¢-convex manifold, and
that ¢ is exact. Then given a (p — 1)-dimensional current S € £, _(X) with
compact support,
there exists a ¢-positive current T € Sl’,(X) withoT = S
—

Jsa >0 for all smooth p-forms o € £P(X) such that
da(€) >0 V¢ e G(6).
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The Compact Case.

Theorem. Suppose (X, ¢) is a compact calibrated manifold.
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The Compact Case.

Theorem. Suppose (X, ¢) is a compact calibrated manifold.
Then given a (p — 1)-dimensional current S € £, ;(X) and A > 0,

there exists a ¢-positive current T € £,(X) with 0T = Sand M(T) < A
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The Compact Case.

Theorem. Suppose (X, ¢) is a compact calibrated manifold.
Then given a (p — 1)-dimensional current S € £, ;(X) and A > 0,
there exists a ¢-positive current T € £,(X) with 0T = Sand M(T) < A
—

Jsa = =X for all smooth p-forms a € £P(X) such that
(da+¢)(€) =0 VEe Go).
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The Submanifold Case.

Many years ago Reese Harvey and | settled the problem of characterizing
boundaries of complex analytic varieties in Stein and more generally in
g-convex manifolds. (Ann. of Math 102 (1975) and 106 (1977)).
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The Submanifold Case.

Many years ago Reese Harvey and | settled the problem of characterizing
boundaries of complex analytic varieties in Stein and more generally in
g-convex manifolds. (Ann. of Math 102 (1975) and 106 (1977)).

Necessary and sufficient conditions involve local geometry (maximal
complexity) of the boundary together with moment conditions.
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The Submanifold Case.
Special Lagrangian — Work of Lei Fu.

Lei Fu (Duke J. 79 (1995)) addressed the question for boundaries of Special
Lagrangian submanifolds in C".
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The Submanifold Case.
Special Lagrangian — Work of Lei Fu.

Lei Fu (Duke J. 79 (1995)) addressed the question for boundaries of Special
Lagrangian submanifolds in C".

Here there is also a natural

Moment Condition: Let Z denote the differential ideal generated by w and
Im dz.
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The Submanifold Case.
Special Lagrangian — Work of Lei Fu.

Lei Fu (Duke J. 79 (1995)) addressed the question for boundaries of Special
Lagrangian submanifolds in C".

Here there is also a natural

Moment Condition: Let Z denote the differential ideal generated by w and
Im dz.

If Sis the smooth boundary S = 0T of a Special Lagrangian
submanifold T in C”, then

/ub =0 V& st dypel.
S
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The Submanifold Case.
Special Lagrangian — Work of Lei Fu.

Lei Fu (Duke J. 79 (1995)) addressed the question for boundaries of Special
Lagrangian submanifolds in C".

Here there is also a natural

Moment Condition: Let Z denote the differential ideal generated by w and
Im dz.

If Sis the smooth boundary S = 0T of a Special Lagrangian
submanifold T in C”, then

/w =0 Vel st dyel.
S

Theorem. (Lei Fu). For n > 3 the Moment Condition is not sufficient to
characterize boundaries of Special Lagrangian submanifolds. There exist
(explicitly stated) additional necessary conditions.
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The Submanifold Case.
Questions.
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The Submanifold Case.
Questions.

Question 1. Are the conditions of Lei Fu sufficient in the Special Lagrangian
case?
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The Submanifold Case.
Questions.

Question 1. Are the conditions of Lei Fu sufficient in the Special Lagrangian
case?

Question 2. Are there additional conditions in the associative, co-associative
and Cayley cases?
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Hodge Questions

On a manifold with special holonomy G c O(n),
there is a natural decomposition of the de Rham complex and its dual
(coming from the irreducible representations appearing in A.(R")).
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Hodge Questions

On a manifold with special holonomy G c O(n),
there is a natural decomposition of the de Rham complex and its dual
(coming from the irreducible representations appearing in A.(R")).

This gives a corresponding decomposition of H,(X;R) via Hodge Theory.
(cf. Chern)
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Hodge Questions

On a manifold with special holonomy G c O(n),
there is a natural decomposition of the de Rham complex and its dual
(coming from the irreducible representations appearing in A.(R")).

This gives a corresponding decomposition of H,.(X;R) via Hodge Theory.
(cf. Chern)

Let Hp(¢) C Hp(X; R) be the factor corresponding to ¢-currents
(generated pointwise by G(¢)).
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Hodge Questions

On a manifold with special holonomy G c O(n),
there is a natural decomposition of the de Rham complex and its dual
(coming from the irreducible representations appearing in A.(R")).

This gives a corresponding decomposition of H,.(X;R) via Hodge Theory.
(cf. Chern)

Let Hp(¢) C Hp(X;R) be the factor corresponding to ¢-currents
(generated pointwise by G(¢)).

General Question: Which rational classes in Hp(¢)
are represented by rational combinations of rectifiable ¢-cycles?

Blaine Lawson Potential Theory for Nonlinear PDE’s September 7, 2016 38/40



Hodge Questions

=} F = = DA
Blaine Lawson Potential Theory for Nonlinear PDE’s



Hodge Questions

Note that ¢ is a form of degree n—p
but it is also a current of dimension p
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Hodge Questions
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In fact it is a ¢-positive current
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Hodge Questions

Note that ¢ is a form of degree n—p
but it is also a current of dimension p
In fact it is a ¢-positive current

Let’s make the assumption that x¢ has integral periods, i.e.,

[«¢] € Hp(X:Z) = H'P(X;Z).
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Hodge Questions

Note that ¢ is a form of degree n—p
but it is also a current of dimension p
In fact it is a ¢-positive current

Let’s make the assumption that x¢ has integral periods, i.e.,
[«¢] € Ho(X;Z) = H"P(X;Z).

We then call X a Hodge manifold.
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Hodge Questions

Note that ¢ is a form of degree n—p
but it is also a current of dimension p
In fact it is a ¢-positive current

Let’s make the assumption that x¢ has integral periods, i.e.,
[«¢] € Ho(X;Z) = H"P(X;Z).

We then call X a Hodge manifold.

Refined Question: Suppose « € Hy(¢) N Hp(X; Z)
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Hodge Questions

Note that ¢ is a form of degree n—p
but it is also a current of dimension p
In fact it is a ¢-positive current

Let’s make the assumption that x¢ has integral periods, i.e.,
[«¢] € Ho(X;Z) = H"P(X;Z).
We then call X a Hodge manifold.
Refined Question: Suppose « € Hy(¢) N Hp(X; Z)
Is it true that for some large integer N,

the class o + N[x¢] ( or some multiple)
is represented by a rectifiable ¢-cycle?
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An Idle Question

On any calibrated manifold (X, ¢), there is a natural second-order equation
given by :

dd’u A dd*®u/ x1 = L(u)

and a “quasi” analogue

(¢ + dd®u) A (x¢ + dd*?u)/ « 1 = L(u)
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An Idle Question

On any calibrated manifold (X, ¢), there is a natural second-order equation
given by :

dd’u A dd*®u/ x1 = L(u)

and a “quasi” analogue

(¢ + dd?u) A (x¢ + dd*?u)/ x1 = L(u)
What exactly is this equation?

Does it arise in any natural way from geometry?
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An Idle Question

On any calibrated manifold (X, ¢), there is a natural second-order equation
given by :

dd®u A dd*?u/ 1 = L(u)
and a “quasi” analogue
(¢ + dd?u) A (x¢ + dd*?u)/ x1 = L(u)
What exactly is this equation?

Does it arise in any natural way from geometry?

When ¢ is the Associative Callibration, it appears that L(u) = o2(Hess u).
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An Idle Question
On any calibrated manifold (X, ¢), there is a natural second-order equation
given by :

dd’u A dd*®u/ x1 = L(u)

and a “quasi” analogue
(¢ + dd?u) A (x¢ + dd*?u)/ x1 = L(u)

What exactly is this equation?
Does it arise in any natural way from geometry?
When ¢ is the Associative Callibration, it appears that L(u) = o2(Hess u).

Of particular interest is the Cayley calibration ¢ since ¢ = x®, and so
(& + dd®u) A (® + dd*®u) = f(x1)

is something like a Cayley Calabi-Yau equation.
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