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Structure Equations for Special Holonomy

(Mn, g) Riemannian with holonomy H ⊂ O(n), with Lie algebra h ⊂ so(n).

The structure equations on the H-bundle B → M:

dη = −θ ∧ η and dθ = −θ ∧ θ + R(η ∧ η).

η : TB → Rn, θ : TB → h, and R : B → K (h) is the curvature function,
where K (h) is the H-representation

0 −→ K (h) −→ S2(h)
∧−→ Λ4(Rn).

Second Bianchi: dR = −θ.R + R ′(η). where

R ′ : B → K (1)(h) ⊂ Hom
(
Rn,K (h)

)
represents the covariant derivative of the curvature.
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Example: SU(2) ⊂ SO(4)


dη0
dη1
dη2
dη3

 = −


0 θ1 θ2 θ3
−θ1 0 −θ3 θ2
−θ2 θ3 0 −θ1
−θ3 −θ2 θ1 0

 ∧


η0
η1
η2
η3



dθ1
dθ2
dθ3

 = −

2 θ2∧θ3
2 θ3∧θ1
2 θ1∧θ2

+

R11 R12 R13

R21 R22 R23

R31 R32 R33

η0∧η1 − η2∧η3η0∧η2 − η3∧η1
η0∧η3 − η1∧η2

 ,

where Rij = Rji with R11 + R22 + R33 = 0.

K
(
su(2)

)
= S2

0 (R3) ' R5 and K (1)(su(2)) ' C6 ' S5(C2)

É. Cartan (1926): SU(2)-holonomy depends on 2 functions of 3 variables.
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Basic holonomy problem: For a given subgroup H ⊂ SO(n) how to
classify, up to local diffeomorphism, the ‘solutions’ to the structure equations

dη = −θ ∧ η
dθ = −θ ∧ θ + R(η ∧ η)

(η, θ) : TB → Rn ⊕ h is a coframing and R : B → K (h).

Algebraically special solutions: H does not act transitively on K (h). A
geometrically natural condition on solutions is to require that R : B → K (h)
take values in an H-invariant subset A ⊂ K (h).

Example: H = SU(2) = Spin(3) ⊂ SO(4) acts on K (su(2)) = S2
0 (R3)

preserving the symmetric functions of the eigenvalues of R ∈ S2
0 (R3).

Specifying a relation between σ2(R) and σ3(R) defines such an invariant
subset A ⊂ S2

0 (R3).

σ3(R)2 + 4
27σ2(R)3 ≤ 0.
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Cases of interest in special holonomy

1. SU(n) ⊂ SO(2n)
K
(
su(n)

)
= S2,2

0 (Cn)

Of particular interest: The cases n = 2 and n = 3 (because of the
connections with string theory and nearly Kähler geometry).

2. G2 ⊂ SO(7)
K
(
g2
)
' V 0,2(g2) ' R77.

3. Spin(7) ⊂ SO(8)

K
(
so(7)

)
' V 0,2,0(so(7)) ' R168.
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The nearly Kähler structure equations

(M6, ω,Υ) a nearly Kähler structure: An SU(3)-structure on M defined by
ω ∈ Ω1,1(M) and Υ ∈ Ω3,0(M) satisfy

dω = 3c Im(Υ) and dΥ = 2c ω2.

where c is a constant.

The structure equations on the SU(3)-bundle B → M with coframing

(η, θ) : TB → C3 ⊕ su(3)

are
dη = −θ ∧ η + c η̄ × η̄
dθ = −θ ∧ θ + R (η ∧ η) + c2R0 (η × η)

where R : B → K
(
su(3)

)
and R0 ∈ su(3)⊗ (Λ2(C3))∗ is the curvature of

the G2-invariant nearly-Kähler structure on the 6-sphere.
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Tools for the general problem

V is an m-dimensional vector space, A ⊂ V ⊗ Λ2V ∗ a submanifold.

A coframing ω : TXm → V is of type A if there exists a : X → A satisfying
the structure equation

dω = a (ω ∧ω).

Question: Up to diffeomorphism, how general are the coframings of type A?

Example (Lie groups): If A = {a0} is a point, then J(a0) = 0 is necessary
and sufficient, where

J : V ⊗ Λ2V ∗ → V ⊗ Λ3V ∗

is the quadratic Jacobi map. This comes from

0 = d(dω) = d(a0 (ω ∧ω)) = J(a0)
(
ω ∧ω ∧ω).
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A general problem
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A coframing ω : TXm → V is of type A if there exists a : X → A satisfying
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Example (Holonomy): Let V = Rn ⊕ h and ω = (η, θ) : TB → V . Then the
structure equations

dη = −θ ∧ η and dθ = −θ ∧ θ + R(η ∧ η)

are of this form, with A ⊂ V ⊗ Λ2(V ∗) an affine space isomorphic to K (h),
and (essentially) a = R.



A general structure equation problem

V is an m-dimensional vector space, A ⊂ V ⊗ Λ2V ∗ a submanifold.

A coframing ω : TXm → V is of type A if there exists a : X → A satisfying
the structure equation

dω = a (ω ∧ω).

Question: Up to diffeomorphism, how general are the coframings of type A?

In general, 0 = d(dω) = da∧(ω∧ω) + J(a)(ω∧ω∧ω), so one must have

J(a0) ∈ σ(Ta0A⊗ V ∗) for all a0 ∈ a(X ) ⊂ A,

where σ : V ⊗ Λ2V ∗ ⊗ V ∗ → V ⊗ Λ3V ∗ is skew-symmetrization.



Involutivity: Let T ⊂ V ⊗ Λ2V ∗ be a linear subspace. Let T (1) be defined
so that this sequence is exact:

0 −→ T (1) −→ T ⊗ V ∗
σ−→ V ⊗ Λ3V ∗.

Let F : (0) = V0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn = V be a flag of subspaces, and let
ρi : V ⊗ Λ2V ∗ → V ⊗ Λ2V ∗i be restriction. Define, for 1 ≤ i ≤ n,

sFi (T ) = dim ρi (T )− dim ρi−1(T ).

Cartan’s Inequality: dimT (1) ≤ sF1 (T ) + 2sF2 (T ) + · · ·+ nsFn (T ).

When equality holds, we say T is involutive, F is said to be T-regular, and
the sequence of numbers si = sFi (T ) is the character sequence of T .

A submanifold A ⊂ V ⊗ Λ2V ∗ is involutive if each TaA is involutive for
a ∈ A and, moreover, they all have the same character sequence.
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Theorem A: Let A ⊂ V ⊗ Λ2V ∗ be a real-analytic involutive submanifold
that satisfies, for all a ∈ A, that J(a) ∈ σ(TaA⊗ V ∗).
Then (local) coframings of type A exist and, up to diffeomorphism, depend
on sq functions of q variables, where sq is the last nonzero character.

More explicitly, the space of diffeomorphism classes of k-jets of coframings
of type A has dimension

s +

(
k

1

)
s1 +

(
k+1

2

)
s2 + · · ·+

(
k+n−1

n

)
sn ,

where s = dimA and (s1, s2, . . . , sn) is the sequence of Cartan characters of
the subspaces TaA ⊂ V ⊗ Λ2V ∗.

Proof idea: Set up the problem so that the Cartan-Kähler Theorem can be
applied, generalizing (slightly) the arguments in Cartan’s “infinite groups”
papers from 1904–1910.



Example: The structure equations for SU(2)-holonomy
dη0
dη1
dη2
dη3

 = −


0 θ1 θ2 θ3
−θ1 0 −θ3 θ2
−θ2 θ3 0 −θ1
−θ3 −θ2 θ1 0

 ∧


η0
η1
η2
η3


dθ1
dθ2
dθ3

 = −

2 θ2∧θ3
2 θ3∧θ1
2 θ1∧θ2

+

R11 R12 R13

R21 R22 R23

R31 R32 R33

η0∧η1 − η2∧η3η0∧η2 − η3∧η1
η0∧η3 − η1∧η2

 ,

where Rij = Rji with R11 + R22 + R33 = 0.

We have A ' K (su(2)) ' R5 with

(s1, s2, s3, s4, s5, s6, s7) = (0, 3, 2, 0, 0, 0, 0).

and dimA(1) = dimK (su(2))(1) = 12 = 2s2 + 3s3, so it’s involutive.
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Theorem A is a powerful theorem, when it applies, and there are many cases
in which it does.

Unfortunately, there are many cases in which Theorem A does not apply
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with r 6= 0 implies that there exist u0, u1, u1, u3 for which

dr = 4r ( u0 η0 + u1 η1 + u2 η2 + u3 η3)

θ2 = 2 (−u2 η0 − u3 η1 + u0 η2 + u1 η3)

θ3 = 2 (−u3 η0 + u2 η1 − u1 η2 + u0 η3)

These are structure equations for a coframing (η0, η1, η2, η3, θ1) with
coefficients (r , u0, u1, u2, u3) that still does not satisfy the involutivity
hypothesis of Theorem A.
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Differentiating the structure equations again yields relations of the form

d


u0
u1
u2
u3

 = U(r , u0, u1, u2, u3, v1, v2, v3)


θ1
η0
η1
η2
η3


where U(·) is a matrix depending on three new parameters v1, v2, v3.

Differentiating these equations gives relations of the form

d

v1
v2
v3

 = V (r , u0, u1, u2, u3, v1, v2, v3)


θ1
η0
η1
η2
η3


Differentiating these last relations yields no more relations. Coupled with

dr = 4r (u0 η0 + u1 η1 + u2 η2 + u3 η3)

This gives 8 ‘independent’ coefficients in the structure equations for which
d2 = 0 is an identity.
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A generalization of Cartan’s theorem

Theorem B: Consider a coframing η satisfying structure equations

dηi = − 1
2C

i
jk(h) ηj ∧ ηk dha =

(
F a
i (h) + Aa

iα(h)pα
)
ηi .

C i
jk , F a

i , and Aa
iα (where 1 ≤ i , j , k ≤ n, 1 ≤ a ≤ s, and 1 ≤ α ≤ r) are

specified functions on a domain X ⊂ Rs .
Assume:

1. The functions C , F , and A are real analytic.

2. The tableau A(h) =
(
Aa
iα(h)

)
is rank r and involutive, with Cartan

characters s1 ≥ s2 ≥ · · · ≥ sq > sq+1 = 0 for all h ∈ Rs .

3. d2 = 0 reduces to equations of the form

0 = Aa
iα(h)

(
dpα + Bαj (h, p) ηj

)
∧ ηi

for some functions Bαj . (Torsion absorbable hypothesis)

Then: Modulo diffeomorphism, the general real-analytic solution depends
on sq functions of q variables. Moreover, one can specify h and p arbitrarily
at a point.



Theorem C: If A ⊂ V ⊗ Λ2(V ∗) is a real-analytic submanifold then any
real-analytic coframing ω : TX → V with mapping a : X → A satisfying the
structure equation

dω = a (ω ∧ω)

can be found as a solution to a system of structure equations to which
Theorem B applies.

(The proof is via the Cartan-Kuranishi prolongation theorem.)

Example: The case of an SU(2)-holonomy metric for which R has a double
eigenvalue everywhere prolongs to a system η : TX → R5 and
h : X → A ' R8 where

dη = C (h)(η ∧ η) and dh = F (h)η

and to which Theorem B applies (i.e., it is involutive).



Theorem C: If A ⊂ V ⊗ Λ2(V ∗) is a real-analytic submanifold then any
real-analytic coframing ω : TX → V with mapping a : X → A satisfying the
structure equation

dω = a (ω ∧ω)

can be found as a solution to a system of structure equations to which
Theorem B applies.

(The proof is via the Cartan-Kuranishi prolongation theorem.)

Example: The case of an SU(2)-holonomy metric for which R has a double
eigenvalue everywhere prolongs to a system η : TX → R5 and
h : X → A ' R8 where

dη = C (h)(η ∧ η) and dh = F (h)η

and to which Theorem B applies (i.e., it is involutive).



Theorem C: If A ⊂ V ⊗ Λ2(V ∗) is a real-analytic submanifold then any
real-analytic coframing ω : TX → V with mapping a : X → A satisfying the
structure equation

dω = a (ω ∧ω)

can be found as a solution to a system of structure equations to which
Theorem B applies.

(The proof is via the Cartan-Kuranishi prolongation theorem.)

Example: The case of an SU(2)-holonomy metric for which R has a double
eigenvalue everywhere prolongs to a system η : TX → R5 and
h : X → A ' R8 where

dη = C (h)(η ∧ η) and dh = F (h)η

and to which Theorem B applies (i.e., it is involutive).



Classical Holonomy (no curvature restrictions)

1. H = SU(m) ⊂ SO(2m): s2m−1 = 2 is last nonzero character.

(also works for the nearly Kähler case when m = 3)

2. H = G2 ⊂ SO(7): s6 = 6 is last nonzero character.

(also works for ‘nearly-G2’ structures on M7)

3. H = Spin(7) ⊂ SO(8): s7 = 12 is last nonzero character.
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Curvature restrictions in the SU(2) ⊂ SO(4) case

The SU(2)-invariants on K (su(2)) ' S2
0 (R3) ' R5 are generated by

σ2, σ3 : S2
0 (R3)→ R, satisfying

(σ3(R))2 + 4
27 (σ2(R))3 ≤ 0.

1. Fixed eigenvalues:
(
σ2(R), σ3(R)

)
≡ (c2, c3).

Not involutive. Prolong, apply Theorems B and C, yields that solutions only
exist in the trivial case c2 = c3 = 0.

2. σ3(R) = 0.
Not involutive. Prolong, apply Theorems B and C, yields that soluions only
exist in the trivial case R = 0.

3. (σ3(R))2 + 4
27 (σ2(R))3 = 0.

This is the ’double eigenvalue case’, with nontrivial stabilizer S1 ⊂ SU(2).
Not involutive. Prolong, apply Theorems B and C, yields a 2-parameter
family of solutions, not all of which are complete, but some are.
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The case H = SO(3) (dimM = 3)

The SO(3)-invariants on K (so(3)) ' S2(R3) ' R6 are generated by
σ1, σ2, σ3 : S2

0 (R3)→ R.

1. Fixed eigenvalues:
(
λ1(R), λ2(R), λ3(R)

)
≡ (c1, c2, c3).

When eigenvalues ci are distinct, Jacobi manifold is involutive with last
nonzero character s2 = 3. Otherwise, not involutive.

2. Fixed eigenvalues:
(
λ1(R), λ2(R), λ3(R)

)
≡ (c1, c1, c3) with c1 6= c3.

Not involutive. Prolong, apply Theorems B and C, becomes involutive with
last nonzero character s1 = 2.

3. Fixed eigenvalues:
(
λ1(R), λ2(R), λ3(R)

)
≡ (c , c , c)

Involutive, but solutions depend on one constant. (Constant sectional
curvature.)
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Curvatures in K (h) with nontrivial H-stabilizers

Classifying the general H-invariant A ⊂ K (h) for which the corresponding
H-structures have nontrivial solutions is probably intractable.

However, it seems likely that one can classify the A ⊂ K (h) that yield Jacobi
manifolds and that are either involutive or their first prolongation is
involutive.

The most promising candidate to date is the subset S ⊂ K (h) that consists
of the curvatures that have nontrivial H-stabilizers. This is not a smooth
manifold, but it can be ‘stratified’ into smooth pieces according to the
stabilizer type, and these can be analyzed.

This is the project that I have been engaged in.
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Table: Stablized curvatures for subgroups of SU(3)

G dim
(
K (su(3))

)G
G -splitting of C3

U(2) 1 C⊕ C2

SU(2) 1 R⊕ R⊕ C2

SO(3) 1 R3 ⊕ R3

T2 3 C⊕ C⊕ C

S1(p/q)† 3 C⊕ C⊕ C

S1(0) 5 R⊕ R⊕ C⊕ C

S1(1) 7 C⊕ C⊕ C

† p/q 6= 0, 1, where S1(p/q) is the circle of diagonal matrices
diag(e ipt , e iqt , e−i(p+q)t).



Table: Stabilized curvatures of subgroups of G2

G dim
(
K (g2)

)G
G -splitting of R7

SU(3) 0 R1 ⊕ C3

SO(4) 1 R3 ⊕ R4

U(2)1 2 R3 ⊕ R4

U(2)2 2 R1 ⊕ R2 ⊕ R4

T2 5 R⊕ C⊕ C⊕ C
SU(2)1 3 R⊕ R⊕ R⊕ C2

SU(2)2 6 R3 ⊕ R4

SO(3)1 1 R⊕ R3 ⊕ R3

SO(3)2 1 R7

S1(p/q)† 5 R⊕ C⊕ C⊕ C
S1(0) 13 R⊕ R⊕ R⊕ C⊕ C
S1(1/2) 7 R⊕ C⊕ C⊕ C
S1(1) 9 R⊕ C⊕ C⊕ C

† p/q 6= 0, 12 , 1


