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Abstract

v

Mathematical models of dopaminergic and sero-
tonergic synapses have enabled the authors
to study quantitative aspects of the synthesis,
release and reuptake of dopamine and serotonin,
to investigate the effects of autoreceptors, and to
explore the influence of the neurochemistry on
the firing patterns of cells known to be involved
in the behavioral responses to dopaminergic and
serotonergic signaling.

The models consist of coupled ordinary differen-
tial equations. Parameters are determined from
biochemical and physiological measurements.

Three results from recent in silico experiments
with the dopaminergic and serotonergic syn-
apse models are described: (1) influence of sub-
strate inhibition on the stability of dopamine and
serotonin synthesis; (2) a predicted connection
between serotonin reuptake transporter (SERT)
density on terminals and tonic firing rates; (3) an
explanation of data from autoreceptor knock-out
experiments.

Mathematical models are useful for studying the
biology of dopaminergic and serotonergic sig-
naling because these systems are complex and
involve interactions between neurochemistry
and neurobiology.

Introduction

v

The task of understanding the central nervous
system is exceptionally difficult for several rea-
sons. The chemistry of cells forms the basis for
electrical activity, so that synthesis of neuro-
transmitters, cell regulatory mechanisms, oxida-
tive stress, and inter-cell communication between
neurons and glia all influence neuronal network
behavior. However, the firing patterns of neurons
and networks of neurons also influence the
chemistry of cells and tissues. Experimentation,
both clinical and biological, is difficult, and brain
systems are plastic and influenced by environ-
ment and past history. It is a daunting scientific
task to go from neurons to networks to behavior.
Mathematical models of very different kinds
have been used to organize data, to test hypoth-
eses about how systems might work, and to aid in
the biological investigation of specific systems.
We are interested in understanding how brain
chemistry and brain electrophysiology influence
each other in serotonin (5HT) and dopamine (DA)
signaling and what the consequences are for
behavior. To that end, we have constructed a
mathematical model of a dopaminergic synapse

[1] and a mathematical model of a serotonergic
synapse [2]. Our purpose is not simply to make
models that summarize what is known, but to
use the models for in silico biological experimen-
tation that sheds light on the complex, intricate
behavior of these systems.

We present here three kinds of results that show
how experimentation with dopamine and sero-
tonin models can give biological information.
First we discuss the physiological consequences
of substrate inhibition of tyrosine hydroxylase
(TH) and tryptophan hydroxylase (TPH). Second,
we discuss the relationship between tonic firing
rates and the density of reuptake transporters on
terminals. Finally, we use the model to briefly
discuss and interpret experimental data from 5-
HT autoreceptor knockout mice.

Methods

v

Our models consist of systems of ordinary differ-
ential equations that we solve using MatLab. The
models are based on real physiology and bio-
chemistry in the sense that the kinetic forms of
enzymatic reactions and transporters and associ-
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ated constants are chosen from the literature or from discus-
sions with experimentalists. This is not an easy task since
parameters vary from cell to cell, from tissue to tissue and from
species to species. A schematic description of the model is shown
in © Fig. 1 and the differential equations are given in the Appen-
dix. A full description of our approach is not possible in this
short note, but interested readers can consult the lengthy meth-
odssectionsin[1]and [2]. The serotonin synapse model includes:
transport of tryptophan into the terminal, synthesis of 5-hydrox-
ytryptophan by TPH and of 5HT by aromatic amino acid decar-
boxylase, the transport of 5HT to vesicles by the monoamine
transporter, the release of 5HT from vesicles into the synaptic
cleft depending on firing rate, reuptake by serotonin reuptake
transporters (SERTs), the effects of the autoreceptors, and degra-
dation of 5HT to 5-hydroxyindoleacetic acid in the terminal and
in the extracellular space. The model allows us to conduct exper-
iments on the millesecond time scale (e.g., response to individ-
ual action potentials) up to the scale of hours and days (e.g.
reactions to single or repeated doses of fluoxetine).

Results

v

Substrate inhibition

Both tyrosine hydroxylase (TH) and tryptophan hydroxylase
(TPH) show substrate inhibition. What this means it that the
reaction velocity does not follow Michaelis-Menten kinetics but,
instead, after a particular substrate concentration, S, the veloc-
ity of the reaction declines as substrate concentration goes up;
see © Fig. 2. The value of S, and the rate of decline depend on

NADP*

NADPH

the particular enzyme and substrate and the mechanism that
causes substrate inhibition.

The dark red and blue bars on the x-axis in © Fig. 2 show typical
cellular concentrations of tyrosine and tryptophan in CNS
neurons under fasting conditions. However, before and after
meals blood concentrations of amino acids vary dramatically.
Typical serum concentrations of tyrosine are in the range 40-
180 micromolar [7,14], and typical brain concentrations are in
the range 100-150 [3,9]. Furthermore, it is known ([10,11]) that
the brain concentrations of tyrosine and tryptophan can vary by
as much as a factor of two (indicated by the pink and light blue
bars in © Fig. 2). In the case of DA, we used our model for the DA
synapse [1] to show that these large changes in tyrosine have
almost no effect on the synthesis rate of DA or the vesicular
stores of DA and this corresponds to what is seen experimentally
[5,10]. The reason for this homeostasis is that the normal con-
centration of tyrosine is near the point where the velocity curve
has its maximum, that is, well above the K, of TH. Thus even
quite large increases in tyrosine concentration do not change the
synthesis rate of DA very much.

The case is very different for tryptophan. The normal fasting
concentrations of tryptophan lie below the K, for TPH and
therefore large fluctuations in tryptophan cause large changes in
the velocity of synthesis of 5HT. This is what we see in experi-
ments with the model, and these large changes in synthesis
affect the vesicular stores of SHT. Experiments on rats [11] con-
firm that brain serotonin is, indeed, sensitive to the levels of
tryptophan in the diet. This is, of course, consistent with the fact
that serotonin is known to be an appetite suppressant [8]. If ele-
vated 5HT is a signal to stop eating, then the synthesis of 5HT

Fig. 1  Serotonin synthesis, release, and
reuptake. The figure shows the reactions in the
model. Rectangular boxes indicate substrates

and blue ellipses contain the acronyms of
enzymes or transporters. Acronyms: bhs,
dihydrobiopterin; bhy, tetrahydrobiopterin; bTrp,
serum tryptophan; Trp, intracellular tryptophan;
5-HTP, 5-hydroxytryptamine; c5HT, v5HT, e5HT,
cytosolic, vesicular, and extracellular serotonin,
respectively; 5-HIAA, 5-hydroxyindoleacetic

acid; Trpin, neutral amino acid transporter; DRR,
dihydrobiopterin reductase; TPH, tryptophan
hydroxylase; AADC, aromatic amino acid
decarboxylase; MAT, vesicular monoamine
transporter; SERT, 5HT reuptake transporter; auto,
S5HT autoreceptors; MAO monoamine oxidase;
ALDH, aldehyde dehydrogenase. Removal means
uptake by capillaries or glial cells or diffusion out of
the system.

5-HIAA

[GrpA oA 5

removal
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Fig.2 Velocity Curves for TH and TPH. The

07 velocity curves for tyrosine hydroxylase and
Tryptophan hydroxylase tryptophan hydroxylase are shown in blue and
0.6 | red, respectively. The tyrosine curve was obtained
T’é o —— by fitting experimental data in [16] and the
>E 05 Tyrosine hydroxylase tryptophan curve uses the parameters determined
% : in [15]. The range of normal fasting values for
g brain tyrosine and tryptophan concentrations are
B 04 shown by the dark blue and dark red bars while
.g the light blue and pink bars show the range of
= concentrations after meals. The light blue range
g 03} is on the flat part of the TH velocity curve but the
% pink range is in the sharply rising part of the TPH
>
= 02 curve.
g 01k Tryptophan range Tyrosine range
fasting after meals
L o 5
0 50 100 150 200 250
substrate concentration (uM)
3 Fig. 3 Extracellular 5HT for tonic firing and
a b bursts. Panel a shows model simulations of the
tonic tonic + burst extracellular SHT concentration for a serotonergic

SERTs: low density SERTs: low density

neuron firing at 1Hz. In Panel b, the second spike
has been replaced by a burst of three spikes

and the extracellular 5HT concentration rises
significantly because of the burst. Panel ¢ shows
the extracellular 5HT concentration under tonic
firing for the same neuron except that the density
of SERTs has been tripled; 5HT is cleared much

more rapidly from the cleft. When this neuron

C d

tonic tonic + burst
SERTs: high density | SERTs: high density

Extracellular [SHT] (nanomolar)
o

receives a burst, its response is very small (Panel d).

1 2 3 1
Time (seconds)

should be sensitive to the levels of tryptophan in the blood. Sub-
strate inhibition is a common phenomenon that often has func-
tional biological significance [17].

Tonic firing rates and the density of SERTs in terminals
During the last ten to fifteen years dramatic improvements in
electrochemistry (reviewed in [19]) have permitted the meas-
urement of the time courses of extracellular DA and 5HT in dif-
ferent brain regions and under different experimental protocols.
These experiments and theoretical calculations have enabled
the determination of the V,,, values of the dopamine reuptake
transporters (DATs) and the SERTs in different brain regions
[4,6]. These V., values correspond roughly to the density of
DATs or SERTs on the terminal: higher density, higher V.., faster
reuptake.

Interestingly, these studies [4,6] found big differences in SERT
densities in different projection regions. What could be the func-
tion of these different densities? A terminal with a higher den-
sity of SERTs clears the 5HT in the extracellular space from a
single action potential faster than a terminal with lower density.
We propose that the density of SERTs in a terminal region of a
projection neuron is tuned to the tonic firing rate so that the
reuptake time corresponds to the interspike interval during
tonic firing of the neuron. We begin by explaining why this pro-
posal makes sense physiologically. It is known that 5HT neurons
in the dorsal Raphe nucleus (DRN) fire tonically with regular
spikes at rates 0.4-2.5 spikes/second [8] and that they also fire
bursts at higher frequencies [12] that convey sensory or motor
information. In © Fig. 3, we show model simulations of extracel-
lular 5HT concentrations. In Panel a we see regular spiking and
that the time to clear the synaptic cleft is approximately the
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Fig. 4 Experimental data and model
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b simulations for a mouse autoreceptor
knockout. Panel a shows experimental data
redrawn from [13]. Panel b shows corresponding
model simulations in the WT and 5-HT;4 knockout
cases (see discussion in the text).

Time (hours)

same as the interspike interval. Panel b shows the same model
but the second spike has been replaced by a burst of 3 spikes.
The extracellular 5HT concentration rises dramatically with the
burst. In Panel ¢ we show the extracellular 5HT concentration
under tonic firing where the density of SERTs has been increased
by a factor of 3 so that clearance of 5HT from the extracellular
space is much more rapid. Panel d shows the result of burst fir-
ing in this case. Although the burst raises the mean extracellular
5HT it does not raise the maximum amount of 5HT in the cleft
very much. Thus, matching the clearance time to the interspike
interval greatly enhances the serotonergic signal in bursts.
There is a small amount experimental evidence for our proposal.
For example, the V. for the DATs in DA terminals in the cau-
date putamen was found to be 3.9nM/sec [20] and the V., for
the SERTs in the substantia nigra reticulata was found to be
0.78 nM/sec [4]. Since DA neurons fire tonically at about 5Hz and
5HT neurons at about 1Hz this ratio of V., values is what one
would expect from our proposal. Also the range of tonic firing
rates in the DRN varies by about a factor of 5 or 6 [8] and the
range of SERT V. values found in four projection regions in [6]
also varies by about 5-6. These pieces of evidence are consistent
with our proposal but are by no means conclusive. Definitive
proof (or rejection) of our proposal must come from correlating
the tonic firing rates of the subpopulations of DRN cells that
project to different brain regions with the SERT densities in
those regions.

Extracting information from time-course data

Finally, we give one example of how models can be used to
extract information from time-course data on extracellular 5SHT
concentrations. Panel a of © Fig. 4 shows data redrawn from
experiments that compare extracellular 5HT concentrations in
the striatum for wild type (WT) and autoreceptor knockout mice
[13] after a dose of fluoxetine. The extracellular 5HT for the 5-
HT;, knockout rises to 269% of baseline, presumably because
the firing rate has not decreased. This is because there are no 5-
HT; 4 receptors on the cell body in the DRN that would normally
inhibit firing when extracellular 5HT near the cell body rises.
The extracellular 5HT for the 5-HT;z knockout (terminal recep-
tors) and the WT curve are very similar rising to 167 % of base-
line.

We can immediately extract some information from the graphs
in Panel a. Since presumably the firing has not decreased for the
5-HT;, knockout after the dose of fluoxetine, we can assume
that the release of 5HT from the terminal remains the same.
Since the extracellular concentration rises by a factor of 2.69, the
fraction of SERTs on the terminal not blocked by fluoxetine must
be 1/2.69 = 0.37. This assumes that reuptake is a linear process

Time (hours)

but this is reasonable because at these low concentrations we
are well below the K, of the SERTs. The WT and 5-HT;3 curves
rise much less presumably because the 5-HT;, receptors have
decreased the firing rate. How much? Well, if we assume that the
same amount of 5HT is released per action potential, then since
these curves rise only a factor of 1.67, the firing rate must have
decreased to 0.62 = 1.67/2.6 of normal. The fact that the WT and
5-HT;g curves are similar shows that at these modest increases
in extracellular 5HT the terminal autoreceptors play little role in
the WT case.

Panel b shows the results of simulations with our full terminal
model using these numbers. Between hours 1 and 3 we decrease
the percentage of available SERTs from 100-37 % and we obtain
the extracellular 5HT curve labelled 5-HT;,. If we ramp down
the firing rate from 100-62 % between hours 1-3, then we obtain
the curve labelled WT. Both curves are quite similar to the cor-
responding experimental curves. We remark that our model
treats the intra-synaptic and extra-synaptic spaces as part of
one, well-mixed compartment, yet provides a reasonably good
approximation to the extracellular dynamics of experimentally
measured S5HT concentrations.

But what about the interesting substantial decrease in the
experimental 5-HT;, curve after hour 3? This is unlikely to be
clearance of fluoxetine since fluoxetine has a long half-life and in
any case the WT curve only declines slightly. To test whether this
decrease could be due to decreased synthesis (for example,
caused by the terminal 5-HT; receptors), we decreased the syn-
thesis rate to 50% of normal for the model 5-HT;, curve and to
25% of normal for the WT curve between hours 3 and 4. Compu-
tations gave us the dashed curves in Panel b. The rate of decline
of the curves depends on the balance between rates of synthesis
and catabolism and the size of the vesicular stores, none of
which we changed except as indicated. This shows that a decline
in synthesis rate may be the underlying reason for the decreases
seen in the experimental curves after hour 3.

Discussion

v

We have given three brief examples of how our mathematical
models of dopaminergic and serotonergic synapses can be used
to shed light on the difficult systems-level issues in neurobiol-
ogy. The first example shows that in some circumstances the
details of the cellular biochemistry really matter. In the second
example, we propose a new connection between tonic firing
rates and the density of SERTs on serotonergic terminals. The
third example illustrates, very briefly, how one can use the model
to explore and investigate the meaning of experimental data.
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Mathematical models are not magic bullets that can easily solve
biological problems. Good models, based on detailed physiologi-
cal and biochemical information, are difficult and time-consum-
ing to construct. However, if they represent well (a part of)
physiological reality, they can be used for in silico biological
experimentation to test ideas and hypotheses and to make pre-
dictions, as we did above in our discussion of tonic firing. Exper-
iments with our DA synapse model enabled us to sort out the
different factors that contribute to extracellular dopamine
homeostasis in the striatum and why it is maintained until the
late stages of Parkinson’s disease despite massive loss of the pro-
jections from the substantia nigra [18].

Mathematical models are often questioned by pointing out that
there surely are pieces, possibly important pieces, of the under-
lying biology that are not taken into account. This is always a
legitimate question. It is worthwhile to point out, however, that
this is also a serious issue for the interpretation of traditional
biological experiments, though often unacknowledged. For
example, in interpreting the data [13] discussed above, we tac-
itly assumed that the 5-HT;, mouse is just like the WT mouse
except that it is missing the 5-HT; 5 receptors. But this mouse has
lived its whole life without these receptors and we can’t be cer-
tain that other aspects of its physiology have not been seriously
affected.

We are in the process of constructing a mathematical model for
the synthesis, release, and reuptake of 5HT in cell bodies of the
DRN. When completed, we will combine that model with the
model of the terminal that we have briefly discussed here. This
will enable us to study the simultaneous effects of selective
serotonin reuptake inhibitors on the cell body, the firing rate,
and the release of 5HT in different terminal regions.
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Appendix

v

In this appendix we describe the differential equations that con-
stitute the model. The time-dependent variables in the model
are the concentrations of the substrates in the pink boxes
in © Fig. 1; full names are given in the legend. The velocities of
reactions (or net velocities in case of reversible reactions) or
velocities of transport are always indicated by a capital V with
subscripts and superscripts indicating which enzyme, trans-
porter, or other process is involved. In each case, the variables
that the process depends on are indicated. On the left sides we
include square brackets around the variables as a reminder that
the units of the variables are concentration (uM); on the right
sides of the equations we omit the square brackets because they
make the equations harder to read.

In order to indicate what is involved in the construction of such
a model, we discuss a few of the terms. Vypy (Trp, bh4, e5HT ) is
the velocity of the reaction catalyzed by tryptophan hydroxylase
that depends on the concentrations of cytosolic tryptophan and
dihydrobiopterin, as well as the concentration of extracellular
5HT via the autoreceptors. The term release (e5HT ) - fire (t) -
V5HT the rate of release of 5HT from the vesicles into the extra-
cellular space per unit time at time t. v5HT is the concentration
of 5HT in the vesicular compartment and fire (t) represents the
firing rate of the neuron scaled so that it has value one in case of
tonic firing. release (e5HT ) represents the effect on release of
vesicular 5HT by the extracellular 5HT concentration via the
autoreceptors. The term fluox (t) - Vsgrr (e5HT ) represents the

rate of reuptake of 5HT from the extracellular space into the
cytosol by the SERT transporters. fluox (t) is the fraction of trans-
porters that are unblocked by fluoxetine at time t, so it equals
one in the absence of fluoxetine. The term V., (e5HT ) repre-
sents the removal of 5HT from the extracellular space by uptake
into capillaries and glial cells or diffusion out of the tissue. The
most difficult part of the construction of the model is deciding
on the functional form of the velocities (i.e., Michaelis-Menten
or other forms) and determining appropriate values for the con-
stants involved. This is described in [2] to which we refer the
reader for details.

It is worthwhile to point out that there is not a single “correct”
model of a serotonergic synapse, nor are there single “correct”
values for each parameter. As we remarked in the main body of
the paper, the density of SERTs has been shown to vary by a fac-
tor of 5 in different terminal regions, which means the V,,,4, of
the SERT will vary by the same factor depending on which ter-
minals one is discussing. Similarly, it is known that TPH synthe-
sis rates vary from brain region to brain region as do the types
and densities of autoreceptors. It is very likely that these varia-
tions in parameters are not random but have functional signifi-
cance. The purpose of a model, such as the one we have described
here, is that it enables one to study how the overall behavior of
the system depends on the properties of each of the parts (SERTSs,
autoreceptors, TPH), and how the system behavior changes
when the parts change or are influenced by pharmacological
agents.

% = Vipu(Trp,bhd,eSHT) — Vppr (bh2, NADPH, bhd, NADP)
ﬂ:{z‘ﬂ = Vprr(bh2, NADPH, bhd, NADP) — Vipy(T'rp, bhd, e5HT)
E[%ﬂ = Vap(bT7p) — Vrpu(Trp, bhd, eSHT) — Virppoo(Trp, Trp—pool) — kiie® - Trp
djs-HTP| _ Vrpu(Trp, bhd, e5HT) — Vaapc(5-HTP)
dt
d[c‘:,ift{T] = Vaanc(5—HTP) — Vuar(c5HT, v5HT) + fluoz(t) - Veerr(e5HT) — VE#R(cSHT)
@ = Vmar(c5HT, vSHT) — release(e5HT) - fire(t) - v5SHT
@ = release(e5HT) - fire(t) - vSHT — fluox(t) - Veerr(e5HT) — VP (eSHT) — Viem(e5HT)
‘_d[&g—: AA . yush(SHT) + VZlah(eSHT) - K2e® . 5-HIAA
d[Tf;!;;poolj = Vivppoal(Trp, Trp—pool) — kfegto - Trp—pool
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