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Basis step: Suppose n = 2. Now | 52| = 2 and the nonidentity element of S5 is @ = ( 9 1 ) Now

a = (12), ie., ais a cycle. Thus, the theorem is true for n = 2.
Inductive hypothesis: Suppose that the theorem is true for all S) such that 2 < k < n.
Inductive step: Suppose n > 2. We show that the result is true for n.
Let 7 be a nonidentity element of S,,. Now 7*(1) € X, for all integers 4, @ > 1. Therefore, {m(1), 7%(1),
., (1), ...} ©Xn Because Xy is a finite set, we must have 7/(1) = 7™ (1) for some integers [ and m
such that [ > m > 1. This implies that 7/=™(1) = 1. Let us write j = [ —m. Then j > 0 and 7/ (1) = 1.
Let i be the smallest positive integer such that 7%(1) = 1. Let

A= {1,7r(1),7r2(1), ... ,Wi_l(l)}.
Then all elements of the set A are distinct. Let 7 € S,, be the permutation defined by
T=Q1=x1) 7(1) - D)),

i.e., 7 is a cycle. Let B =X\A. If B = (), then 7 is a cycle. Suppose B # (. Let 0 = «|g. If ¢ is the
identity, then 7 is a cycle. Suppose that ¢ is not the identity. Now by the induction hypothesis, o is a
product of disjoint cycles on B, say, 0 = 010090 ---00,. Now for 1 <7 < r, define m; by

y_ J oia)ifac B
mi(a) = { aif a ¢ B.



Then w1, 7, ..., 7, and 7 are disjoint cycles in 5,,. It is easy to see that # = my omg0--- om0 7. Thus,
7 is a product of disjoint cycles.

To prove the uniqueness, let m = myomg0---0m,. = po0pu,0---0opu,, a product of r disjoint cycles and
also a product ot s disjoint cycles, respectively. We show that every 7; is equal to some p; and every p,
.17). Then 7(i1) # 1. This implies that
i1 1s moved by some yi;. By the disjointness of the cycles, there exists unique p;, 1 < 7 < s, such that 7,

is equal to some 7 Consider 7;, 1 <12 < r. Suppose 7;

appears as an element in ;. By reordering, if necessary, we may write ., = (¢ ¢o ...
J ’ ’ J
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Crm ). Now

If | <m, then i1 = m;(4;) = 7(4y) = w(q) = ,uj(q) = C141, a contradiction. Thus, I = m. Hence, m; = pu,;
for some j, 1 < j < s. Similarly, every p,, = 7 forsome ¢, 1 <t <r. m
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