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Part I: Curvature-Constrained Special Holonomy

(M", g) Riemannian with holonomy H C O(n), with Lie algebra ) C so(n).
The structure equations on the H-bundle B — M:
dn=—-0nrn and df =—-0A0+ R(nan).

n:TB—=R", 0:TB—bh, and R: B— K(b) is the curvature function,
where K(h) is the H-representation

0 — K(h) — S%(h) == A*(R™).

Second Bianchi: dR = —6.R + R'(n). where
R : B — KW(h) C Hom(R", K(b))

represents the covariant derivative of the curvature.
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Example: SU(2) C SO(4)

dmno 0 0 02
dm | -0 0 —03
dnp -6 6 0
dns —03 —0, 0
d@l 2 02/\93 Rll R12
dér | == [2603n01 | + | Rax Ra
d93 2 91 /\92 R31 R32

where Rjj = Rjj with Ry; + Ry + Rz = 0.

03

02
—4

0

Ris
Ro3
Ras

Mo
m
2
3

TloATIL — T12AT)3
TIoAT2 — TI3ATL
ToAT3 — T AT2

)
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where Rjj = Rjj with Ry; + Ry + Rz = 0.
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Example: SU(2) C SO(4)

dno 0 0 0
dm | -0 0 —03
d’r]z N —92 93 0
dns =03 —0, 6
d@l 2 02/\93 Rll R12
dfy | = — | 260301 | + | R Ra
d93 2 91 /\92 R31 R32

where Rjj = Rjj with Ry; + Ry + Rz = 0.

K(su(2)) = S§(R®) ~R>  and

E. Cartan (1926): SU(2)-holonomy depends on 2 functions of 3 variables.
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Basic holonomy problem: For a given subgroup H C SO(n) how to
classify, up to local diffeomorphism, the ‘solutions’ to the structure equations

dn=—-0nrn
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(n,0): TB—R"® b is a coframing and R : B — K(b).
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Basic holonomy problem: For a given subgroup H C SO(n) how to
classify, up to local diffeomorphism, the ‘solutions’ to the structure equations

dn=—-0nrn
df = —-0A0+ R(nan)

(n,0): TB—R"® b is a coframing and R : B — K(b).

Algebraically special solutions: H does not act transitively on K(f). A
geometrically natural condition on solutions is to require that R : B — K(b)
take values in an H-invariant subset A C K(b).

Example: H = SU(2) = Spin(3) C SO(4) acts on K(su(2)) = S2(R?)
preserving the symmetric functions of the eigenvalues of R € S2(R3).
Specifying a relation between o2(R) and o3(R) defines such an invariant
subset A C S3(R3).

o3(R)* + £aa(R)® < 0.
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Cases of interest in special holonomy

1. SU(n) C SO(2n)
K (su(n)) = S3*(C")

Of particular interest: The cases n =2 and n = 3 (because of the
connections with string theory and nearly Kahler geometry).

2. G, C SO(7) o .
K(g2) = V*%(g,) = R™".

3. Spin(7) € SO(8)

K (s0(7)) =~ V2?%(s0(7)) ~ R,



Example: The structure equations for SU(2)-holonomy

dno 0 0 0
dnl _ —91 0 —93
d’l]z - —02 93 0
dns —03 —0, 0
d91 2 92/\(93 Rll R12
dbr | =—1203n01 | + | Ra1 R
d6s 20,70, Rs1  Ra

where Rjj = Rjj with Ri1 + Rax + R33 = 0.
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Example: The structure equations for SU(2)-holonomy

dno 0 0 0
dnl _ —91 0 —93
d’l]z - —02 93 0
dns —03 —0, 0
d91 2 92/\(93 Rll R12
dbr | =—1203n01 | + | Ra1 R
d6s 20,70, Rs1  Ra

where Rjj = Rjj with Ri1 + Rax + R33 = 0.

We have A ~ K(s5u(2)) ~ R® with
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(517527 53,54, 55, 56, 57) = (0737 27 Oa Oa 070)

and dim A®) = dim K(s5u(2))") = 12 = 25, + 3s3, so it's involutive.



Unfortunately, the systems we need to study are not always involutive, and
one must prolong the structure equations.



Unfortunately, the systems we need to study are not always involutive, and
one must prolong the structure equations.

Example: The SU(2) structure equations in which R : B — S2(R3) has a
double eigenvalue everywhere are not involutive:

dno 0 61 6 O3 Mo

dnl _ —91 0 —93 92 A m

d’f]z B —02 03 O —91 7]2

dns —03 —6, 61 0 Us!
d(91 2 92/\93 —2I’3 0 0 MNoAN1L — M2AN)3
di, | = — | 20340, | + 0 0 NoAT2 — 3AT |

w

dos 20170, o 0 r T0AT3 — T1AT2



Applying d?> = 0 to the equations

dno 0 b 02 O3 70

dm| _ [-61 0 -6 0> N

dm | —0, 63 0 —6; 2

dns =03 —0, 61 O UE
dé, 260,103 =2r* 0 0\ [norm —mams
doy | =— (263700 |+ 0 2 0| [ norm2—mam
dfs 20110, 0 0 r*) \norns —mnn

with r % 0 implies that there exist ug, uz, u1, us for which

dr=4r( womo+ uim+ uxm + u3ns)
02 =2 (—u2mo — usm + uo 72 + U1 73)
03 =2 (—uzmo+ u2my — urmz + Ug13)



Applying d?> = 0 to the equations

d’r]o 0
dm | _ [ 61
dmpa | —0>
dns —03
d01 2 92/\93
dér | = — 203701 | +
d93 2 91/\92

with r # 0 implies that there exist
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ug, U1, Uy, uz for which

dr=4r( womo+ uim+ uxm + u3ns)
02 =2 (—u2mo — usm + uo 72 + U1 73)
03 =2 (—uzmo+ u2my — urmz + Ug13)

These are structure equations for a coframing (1o, 71, 72, 113, 61) with
coefficients (r, ug, u1, U, u3) that still are not involutive.



Differentiating the structure equations again yields relations of the form
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Differentiating the structure equations again yields relations of the form

0
Up L
U Mo
d y = U(r, up, Uy, Up, Uz, V1, Vo, v3) | m
72

us
3

where U(+) is a matrix depending on three new parameters vy, va, v3.
Differentiating these equations gives relations of the form

61

Vi Mo

d| v | =V(ru,u,u,us,vi,vo,v3) | m
V3 2

13

Differentiating these last relations yields no more relations. Coupled with
dr=4r(uomno+ urm + v + usn3)

This gives 8 ‘independent’ coefficients in the structure equations for which
d? = 0 is an identity.
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Classical Holonomy (no curvature restrictions)

1. H=SU(m) C SO(2m): spm—1 = 2 is last nonzero character.

(also works for the nearly Kahler case when m = 3)

2. H= G, C SO(7): s¢ = 6 is last nonzero character.

(also works for ‘nearly-Gy' structures on M7)

3. H =Spin(7) C SO(8): s; = 12 is last nonzero character.
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Curvature restrictions in the SU(2) C SO(4) case

The SU(2)-invariants on K(su(2)) ~ S3(R3) ~ R® are generated by
02,03 : S3(R3) — R, satisfying

(73(R))* + 5 (72(R))* < 0.

1. Fixed eigenvalues: (02(R),03(R)) = (2, c3).

Not involutive. Prolongation shows that solutions only exist in the trivial
case ¢c; = ¢3 = 0.

2. 0‘3(R) =0.

Not involutive. Prolongation show that solutions only exist in the trivial case
R=0.

3. (03(R))* + 55 (02(R))* = 0.

This is the 'double eigenvalue case’, with nontrivial stabilizer ST C SU(2).
Not involutive, but prolongation yields a 2-parameter family of solutions, not
all of which are complete, but some are.
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Curvatures in K(h) with nontrivial H-stabilizers

Classifying the general H-invariant A C K(h) for which the corresponding
H-structures have nontrivial solutions is probably intractable.

However, it seems likely that one can classify the constraints A C K(h) that
are either involutive or their first prolongation is involutive.

The most promising candidate to date is the subset S C K(h) that consists
of the curvatures that have nontrivial H-stabilizers. It is not a smooth
manifold, but it can be stratified into smooth pieces according to the
stabilizer type, and these can be analyzed.

This is the project that | have been engaged in.



Table: Stablized curvatures for subgroups of SU(3) and Generality

G dim(K(su(3)))G G-splitting of C3 Generality
u(2) 1 CoC? 1 const. (known)
SU(2) 1 ROR @ C? 1 const. (known)
SO(3) 1 R @ R3 does not exist

T? 3 CeCoC 8 constants

S'(p/q)t 3 CeCaC 8 constants

SY(0) 5 RoReCoC =277
S(1) 7 CeCoC s =477

" p/q#0,1, where S'(p/q) is the circle of diagonal matrices
diag(e’Pt, efdt, e~ilpta)t),




Table: Stabilized curvatures of subgroups of G2

’ G H dim(K(g,)) ¢ ‘ G-splitting of R” ‘ Generality ‘
SU(3) 0 R! @ C? only flat
SO(4) 1 R ¢ R* only A2 (5*%)
U(2); 2 R3 @ R* only A2 (CP?)
U(2)2 2 R! o RZ @ R* DNE

T? 5 ReCaeCaC ‘only’ consts.
SU(2); 3 RORGR @ C? =0
SU(2), 6 R & R* 777
SO(3); 1 R & R & R3 DNE
SO(3), 1 R’ 'only’ consts.
SY(p/q)! 5 ReCaeCaC 'only’ consts.
Si(1/2) 7 RoCapCaC =27
S1) 9 ReCapCaqC 51 =477
ST(0) 13 ROGROGR®C®C 777

"p/g#0,3,1
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Part 1l: Second order associative 3-folds

Associative submanifolds M3 C R” can be defined by the condition that
their tangent spaces belong to the 8-dimensional associative Grassmannian

Assoc (=~ G2/S0(4)) = G, - R3 € Grd (R7).
More generally, given a group G acting by isometries on R” and a G-orbit
Y (~ G/H) =G -R™ C Gr}(R"), where H = Stab(G,R™)

one can speak of X-manifolds M™ C R", whose tangent spaces belong to X.
The Gauss map vy : M — X given by vy (x) = TxM € X has a derivative

’y,/\/,(X) M — TW(X)Z C N,W(X) ® T:M ~R"™T"® (Rm)*
that satisfies (because of symmetry of second partials),

I = V(X)) € Thp)E @ TiM N (N, 0 @ S*(TEM)).



All of the spaces R™, (R™)+ = R"~™ and Tgn% ~ g/h are H-modules, and
so is the space

I(g,h) = (TenZ @ R™) N ((R™)* ® S*(R™)),

which defines a space of possible second fundamental forms of ¥-manifolds.



All of the spaces R™, (]R’””)L =R"""™ and TrnX ~ g/bh are H-modules, and
so is the space

I(g,h) = (TenZ @ R™) N ((R™)*" @ S*(R™)),
which defines a space of possible second fundamental forms of ¥-manifolds.

Example: Special Lagrangian submanifolds. G = SU(m), H = SO(m).
Then

I(g,h) = (SS(R™) @ R™) N (R™ @ S*(R™)) = S§(R™) ~ R".



All of the spaces R™, (]R’””)L =R"™ ™ and TgmX =~ g/b are H-modules, and
so is the space

I(g,h) = (TenZ @ R™) N ((R™)*" @ S*(R™)),
which defines a space of possible second fundamental forms of ¥-manifolds.
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In 2000, | analyzed the case m = 3 of special Lagrangian 3-folds whose
second fundamental forms (harmonic cubic forms) had a nontrivial
symmetry, and found many integrable cases. (Second order families of
special Lagrangian 3-folds, arXiv:math/0007128.)



All of the spaces R™, (]R’””)L =R"™ ™ and TgmX =~ g/b are H-modules, and
so is the space

I(g,h) = (TenZ @ R™) N ((R™)*" @ S*(R™)),
which defines a space of possible second fundamental forms of ¥-manifolds.

Example: Special Lagrangian submanifolds. G = SU(m), H = SO(m).
Then

I(g,h) = (SS(R™) @ R™) N (R™ @ S*(R™)) = S§(R™) ~ R".

In 2000, | analyzed the case m = 3 of special Lagrangian 3-folds whose
second fundamental forms (harmonic cubic forms) had a nontrivial
symmetry, and found many integrable cases. (Second order families of
special Lagrangian 3-folds, arXiv:math/0007128.)

My student, Marianty lonel, did a similar analysis of the case m = 4 in 2002
and also found many integrable cases.
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Associative 3-folds: G = G2, H = SO(4). (Spin(4) = Sp(1) x Sp(1).)
g/b~ V54 = §3(Vio) ®m Vo1 ~ R,
and computation shows that
I(g, b) = Vo', = $°(Vio) @m Vo1 ~ R™,

Thus, one can think of the second fundamental form of an associative 3-fold
as a quintic polynomial in two complex variables

4 2 2.3 4 5
p(z1,22) = a5 27 + bag 2} zo + 10a3 22z + 10a, 27 Z5 + 5a1 2125 + a0 z5 -



Associative 3-folds: G = G2, H = SO(4). (Spin(4) = Sp(1) x Sp(1).)
g/b~ V54 = §3(Vio) ®m Vo1 ~ R,
and computation shows that
I(g,h) = Voy = S°(Va0) ®m Vo1 ~ R,

Thus, one can think of the second fundamental form of an associative 3-fold
as a quintic polynomial in two complex variables

5 4 3.2 2.3 4 5
p(z1,22) = as 20 + 5as z7 20 + 10a3 z7 z5 + 1023 2725 + 5a1 212, + ap Z5.

One can interpret a second fundamental form of an associative 3-manifold
(up to real scalar multiples) as a degree < 5 rational mapping

P : CP' — CP', P(z1,2) = [p(z1,22), p(—22, 71)].

up to (independent) isometric rotations in the domain and range 2-spheres.



By comparison, for co-associative submanifolds M* C R7, the coassociative
Grassmannian is also G5/SO(4) C Gry (R”), so again,
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By comparison, for co-associative submanifolds M* C R7, the coassociative
Grassmannian is also G5/SO(4) C Gry (R”), so again,

g/h = V5q = S3(Vip) @m Vo1 ~ RS
However, the second fundamental form space is different:

]I(g7 h) = VAJEZ = 54(‘/1,0)]R ®]R S.2(‘/0,1)]R - RS & R?’ =~ R157

For Cayley submanifolds M* C R®, the Cayley Grassmannian is
Spin(7)/H C Grj (R®), where H = (Sp(1)xSp(1)xSp(1))/Z,. Then
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By comparison, for co-associative submanifolds M* C R7, the coassociative
Grassmannian is also G5/SO(4) C Gry (R”), so again,

g/h = V5q = S3(Vip) @m Vo1 ~ RS
However, the second fundamental form space is different:

]I(g7 b) = VAJEZ = 54(‘/1,0)]R ®]R S.2(‘/0,1)]R - RS & R?’ =~ R157

For Cayley submanifolds M* C R®, the Cayley Grassmannian is
Spin(7)/H C Grj (R®), where H = (Sp(1)xSp(1)xSp(1))/Z,. Then

g/b= V§2,1 = R127

while the second fundamental form space turns out to be

]I(gv h) = V§3,1 _— R24a



The classification of the stabilizer types in the associative case can now be
worked out.
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The classification of the stabilizer types in the associative case can now be
worked out.

Proposition 0: If p(z;, z,) represents an associative second fundamental
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worked out.

Proposition 0: If p(z;, z,) represents an associative second fundamental
form with nontrivial stabilizer in H = SO(4), then p is in the orbit of one of
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(N.B. There are some inequalities among a, b, u, v in the above cases in
order to ensure no larger symmetry. Also, the three circles in Cases 1-3 are
not conjugate in SO(4).)



Proposition 1: The associative 3-folds in R” whose second fundamental
forms have type p = az°

e are all ruled,
e depend on s; = 6 functions of 1 variable, and

e appear as pseudoholomorphic curves in an almost-complex 3-fold.



Proposition 1: The associative 3-folds in R” whose second fundamental
forms have type p = az°

e are all ruled,

e depend on s; = 6 functions of 1 variable, and

e appear as pseudoholomorphic curves in an almost-complex 3-fold.

Remark: The ruled associative 3-folds in R” can be regarded as surfaces in
A(R”) ~ TS°®, the space of lines in R”. There is a unique almost complex
structure on A(R7) such that these surfaces are the pseudoholomorphic
curves in A(R7). Thus, they locally depend on s; = 12 functions of 1
variable.
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Proposition 3: The only associative 3-folds in R” whose second
fundamental forms have type p = 10az;32,2 are actually special Lagrangian
in a R® C R” and are the Harvey-Lawson examples with an SO(3) symmetry.

Proposition 4: (Z4) The only associative 3-folds in R” whose second
fundamental forms have type p = az® + 5b z,20* must actually have either
a=0or b=0 (and so have continuous symmetry).

Proposition 5: (Z3) The only associative 3-folds in R’ whose second
fundamental forms have type p = az;% + 5ibz;22,3 are actually special
Lagrangian in a R® C R”. (These were classified (B—) 2000.)

Proposition 6: (Z;) In progress.



