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The definition of a topological space is very general; an arbitrary topological space > UJY, whal do we meon \Dj

can be extremely complicated and have a very non-geometric flavor.
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However, in many applications (e.g., computer vision, medical i1maging,

physics), particularly nice examples of topological spaces tend to arise; these are
spaces which admit Euclidean coordinates, at least locally, and permit the definition

of a precise generalization of classical calculus. Such a topological space 1s called
a manifold. . o
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It 1s often the case that examples have additional smoothness which permits
the use of the methods of calculus. Since the transition functions involve maps
from subsets of Euclidean space to itself, we can ask about their continuity and
derivatives using the standard techniques of multivariable calculus. =]
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(Another Smooth Structure on R). Consider the homeomorphism the transition map Idg oy ! (y) = y!/3 is not smooth at the origin. Therefore, the

¥ : R — R given by smooth structure defined on R by 1/ is not the same as the standard one. Using
v(x) = x> similar ideas, it is not hard to construct many distinct smooth structures on any given

positive-dimensional topological manifold, as long as it has one smooth structure to

The atl isti f the single chart (R, ) defi th struct R. L.
e atlas consisting of the single chart (R, ) defines a smooth structure on T

This chart is not smoothly compatible with the standard smooth structure, because

(Finite-Dimensional Vector Spaces). Let V be a finite-dimensional  is determined by
real vector space. Any norm on V' determines a topology, which is independent n n n
of the choice of norm. With this topology, V is a topological - Z 57 Ej — Z X E; = Z Xt Alf Ej,
manifold, and has a natural smooth structure defined as follows. Each (ordered) F=1 i—1
basis (E1,..., E,) for V defines a basis isomorphism E: R” — V by

i,j=1

It follows that X/ = > Aij x*. Thus, the map sending x to X is an invertible linear
.. map and hence a diffeomorphism, so any two such charts are smoothly compatible.

E(x) = E x'E; :
& The collection of all such charts thus defines a smooth structure, called the standard

. smooth structure on V .
This map is a homeomorphism, so (V, E™!) is a chart. If (£, ..., E,) is any other 5]

basis and E (x) = > 7 x/E ; 1s the corresponding isomorphism, then there is some
invertible matrix (A]) such that E; = ) r Al E ; for each i. The transition map

between the two charts is then given by E-lo0E (x) = X, where X = (551, ... ,f”)
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As an illustration, consider the example of height function f: M — R fa
defined on a vertical torus. - ~ There are four crit-
ical points for the height function f, ¥ (minimum), v, w (saddles), and z
(maximum). We have that M-, is: (i) empty for a < f(u); (i1)) homeomor-
phic to a 2-disk for f(u) < a < f(v); (ii1)) homeomorphic to a cylinder for
f(v) <a < f(w); (iv) homeomorphic to a compact genus-one surface with a
circle as boundary for f(w) < a < f(z); and (v) a full torus fora > f(z).
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