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Preface

The instructor of an introductory course on automorphic representations, the
student beginning their foray into the subject, and the experienced mathe-
matical researcher in another discipline trying to obtain conversational knowl-
edge in the field are all faced with a formidable task. The prerequisites are
vast, as the theory of automorphic representations draws on, and makes
substantial contributions to, much of algebraic geometry, harmonic analy-
sis, number theory, and representation theory. Moreover, it is a subject in
which one can spend a career moving in any direction one chooses.

The student should not be overly discouraged, however, because there
is no person currently alive who has the necessary prerequisites to really
understand the entire subject. This is meant as no disrespect to the luminaries
in the field that, either through their work or personal contact, have made
a profound impact on the mathematical community and the authors of this
book. It is simply that broad and deep a subject of research. Extremely
few important results were proved by one individual (or even by a group
working on a single project). Most of the important results in the field have
been obtained by individuals or small teams with very di↵erent specialties
working on various pieces of a larger whole, sometimes over the course of
decades. We say this to encourage the reader; one need not know everything
in order to get started and make important contributions.

In the authors’ experience, after scrounging around the literature one
learns enough to begin discovering mathematics connected to their partic-
ular point of view. The goal of this book is to make this process easier. The
more particular aim is to develop enough of the language and machinery of
the subject that after reading this book one can start reading original research
papers. We have also tried to be concise enough that the reader does not get
mired in so many details that they are unable to see the overarching themes
and goals of the subject. This means that we have not made any systematic
attempt to prove every result that we use in the book. Our preference has
been to omit proofs that require substantial digressions that interrupt the
flow of ideas. However, we have included such proofs if they are not easily
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accessible in the literature. When proofs are not provided we have made an
e↵ort to provide precise references where the reader can find more details.

This book is written so that it can be used as a text for a semester or
year-long course, a resource for self-study of more advanced topics, and as
a reference for researchers. We hope that our e↵orts to provide definitions,
proofs or precise references for proofs will be helpful to the last group. We
treat general reductive groups over arbitrary global fields.

Prerequisites for the book include introductory graduate level courses in
algebra and analysis together with undergraduate topology. Graduate level
classes in algebraic number theory, algebraic geometry, representation theory,
and algebraic topology are helpful at various places. However the book is
written so that the reader who does not have this knowledge can still proceed,
supplementing the material in the book from other resources when necessary.

We now describe several outlines for possible courses. The sections we have
not included have valuable information that may be substituted or added as
desired. Here is an outline for the sections one might cover for a semester
long introduction to automorphic representation theory:

A�ne Algebraic Groups §1.2, §1.3, §1.4 §1.5, §1.6, §1.7, §1.8, §1.9
Adeles §2.1, §2.2, §2.3, §2.4, §2.5, §2.6, §2.7
Automorphic Representations §3.1, §3.2, §3.3, §3.4, §3.5, §3.6, §3.7
Archimedean Representation Theory §4.2, §4.3, §4.4, §4.6, §4.7
Representations of Totally Disconnected Groups §5.1, §5.2, §5.3, §5.4, §5.5,
§5.6, §5.7
Automorphic Forms §6.1, §6.2, §6.3, §6.4, §6.5, §6.6
Unramified Representations §7.1, §7.2, §7.3, §7.5, §7.6, §7.7

It is useful to say in words what these chapters cover. Given a global field
F and a reductive algebraic group G over F, a discrete automorphic repre-
sentation of G(AF )1 is an irreducible unitary representation G(AF )1 which
is isomorphic to a subrepresentation of L2(G(F )\G(AF )1). The first goal of
the course outline above is to make sense of this definition. The second goal,
realized in Chapter 6, is to give a refinement of it that is technically very
useful and make the connection with classical automorphic forms transpar-
ent. The precise relationship between the two definitions is explained in §6.6.
Finally in Chapter 7 one finds a rough form of the Langlands functoriality
conjecture.

For a second semester or an advanced class one has more flexibility. Chap-
ter 8 covers deeper topics in nonarchimedean representation theory, including
the crucial related notions of Jacquet modules and supercuspidal representa-
tions. It also includes a statement of the Bernstein-Zelevinsky classification
(see §8.4). These topics, though important, come up only in passing later in
the book, and could be omitted. Chapter 9 on the cuspidal spectrum gives a
complete proof of the fact that the cuspidal spectrum decomposes discretely.
It is a basic fact that is hard to extract from the literature, but it could easily
be treated as a black box if desired. Chapter 10 outlines the theory of Eisen-



Preface ix

stein series. This foundational theory lies at the heart of many constructions
(and analytic di�culties) in the theory of automorphic representations. How-
ever, the book is written so that Chapter 10 can be skipped without much
loss of continuity.

With these comments in mind, a second course that does not cover simple
relative trace formulae might have an outline as follows:

Rankin-Selberg L-functions §11.2, §11.3, §11.4, §11.5, §11.6, §11.7, §11.9
Langlands Functoriality §12.1, §12.2, §12.3, §12.4, §12.5, §12.6, §12.7, §12.8
Known Cases of Global Langlands Functoriality §13.3, §13.4, §13.5, §13.6,
§13.7, §13.8
Distinction and Period Integrals §14.2, §14.3, §14.4, §14.5, §14.6, §14.7
The Cohomology of Locally Symmetric Spaces §15.2, §15.3, §15.4, §15.5,
§15.6, §15.8

The last three chapters of the book together give a proof of a simple ver-
sion of the (relative) trace formula. This implies the trace formula, twisted
trace formula, etc. in simple cases. In a course these three chapters should
be covered together, and they rely in particular on §14.3. If covering the sim-
ple relative trace formula is a priority for the instructor, they may consider
dropping Chapter 15 or postponing it to the end of the semester.

The spectral side of the trace formula is considered in §16.1 and §16.2. The
geometric side is the focus of Chapter 17. Chapter 9 on the discreteness of
the cuspidal spectrum and Chapter 17 are easily the most technical chapters
of the book. The first requires some analysis and the second some algebraic
geometry. In some sense they are the also the most important, because they
give complete proofs of results that are very di�cult to extract from the
literature, if they exist at all. That said, just as much of Chapter 9 can be
taken as a black box, the same is true of Chapter 17. In a course it might make
sense to treat §17.2 and §17.4 only superficially and focus on the definition of
the local relative orbital integrals in §17.5 and the definition of global relative
orbital integrals in §17.8. The main result of the chapter is Theorem 17.8.4.

After the preparatory work described in the previous paragraph the general
simple relative trace formula in §18.2 follows easily. Section 18.3, §18.4 and
§18.5 provide specializations of the simple relative trace formula that are
important for illustrating what the formula means. Readers interested in
analytic number theory should peruse §18.7, §18.8, and §18.9 to obtain a
complete derivation of the famous Kuznetsov formula in a form suitable for
applications to analytic number theory. After all the hard work required to
derive (even simple) relative trace formulae, it would be remiss not to discuss
some applications. These are contained in Chapter 19. The most important
sections are §19.2 and §19.3, but to really understand the theory in §19.3
the examples and clarifications in the remaining sections of Chapter 19 are
invaluable. Some suggestions for further work are contained in §19.6.

Most of the material in this book has appeared in one form or another
in the literature. We have made an honest attempt to give accurate attribu-
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tions for both results and expository treatments. We would appreciate being
informed of any serious errors we have made either in mathematics or in
attributing results. As much as possible we treat arbitrary reductive groups
over arbitrary global fields, including the case of positive characteristic. We
have also refrained from assuming that the a�ne algebraic groups under con-
sideration are reductive until necessary. This both emphasizes the results that
really depend on the fact that G is reductive and develops the preliminaries
necessary to understand, for example, unitary representations of nonreduc-
tive groups. This is not vacuous, as the theory of Jacobi forms already plays
a role in automorphic forms [BS98].

The results on orbital integrals in Chapter 17 and the simple relative
trace formula in Chapter 18 are based partially on work of the second author
[Hah09] and both authors [GH15]. However they have not appeared previ-
ously in the generality in which we prove them here. In particular we treat
arbitrary reductive groups over arbitrary global fields. Thus we allow positive
characteristic.

In the interest of full disclosure, we should say a word about foundations.
We define a�ne schemes (and in particular algebraic groups) as certain func-
tors on k-algebras, and in §1.10 and §17.6 we make use of some more serious
algebraic geometry involving sheaves of sets on a site. This puts us up against
the usual set-theoretic di�culties. To handle these di�culties we assume the
universe axiom, fix an uncountable universe, and implicitly assume that the
categories of k-algebras, sets, etc., with which we are working are elements of
that universe. This is a standard convention in algebraic geometry. For more
details we refer to [Poo17, Appendix A] and [SGA72, §0]. It is likely that the
reliance on the universe axiom could be removed at the cost of complicating
our definitions.

Durham, NC, Jayce R. Getz
November 2022 Heekyoung Hahn
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Chapter 1

A�ne Algebraic Groups

Before Genesis, God gave the
devil free reign to construct much
of creation, but dealt with
certain matters himself, including
semisimple groups.

attributed to Chevalley by
Harish-Chandra

Abstract We briefly recall some of the basic notions related to a�ne al-
gebraic groups. If the reader is comfortable with reductive groups then this
chapter can probably be skipped and then referred to later as needed.

1.1 Introduction

Someone beginning to learn the theory of automorphic representations does
not need to internalize the content of this chapter. For the most part, one can
get by with much less. For example, one can think of GLn, which is really an
a�ne group scheme over the integers, as a formal notational device already
familiar from an elementary course in algebra: for commutative rings R, the
notation GLn(R) refers to matrices with coe�cients in R with determinant in
R⇥. Likewise, one knows that, for example, Sp

2n(R) is the group of matrices
with coe�cients in R that fix the standard symplectic form on R2n. One can
think of a reductive group G as some gadget of this type that assigns a group
to every ring of some type (say Q-algebras) and behaves like GLn. In fact,
for a first reading of this book, whenever one sees the assumption that G is
a reductive group, one could assume that G = GLn for some integer n and
not lose a lot of the flavor.

That said, at some point, it is not a bad idea for any student of automor-
phic representation theory (and really, any mathematician) to come to grips

1



2 1 A�ne Algebraic Groups

with the “modern” (post 1960s) perspective on algebraic groups and more
generally algebraic geometry. It is useful, beautiful, and despite its reputation,
not really that counterintuitive or di�cult. Thus we will briefly introduce it
in this chapter, mostly as a means of fixing notation and conventions, and
make use of it in the remainder of the book. We have chosen to focus on
a�ne schemes because (for the most part) this is all we require and they are
simpler.

Much of the material in this chapter can be found in one form or another
in the three standard references for algebraic groups [Bor91, Hum75, Spr09].
Unfortunately they were all written in the archaic language of Weil used
before Grothendieck’s profound reimagining of the foundations of algebraic
geometry. The most complete treatment is [DG74]. Since Demazure and
Grothendieck treat group schemes over an arbitrary base scheme, this ref-
erence is hard to penetrate if one does not have solid preparation in algebraic
geometry. Fortunately, Milne has reworked the three standard references in
modern terminology. He restricts attention to algebraic groups over a base
field as opposed to a base scheme, so the account is more accessible than
[DG74]. His book [Mil17] was instrumental in the preparation of this chap-
ter.

To aid the reader in understanding the general theory exposed in this
chapter, we have appended §A. It contains a family of examples of algebraic
groups and explicit descriptions of some of the objects attached to general
algebraic groups in this chapter.

1.2 A�ne schemes

Throughout this chapter, we let k be a commutative ring with identity. Let
Algk denote the category of commutative k-algebras with identity. For a
k-algebra A, one obtains a functor

Spec(A) : Algk �! Set

R 7�! Homk(A,R),
(1.1)

where the subscript k denotes k-algebra homomorphisms. If � : A ! B is a
morphism of k-algebras, then we obtain, for each k-algebra R, a map

Spec(B)(R) �! Spec(A)(R)

' 7�! ' � �.
(1.2)

This collection of maps is an example of what is known as a natural transfor-
mation of functors. More precisely, to give a natural transformation X ! Y
of set-valued functors on Algk is the same as giving for each k-algebra R a
map
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X(R) �! Y (R) (1.3)

such that, for all morphisms of k-algebras R ! R0, the following diagram
commutes:

X(R) Y (R)

X(R0) Y (R0)

(1.4)

An isomorphism of set-valued functors on Algk is a natural transformation
of functors X ! Y such that the maps X(R) ! Y (R) are bijections for all
k-algebras R.

One can check that (1.2) defines a natural transformation of functors, and
it is an isomorphism if and only if � is an isomorphism of rings.

Definition 1.1. An a�ne scheme over k or an a�ne k-scheme is a func-
tor on the category of k-algebras isomorphic to Spec(A) for some k-algebra
A. A morphism of a�ne k-schemes is a natural transformation of functors.

This definition gives us a category A↵Schk of a�ne schemes over k,
equipped with a contravariant equivalence of categories

Spec : Algk �! A↵Schk

(see Exercise 1.3). In other words, the category of a�ne schemes over k is
the category of k-algebras “with the arrows reversed.” If k is understood, we
often omit explicit mention of it. By way of terminology, if X is an a�ne
scheme then

X(R)

is called its the R-valued points or R-points.

Definition 1.2. A functor S : Algk ! Set is representable by a ring A if
S = Spec(A). In this case, we write

O(S) := A

and refer to it as the coordinate ring of S.

To ease comparison with other references, we note that we are defining
schemes using their functors of points, whereas the usual approach is to define
a scheme to be a topological space with a sheaf of rings on it satisfying
certain desiderata and then associate a functor of points to the scheme. The
two approaches are equivalent. The usual approach is desirable for many
purposes, but the approach via the functor of points is more suitable for
the study of algebraic groups. For more details on the usual approach and
on the scheme theoretic concepts mentioned below, we point the reader to
[Har77, EH00, Mum99, GW10]. The functor of points approach is used in
[DG74].
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In order to work with a�ne schemes in practice, one must usually impose
additional restrictions on the representing ring A.

Definition 1.3. An a�ne k-scheme Spec(A) is of finite type if A is a finitely
generated k-algebra. It is finite if A is a finitely generated k-module. It
is of finite presentation if there is an isomorphism of k-algebras A ⇠=
k[t1, . . . , tn]/(f1, . . . , fm) for some finite set of indeterminants t1, . . . , tn and
a finite set of polynomials f1, . . . , fm.

Any a�ne k-scheme Spec(A) of finite presentation is of finite type, and the
converse holds if k is Noetherian. An important example of an a�ne scheme
of finite type over k is a�ne n-space:

G
n
a := Spec(k[t1, . . . , tn]).

This is also denoted by A
n, but we avoid this notation because we will use

the symbol A for the adeles (which will be defined in §2.1). Incidentally the
adeles provide an example of a ring that is not Noetherian.

Here are three other nice properties that the schemes of interest to us will
often enjoy:

Definition 1.4. An a�ne scheme X is reduced if O(X) has no nonzero
nilpotent elements and irreducible if the nilradical of O(X) is prime. It is
integral if O(X) is an integral domain.

It is important to note that an a�ne scheme can be both reduced and irre-
ducible (see Exercise 1.4).

An a�ne k-scheme Spec(A) of finite presentation is smooth if the coor-
dinate ring A is formally smooth. Here a k-algebra A is said to be formally
smooth if for every k-algebra B with ideal I  B of square zero and any
k-algebra homomorphism A ! B/I, one has a morphism A ! B such that
the diagram

A B/I

k B

commutes [Sta16, tag 02GZ].
For example, an a�ne k-scheme is smooth if it is isomorphic to

Spec
�
k[t1, . . . , tn]/(f1, . . . , fc)

�
(1.5)

where det(@fi/@tj)1i,jc maps to a unit in k[t1, . . . , tn]/(f1, . . . , fc).We have
not and will not define open subschemes and Zariski covers of schemes, but
for those familiar with this language, we remark that one can always cover
a smooth a�ne scheme by open a�ne subschemes of the form (1.5) [Sta16,
tag 01V4].
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An a�ne k-scheme is étale if it is smooth of relative dimension zero. In
other words, it is étale if it is smooth and the module of relative Kähler
di↵erentials ⌦A/k is zero.

The concepts of finite type, finite, finite presentation, smooth, and étale
are meaningful in a relative context as well. In more detail, a morphism
Spec(A)! Spec(B) of a�ne k-schemes gives A the structure of a B-algebra.
We say that a morphism Spec(A) ! Spec(B) of k-schemes is of finite type
(resp. finite, finite presentation, smooth, étale) if Spec(A) is of finite type
(resp. finite, finite presentation, smooth, étale) as a B-scheme.

We now discuss closed subschemes.

Definition 1.5. A morphism of a�ne k-schemes

X �! Y

is a closed immersion if the associated map O(Y )! O(X) is surjective.

If X ! Y is a closed immersion then X(R) ! Y (R) is injective for all
k-algebras R (see Exercise 1.5).

If X ! Y is a closed immersion then O(X) ⇠= O(Y )/I for some ideal I
of O(Y ). Motivated by this observation, one defines a closed subscheme
of the a�ne scheme Y to be an a�ne scheme of the form Spec(O(Y )/I) for
some ideal I ✓ O(Y ). Thus a�ne schemes of finite type over k are all closed
subschemes of Gn

a for some n. When k is an algebraically closed field, one
thinks of the closed subscheme Spec(k[t1, . . . , tn]/(f1, . . . , fm)) as being the
zero locus of f1, . . . , fm.

The definition of a closed subscheme can also be given from a topologi-
cal perspective as we now explain. There is a topological space attached to
Spec(A) which is again denoted Spec(A). It is the collection of all primes
p ✓ A equipped with the Zariski topology. To define this topology, for
every subset S ✓ A, we let

V (S) = {p 2 Spec(A) : p ◆ S}. (1.6)

One checks that the sets V (S) are closed under infinite intersections and
finite unions. Thus we can define the Zariski topology on Spec(A) to be the
topology with V (S) as its closed sets. A morphism of schemes induces a
morphism of the associated topological spaces. If I is an ideal of A then the
image of the injective map of topological spaces

Spec(A/I) �! Spec(A)

is V (I) (see Exercise 1.1).
Since we have mentioned the associated topological space of an a�ne

scheme, we state two definitions that use it.
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Definition 1.6. A morphism of a�ne k-schemes X ! Y is dominant if the
induced map of topological spaces has dense image, and surjective if the
induced map of topological spaces is surjective.

The following is [Sta16, Tag 0CC1]:

Lemma 1.2.1 If X and Y are integral, then X ! Y is dominant if and only
if the map O(Y )! O(X) is injective. ut

Lemma 1.2.2 Assume k is a field and X and Y are a�ne schemes of fi-
nite type over k. Then X ! Y is surjective if and only if X(k) ! Y (k) is
surjective.

Here and below, if k is a field, we denote by k an algebraic closure of k.

Proof. By Chevalley’s theorem, the image of the topological space of X in
Y is constructible [GW10, Theorem 10.20]. Since the map X(k) ! Y (k) is
surjective this constructible set contains the set of closed points of Y [GW10,
Proposition 3.33]. The set of closed points in Y is very dense in Y (see [GW10,
§3.12] for this assertion and the definition of very dense). It follows that the
only constructible subset of Y that contains the set of closed points of Y is
Y itself [GW10, Remark 10.15]. ut

We also give a useful criterion for checking that a morphism of a�ne
schemes is an isomorphism. An a�ne scheme X is normal if O(X) is inte-
grally closed in its field of fractions.

Proposition 1.2.3 Assume that k is a characteristic zero field, that X and
Y are integral a�ne schemes of finite type over k, and that Y is normal. A
morphism f : X ! Y is an isomorphism if and only if it induces a bijection
f : X(k)! Y (k).

Proof. One direction is trivial. For the other, assume that f : X(k)! Y (k) is
bijective. Then f is quasi-finite (i.e. has finite fibers) [GW10, Remark 12.16].
Combining this with Lemma 1.2.2 and Zariski’s main theorem in the form
of [GW10, Corollary 12.87] we see that f is a finite morphism. By [GW10,
Corollary 12.88] we see that to prove the proposition it su�ces to check that
f is birational, that is, induces an isomorphism of the fraction field of O(X)
with the fraction field of O(Y ). Since k is of characteristic zero, f is finite,
and f induces a bijection on k-points, [Har95, Proposition 7.16] implies f is
birational. ut

We close this section with the notion of fiber products. This is a simple
and useful method to create new schemes from existing ones. Let

X = Spec(A), Y = Spec(B), Z = Spec(C)

be a�ne k-schemes equipped with morphisms f : X ! Y and g : Z ! Y. We
can then form the fiber product



1.3 A�ne group schemes 7

X ⇥Y Z := Spec(A⌦B C) (1.7)

where A and C are regarded as B-algebras via the maps B ! A and B ! C
induced by f and g, respectively. This scheme has the property that for k-
algebras R one has that

(X ⇥Y Z)(R) = X(R)⇥Y (R) Z(R),

where the fiber product on the right is in the category of sets:

X(R)⇥Y (R) Z(R) := {(x, z) 2 X(R)⇥ Z(R) : f(x) = g(z)}. (1.8)

The case that will appear most frequently in this book is the so-called
absolute product in the category of a�ne k-schemes. To define it, note
that every a�ne k-scheme X = Spec(A) comes equipped with a morphism
X ! Spec(k), namely the morphism induced by the ring homomorphism
k ! A that gives A the structure of a k-algebra. This morphismX ! Spec(k)
is called the structure morphism. Thus for any pair of a�ne k-schemes X
and Z, we can form the absolute product

X ⇥ Z := X ⇥k Z := X ⇥Spec(k) Z.

It follows from (1.8) that for k-algebras R,

(X ⇥ Z)(R) = X(R)⇥ Z(R).

1.3 A�ne group schemes

Definition 1.7. An a�ne group scheme over k (or a�ne k-group scheme)
is a functor

Algk �! Group

representable by a k-algebra. A morphism of a�ne k-group schemes H ! G
is a natural transformation of functors from H to G.

Here a natural transformation of functors is defined as in the previous section,
though this time we require that for each k-algebra R the associated map

H(R) �! G(R) (1.9)

is a group homomorphism, not just a map of sets. An isomorphism of a�ne
group schemes is a natural transformation of functors H ! G such that the
associated map (1.9) is an isomorphism for all k-algebras R. It is clear that
an a�ne group scheme over k is in particular an a�ne scheme over k. In
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this book, we will only be interested in a�ne group schemes (as opposed to
elliptic curves for instance).

An a�ne group scheme G over k is abelian if G(R) is abelian for all
k-algebras R. Some examples of abelian group schemes follow:

Example 1.1. The additive group Ga is the functor assigning to each k-
algebra R its additive group,

Ga(R) := (R,+).

It is represented by the polynomial algebra k[x]:

Homk (k[x], R) = R.

Example 1.2. The scheme of n ⇥ n matrices Mn is the functor assigning to
each k-algebra R the set

Mn(R)

of n⇥ n matrices, viewed as a group under addition. It is represented by

k[{xij : 1  i, j  n}].

It is isomorphic as an a�ne k-group scheme to G
n2

a .

Example 1.3. The multiplicative group Gm is the functor assigning to each
k-algebra R its multiplicative group,

Gm(R) = R⇥.

It is represented by k[x, y]/(xy � 1).

A basic example of a nonabelian group scheme is the general linear group
GLn for n � 2. It is the functor taking a k-algebra R to the group of n ⇥
n matrices (xij) with coe�cients xij in R satisfying det(xij) 2 R⇥. The
representing ring is

k[{xij : 1  i, j  n}][y]/(y det(xij)� 1).

Note that GL1 = Gm. If one wishes to be coordinate free, then for any finite
rank free k-module V, one can define

GLV (R) := {R-module automorphisms V ⌦k R �! V ⌦k R}.

A choice of isomorphism V ⇠= kn induces an isomorphism GLV
⇠= GLn.

We isolate a particularly important class of morphisms with the following
definition:

Definition 1.8. A representation of an a�ne group scheme G is a mor-
phism of a�ne group schemes r : G ! GLV . It is faithful if it is a closed
immersion.
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Definition 1.9. An a�ne group scheme G is said to be linear if it admits
a faithful representation G! GLV for some V.

We will usually be concerned with linear group schemes. We shall see below
in Theorem 1.5.1 that this is not much loss of generality if k is a field.

Definition 1.10. Let G be an a�ne group scheme over k. An a�ne sub-
group scheme (or simply a subgroup) H of G is an a�ne subscheme H of
G such that H(R) is a subgroup of G(R) for all k-algebras R.

We write H  G to indicate that H is a subgroup scheme of G.
We have never defined a subscheme. One first defines an open subscheme,

and then defines a subscheme to be a closed subscheme of an open subscheme.
We refer to any standard text on algebraic geometry for the definition of an
open subscheme. One should be aware that an open subscheme of an a�ne
scheme need not be a�ne, and this is why we have avoided defining the
notion of an open subscheme. Happily, when k is a field and G and H are
a�ne group schemes of finite type over k, a subgroup H  G is automatically
a closed subscheme of G (see Corollary 1.3.2 below).

Much of the basic theory of abstract groups remains valid for a�ne group
schemes of finite type over a field once properly interpreted. We will not
develop the theory; we refer the reader to [Mil17] for details. However, it is
useful to define monomorphisms and quotients in this category:

Definition 1.11. Let k be a field. A morphism H ! G of a�ne group
schemes of finite type over k is a monomorphism (resp. quotient map) if
the corresponding map O(G)! O(H) is surjective (resp. faithfully flat).

For this paragraph continue to assume that k is a field and that H ! G
is a morphism of a�ne group schemes of finite type over k. If H ! G is
both a monomorphism and a quotient map then it is an isomorphism [Mil17,
Proposition 5.33]. By definition, H ! G is a monomorphism if and only if it
is a morphism of a�ne group schemes and is a closed immersion.

Proposition 1.3.1 Assume H ! G is a morphism of a�ne group schemes
of finite type over a field k. Then H ! G is a monomorphism if and only if
H(R)! G(R) is injective for all k-algebras R.

Proof. See Exercise 1.5 and [Mil17, Proposition 5.31]. ut

Corollary 1.3.2 Subgroups of a�ne group schemes of finite type over a field
are closed. ut

The natural analogue of Proposition 1.3.1 for quotient maps is false. IfH ! G
is a quotient map, then H(R) ! G(R) need not be surjective for a given k-
algebra R. A trivial example is the map Gm ! Gm of a�ne group schemes
over Q given on points by x 7! xn for an integer n > 1 (or n < �1). It is true,
however, that if H ! G is a quotient map then H(k) ! G(k) is surjective,
and the converse holds whenever H is reduced (see Lemma 1.2.2 and [Mil17,
Proposition 1.70]).
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Example 1.4. Let k be a field. Then the homomorphism Ga ! GL2 given on
points in a k-algebra R by

R �! GL2(R)

x 7�! ( 1 x
1
)

is a monomorphism. The homomorphism GLn ! Gm given on points in a
k-algebra by the determinant is a quotient map.

Let � : H ! G be a morphism of a�ne group schemes over k (which is
not necessarily a field). The kernel of � is the subgroup scheme of H whose
points in a k-algebra R are given by

(ker�)(R) := {h 2 H(R) : �(h) = 1}. (1.10)

We can alternately construct ker� as the fiber product

ker� = H ⇥G Spec(k)

where the left map is � and the right map is the map e : Spec(k) ! G
associated to the identity element of G(k). Since G is a�ne e is a closed
immersion [Sta16, Tag 045W]. Thus ker� is a closed subscheme of H and
hence a subgroup scheme. If k is a field and H and G are of finite type
over k then Proposition 1.3.1 implies that ker� = 1 if and only if � is a
monomorphism.

We say that a subgroup N  H is normal if N(R) is normal in H(R) for
all k-algebras R. It is clear that ker� is a normal subgroup.

Definition 1.12. Let N be a normal subgroup scheme of the a�ne k-group
scheme H. A quotient of H by N is an a�ne k-group scheme Q equipped
with a morphism H ! Q of group schemes over k satisfying the following
universal property: for any morphism of k-group schemes a : H ! G with
kernel containing N, there is a unique morphism b : Q ! G of k-group
schemes such that the following diagram commutes:

H Q

G

a b

When the quotient of H by N exists we denote it by H/N or N\H. The
definition implies that if a quotient of H by N exists then it is unique up to
unique isomorphism.

The following is [Mil17, Theorems 5.13, 5.14]:

Theorem 1.3.3 Let N be a normal subgroup of the a�ne group scheme H
of finite type over a field k. Then a quotient of H by N exists, and the map
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H ! H/N is a quotient map. Conversely, if H ! Q is a quotient map with
kernel N, then Q is a quotient of H by N. ut

In the setting of the theorem, the surjection H(k)! (H/N)(k) provided by
Lemma 1.2.2 induces a bijection H(k)/N(k) = (H/N)(k). We will describe
(H/N)(k) when N is smooth as a special case of Proposition 1.10.5 below.

1.4 Extension and restriction of scalars

Let k ! k0 be a homomorphism of commutative rings with identity. Given a
k-algebra R, one obtains a k0-algebra R ⌦k k0. Moreover, given a k0-algebra
R0, one can view it as a k-algebra in the tautological manner. This gives rise
to a pair of functors

Algk �! Algk0 and Algk0 �! Algk

known as base change and restriction of scalars, respectively. These func-
tors are useful in that they allow us to change the base ring k.

For a�ne schemes, we similarly have a base change functor

k0 : A↵Schk �! A↵Schk0

given by Xk0(R0) = X(R0); the ring representing Xk0 is simply O(X) ⌦k k0.
In fact, this is a special case of the fiber product construction of (1.7). In the
notation of loc. cit. one takes Y = Spec(k) and Z = Spec(k0) and then takes
g : Z ! Y to be the morphism induced by k ! k0.

The functor in the opposite direction is a little more subtle. For any a�ne
k0-scheme X 0 one can always define a set valued functor

Resk0/kX
0(R) := X 0(R⌦k k0)

called the Weil restriction of scalars. A priori this is just a set valued func-
tor on Algk, but if k

0/k satisfies certain conditions then it is representable,
and hence we obtain a functor

Resk0/k : A↵Schk0 �! A↵Schk.

For example, it is enough to assume that k0/k is a field extension of finite
degree, or more generally that k0/k is finite and locally free [BLR90, Theorem
4, §7.6].

Example 1.5. The Deligne torus is

S := ResC/RGL1.
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One then has that S(R) = C
⇥ and S(C) = C

⇥ ⇥ C
⇥. If V is a real vector

space, then to give a representation S! GLV is equivalent to giving a Hodge
structure on V (see [Mil05] for instance).

Example 1.6. Let d be a square free integer and L = Q(
p
d). If we view L

as a 2-dimensional vector space over Q, one obtains an injection of L⇥ into
GL2(Q). This can be refined into a monomorphism

ResL/QGm �! GL2

of a�ne groups of finite type over Q. One can choose the monomorphism so
the R-valued points of its image is

��
a db
b a

�
: a, b 2 R, a2 � db2 2 R⇥

 

for Q-algebras R.

1.5 Reductive groups

We now assume that k is a field and let ksep  k be a separable (resp. alge-
braic) closure of k. Much of the theory simplifies in this case.

One has the following definition:

Definition 1.13. An a�ne algebraic group over a field k is an a�ne group
scheme of finite type over k.

In other words, an a�ne k-group scheme G is an algebraic group if G is
represented by a quotient of k[x1, . . . , xn] for some n. There is a natural
action of G on O(G); if we think of O(G) as functions on G, then the action
is that induced by right translation. For any k-subspace of O(G) invariant
under G, we obtain a representation of G, and this representation can be
chosen to be faithful. If one fills in the details of this discussion, one obtains
the following theorem [Mil17, §4.d]:

Theorem 1.5.1 An a�ne algebraic group over a field admits a faithful rep-
resentation. ut

Thus a�ne algebraic groups are linear. Conversely, linear algebraic groups
over a field are a�ne algebraic groups, since they admit closed immersions
into the algebraic group GLV for some vector space V.

Another nice feature of a�ne algebraic groups is that they are often smooth
[Mil17, Proposition 1.26, Theorem 3.23]:

Theorem 1.5.2 Let G be an a�ne algebraic group over a field k. If k has
characteristic zero or if Gk is reduced, then G is smooth. ut



1.5 Reductive groups 13

We will also require the notion of connectedness. An a�ne scheme X of
finite type over a field k is connected if the only idempotents in O(X) are
0 and 1. Though it is not true for general a�ne schemes, an a�ne algebraic
group G over k is connected if and only if Gk is irreducible [Mil17, Sum-
mary 1.36]. Using this fact, one shows that if k is a subfield of C, then G is
connected if and only if G(C) is connected in the analytic topology. Every
a�ne algebraic group has a normal subgroup G�  G that is the maximal
connected subgroup of G. It is called the neutral component of G.

We now discuss the Jordan decomposition. Let Mn denote the a�ne
scheme of n by n matrices over k. One reference for the following is [Mil17,
§9.b].

Definition 1.14. Let k be a perfect field. An element x 2Mn(k) is said to be
semisimple if there exists g 2 GLn(k) such that g�1xg is diagonal, nilpo-
tent if there exists a positive integer n such that xn = 0, and unipotent
if x � I is nilpotent. For an arbitrary linear group, we say that an element
x 2 G(k) is semisimple (resp. unipotent) if r(x) is so for some faithful
representation r : G! GLV .

It turns out that if x 2 G(k) has the property that r(x) is semisimple
(resp. unipotent) for some faithful representation r then it is semisimple
(resp. unipotent) for any faithful representation r.

Theorem 1.5.3 (Jordan decomposition) Let G be an a�ne algebraic
group over a perfect field k. Given x 2 G(k), there exist unique xs, xu 2 G(k)
such that x = xsxu = xuxs, where xs is semisimple and xu is unipotent. ut

This leads us to the notion of a unipotent group. An a�ne algebraic group
over k is unipotent if every representation of G has a fixed vector. If G is
smooth then G(k) consists of unipotent elements if and only if G is unipotent
[Mil17, Corollary 14.12]. We remark that unipotent groups are always upper-
triangularizable. More precisely, an a�ne algebraic group G is unipotent if
and only if there exists a faithful representation r : G ! GLn such that the
image of G is a subgroup of the group of upper triangular matrices in GLn

[Mil17, Theorem 14.5].
To define the weaker notion of a solvable group, we recall that the derived

subgroup Gder := DG of an a�ne algebraic group G is the intersection of all
normal subgroups N  G such that G/N is commutative. If G is connected
then Gder is connected. One has that

Gder(k) =
⌦
xyx�1y�1 : x, y 2 G(k)

↵
.

In analogy with the case of abstract groups, we define

DnG := D(Dn�1G)

inductively for n � 1 and say that G is solvable if DnG is the trivial group
for n su�ciently large.
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Definition 1.15. Let G be a smooth a�ne algebraic group. The unipotent
radical Ru(G) of G is the maximal connected normal unipotent subgroup
of G. The (solvable) radical R(G) of G is the maximal connected normal
solvable subgroup of G.

We remark that since a unipotent group is always solvable we have Ru(G) 
R(G).

Definition 1.16. A smooth connected a�ne algebraic group G over a field
k is said to be reductive if Ru(Gk) = {1} and semisimple if R(Gk) = {1}.

If k is a perfect field, then Ru(Gk) = Ru(G)k. However, this is false in
general for nonperfect fields. For more details, see [CGP10]. We emphasize
that, throughout this entire book, our convention is that reductive groups
are connected.

For n > 1 the group of upper triangular matrices in GLn is not reductive.
The most basic example of a reductive group is GLn. It is not semisimple since
R(GLn) = ZGLn

and ZGLn

⇠= Gm. Here ZG denotes the center of the a�ne
algebraic group G. The subgroup SLn  GLn is the derived group of GLn and
is semisimple (which implies reductive). In fact, for any reductive group G,
the solvable radical R(G) is the largest torus that is a subgroup of the center
[Mil17, Corollary 17.62] and Gder is semisimple [Mil17, Proposition 19.21].
In the special case where ZG is smooth (which is automatic in characteristic
zero by Theorem 1.5.2), the solvable radical R(G) of a reductive group G is
Z�

G. This last assertion follows from [Mil17, Remark 12.5].
Assume that H1 and H2 are closed subgroup schemes of an a�ne algebraic

group G over k such that H1(R) normalizes H2(R) for all k-algebras R. We
then have a product map H1 ⇥H2 ! G given on points in a k-algebra R by

H1(R)⇥H2(R) �! G(R)

(h1, h2) 7�! h1h2.

We say H1H2 = G if this is a quotient map.
Suppose that G is a reductive group with center ZG. Let Zt

G be the largest
subgroup of ZG such that (Zt

G)k
⇠= G

n
m for some nonnegative integer n. In

other words Zt
G is the maximal torus of ZG in the sense of Definition 1.22

below. Then

G = Zt
GG

der (1.11)

[Mil17, §21.f]. We note that
ZG \Gder

is the center of Gder. It is a finite group scheme [Mil17, Proposition 19.21].
We warn the reader that one has to be a bit careful with the statement

that G = Zt
GG

der, and with similar statements involving products of a�ne
algebraic groups in a larger group below. In particular,
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Zt
G(k)⇥Gder(k) �! G(k)

is surjective, but
Zt
G(k)⇥Gder(k) �! G(k)

need not be. This is false even for k = Q and G = GL2.
The following theorem of Mostow [Mos56] states that we can always break

an a�ne algebraic group in characteristic zero into a reductive and unipotent
part:

Theorem 1.5.4 Let G be an a�ne algebraic group over a characteristic zero
field k. Then there is a subgroup M  G such that M� is reductive and

G = MRu(G).

All such subgroups M are conjugate under Ru(G)(k). ut

This theorem motivates the following definition:

Definition 1.17. A subgroup M  G of a connected a�ne algebraic group
G over a field k is a Levi subgroup if the restriction of the quotient map
Gk ! Gk/Ru(Gk) to Mk induces an isomorphism

Mk�̃!Gk/Ru(Gk).

The reason that the definition is stated in terms of the algebraic closure
k is that, in positive characteristic, one can have Ru(G)k � Ru(Gk). This
leads to the subject of pseudo-reductive groups (see [CGP10]). If G has a
Levi subgroup M and there is a subgroup N  G such that Nk = Ru(Gk)
then G = MN and the product is semidirect [Mil17, §25.48]. In this case the
decomposition G = MN is called a Levi decomposition. Levi decomposi-
tions do not exist in general in positive characteristic but they do exist for
parabolic subgroups (see §B.3).

1.6 Lie algebras

Now that we have defined reductive groups, we could ask for a classification of
them, or more generally for a classification of morphisms H ! G of reductive
groups. The first step in this process is to linearize the problem using objects
known as Lie algebras. After defining these objects in the current section, we
will return to the question of classification in §1.7 and Theorem 1.8.3 below.

For simplicity we assume in this section that k is a field. For the general
case we refer to [DG74, §II].

Definition 1.18. A Lie algebra (over k) is a k-vector space g together with
a bilinear pairing
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[·, ·] : g⇥ g �! g

satisfying the following assumptions:

(a) [X,X] = 0 for all X 2 g.
(b) For X,Y, Z 2 g,

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0. (1.12)

Morphisms of Lie algebras are k-linear maps preserving [·, ·].

The pairing [·, ·] is known as the Lie bracket of the Lie algebra g and the
identity (1.12) is known as the Jacobi identity. We remark that if k0/k is
a field extension then g ⌦k k0 inherits the structure of a Lie algebra over k0

in a natural manner.
Let LAGk denote the category of linear a�ne group schemes over k and

let LieAlgk denote the category of Lie algebras over k. There exists a functor

Lie : LAGk �! LieAlgk

defined by

LieG = ker(G(k[t]/(t2)) �! G(k)). (1.13)

Here the implicit map is evaluation at t = 0. From the definition just given,
it is not clear that LieG is a Lie algebra, or even a k-vector space, for that
matter. At the moment, it is only a set-valued functor. There is one important
special case where it is easy to deduce a Lie algebra structure. Let G = GLV

for a finite dimensional vector space V. In this case it is not hard to see that

LieG = {IV +Xt : X 2 Endk-linear(V )}�̃!Endk-linear(V )

IV +Xt 7�! X.

This Lie algebra is traditionally denoted glV , or simply gln when V = kn.
One defines

[X,Y ] = X � Y � Y �X

and verifies that it satisfies the axioms for a Lie bracket.
In order to deduce that LieG is a Lie algebra in general, we essentially just

embed LieG in glV , but in a functorial way. The first step is to give LieG a
k-vector space structure. Let

✏ : O(G) �! k (1.14)

be the coidentity, i.e. the homomorphism corresponding to the identity ele-
ment of G(k).

Lemma 1.6.1 There is a canonical bijection
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LieG�̃!Homk-linear(ker(✏)/ ker(✏)
2, k).

In particular, Lie is a functor from LAGk to the category of finite dimen-
sional k-vector spaces.

Using the k-vector space structure of g given above, we see that if k0/k is
a field extension then we obtain a map

(LieG)⌦k k0 �! LieGk0 .

Since we have assumed k is a field, it is bijective [Mil17, §10.19]. In other
words, the functor Lie is compatible with base change.

Proof. An element of LieG is a k-algebra homomorphism

' : O(G) �! k[t]/(t2)

such that the composite with the natural map k[t]/(t2) ! k is ✏. Thus '
maps the ideal ker(✏) into (t) and hence factors through O(G)/ ker(✏)2. Since
O(G)/ ker(✏)2 = k � ker(✏)/ ker(✏)2 (see Exercise 1.9) we obtain a bijection

LieG �! Homk-linear(ker(✏)/ ker(✏)
2, k)

' 7�! '|ker(✏)/ ker(✏)2

as claimed. We leave it to the reader to check the functoriality assertion. ut

The reader may have encountered the Lie algebra of a real Lie group.
Briefly, the real Lie algebra of a real Lie group is the tangent space to the
identity of the Lie group equipped with the Lie bracket of vector fields. The
relationship between this definition and the definition in (1.13) when k = R

is explained briefly in §4.2.
The group G always admits a representation

Ad : G �! GLLieG.

We define it briefly; more details are given in [Mil17, §10.d]. Let R be a k-
algebra; we must construct the homomomorphism Ad : G(R)! GLLieG(R).
Note that the map R ! R[t]/(t2) giving R[t]/(t2) its R-algebra structure
gives rise to an injection G(R) ,! G(R[t]/(t2)). The conjugation action of
G(R[t]/(t2)) on itself restricts to yield an action of G(R) on G(R[t]/(t2))
that preserves

ker(G(R[t]/(t2)) �! G(R)).

Arguing as in the proof of Lemma 1.6.1, the set ker(G(R[t]/(t2)) ! G(R))
can be given the structure of an R-module. Moreover the action of G(R) on
this module is R-linear. The natural map

(LieG)⌦k R �! ker(G(R[t]/(t2))! G(R))
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is an R-module isomorphism, and we obtain the action denoted Ad above. It
is known as the adjoint representation.

We finally give the reader a definition of the bracket on LieG. For this
we note that, by functoriality of Lie as a k-vector space valued functor, the
morphism Ad gives rise to a morphism of finite dimensional k-vector spaces

ad : LieG �! LieGLLieG = gl
LieG.

We then define
[A,X] = ad(A)(X).

One checks that this is indeed a Lie bracket and that when G = GLV this
recovers the earlier definition of the bracket.

In practice, to compute the Lie algebra of a linear a�ne group G, one
just chooses an embedding G ! GLV and computes LieG in terms of the
conditions that cut the group G from GLV . One then obtains the bracket for
free; it is just the restriction of the bracket on GLV .

Example 1.7. If G = SLn, the special linear group of matrices in GLn of
determinant 1, then

det(In +Xt) = 1 + tr(X)t (mod t2)

by Taylor expansion, so

sln := Lie SLn = {X 2 gln : tr(X) = 0}.

Notice how the use of the Taylor expansion amounted to di↵erentiating
some equation once and then taking the zero term; this method of determin-
ing Lie algebras works for at least all the classical groups, which are roughly
subgroups of GLV defined as the subgroup fixing various perfect pairings on
V (see Exercise 1.10).

1.7 Tori

Throughout this section, we assume that k is a field with separable closure
ksep and algebraic closure k. Set

Galk := Gal(ksep/k).

Definition 1.19. An algebraic torus or simply torus is an a�ne algebraic
group T over k such that Tk

⇠= G
n
m for some n. The integer n is called the

rank of torus.

We remark that if T is a torus of rank n over k then there is a finite
separable extension L/k over which T splits, in other words, TL

⇠= G
n
m
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[Con14, Lemma B.1.5] (see Definition 1.21 below for the notion of a split
torus).

Example 1.8. The subgroup T  GLn given by

T (R) :=

⇢✓ t1
. . .

tn

◆
: t1, . . . , tn 2 R⇥

�

is a torus. It is known as the subgroup of diagonal matrices in GLn. The
intersection T \ SLn is the subgroup of diagonal matrices in SLn. It is again
a torus.

Example 1.9. We define a special orthogonal group SO2  SL2 by stipulating
that for Q-algebras R one has

SO2(R) =
��

a b
�b a

�
: a, b 2 R and a2 + b2 = 1

 
.

Since

1

2
( 1 i
i 1

)
�

a b
�b a

� �
1 �i
�i 1

�
=
�
a�bi

a+bi

�
(1.15)

we have (SO2)Q(i)
⇠= (Gm)Q(i). We observe that SO2 is not isomorphic to Gm.

Thus SL2 contains two tori of the same rank that are not isomorphic.

Example 1.10. Let L/k be a finite separable field extension and let

NL/k : ResL/kGm �! Gm

be the norm map; it is given on points by x 7!
Q
⌧2Homk(L,ksep)

⌧(x). Then
the kernel of NL/k is an algebraic torus. When k = Q and L = Q(i), this
torus is isomorphic to the group SO2 of the previous example.

Definition 1.20. A character of an a�ne algebraic group G over k is an
element of

X⇤(G) = Hom(G,Gm).

A cocharacter is an element of

X⇤(G) = Hom(Gm, G).

We observe that X⇤(G) is naturally an abelian group. If G is abelian the set
of cocharacters X⇤(G) is again a group, but this is false for general G.

We warn the reader that often the notation X⇤(G)k is used for what we
call X⇤(G) (with an analogous notation for cocharacter groups). The reason
is that authors want to emphasize that the characters are defined over k and
not over some field extension. Writing X⇤(G)k for X⇤(G) is redundant so we
will not use this notation.

Example 1.11. The group X⇤(GLn) is the free cyclic group generated by det.
The homomorphism Gm ! GLn given on points in a k-algebra R by
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R⇥ �! GLn(R)

t 7�!
� t

In�1

�

is a cocharacter, as is any GLn(k)-conjugate of it.

Example 1.12. If L/k is any finite separable field extension, then ResL/kGm

is an algebraic torus. Moreover one can show that

X⇤((ResL/kGm)L) ⇠=
M

⌧

Z⌧ ,

where the summation runs over the embeddings ⌧ : L ! ksep. In the spe-
cial case where L/k is Galois, the left hand side admits a natural action of
Gal(L/k) and, as a representation of Gal(L/k),

X⇤((ResL/kGm)L)⌦Z C

is isomorphic to the induced representation IndGal(L/k)
1

(1), where 1 denotes
the trivial representation (of the trivial group).

The examples above illustrate that though an algebraic torus T satisfies
Tksep ⇠= G

n
m, it may not be the case that T ⇠= G

n
m. This motivates the following

definition:

Definition 1.21. An algebraic torus T over k is said to be split if T ' G
n
m

over k or if equivalently X⇤(T ) ⇠= Z
rank(T ). An algebraic torus T is said to

be anisotropic if X⇤(T ) is trivial.

Any torus T can be decomposed as T = TaTs where Ts is the maximal split
subtorus, Ta is the maximal anisotropic subtorus, and Ta\Ts is finite [Mil17,
Exercise 12-6].

Characters determine tori in a sense we now make precise. For a free Z-
module M, let k[M ] denote the k-group algebra of M. It is helpful to describe
this group algebra concretely. An isomorphism M!̃Z

` for some positive in-
teger ` induces an isomorphism

k[M ]�̃! k[Z]⌦k · · ·⌦k k[Z]| {z }
` times

.

The algebra k[Z] may be described concretely as follows:

k[Z]�̃!k[x, y]/(xy � 1)�̃!O(Gm)
X

n

knn 7�!
X

n

knx
n. (1.16)

Here the sum is over all integers n but we assume kn = 0 for all but finitely
many n. We see in particular that Spec(k[Z]) ⇠= Gm and Spec(k[Z`]) ⇠= G

`
m.
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To obtain a similar description for nonsplit tori, we must involve a Galois
action. Say a Z[Galk]-module M is continuous if the associated map

Galk �! GLM (Z)

is continuous when we give Galk the usual profinite topology and GLM (Z) the
discrete topology. In other words, Galk ! GLM (Z) is continuous if and only
if it has finite image, or equivalently, factors through Galk0 for some finite
separable extension k0/k. Assume that M is a continuous Z[Galk]-module
that is free as a Z-module, or in other words is Z-torsion free. Then the
action of Galk on ksep induces a ksep-semilinear action of Galk on ksep[M ];
we use this to define (ksep[M ])Galk . For the proof of the following theorem
we refer to [Mil17, §12.e, Theorem 12.23].

Theorem 1.7.1 The association

T 7�! X⇤(Tksep)

defines a contravariant equivalence of categories between the category of al-
gebraic tori defined over k and finite rank Z-torsion free continuous Z[Galk]-
modules. One has a canonical identification

O(T ) = (ksep[X⇤(Tksep)])Galk .

ut

We now consider tori that occur as subgroups of an a�ne algebraic group
G over k.

Definition 1.22. A torus T  G is maximal if Tk is a maximal element of
the set of tori of Gk, partially ordered by inclusion. It is a maximal split
torus if it is a maximal element of the set of split tori of G, partially ordered
by inclusion.

Thus a maximal split torus need not be a maximal torus. This terminology,
though confusing, is standard.

Theorem 1.7.2 Every connected smooth a�ne algebraic group G over k
admits a maximal torus. All maximal split tori in G are conjugate under
G(k).

Proof. The first result is due to Grothendieck (see [Con14, Appendix A]
for instance). The second was announced by Borel and Tits; a reference is
[CGP10, Theorem C.2.3]. ut

In view of the second assertion of Theorem 1.7.2, the rank of a maximal split
torus of G is an invariant of G; it is known as the rank of G. For example,
the rank of SLn is n�1, and the rank of GLn is n. The rank cannot decrease
under base change, but it can increase: For example, the group SO2 defined
in Example 1.9 has rank 0, but (SO2)Q(i) has rank 1.
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Definition 1.23. A reductive group G is said to be split if there exists a
maximal torus of G that is split.

Thus a reductive group over a field k is split if and only if its rank is equal
to the rank of Gk. For example, if T  GLn is the torus of diagonal matrices
then T is a split maximal torus, and hence GLn is split.

For the remainder of this section, G is a reductive group and T  G is a
torus. Let NG(T ) be the normalizer of T in G and CG(T ) is the centralizer of
T in G. The torus T is maximal if and only if CG(T ) = T [Mil17, Corollary
17.84]. The group schemes NG(T ), CG(T ) are algebraic subgroups of G and
CG(T ) is normal in NG(T ). Moreover NG(T ) and CG(T ) are smooth [Con14,
Proposition 2.1.2, Lemma 2.2.4].

Definition 1.24. TheWeyl Group of T inG isW (G, T ) := NG(T )/CG(T ).

It turns out that W (G, T ) is again a smooth (even étale) group scheme of
finite type over k. In particular W (G, T )(k) is finite. Moreover, one has that

W (G, T )(ksep) = NG(T )(k
sep)/CG(T )(k

sep) (1.17)

by Proposition 1.10.5 below.
In important special cases the Weyl group is not just étale, but constant

in a sense we now describe. Let � be an abstract group. Consider the functor
Algk ! Group assigning to any k-algebra R the group of locally constant
functions Spec(R) ! �. Here we give Spec(R) the Zariski topology and �
the discrete topology. This functor is an a�ne group scheme over k. It may
be naturally identified with

Spec(k� ), (1.18)

where k� := ��2� k. An a�ne group scheme over k is constant if it is
isomorphic to Spec(k� ) for some abstract group �. One motivation for this
terminology is that if G is a constant group scheme over a field k, then for all
field extensions k0/k, the map G(k)! G(k0) is an isomorphism. In particular,
G(k) is canonically isomorphic to G(ksep).

Example 1.13. The trivial group scheme over k is the constant group scheme

Spec(k� ) = Spec(k),

where � is the trivial group. We denote this group scheme by 1.

Lemma 1.7.3 If T is a maximal split torus of a reductive group G then
W (G, T ) is a constant group scheme.

We emphasize that we are not assuming G is split in this lemma; thus T need
not be a maximal torus.

Proof. See [Bor91, Chapter V, Theorem 21.2] (or [Mil17, Proposition 21.1]
for an easier special case). ut
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To give some examples of Weyl groups of nonsplit tori, let L/k be an étale
k-algebra of rank n (for example, a field extension of degree n). Choosing a
basis for L we obtain an embedding

ResL/kGm �! GLn.

In particular, if L/k is Galois then

W (GLn,ResL/kGm)(k) ⇠= Gal(L/k).

Every maximal torus in GLn arises in this manner for some L/k (see Exercise
1.11).

After spending all this time discussing tori, we give one important moti-
vation for introducing them. Suppose that G is a split reductive group and
that T  G is a split maximal torus over k. Let

r : G �! GLV

be a representation. Since T is abelian and reductive we can decompose V as

V = �↵2X⇤(T )V↵, (1.19)

where for k-algebras R

V↵ ⌦k R = {v 2 V ⌦k R : r(t)v = ↵(t)v for all t 2 T (R)}. (1.20)

The ↵ such that V↵ 6= 0 are known as weights and the V↵ are known as
weight spaces. The dimension dimV↵ is known as the multiplicity of the
weight ↵.

One has the following basic theorem:

Theorem 1.7.4 Suppose that G is a split reductive group and that V is a
representation of G as above. The collection of weights ↵ together with the
weight multiplicities dimV↵ determine the representation V up to isomor-
phism. ut

It is not hard to see that the set of weights is invariant under the natural ac-
tion ofW (G, T )(k) onX⇤(T ). Though the action does not preserve individual
weights, it does preserve the multiplicities of weights.

One can place a partial ordering on X⇤(T ) such that each representation
of G admits a highest weight with respect to the ordering, unique up to
the action of W (T,G)(k). Moreover, one can characterize the set of highest
weights that can occur. This is known as Cartan-Weyl highest weight
theory (see [Mil17, Chapter 22] for instance).

The key fact to take from this discussion is that the representation theory
of G is determined by the restriction of the representation to a su�ciently
large subgroup (in this case a maximal torus). Happily, the representation
theory of a maximal torus is fairly simple and can be studied via linear
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algebra. The idea of studying representations by studying their restriction
to subgroups is an incredibly useful one; it will come up in various guises
throughout this book.

1.8 Root data

Let G be a split reductive group over a field k and let T  G be a split
maximal torus. Our next goal is to associate to such a pair (G, T ) a root
datum  (G, T ) = (X⇤(T ), X⇤(T ),�(G, T ),�_(G, T )). The root datum is a
refinement of the related notion of a root system (also defined below) that
Demazure introduced to systematically keep track of the center G [DG74,
Expose XXII]. The root datum characterizes G, and in fact Demazure proves
that it characterizes G even in the case where k is replaced by Z. This in some
sense completed work of Chevalley who proved the analogous statement for
semisimple groups over fields [Che58].

Let g denote the Lie algebra of G. As we saw in §1.6, one has an adjoint
representation

Ad : G �! GLg. (1.21)

For example, when G = GLn this is the usual action of GLn on the space of
n⇥ n matrices gln by conjugation.

By restriction we obtain an action of T on g which we decompose into
weight spaces as in (1.19). For a character ↵ 2 X⇤(T ), let g↵ be the corre-
sponding weight space. Thus for k-algebras R,

g↵ ⌦k R := {X 2 g⌦k R | Ad(t)X = ↵(t)X for all t 2 T (R)}. (1.22)

Definition 1.25. The nontrivial ↵ 2 X⇤(T ) such that g↵ 6= 0 are called the
roots of T in G. We let �(G, T ) be the (finite) set of all such roots ↵, and
call the corresponding g↵ root spaces.

Just as in (1.19) we have a decomposition

g = t�
M

↵2�(G,T )

g↵, (1.23)

where t := LieT. It turns out that each of the root spaces g↵ are one dimen-
sional.

One turns the set of roots �(G, T ) into a combinatorial gadget as follows.
Let

V := h�(G, T )i ⌦Z R,
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where h�(G, T )i ⇢ X⇤(T ) denotes the (Z-linear) span of �(G, T ). The pair
(�(G, T ), V ) satisfies remarkable symmetry properties that are axiomatized
in the following:

Definition 1.26. Let V be a finite dimensional R-vector space, and � a
subset of V. We say that (�, V ) is a root system if the following three
conditions are satisfied:

(a) � is finite, does not contain 0, and spans V ;
(b) For each ↵ 2 � there exists a reflection s↵ relative to ↵ (i.e. an involution

of V with s↵(↵) = �↵ and restricting to the identity on a subspace of V
of codimension 1) such that s↵(�) = �;

(c) For every ↵,� 2 �, s↵(�)� � is an integer multiple of ↵.

A root system (�, V ) is said to be of rank dimRV and is said to be reduced
if for each ↵ 2 �, ±↵ are the only multiples of ↵ in �.

We will not need the notion until §1.9, but a subset

� ⇢ � (1.24)

is a base or a set of simple roots if it is a basis of V and each ↵ 2 � can
be uniquely expressed as

↵ =
X

�2�

c��,

where either c� � 0 for all � 2 � or c�  0 for all � 2 �. Any root system
admits a base. We define

�+ ⇢ � (resp. �� ⇢ �)

to be the set of roots expressible as a sum of positive (resp. negative)
linear combinations of a nonempty subset of elements in the base. Then
� = �+

`
��. Conversely, suppose that we are given a subset �+ ⇢ � such

that

(a) for every ↵ 2 �, exactly one of ±↵ is in �+;
(b) if ↵,� 2 �+ satisfy ↵+ � 2 � then ↵+ � 2 �+.

We then call �+ a set of positive roots. Setting �� = {�↵ : ↵ 2 �+}
we have � = �+

`
��. An element of �+ is simple with respect to �+ if it

cannot be written as a sum of two elements of �+. The set of elements that
are simple with respect to �+ then forms a base (or in other words a set of
simple roots). Thus there is a natural bijection between bases of � and sets
of positive roots in �. We refer to [Hum78, §10] for proofs of the assertions
in this paragraph.

The Weyl group of (�, V ) is the subgroup of GL(V ) generated by the
reflections s↵:

W (�, V ) := hs↵ : ↵ 2 �i ✓ GL(V ).
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The following is [Mil17, Corollary 21.38]:

Proposition 1.8.1 If

(�, V ) = (�(G, T ), h�(G, T )i ⌦Z R)

is the root system associated with the split maximal torus T  G over k then
(�, V ) is reduced and

W (�, V ) ⇠= W (G, T )(k).

ut

We observe that �(G, T ) depends only on the Lie algebra of G. In par-
ticular, if G is semisimple, it does not change if we replace G by the adjoint
group Gad := G/ZG. Thus if we wish to classify reductive groups it does not
provide enough information. We thus incorporate more information from G in
order to create an invariant, called the root datum, which determines G up
to isomorphism. We refer to [Mil17, §21.c] for more details on the discussion
that follows.

For ↵ 2 �(G, T ), let T↵ be the maximal subtorus of ker(↵) < T and let

G↵ := CG(T↵) (1.25)

be its centralizer. Then G↵ is a split reductive group and T < G↵ is a
maximal torus. The derived group of G↵ has rank 1 (and hence has Lie
algebra isomorphic to sl2). One has

LieG↵ = t� g↵ � g�↵.

There is a unique unipotent subgroup

N↵ < G↵ (1.26)

normalized by T with Lie algebra g↵. The group N↵ is called the root group
of ↵. One has that N↵

⇠= Ga.
The Weyl group W (G↵, T ) is the constant group scheme with

W (G↵, T )(k) = hs↵i ⇠= Z/2. (1.27)

We have used s↵ to denote the generator of this Weyl group. This is consistent
with our earlier notation in the following sense. We have a homomorphism

W (G↵, T )(k) �!W (G, T )(k)�̃!W (�, V ), (1.28)

where the first arrow is the natural map and the second is the isomorphism of
Proposition 1.8.1. The image of s↵ under (1.28) is the reflection in W (�, V )
that was previously denoted s↵.

Given (↵,�) 2 X⇤(T )⇥X⇤(T ) we have a homomorphism ↵�� : Gm ! Gm.
Thus there is a perfect pairing
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h , i : X⇤(T )⇥X⇤(T ) �! Z (1.29)

given stipulating that
↵ � �(a) = ah↵,�i

where a 2 R⇥ for a k-algebra R. There is a unique ↵_ 2 X⇤(T ) such that

s↵(x) = x� hx,↵_i↵ (1.30)

for all x 2 X⇤(T ). The element ↵_ 2 X⇤(T ) is called the coroot associated
to ↵. One has that h↵,↵_i = 2. Let

�_(G, T ) = {↵_ : ↵ 2 �(G, T )} and V _ := h�_(G, T )i ⌦Z R.

Then one has the following lemma:

Lemma 1.8.2 The pair (�_(G, T ), V _) is a root system. ut
The pair (�_(G, T ), V _) is called the dual root system of (�(G, T ), V ).

Theorem 1.8.3 below is the fundamental result that the quadruple

 (G, T ) = (X⇤(T ), X⇤(T ),�(G, T ),�_(G, T ))

attached to T  G contains enough information to characterize G among all
split reductive k-groups. To make this precise, suppose we have quadruple
(X,Y,�,�_) consisting of a pair of free abelian groups X, Y with a perfect
pairing h , i : X ⇥ Y ! Z, finite subsets � ⇢ X and �_ ⇢ Y and a bijective
correspondence

� �! �_

↵ 7�! ↵_.

For each ↵ 2 �, we let s↵ : X ! X and s↵_ : Y ! Y be the endomorphism
given by

s↵(x) := x� hx,↵_i↵,
s↵_(y) := y � h↵, yi↵_

for any x 2 X and any y 2 Y.

Definition 1.27. The quadruple (X,Y,�,�_) is a root datum if

(a) for each ↵ 2 �, h↵,↵_i = 2 and
(b) for each ↵ 2 �, s↵(�) ✓ � and s↵_(�_) ✓ �_.

We say that a root datum is reduced if for each ↵ 2 � the only multiplies
of ↵ that are in � are ±↵.
For more information about root data, we recommend [Mil17, Appendix C].
One can find a proof in [Mil17, Corollary 21.12] that  (G, T ) is a reduced
root datum.
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Definition 1.28. A central isogeny of root data

(X 0, Y 0,�0,�0_) �! (X,Y,�,�_)

is an injective morphism f : X 0 ! X with finite cokernel such that there is
a bijection ◆ : �! �0 satisfying

f(◆(↵)) = ↵ and f_(↵_) = ◆(↵)_

for all ↵ 2 �. Here f_ : Y ! Y 0 is the dual of f. A central isogeny is an
isomorphism of root data if f is an isomorphism of Z-modules.

This allows us to define the category

RRD (1.31)

of reduced root data; the objects are reduced root data and the morphisms
are central isogenies of reduced root data.

The definition of a central isogeny of root data is motivated by the defini-
tion of a central isogeny of a�ne algebraic groups.

Definition 1.29. Let H and H 0 be connected a�ne algebraic groups over
a field k. A central isogeny is a surjective homomorphism H ! H 0 with
finite kernel contained in the center of H.

Here when we say a “finite kernel” we mean that the kernel is a finite group
scheme.

For more information on the statements in this paragraph, we refer to
[Mil17, §23.g]. A semisimple group G is simply connected if any central
isogenyH ! G is an isomorphism, and adjoint if any central isogeny G! H
is an isomorphism. Any semisimple group G sits in a sequence of central
isogenies

Gsc �! G �! Gad := G/ZG

where Gsc is simply connected and Gad is adjoint. If G is split the groups
Gsc and Gad are uniquely determined by the root system of G. If G ! H
is a central isogeny between two semisimple k-groups then G and H have
the same root system, but not necessarily the same root datum. In general,
simply connected groups have the largest center out of the set of semisimple
groups with the same root system and adjoint groups have trivial center. For
example, SLn is simply connected and PGLn is adjoint. The quotient map
SLn ! PGLn is a central isogeny.

We now return to the case where G is a split reductive group over k. We
note that an isomorphism of reductive groups over k gives rise to an isomor-
phism of their underlying root data. Indeed, if G! G0 is an isomorphism of
reductive groups over k, then upon precomposing the isomorphism with an
inner automorphism of G and postcomposing with an inner automorphism
of G0, we can assume that the isomorphism maps a given maximal torus T
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of G to a given maximal torus T 0 of G0, and hence induces an isomorphism
of the underlying root data. A similar statement is true for general central
isogenies [Mil17, Proposition 23.5].

Let

Splk (1.32)

be the category whose objects are pairs (G, T ) where G is a split reductive
group over k and T  G is a split maximal torus. The morphisms (G, T )!
(G0, T 0) are central isogenies taking T to T 0 up to equivalence, where we say
two morphisms are equivalent if they di↵er by conjugation by an element of
(T 0/ZG0)(k). A morphism (G, T )! (G0, T 0) in Splk induces a central isogeny
 (G0, T 0)!  (G, T ) [Mil17, Proposition 23.5]. The following result not only
implies that every root datum is the root datum of a split reductive group,
but also implies that every central isogeny of root data arises from a central
isogeny of split reductive groups [Mil17, Theorem 23.25]:

Theorem 1.8.3 (Chevalley, Demazure) The map

Splk �! RRD

(G, T ) 7�!  (G, T )

is a contravariant equivalence of categories. ut

It is interesting to note that though Splk a priori depends on k, RRD does
not. In particular, if k0/k is an extension of fields, then we obtain a functor
Splk ! Splk0 by base change that commutes with the functors to RRD:

Splk0

RDD

Splk

(1.33)

It follows from Theorem 1.8.3 that all arrows in the diagram above are equiv-
alences of categories.

Theorem 1.8.3 tells us that if we can classify root data, then we can classify
split reductive groups. In fact, Killing obtained a classification of the under-
lying root systems (up to some mistakes) in [Kil88, Kil90]. Killing’s work
was revisited and corrected in E. Cartan’s thesis. There are many references
for the classification, including [Mil17, Appendix C.g]. One can essentially
reduce the classification of root data to the classification of root systems as
in [Mil17, Appendix C.f].

If (X,Y,�,�_) is a root datum, then so is (Y,X,�_,�). It is known as the
dual root datum to (X,Y,�,�_). If (G, T ) 2 Splk then the root datum
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dual to �(G, T ) gives rise to a pair

( bG, bT ) 2 SplC

called the complex dual of (G, T ) (or sometimes simply G). We note that
there is an isomorphism

W (G, T )(k) �̃!W ( bG, bT )(C)
s↵ 7�! s↵_ .

(1.34)

The formation of the complex dual yields a contravariant equivalence of
categories

Splk �! SplC

(G, T ) 7�! ( bG, bT ).
(1.35)

This implies, in particular, that if G is adjoint then bG is simply connected
and if G is simply connected then bG is adjoint. The complex dual bG is a
key component in the definition of Langlands dual group (see §7.3). We also
note that if k0/k is an extension of fields then the dual groups of (G, T ) and
(Gk0 , Tk0) may be canonically identified in view of the commutativity of the
diagram (1.33).

Certainly, not every morphism of a split reductive group is a central
isogeny. One might ask if one could extend the notion of a morphism of
root data, and thereby use root data to classify morphisms between split re-
ductive groups. We are unaware of such a definition. However, it is the case
that a great deal of information about morphisms between split reductive
groups can be deduced by considering root data. A systematic account of
this for classical groups is given in Dynkin’s work [Dyn52].

We now record arguably the most basic example of a root datum:

Example 1.14. Let G = GLn. For a k-algebra R, let

T (R) :=

⇢✓ t1
. . .

tn

◆
| ti 2 R⇥

�

be the group of diagonal matrices in GLn(R). Then T is a split maximal torus
in G. The groups of characters and of cocharacters of T are both isomorphic
to Z

n via

(k1, . . . , kn) 7�!
✓✓ t1

. . .
tn

◆
7�! tk1

1
· · · tkn

n

◆
(1.36)

and
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(k1, . . . , kn) 7�!
 
t 7�!

 
tk1

. . .
tkn

!!
, (1.37)

respectively. Note that with these identifications, the natural pairing h , i :
X⇤(T )⇥X⇤(T )! Z corresponds to the standard “inner product” in Z

n. We
let "i 2 X⇤(T ) correspond to the elementary vector ei under (1.36). Then
the roots of G relative to T are the characters

"i � "j :
✓ t1

. . .
tn

◆
7�! tit

�1

j (1.38)

for every pair of integers (i, j), 1  i, j  n with i 6= j. Here we have followed
tradition by writing multiplication in the character group X⇤(T ) additively.
The root space (gln)"i�"j is the linear span of the n ⇥ n matrix eij with all
entries zero except the ij-th entry and a 1 in the ij-th entry. The coroot
("i� "j)_ associated with "i� "j is the map sending t to the diagonal matrix
with t in the ith entry and t�1 in the jth entry and 1 in all other entries.
The root group of "i � "j is

N"i�"j (R) := In +Reij . (1.39)

1.9 Parabolic subgroups

We assume in this section that G is a reductive group over a field k with
algebraic closure k.

Definition 1.30. A subgroup B  G is a Borel subgroup if Bk is a maxi-
mal smooth connected solvable subgroup of Gk. A smooth subgroup P  G
is a parabolic subgroup if Pk contains a Borel subgroup of Gk.

The group Gk trivially has Borel subgroups, and hence G always has at
least one parabolic subgroup, namely G itself. A proper parabolic subgroup
is a parabolic subgroup of G not equal to G. In general, a reductive group
need not have proper parabolic subgroups. For example, if D is a division
algebra with center k and G is the reductive group defined by

G(R) = (D ⌦k R)⇥ (1.40)

for a k-algebra R then G does not have a proper parabolic subgroup (see
Exercise 1.12).

It is useful to isolate a weakening of the notion of a split reductive group:

Definition 1.31. A reductive group G is said to be quasi-split if it contains
a Borel subgroup.
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One can show that G is quasi-split if it is split [Spr09, Proposition 16.2.2]
but the converse is not true. Indeed, take G to be the unitary group over the
real numbers whose points in an R-algebra R are

G(R) =
�
g 2 GL2(C⌦R R) : gt ( 1

1
) g = ( 1

1
)
 
,

where the bar denotes complex conjugation. Then the subgroup of upper
triangular matrices in G is a Borel subgroup of G. Thus G is quasi-split. It
is not, however, split.

From the optic of finite dimensional representation theory, the behavior of
a split reductive group is essentially as simple as a group over an algebraically
closed field (see §1.7). Quasi-split groups are a little more technical to han-
dle, but the existence of the Borel subgroup makes the theory not much more
di�cult. The fact that a general reductive group does not have a Borel sub-
group (over the base field) creates more substantial problems. In this case,
one has to make do with a minimal parabolic subgroup. Of course, in the
quasi-split case, a minimal parabolic subgroup is simply a Borel subgroup.

Basic facts about parabolic subgroups come up constantly in the theory of
automorphic representations. For example, they are used to understand the
structure of adelic quotients at infinity (see §2.7) and are used to describe
the representation theory of a reductive group inductively (see §4.9, §8.2 and
Chapter 10). Thus we record some of the basic structural facts about the set
of parabolic subgroups of G in this section. One reference is [Bor91, §20-21].

It is convenient to start with split tori in G. If there is no split torus
contained in G then G is said to be anisotropic. Otherwise G is said to
be isotropic. The derived (sub)group Gder is anisotropic if and only if the
only parabolic subgroup of G is G itself. If G is isotropic then there exists
a maximal split torus T  G unique up to conjugation. Just as in the case
when G is split (discussed in §1.8), we can decompose g under the adjoint
action (1.21) into eigenspaces under T :

g := m�
M

↵2�(G,T )

g↵, (1.41)

where g↵ is defined as in (1.22). Here �(G, T ) is the set of nontrivial weights
occurring in the decomposition above, and m is the trivial eigenspace. One
has m = LieCG(T ). As we recalled above Definition 1.24, CG(T ) is equal to
T if and only if T is a maximal torus, not just a maximal split torus. The set
�(G, T ) is usually referred to as the set of relative roots (or more precisely,
roots relative to k as opposed to k), but we will avoid this terminology because
we will later discuss relative trace formulae which have nothing to do with
this notion of relative. The set �(G, T ) ⇢ X⇤(T )⌦Z R is a root system, but
it is not in general reduced. Just as in the split case, for each ↵ 2 �(G, T )
there is a unique unipotent subgroup

N↵ < G (1.42)
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normalized by T with Lie algebra g↵ [Mil17, 25.19]. The group N↵ is known
as the root group of ↵. The group N↵ is not isomorphic to Ga in general, but
it does admit a subnormal series with successive quotients isomorphic to Ga

[Mil17, 25.19] (in positive characteristic, this is stronger than the assertion
that N↵ is unipotent).

Just as all the maximal split tori in G are conjugate under G(k), the
minimal parabolic subgroups are also conjugate under G(k). Moreover, every
minimal parabolic subgroup contains the centralizer CG(T ) of a maximal split
torus T  G. Thus to describe all minimal parabolic subgroups, it su�ces to
fix a maximal split torus T  G and describe all minimal parabolic subgroups
containing CG(T ). Let � ⇢ �(G, T ) be a base. Then we can consider the
set of positive roots �+ with respect to �. Then there is a unique minimal
parabolic subgroup P0 containing CG(T ) whose unipotent radical N0 < P0

satisfies
LieN0 =

M

↵2�+

g↵.

Theorem 1.9.1 The correspondence described above defines a bijection

{bases � ✓ �(G, T )} �̃! {minimal parabolic subgroups P0 � CG(T )} .

ut

If we fix a minimal parabolic subgroup P0, then the parabolic subgroups
containing P0 are called standard. Every parabolic subgroup is conjugate
under G(k) to a unique standard parabolic subgroup, and two standard
parabolic subgroups are G(k)-conjugate if and only if they are equal. Thus
to describe all parabolic subgroups of G, it su�ces to fix a minimal parabolic
subgroup P0 of G and describe all standard parabolic subgroups (with respect
to P0).

To accomplish this, let J ✓ � be a subset. Let

�(J) := ZJ \ �(G, T ). (1.43)

There is a unique parabolic subgroup PJ � P0 with unipotent radical NJ

such
LieNJ =

M

↵2�+�(�(J)\�+)

g↵.

For the proof of the following theorem, see [Bor91, Proposition 21.12]:

Theorem 1.9.2 There is a bijective correspondence

{J ⇢ �}�̃! {standard parabolic subgroups of G}
J 7�! PJ .

ut
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We observe that the parabolic subgroup corresponding to ; is P0 and the
parabolic subgroup corresponding to � is G. For each J ⇢ �, let

MJ (1.44)

be the subgroup of G generated by CG(T ) and the G↵ with ↵ 2 �(J) (see
(1.25) for the definition of G↵). The following is [Spr09, Lemma 15.4.5]:

Lemma 1.9.3 The subgroup MJ of G is a Levi subgroup of PJ . ut

The two bijections in theorems 1.9.1 and 1.9.2 allow us to define the no-
tion of a parabolic subgroup opposite to a given parabolic subgroup. More
precisely, suppose we are given a standard parabolic subgroup P  G with
unipotent radical N containing the centralizer of a maximal split torus T of
G, i.e. CG(T )  P  G. Then one has an opposite parabolic P� con-
structed as follows: If P = P0 is minimal, then we take P�

0
to be the minimal

parabolic subgroup attached to the base

�� := {↵ 2 �(G, T ) : �↵ 2 �}.

If P = PJ , then we define P� to be the parabolic subgroup containing the
minimal parabolic subgroup P�

0
that is attached to the subset

�J := {↵ 2 �(G, T ) : �↵ 2 J} ✓ ��.

Still assuming P = PJ , we have

PJ \ P� = MJ .

The unipotent radical of P� is often denoted N�.
We collect the next two propositions for our use in §10.1. The first is

[Spr09, Corollary 8.4.4]:

Proposition 1.9.4 Let P be a parabolic subgroup of G and let T  P be a
maximal torus. There a unique Levi subgroup of P containing T. ut

Proposition 1.9.5 Let P0  G be a minimal parabolic subgroup and let
M0  P0 be a Levi subgroup. If P0  P  G then there is a unique Levi
subgroup M  P such that M0 M.

Proof. Let T M0 be a maximal split torus and let T 0 M0 be a maximal
torus containing T. Use T to define �(G, T ) and P0 to define a set of simple
roots �. Thus the groups MJ and PJ are defined for all J ✓ �. We observe
that M0 and CG(T ) = M; both contain T 0, hence M0 = M; by Proposition
1.9.4.

We have P = PJ for some subset J ✓ � by Theorem 1.9.2, and hence
M := MJ is a Levi subgroup by Lemma 1.9.3. This proves existence. Clearly
MJ contains T 0, so we deduce the uniqueness assertion from Proposition
1.9.4. ut
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Example 1.15. The subgroup B  GLn of upper triangular matrices is a
Borel subgroup. Throughout this book when we speak of standard parabolic
subgroups in GLn we will mean parabolic subgroups that are standard with
respect to this choice of Borel subgroup. The base of �(G, T ) and set of
positive roots associated to B are

� := {↵i := "i � "i+1 : 1  i  n� 1} and �+ := {"i � "j : i < j},

respectively. Here "i is defined as in Example 1.14. There are bijections

(
n1, . . . , nd 2 Z>0 :

dX

i=1

ni = n

)
�̃!2{1,...,n�1}�̃!2�,

where 2X is the set of subsets of X. Here the first bijection sends (n1, . . . , nd)
to � � {n1, n1 + n2, . . . , n1 + · · · + nd�1} and the second is induced by the
bijection {1, . . . , n�1}!̃� sending i to "i�"i+1. Thus the standard parabolic
subgroups of GLn correspond bijectively to ordered tuples of positive integers
n1, . . . , nd such that

Pd
i=1

ni = n. The corresponding parabolic subgroup is
the product MB where

M(R) :=

⇢✓ x1

. . .
xd

◆
: xi 2 GLni

(R)

�
(1.45)

for k-algebras R. We refer to this parabolic subgroup as the standard
parabolic subgroup of type (n1, . . . , nd). The subgroup M is referred to as
the standard Levi subgroup of type (n1, . . . , nd).

Example 1.16. Consider the reductive group GL3. Instead of choosing the
subset {"1 � "2, "2 � "3, "1 � "3} of �(GL3, T ) to be our set of positive roots,
suppose we chose the subset {"1� "3, "3� "2, "1� "2}. The corresponding set
of simple roots is {"1� "3, "3� "2} and the corresponding Borel subgroup B0

is be the subgroup of GL3 whose points in a k-algebra R are

B0(R) :=
n⇣ a1 x y

0 a2 0

0 z a3

⌘
2 GL3(R)

o
. (1.46)

There are four standard parabolic subgroups with respect to B0. Their points
in a k-algebra R are given by

P{"1�"3,"3�"2}(R) = GL3(R),

P{"1�"3}(R) =
n⇣ a1 x y

0 a2 0

w z a3

⌘
2 GL3(R)

o
,

P{"3�"2}(R) =
n⇣ a1 x y

0 a2 w
0 z a3

⌘
2 GL3(R)

o
,

P;(R) = B0(R).
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The relationship between parabolic subgroups of a group and parabolic
subgroups of a Levi subgroup is particularly straightforward [DG74, §XXVI,
Proposition 1.20]:

Proposition 1.9.6 Let P be a parabolic subgroup of the reductive group G.
Let N be the unipotent radical of P and let M be a Levi subgroup of P. Given a
parabolic subgroup P 0  P of G the group P 0\M is a parabolic subgroup of M.
Conversely given a parabolic subgroup P 0 of M the group P 0N is a parabolic
subgroup of G. This defines an inclusion-preserving bijection between the set
of parabolic subgroups of G contained in P and the set of parabolic subgroups
of M. Moreover, given a parabolic subgroup P 0  P the Levi subgroups of
P 0 \M are the Levi subgroups of P 0 contained in M. ut

We will make use of this result in §10.4.
It is sometimes useful to generalize the notion of roots still further. If T is

any split torus in G, we can decompose g into weight spaces as before. We let
�(G, T ) be the set of nonzero weights. Generalizing our previous terminology
we refer to �(G, T ) as the set of roots of T in G. Suppose that P  G is a
parabolic subgroup with Levi subgroupM and that T is a maximal split torus
of ZM . In this case, the set of roots �(G, T ) need not be a root system [Kna86,
§V.5]. However, we can still define a partition �+ q �� = �(G, T ) such that
�+ is the set of roots contained in the unipotent radical of P and �� is the
set of roots contained in the unipotent radical of the opposite parabolic P�.
The set �+ is the set of positive roots defined by P. We will also require
the notion of a positive Weyl chamber in this context. Let ⇤ ⇢ X⇤(T )⌦Z R

denote the union of the hyperplanes on which an element of �(G, T ) vanishes.
AWeyl chamber is a connected component ofX⇤(T )⌦ZR�⇤. The positive
Weyl chamber attached to P is the unique Weyl chamber whose elements
are positive R-linear combinations of the positive roots defined by P.

1.10 Homogeneous spaces

Let G be an a�ne group scheme and H  G a subgroup scheme. This section
is devoted to making sense of what we should mean by a quotient of G by H.
This requires more serious constructions in algebraic geometry. In particular,
we must leave the category of a�ne schemes (and even schemes) and work
with more general objects. The reader is therefore invited to omit this section
and refer back to it as necessary when it is used later in the book. Specifically
the definition of the quotient will be used in §2.5 and §14.4. A more systematic
study of quotients will play a role in Chapter 17.

We follow the presentation in [Poo17, §6.2 and 6.3]. Consider the set-valued
functor on Algk given by

FH\G(R) := H(R)\G(R).
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At the end of this section we give an example to illustrate that this is not
a scheme in general. Instead we proceed as follows. First we embed the cat-
egory of schemes into the larger category of presheaves which contains the
functor FH\G. It turns out that the presheaves obtained from schemes are
fppf sheaves. On the other hand, every presheaf may be sheafified to produce
an fppf sheaf that is “as close as possible” to the original presheaf. One then
proves, for example when k is a field and G is smooth, that FH\G is naturally
isomorphic to the sheaf associated to a scheme. Of course everything in this
section may be trivially modified to treat the functor R! G(R)/H(R).

A morphism of rings R! R0 is fppf if it is faithfully flat of finite presen-
tation. The fppf stands for fidèlment plat de présentation finie. A morphism
Spec(R0) ! Spec(R) is fppf if the morphism R ! R0 is fppf. We recall that
if R is Noetherian then R! R0 is of finite presentation if and only if it is of
finite type.

Example 1.17. If k is a field and E/k is a field extension of finite degree then
Spec(E) ! Spec(k) is fppf. One should think of general fppf morphisms as
generalizations of this example.

Let R be a k-algebra. A fppf cover

{�i : Spec(Ri) �! Spec(R)}

of Spec(R) is a collection of fppf morphisms �i : Spec(Ri) ! Spec(R) of
a�ne schemes over k such that

`
i Spec(Ri)! Spec(R) is fppf.

A presheaf on A↵Schk is a functor

F : Algk �! Set. (1.47)

A morphism of presheaves is a natural transformation of functors, and an
isomorphism is defined as in §1.2. We denote by

PreShk (1.48)

the category of presheaves on A↵Schk.
By analogy with the case of presheaves on a topological space, F(R) is

called the set of sections of F over Spec(R). For the same reason, if R! R0

is a homomorphism of k algebras, then the induced map

F(R) �! F(R0) (1.49)

is sometimes called the restriction map associated to Spec(R0)! Spec(R).
Recall that if A,B,C are sets, then the diagram

A B C
f0 f1

f2



38 1 A�ne Algebraic Groups

indicates that one has a map f0 : A! B and two maps fi : B ! C, i = 1, 2.
The maps fi are often omitted from notation for simplicity. The equalizer
of f1, f2 is

Eq(f1, f2) := {b 2 B : f1(b) = f2(b)}. (1.50)

The diagram is called exact if f0 is injective and

f0(A) = Eq(f1, f2).

Definition 1.32. An fppf sheaf on A↵Schk is a presheaf F on A↵Schk

such that for any k-algebra R and any fppf cover {Spec(Ri)! Spec(R)} the
diagram

F(R)
Q

i F(Ri)
Q

i,j F(Ri ⌦R Rj)

is exact. Here for each i the two arrows are induced by the canonical R-algebra
homomorphisms Ri ! Ri ⌦R Rj and Ri ! Rj ⇥R Ri for each i, j.

A morphism (resp. isomorphism) of fppf sheaves is simply a morphism
(resp. isomorphism) of the underlying presheaves. We denote by Shk the
category of fppf sheaves on A↵Schk.

The injectivity of the first arrow in Definition 1.32 is an analogue of the
assertion that a section of a sheaf on a topological space is determined by its
restrictions to the open sets in any open cover of the topological space. More-
over the assertion that the diagram is exact is the analogue of the assertion
that sections of a sheaf over a topological space may be constructed from a
collection of sections over an open cover of the topological space provided the
sections agree on the intersections of the various open sets in the open cover.

Every a�ne k-scheme tautologically yields a presheaf on A↵Schk. The
same remains true for k-schemes as we now explain. The most convenient
definition of the category of k-schemes from our point of view is that it is the
full subcategory of PreShk containing A↵Schk and other presheaves that
are glued from elements of A↵Schk in a suitable manner. We will not make
this precise and instead refer the reader to [DG80, I, §1]. In the same reference
one finds a proof that this definition is equivalent to the definition of a k-
scheme that appears in standard modern textbooks on algebraic geometry.
Thus we have fully faithful functors

A↵Schk �! Schk �! PreShk (1.51)

where Schk is the category of k-schemes, the first arrow is the obvious one,
and the second is given by taking a k-scheme to its functor of points. The
following is [Poo17, Proposition 6.3.19]:

Proposition 1.10.1 The presheaf on A↵Schk defined by a k-scheme is an
fppf sheaf. ut
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Thus the functor Schk ! PreShk of (1.51) factors through the canonical
fully faithful functor Shk ! PreShk.

Definition 1.33. A sheafification of a presheaf F is an fppf sheaf F+

equipped with a morphism F ! F+ of presheaves with the following prop-
erty: For every morphism a : F ! G (of presheaves) from F to an fppf sheaf
G, there exists a unique map b : F+ ! G such that the following diagram
commutes:

F F+

G
a

b

The sheafification always exists [Sta16, tag 00W1]. Because it is defined
using a universal property, it is unique up to unique isomorphism. In par-
ticular, if F is an fppf sheaf then the map F ! F+ in the definition is an
isomorphism.

Now consider the sheafification F+

H\G. We say that this fppf sheaf is rep-
resentable if the sheaf is naturally isomorphic to the functor of points of a
k-scheme and write H\G for this k-scheme.

For a proof of the following theorem, see [Mil17, Theorem 7.18]:

Theorem 1.10.2 Assume k is a field and that G is a smooth a�ne algebraic
group over k. For any subgroup H  G the sheaf F+

H\G is represented by a

quasi-projective scheme H\G over k. ut

Example 1.18. If H is a normal subgroup of the smooth a�ne algebraic group
G, then the quotient H\G can be endowed with the structure of a group
scheme using the universal property of sheafification. ThenH\G is isomorphic
to the quotient group G/H appearing in Theorem 1.3.3.

Example 1.19. If P is a parabolic subgroup of a reductive group G then P\G
is projective. In particular if B < GL2 is a Borel subgroup then

B\GL2
⇠= P

1.

This example demonstrates that to understand quotients, even of a�ne
groups, we must leave the category of a�ne schemes and incorporate pro-
jective schemes.

Assume for the remainder of this section that k is a field and that G is
smooth. It is important for us to be able to work with H\G at the level of
points. For this we point out that the presheaf morphismsG! FH\G ! H\G
induce a map

G(R) �! (H\G)(R)

g 7�! bg
(1.52)
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where b is the image of H(R) for k-algebras R. The nonempty fibers of this
morphism are the right cosets of H(R) in G(R) [Mil17, §5.c]. The following
is [Mil17, Proposition 7.15]:

Proposition 1.10.3 If H is a smooth subgroup of G, then the map G !
H\G is smooth. ut

It is important to point out that the map (1.52) need not be surjective for
a given R, even for R = k. This leaves us with the question of providing
a precise description of (H\G)(k). We accomplish this in Proposition 1.10.5
below. First we require a lemma [Sta16, Lemma 33.25.6]:

Lemma 1.10.4 If X is a smooth scheme over a field k, then the set of
closed points x in the underlying topological space of X whose residue field
is a separable extension of k is dense in the underlying topological space of
X. ut

Proposition 1.10.5 Let H and G be smooth algebraic groups over k with
H  G. One has that

(H\G)(k) =
�
H(ksep)g 2 H(ksep)\G(ksep) : g⇠(g�1) 2 H(ksep)

 

for all ⇠ 2 Galk.

Proof. Using the action of Galk (see [GW10, §5.2]), one easily reduces the
proposition to the case where k = ksep.

We henceforth assume that k = ksep. The morphismG! H\G is faithfully
flat and hence surjective [Mil17, Proposition 7.4(b)]. We claim that the map

G(ksep) �! (H\G)(ksep) (1.53)

is surjective. Given p 2 (H\G)(ksep) consider the fiber of G ! H\G over p.
It is nonempty because the morphism G! H\G is surjective. It is a smooth
subscheme of G by Proposition 1.10.3. Hence the fiber has a ksep-point by
Lemma 1.10.4. This implies that (1.53) is surjective. Since the fibers are the
cosets of H(ksep) in G(ksep) (see the discussion below (1.52)), we deduce the
proposition. ut

Let us end the section by considering an example. We take k = Q. For
Q-algebras R and integers n > 1 let

µn(R) :=
�
x 2 R⇥ : xn = 1

 
. (1.54)

Thus µn is the scheme of n-th roots of unity. It is naturally a subgroup scheme
of Gm. We have a morphism Fµn\Gm

! Gm given on points in a Q-algebra
R by x 7! xn. It induces a morphism

µn\Gm �! Gm (1.55)
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by the universal property of sheafification. It is an isomorphism (see Exer-
cise 1.15). This implies that Fµn\Gm

is not a scheme. Indeed, if it were, then
the universal property of sheafification would imply that the morphism of
presheaves Fµn\Gm

! µn\Gm is an isomorphism, and hence that the mor-
phism of presheaves Fµn\Gm

! Gm is an isomorphism. But the induced map
µn(Q)\Q⇥ ! Q

⇥ is not an isomorphism as its image is (Q⇥)n � Q
⇥.

Exercises

1.1. Prove that a morphism of a�ne schemes induces a continuous map of
the underlying topological spaces. If I is an ideal of A, prove that the map
of topological spaces induced by the morphism

Spec(A/I) �! Spec(A)

is a closed embedding with image V (I). Here V (I) is defined as (1.6).

1.2. Assume that X = Spec(C[t1, . . . , tn]/(f1, . . . , fn�d)) is a smooth scheme
over the complex numbers. Show that X(C) may be identified with a smooth
complex manifold, namely the zero locus of the fi.

1.3. Let X and Y be a�ne k-schemes. Prove that giving a natural transfor-
mation of functors X ! Y is equivalent to giving a morphism of k-algebras
O(Y ) ! O(X). Deduce that Spec induces an contravariant equivalence of
categories from the category of k-algebras to the category of a�ne k-schemes.

1.4. Give examples of a�ne schemes of finite type over C that are nonreduced,
reducible, and reduced and irreducible.

1.5. Prove that if X ! Y is a closed immersion of a�ne schemes over k then
X(R)! Y (R) is injective for all k-algebras R.

1.6. Let X,Y, Z be a�ne k-schemes equipped with morphisms f : X ! Y
and g : Z ! Y. Prove that

(X ⇥Y Z)(R) = X(R)⇥Y (R) Z(R)

for k-algebras R.

1.7. Let G be an a�ne scheme over k. Let Id : G ! G denote the identity
morphism, let

pi : G⇥G �! G

denote the two projections, and let

diag : G �! G⇥G
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denote the diagonal map. We say that G is a group object in the category
of a�ne k-schemes if there exist morphisms of a�ne k-schemes

m : G⇥G �! G,

e : Spec(k) �! G,

i : G �! G

such that the following diagrams commute:

G⇥G⇥G G⇥G

G⇥G G

m⇥Id

Id⇥m

m

m

Spec(k)⇥G G⇥G G⇥ Spec(k)

G

e⇥Id

m

Id⇥e

G G⇥G G

Spec(k) G Spec(k)

i⇥Id

m

Id⇥i

e e

Here the unlabeled diagonal arrows are the canonical isomorphisms and the
unlabeled vertical arrows are the structural morphism. Prove that G is an
a�ne group scheme over k if and only if it is a group object in the category
of a�ne k-schemes.

1.8. For R-algebras R, define

Un(R) :=
�
g 2 GLn(C⌦R R) : ggt = In

 

where the bar denotes the action of complex conjugation. Show that Un is
an a�ne algebraic group over R, that Un(R) is compact, and that

UnC ⇠= GLnC.

The group Un is called the definite unitary group over R.

1.9. Let ✏ : O(G)! k be the coidentity defined in (1.14). Prove that

O(G)/ ker(✏)2 = k � ker(✏)/ ker(✏)2

as k-algebras.

1.10. Assume k is a field of characteristic not 2 and J 2 GLn(k) is an invert-
ible symmetric or skew-symmetric matrix. For k-algebras R, define
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G(R) :=
�
g 2 GLn(R) : gtJg = J

 
.

Prove that G is an a�ne algebraic group over k. Moreover, show that

LieG =
�
X 2 gln : XtJ + JX = 0

 
.

1.11. Let k be a perfect field. View GLn as a reductive group over k. Prove
that the set of conjugacy classes of maximal tori T  GLn is in natural
bijection with isomorphism classes of étale k-algebras of degree n.

1.12. Let D be a division algebra over a field k and G be the a�ne algebraic
group defined by

G(R) = (D ⌦k R)⇥

for k-algebras R. Prove G has no proper parabolic subgroups (over k).

1.13. Show that the complex dual of GLn is GLnC.

1.14. Compute the complex duals of SLn and PGLn.

1.15. Let µn be as in (1.54). Let k be a field of characteristic zero, and regard
µn and Gm as schemes over k. Prove that the map

µn\Gm �! Gm

induced by the map R⇥ ! R⇥ given by x! xn is an isomorphism.





Chapter 2

Adeles

Adeles make life possible.

J. Arthur

Abstract We review the adele ring and recall the basic properties of the
adelic points of a�ne schemes.

2.1 Adeles

The arithmetic objects of interest in this book are constructed using global
fields and their adele rings. We briefly summarize the construction of the
adeles in this section; references include [CF86, Neu99, RV99].

Definition 2.1. A global field F is a field which is a finite extension of Q
or of Fp(t) for some prime p. Global fields over Q are called number fields
while global fields over Fp(t) are called function fields.

To each global field F, one can associate an adele ring AF . Before defining
this ring, we introduce the related notion of a valuation (or a finite place) of
a global field.

Definition 2.2. Let F be a field. A (nonarchimedean) valuation on F is a
map

v : F �! R [1

such that for all a, b 2 F,

(a) v(a) =1 if and only if a = 0.
(b) v(a) + v(b) = v(ab).
(c) v(a+ b) � min(v(a), v(b)).

45
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These axioms are designed so that if one picks 0 < ↵ < 1 then

| · |v : F �! R�0

x 7�! ↵v(x)
(2.1)

is a nonarchimedean absolute value on F in the sense of the following defini-
tion:

Definition 2.3. Let F be a field. An absolute value

| · |v : F �! R�0

is a function satisfying the following axioms:

(a) |a|v = 0 if and only if a = 0.
(b) |ab|v = |a|v|b|v.
(c) |a+ b|v  |a|v + |b|v.

It is nonarchimedean if it satisfies the following strengthening of (c):

(c’)|a+ b|v  max(|a|v, |b|v).

If | · |v satisfies (c) but not (c’) we say | · |v is archimedean.

We point out that (c’) implies (c), but not conversely. We often implicitly
exclude the trivial absolute value given by |a|v = 1 for all a 2 F⇥.

An absolute value | · |v induces a metric on F known as the v-adic metric.
The completion of F with respect to this metric is denoted Fv. This comple-
tion is a local field, that is, a field equipped with a nontrivial absolute value
that is locally compact with respect to the induced metric. All local fields
arise as the completion of some global field [Lor08, §25, Theorem 2].

Definition 2.4. A place of a global field F is an equivalence class of ab-
solute values, where two absolute values are said to be equivalent if they
induce the same topology on F. A place is (non)archimedean if it consists of
(non)archimedean absolute values.

We observe that the field Fv depends only on the equivalence class of the
absolute value | · |v.

We now describe these places and fix representative absolute values in each
place. These representative absolute values are said to be the normalized
absolute values. The places of a global field F are divided into the finite
and infinite places.

The finite places are in bijection with the prime ideals of OF . The place
v associated to a prime p of OF is the equivalence class of an absolute value
attached to the valuation

v(x) := max
�
k 2 Z : x 2 p

kOF

 
.
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The normalized absolute value in this equivalence class is

|x|v = q�v(x)
v

where qv := |OF /p|. These valuations are all nonarchimedean.
The infinite places of a number field are all archimedean. They are in-

dexed by embeddings ⌧ : F ,! C up to complex conjugation; the associated
normalized absolute value is

|x|v :=

(
|⌧(x)| if ⌧(F )  R,

⌧(x)⌧(x) if ⌧(F ) 6 R.

Here on the right the | · | denotes the usual absolute value on R and the
bar denotes complex conjugation. Notice that in the complex case (i.e. where
⌧(F ) 6 R), this is the square of the usual absolute value.

The infinite places of a function field are those attached to extensions of
the absolute value ����

f(t)

g(t)

����
1

:= pdegf�degg

on Fp(t). If Fv is the completion of F with respect to such a valuation, the
associated normalized absolute value is

|x|v :=
��NFv/Fp((t�1))(x)

��
1

.

Here we are using the fact that the completion of Fp(t) at the infinite place is
Fp((t�1)). These valuations are nonarchimedean, in contrast to the number
field case. Henceforth we will always take | · |v to be the unique normalized
absolute value attached to v.

If v is finite, then the ring of integers of Fv is

OFv
= {x 2 Fv : |x|v  1} ;

it is a local ring with a unique maximal ideal

$vOFv
:= {x 2 Fv : |x|v < 1} .

Here $v is a uniformizer for Fv, that is, a generator for the maximal ideal
of OFv

.
Let us make these constructions explicit when F = Q. If p 2 Z is a prime,

then completing Q at the p-adic absolute value gives rise to the local field
Qp. Its ring of integers is Zp and the maximal ideal is pZp. The residue field
is Zp/pZp

⇠= Z/pZ ⇠= Fp, so the normalized absolute value is just the usual
p-adic norm. There is only one infinite place of Q, denoted 1, and Q1

⇠= R.
The normalized archimedean norm | · |1 is the usual Euclidean norm on R.

The normalized absolute values above are chosen so that the following
product formula holds:
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Proposition 2.1.1 For x 2 F⇥, one has that

Y

v

|x|v = 1

where the product is over all places v of F. ut

Definition 2.5. Let F be a global field. The ring of adeles of F, denoted
by AF , is the restricted direct product of the completions Fv with respect to
the rings of integers OFv

. In other words,

AF =

(
(xv) 2

Y

v

Fv : xv 2 OFv
for almost all v

)
. (2.2)

Here, and throughout this book, “almost all” means all but finitely many.
The restricted product is usually denoted by a prime:

AF =
Y0

v

Fv.

Note that AF is a subring of the full product
Q

v Fv. If S is a nonempty finite
set of places of F then we write

A
S
F =

Y0

v 62S

Fv :=

8
<

:(xv) 2
Y

v 62S

Fv : xv 2 OFv
for almost all v /2 S

9
=

;

and
FS := AF,S =

Y

v2S

Fv.

Thus we may identify FS ⇥ A
S
F = AF . For any finite sets of places S0 ✓ S,

we set

FS0

S :=
Y

v2S�S0

Fv. (2.3)

We endow AF with the restricted product topology. This is defined
by stipulating that open sets are the empty set together with all unions of
sets of the form

US ⇥
Y

v 62S

OFv

where S is a finite set of places of F including the infinite places and US ✓ FS

is an open set. We give A
S
F = 0 ⇥ A

S
F ⇢ AF the subspace topology and

FS the product topology. Then the identification FS ⇥ A
S
F = AF becomes

an isomorphism of topological rings. We will often use the following useful
notation: if S is a finite set of places of F including the infinite places
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bOS
F :=

Y

v/2S

OFv
. (2.4)

Let OS
F denote the ring of S-integers of F, that is, elements of F that are

integral outside of S. The notation bOS
F is justified by the fact that bOS

F is
naturally isomorphic to the profinite completion of OS

F .
The topology on AF is not the same as the topology induced on AF by

regarding it as a subset of the direct product
Q

v Fv. While
Q

v Fv is not
locally compact, one has the following result for AF :

Proposition 2.1.2 The adele ring AF of a global field F is a locally compact
topological ring.

Here, and throughout this book, we take the convention that a locally com-
pact space is Hausdor↵.

Proof. We prove that AF is locally compact and leave the other details to
the reader. For any finite set S of places of F including the infinite places,
the subset Y

v2S

Fv ⇥ bOS
F (2.5)

is an open subring of AF for which the induced topology coincides with the
product topology. The open subring (2.5) is locally compact by Tychono↵’s
theorem. Every x 2 AF is contained in a set of the form (2.5), which shows
that AF is locally compact. ut

We note that the set of infinite places of F is often denoted by 1, and
one often writes v|1 or v - 1 as shorthand for “v is an infinite place of F”
and “v is a finite place of F,” respectively. As an example of this notation,
the ring A

1

F is known as the finite adeles.
There is a natural diagonal embedding F ,! AF given by sending an

element of F to all of its completions. We often identify F with its image
under the diagonal embedding. The quotient Q\AQ can be regarded as a
generalization of Z\R. Indeed, one has a homeomorphism

Z\R �! Q\AQ/bZ

Z+ r 7�! Z+ (r, 0) + bZ,

where we have identified
bZ :=

Y

p

Zp

with the subgroup {0}⇥ bZ of AQ and (r, 0) denotes the adele that is r at the
infinite place and 0 at the finite places.

The subgroup Z < R is closed and discrete. The same is true of F < AF :

Lemma 2.1.3 The image of F in AF under the diagonal embedding is closed
and discrete.
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Proof. Choose x 2 F⇥. We will construct a neighborhood of x in AF con-
taining no other element of F. Since AF is a topological group under addition
this will su�ce to complete the proof.

For each finite place v of F, let nv = v(x), so that x 2 $nv

v OFv
but x 62

$nv+1

v OFv
for all v. Note that nv = 0 for almost all places. For each infinite

place w, let

Uw :=

8
<

:y 2 Fw : |y � x|w <
Y

v-1
|x|�1/|1|

v

9
=

; .

Here |1| is the number of infinite places of F. Consider the open subset of
AF defined by

U =
Y

v|1

Uv ⇥
Y

v-1
$nv

v OFv
.

By construction, x 2 U. Suppose that y 2 U \ F. Then |x� y|v  |x|v for all
finite places v. Thus

Y

v

|x� y|v 
Y

v-1
|x|v ⇥

Y

v|1

|x� y|v < 1.

By the product formula, we conclude that x = y. ut

Given Lemma 2.1.3 the following theorem can be surprising the first time
one sees it:

Theorem 2.1.4 (Strong Approximation) If S is any finite nonempty set
of places of F then F is dense in A

S
F . ut

Thus omitting one place is enough to move F from being discrete to being
dense. The proof can be found in any standard reference, see [Cas67, §15] for
example.

Example 2.1. To understand Theorem 2.1.4, it is illustrative to consider the
case of a real quadratic field F = Q(

p
d). Here d > 0 is a square free integer

and we write
p
d for the positive square root of d. Suppose that d ⌘ 3

(mod 4); thus OF = Z[
p
d]. There are two infinite places �±, both real, that

are characterized by
�±(
p
d) = ±

p
d.

Let " > 0 and consider the open set (�", ") ⇥ bOF in F��
⇥ A

1

F . Theorem
2.1.4 implies that there are infinitely many elements of F in this open set,
which is equivalent to the statement that there are infinitely many ↵ 2 Z[

p
d]

satisfying |��(↵)| < ". This can be checked independently of Theorem 2.1.4
using the fact that

p
d is irrational.

We close this section by remarking that one can construct analogues of the
finite adeles in more general situations, for instance, schemes of finite type
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over the ring of integers of a global field [Hub91]. The construction is quite
a bit more involved than that given above.

2.2 Adelic points of a�ne schemes

Weil and Grothendieck both gave approaches (under di↵erent hypotheses)
to topologizing the points of schemes of finite type over a topological ring
(for example, AF ). Conrad gave a beautiful exposition and elaboration in
[Con12b]. We lift Theorem 2.2.1 below and its proof from loc. cit. with little
modification.

The näıve idea is as follows. Given a topological ring R, Rn inherits a
natural topology (this is a special case of a fiber product topology). Given
an a�ne scheme X, we choose a closed immersion X ! G

n
a . This induces an

injection
X(R) �! Rn.

Since we have endowed Rn with a topology already, we can then give X(R)
the subspace topology. The problem with this method is that it is not clear
that the topology on X(R) is canonical, and it is also not clear that it is
functorial with respect to morphisms X ! Y of a�ne schemes.

Conrad refines this näıve approach. He abstracts axiomatic properties
we would like the topology on X(R) to have, proves that these properties
uniquely characterize a topology on X(R) (if the topology exists) and then
proves such a topology exists.

Theorem 2.2.1 Let R be a topological ring. There exists a unique way to
topologize X(R) for all a�ne schemes X of finite type over R such that

(a) the topology is functorial in X, that is, if X ! Y is a morphism then the
induced map X(R)! Y (R) is continuous,

(b) the topology is compatible with fibre products, that is, if X ! Y and
Z ! Y are morphisms, then the topology on (X ⇥Y Z)(R) is the fiber
product topology,

(c) closed immersions X ,! Y induce topological embeddings X(R) ,! Y (R),
and

(d) if X = Spec(R[t]) then X(R) is homeomorphic with R under the natural
identification X(R) ⇠= R.

If R is Hausdor↵ or locally compact, then so is X(R). Moreover, if R is Haus-
dor↵ then closed immersions induce closed embeddings, not just topological
embeddings.

As above, we take the convention that locally compact spaces are Hausdor↵.
Assume that R is Hausdor↵. In the sequel, if we need to distinguish between
the Zariski topology onX and the topology onX(R) provided by the theorem
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above, we will refer to the topology on X(R) as the Hausdor↵ topology
(the Zariski topology is rarely Hausdor↵).

Proof. Let X be an a�ne R-scheme of finite type. Pick an R-algebra isomor-
phism

A := O(X) ⇠= R[t1, . . . , tn]/I (2.6)

for an ideal I, and identify X(R) with the subset of Rn on which the elements
of I (thought of as polynomials on Rn) vanish.

We start by proving uniqueness. By assumptions (b) and (d) the natural
bijection

Spec(R[t1, . . . , tn])(R)�̃!Rn

is a homeomorphism provided that we give the right hand side the product
topology. By assumption (c), (2.6) induces a topological embedding X(R) ,!
Rn. This completes the proof of uniqueness and also shows that X(R) is
Hausdor↵ if R is Hausdor↵. If R is Hausdor↵, then {0} is closed in R, so
viewing X(R) as the vanishing locus of f 2 I (viewed as polynomials on
Rn), we see that X(R) is closed. Thus if R is locally compact then X(R) is
as well.

We now prove existence. Consider the direct product RA of “A copies of
R,” or more formally the set of all set-theoretic maps from A to R. Since R
is a topological ring, RA comes equipped with the direct product topology.
Note that there is a canonical injection

X(R) = Hom(A,R) �! RA. (2.7)

We claim that the topology defined using (2.6) as above is the same as the
subspace topology induced by the injection (2.7). In particular it is inde-
pendent of the choice of (2.6). For 1  i  n let ai 2 A correspond to ti
(mod I) via (2.6). Thus the injection X(R) ,! Rn defined by (2.6) is the
composition of the natural injection X(R) ,! RA and the map RA ! Rn

given by projection to the factors indexed by (a1, . . . , an). Since RA ! Rn is
continuous every open set in X(R) (with respect to the topology induced by
(2.6)) is the inverse image of an open set in RA. Since every element of A is
an R-polynomial in a1, . . . , an and R is a topological ring, it follows that the
map X(R) ! RA is also continuous. This completes the proof of the claim.
It also implies that the formation of the topology on X(R) is functorial (i.e.
(a) is valid). Since the topologies defined using (2.6) and (2.7) are the same
(d) is valid as well.

Consider a closed immersion

i : X := Spec(A) ,�! Spec(A0) =: X 0

corresponding to a surjective R-algebra map h : A0 ! A. For a 2 A we have
a diagonal embedding R{a} ! Rh�1

(a). Taking the product over all a 2 A we
obtain a canonical map
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j : RA �! RA0

.

The map j is visibly a topological embedding; it topologically identifies RA

with the subset of RA0

cut out by a collection of equalities among components.
Moreover j is a closed embedding when R is Hausdor↵. We have

X 0(R) \ j(RA) = j(X(R))

because a set theoretic map A ! R is an R-algebra homomorphism if and
only if its composition with h is an R-algebra map. Hence i : X(R)! X 0(R)
is an embedding of topological spaces and it is a closed embedding when R
is Hausdor↵. In particular (c) is valid.

We are left with checking (b). First consider the special case when Y =
Spec(R) and the maps X ! Y and Z ! Y are the structural morphisms.
Choose two closed immersions X ! G

m
a and Z ! G

n
a for suitable positive

integers m and n. The canonical map

(Gm
a ⇥Spec(R) G

n
a)(R) �! Rm ⇥Rn

is a topological isomorphism. Hence the same is true of

(X ⇥Spec(R) Z)(R) �! X(R)⇥ Z(R).

Now assume that X ! Y and Z ! Y are morphisms of a�ne R-schemes
of finite type such that Z ! Y a closed immersion. Then the projection
X⇥Y Z ! X is a closed immersion. Applying our previous work it induces a
topological embedding on R-points, proving that the topology is compatible
with fiber products in this special case.

To treat general fiber products, consider the (tautological) isomorphism

X ⇥Y Z ⇠= (X ⇥R Z)⇥(Y⇥RY ) Y

and its topological counterpart. The product map

O(Y )⌦R O(Y ) �! O(Y )

is surjective and hence
Y �! Y ⇥R Y

is a closed immersion (i.e. a�ne schemes are separated). Since we have already
checked compatibility with fiber products over Spec(R), we see that we are
reduced to the case in which one of the maps defining the fiber product is a
closed immersion. This special case was already treated above. ut

From now on in this book, whenever R is a topological ring and X is an a�ne
R-scheme of finite type, we give X(R) the topology described in Theorem
2.2.1.

We record the following easy consequence of Theorem 2.2.1:
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Proposition 2.2.2 If R is a topological ring and G is an a�ne group scheme
of finite type over R, then G(R) is a topological group.

Proof. The morphisms G⇥G! G and G! G given by multiplication and
the inverse, respectively, induce continuous maps G(R)⇥G(R)! G(R) and
G(R)! G(R) by Theorem 2.2.1. ut

Since nona�ne schemes play only a minor role in this book, we have not
defined them. However, in Chapter 17 we will require an analogue of Theo-
rem 2.2.1 when X is no longer assumed to be a�ne, at least under suitable
conditions on R. Here is one such analogue [Con12b, Proposition 3.1]:

Proposition 2.2.3 Let R be a topological local ring such that R⇥ is open in
R and the inversion map

R⇥ �! R⇥

x 7�! x�1

is continuous. There is a unique way to topologize X(R) for all schemes X
locally of finite type over R such that (a)–(d) of Theorem 2.2.1 hold and the
following additional property holds:

(e) open immersions X ,! Y induce open embeddings X(R) ,! Y (R).

Moreover, if R is Hausdor↵ and X is separated over R then X(R) is Haus-
dor↵. If R is locally compact then so is X(R). ut

The ring AF does not satisfy the assumptions of Proposition 2.2.3. Therefore
we cannot use the proposition to endow X(AF ) with a topology for nona�ne
schemes X of finite type over F. We return to this point in Theorem 2.4.11
below.

2.3 Relationship with restricted direct products

In practice, we will be interested in the topology on G(AF ) given by Theorem
2.2.1 when G is an a�ne algebraic group over the global field F. Let us
discuss this in more detail, starting with G = GLn. Consider the a�ne group
scheme GLn over Z (its base change to F is a reductive group over F ). Let
Mn be the a�ne Z-scheme of n ⇥ n matrices. There is a closed immersion
GLn ,!Mn ⇥Ga given on points in a Z-algebra R by

GLn(R) �!Mn(R)⇥Ga(R)

g 7�! (g, det g�1).
(2.8)

Thus for any topological ring R, the topology on GLn(R) a↵orded by The-
orem 2.2.1 is the subspace topology if we view GLn(R) as a subspace of



2.3 Relationship with restricted direct products 55

Mn(R) ⇥ Ga(R) via (2.8). For example, if v is an archimedean place of F,
then by this recipe GLn(Fv) acquires its usual topology.

To describe the topology for nonarchimedean v, we recall that to describe
a topology on a space, it su�ces to give a neighborhood base for every point
x, that is, a set of open neighborhoods

x 2 U↵

such that every neighborhood of x contains some U↵. In a topological group,
it su�ces to just give a neighborhood base of the identity, since we can take
translates of this neighborhood base to be neighborhood bases at every other
point.

Now if $v is a uniformizer for OFv
then

�
(In +$k

vMn(OFv
))⇥ (1 +$k

vOFv
) : k 2 Z�1

 

forms a neighborhood base of the point (In, 1) 2Mn(Fv)⇥Fv. It follows that

�
In +$k

vMn(OFv
) : k 2 Z�1

 

forms a neighborhood base of the identity in GLn(Fv). Note that this is
the same topology we would obtain if we just gave GLn(Fv) ⇢ Mn(Fv) the
subspace topology.

On the other hand, if S is any finite set of places of F including the infinite
places then

n
(In +mMn( bOS

F ))⇥ (1 +m bOS
F ) : m ⇢ OS

F

o

forms a neighborhood basis for (In, 1) 2 Mn(AS
F ) ⇥ A

S
F . Here m runs over

proper ideals of OS
F and

mMn( bOS
F ) :=

Y

v 62S

$v(m)

v Mn(OFv
).

If we intersect one of these neighborhoods with the image of GLn(AS
F ) under

(2.8) then we obtain

Y

v 62S
v(m) 6=0

(In +mMn(OFv
))⇥

Y

v 62S
v(m)=0

GLn(OFv
).

Here mMn(OFv
) = $v(m)

v Mn(OFv
). This is not the same as the topology

obtained by giving GLn(AS
F ) ⇢Mn(AS

F ) the subset topology.
Finally, for any set S of places of F including the infinite places, it is not

hard to see by modifying this argument that one has a topological isomor-
phism of locally compact groups
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GLn(AF ) = GLn(FS)⇥GLn(A
S
F ).

If F is a local field and G is an a�ne algebraic group over F, to define
the topology on G(F ) we choose an embedding G ,! GLn and give G(F ) the
subspace topology. Theorem 2.2.1 tells us that this topology is independent
of the choice of embedding G ,! GLn. If F is global instead we similarly
obtain the topology on G(AF ).

It is helpful to organize these comments on the topology of G(AF ) by
discussing the notion of a restricted direct product of topological spaces.
This notion is implicit in the definition of the topology on AF given in §2.1.
Let {X↵}↵2A be a set of locally compact topological spaces indexed by a
countable set A, and for all ↵ outside a finite subset S0 of A, let K↵ ✓ X↵

be a compact open subset of X↵. Then the restricted direct product of
the X↵ with respect to the K↵ is the set

X :=
Y0

↵2A

X↵ :=

(
(x↵) 2

Y

↵2A

X↵ : x↵ 2 K↵ for almost all ↵ 2 A� S0

)
.

We give X a topology by declaring a subset of X to be open if it is either
empty or a union of sets of the form

U ⇥
Y

↵2A�S

K↵

where S is a finite subset of A including S0 and

U ✓ XS :=
Y

↵2S

X↵

is an open subset. One verifies that this is indeed a topology and with respect
to this topology, X is locally compact. Note that if the X↵ are topological
groups and the K↵ are topological subgroups then X is again a topological
group. We also note that the topology does not change if we replace S0 by
any finite subset of A containing S0.

Now assume that G is an a�ne algebraic group over the global field F.
Choose a faithful representation

G �! GLn.

Identify G with its image in GLn and define, for all v -1,

Kv := G(Fv) \GLn(OFv
). (2.9)

Then Kv is a compact open subgroup of G(Fv). Our discussion of the adelic
topology on G(AF ) above can be summarized as follows:

Proposition 2.3.1 One has an isomorphism of topological groups
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G(AF )�̃!
Y0

v

G(Fv)

(gv) 7�! (gv)

where the restricted direct product is defined with respect to the subgroups
Kv. ut

In fact, in most references, G(AF ) is defined using Proposition 2.3.1. This
has the advantage of being concrete, but it makes it awkward to rigorously
prove that the topology satisfies good functorial properties.

2.4 Hyperspecial subgroups and models

Let G be an a�ne algebraic group over a nonarchimedean local field F and
let G! GLn be a faithful representation. Identify G with its image in GLn.
In the previous section, we made use of the fact that K := G(F )\GLn(OF )
is a compact open subgroup of G(F ). This construction is actually algebraic
in nature in the sense that K is the OF -points of an a�ne group scheme over
OF . We explain this in more detail in this section and use it as motivation
to introduce the notion of a hyperspecial subgroup. We go into some detail,
and this requires a little algebraic geometry over local rings. For most of this
book the reader can manage with an understanding of Definition 2.8 and the
statement of Corollary 2.4.9. Our presentation in this section was influenced
by [Yu].

We start with a Dedekind domain o with fraction field F. For example,
o could be the ring of S-integers OS

F of a global field F for a finite set S of
places of F including the infinite places or the ring of integers of a local field.
Let Z be an a�ne scheme over o. The generic fiber of Z is ZF . If F is local
and o is its ring of integers OF then o has a unique prime ideal p; in this case
we let  = o/p be the residue field. The scheme Z is known as the special
fiber of Z.

Suppose we are given an a�ne scheme Y over F ; often it is useful to
consider schemes Y that have Y as their generic fiber and satisfy certain
desiderata:

Definition 2.6. Amodel Y of Y over o is an a�ne scheme of finite type over
o isomorphic to Spec(A) where A  O(Y ) is an o-algebra and A⌦oF = O(Y ).

The assertion that an a�ne o-scheme Spec(A) is flat over o in the usual
sense is equivalent to the assertion that A is flat as an o-module. This in turn
is equivalent to the assertion that A is torsion-free as an o-module since o is
a Dedekind domain. In the situation of the definition, O(Y ) may be regarded
as an F -module by forgetting the algebra structure and A is an o-submodule
of this F -module. In particular, A is torsion-free as an o-module. Thus we see
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that models are flat over o. Suppose conversely we are given an a�ne scheme
of finite type Y = Spec(A) over o together with an isomorphism Y !̃YF of
a�ne F -schemes. Assume moreover that Y is flat, which is to say that A is
flat as an o-module. Then we have an injection A! A⌦o F ! O(Y ) where
the first map is canonical and the second is induced by Y !̃YF . Thus Y is a
model of Y.

We defined smooth o-schemes in §1.2 and hence it makes sense to speak of
smooth models. We point out that an a�ne o-scheme Y is smooth if it is of
finite type, flat, and for all algebraically closed fields  that admit a nonzero
o-algebra morphism o! , the fiber Y is smooth [Sta16, Tag 01V8].

When G is a group scheme we always assume that models G of G are again
group schemes and that the generic fiber of the multiplication map G⇥G ! G
and the inversion map G ! G are the multiplication map and inversion map
on G, respectively. In brief, we assume that the group scheme structures on
G and G are compatible.

Sometimes there are obvious models for a�ne schemes. For example, we
can view GLn as an a�ne group scheme over o, and it is clearly a model of
its generic fiber GLnF . However, there are many other models of GLn (see
Exercise 2.8 for an example).

We now describe a particular type of model of a reductive group. Assume
until otherwise stated that F is a nonarchimedean local field.

Definition 2.7. A reductive group G over F is unramified if it is quasi-split
and there is a finite degree unramified extension E/F such that GE is split.

The following theorem is foundational for the theory of automorphic rep-
resentations. It is an amalgamation of several results of Bruhat and Tits, see
[Mac17, §1.2] for precise references.

Theorem 2.4.1 Let F be a nonarchimedean local field. The reductive group
G over F is unramified if and only if there exists a model G of G over OF

such that the special fiber of G is reductive. If G is a model of G over OF

such that the special fiber of G is reductive then G(OF ) is a maximal compact
subgroup of G(F ). ut

Definition 2.8. A subgroup of G(F ) of the form G(OF ) for a model G of G
over OF with reductive special fiber is called a hyperspecial subgroup.

We observe that the group scheme G in the definition of a hyperspecial sub-
group is smooth.

Example 2.2. When G = GLn, it is clear that GLn(OF ) is a hyperspecial
subgroup of GLn(F ). It turns out that all maximal compact subgroups of
GLn(F ) are conjugate to GLn(OF ) [Ser06, Chapter IV, Appendix 1].

Though the theory is not as pleasant for ramified G, we still have the
following theorem:



2.4 Hyperspecial subgroups and models 59

Theorem 2.4.2 For any reductive group G over F, every compact subgroup
of G(F ) is contained in a maximal compact subgroup. Every maximal compact
subgroup K  G(F ) is of the form G(OF ) where G is a smooth model of G.
Maximal compact subgroups of G(F ) are open.

Proof. See [Tit79, §3.2] for the assertion that every compact subgroup of
G(F ) is contained in a maximal compact subgroup. The second assertion
follows from [Tit79, §3.2, 3.4.1]. The final assertion follows from the second
assertion and Exercise 2.2. ut

We now briefly discuss conjugacy classes of hyperspecial subgroups. The
group G acts on G by conjugation, and the action factors through the center
ZG. Hence the group (G/ZG)(F ) acts on G(F ). In general, orbits under
this action are larger than the orbits of G(F ) on itself by conjugation; for a
discussion of group actions and orbits in a general context, we refer to §17.2.
The set of hyperspecial subgroups is permuted transitively by the action of
(G/ZG)(F ) [Tit79, §2.5] (see also [Con14, Theorem 7.2.16] when G is split).
However not all hyperspecial subgroups are conjugate under G(F ) in general.
This plays a direct role in the definition of unramified L-packets (see §12.5).

Given a reductive group G over a global field F one can readily construct
hyperspecial subgroups of G(Fv) for all but finitely many places v. To explain
this we first discuss schematic closures. We again revert to the assumptions
at the beginning of this section, so o is a Dedekind domain with fraction field
F. Let Y be an a�ne scheme of finite type over F and let Y be a model of
Y. Suppose in addition we are given a closed immersion of F -schemes

X �! Y ; (2.10)

we identify X with a closed subscheme of Y. Let

A := Im(O(Y) �! O(Y ) �! O(X)).

Since O(Y)! O(Y ) is injective and (2.10) is a closed immersion, we see that
X := Spec(A) comes equipped with a closed immersion X ! Y and XF = X.
We leave the proof of the following lemma as an exercise (see Exercise 2.4).

Lemma 2.4.3 The a�ne o-scheme X is a model of X and

X (o) = X(F ) \ Y(o).

ut

The scheme X earns its moniker as a schematic closure via a universal prop-
erty (see Exercise 2.5).

Lemma 2.4.4 Any a�ne scheme of finite type over F admits a model. In
particular, any a�ne algebraic group G over F admits a model G that is
again a group scheme such that the generic fiber of the multiplication map
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G ⇥ G ! G and the inversion map G ! G are the multiplication map and
inversion map on G.

Proof. The map o
n ! Fn is clearly injective, hence G

n
a , viewed as a scheme

over o, is a model of Gn
aF . If X is an a�ne scheme of finite type over F then

choose a closed immersion X ! G
n
aF . Its schematic closure X in G

n
a is then

a model of X by Lemma 2.4.3.
Similarly, if we view GLn as an a�ne group scheme over o then then the

condition that O(GLn)! O(GLnF ) is injective is clearly satisfied. Thus GLn

is a model of GLnF . Using Theorem 1.5.1 choose a faithful representation
G ! GLnF . Let G be the schematic closure of G in GLn. It follows from
Exercise 2.6 that it is a closed subgroup scheme of GLn with generic fiber
G. ut

In the special case where F is a local field and o = OF is its ring of integers,
the procedure in the proof yields

G(OF ) := G(F ) \GLn(OF )

which we denoted by K earlier. Thus we implicitly used schematic closures
in our discussion of the restricted direct topology in the previous section.

Suppose that F is global and that we are given a faithful representation
G! GLnF of a reductive group G. We can then take the schematic closure
G of G in GLn, where GLn is viewed as a group scheme over OF . This is a
model of G by the proof of Lemma 2.4.4. This model, or in fact any model,
gives rise to hyperspecial subgroups for almost all v:

Proposition 2.4.5 Let S be a finite set of places of F including the infinite
places and let G be a reductive group over F. Let G be a model of G over OS

F .
For almost all v 62 S, the subgroup G(OFv

) is hyperspecial.

Before giving the proof we state a preparatory lemma [Poo17, Theorem 3.2.1]:

Lemma 2.4.6 Let X be a smooth a�ne F -scheme, S be a finite set of places
of F including the infinite places, and let X be a model of X over OS

F . Then
there is a finite set S0 ◆ S such that X

OS0

F

is smooth over OS0

F . ut

Proof of Proposition 2.4.5: The scheme G
OS0

F

is smooth over OS0

F for a su�-

ciently large finite set S0 ◆ S by Lemma 2.4.6. Thus the proposition follows
from [Con14, Propositions 3.1.9 and 3.1.12]. 2

Models give us another perspective on the restricted direct product iso-
morphism in Proposition 2.3.1. Let X be an a�ne scheme of finite type over
F. Suppose that we have a model X of X over OS

F , where S is a finite set of
places including the infinite places. The following is a refinement of Proposi-
tion 2.3.1:
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Proposition 2.4.7 One has a homeomorphism

X(AF )�̃!
Y0

v

X(Fv)

(xv) 7�! (xv)

where the restricted direct product is defined with respect to the subsets
X (OFv

). The set on the right, its topology, and the isomorphism are indepen-
dent of the choice of model, and are unchanged if we replace S by S0 (and X
by X

OS0

F

) for any set of places S0 ◆ S. If X is an a�ne algebraic group then

the homeomorphism is a group isomorphism.

Here when X is an a�ne algebraic group we assume (per our convention)
that the model X is a group scheme and that the group scheme structures
on X and X are compatible.

Proof. The homeomorphism assertion of the proposition is true for X = G
n
a

by part (b) of Theorem 2.2.1 and the definition of the topology on AF given
in §2.1.

We now reduce the homeomorphism assertion of the proposition to this
special case. Since X is of finite type, we have a closed immersion

◆ : X �! G
n
a

over OS
F . The scheme ◆(X ) is then the schematic closure of ◆(X) in G

n
a . By

Theorem 2.2.1 the generic fiber of this map induces a closed embedding

X(AF )
◆�! A

n
F �̃!

Y0

v

Fn
v (2.11)

where the homeomorphism is given by the special case of the proposition
proved at the beginning of the proof. Since ◆(X (OFv

)) = On
Fv
\ ◆(X(Fv))

for all nonarchimedean v by Lemma 2.4.3, the image of (2.11) is
Q

0

v X(Fv).
This implies the isomorphism assertion of the proposition. The fact that the
isomorphism is a group isomorphism when X is a group scheme is obvious.
The independence of the restricted direct product and the isomorphism under
replacing S by a larger set S0 is clear.

Suppose that X 0 is another model of X. Then O(X )⌦OS

F

F = O(X 0)⌦OS

F

F = O(X), and O(X ) and O(X 0) are of finite type over OS
F . Hence for a

su�ciently large finite set of places S0 � S, we have

O(X 0)⌦OS

F

OS0

F = O(X )⌦OS

F

OS0

F . (2.12)

This is equivalent to the assertion that the identity morphism XF = XF !
XF = X 0

F extends to an isomorphism

X
OS0

F

�̃!X 0

OS0

F
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for a su�ciently large set of places S0 � S (see [Poo17, Theorem 3.2.1] for
many useful generalizations and variants). In particular the subsets X (OFv

)
and X 0(OFv

) ofX(Fv) are equal for v 62 S0. The assertion on the independence
of the choice of model follows. ut

Corollary 2.4.8 Let S be a finite set of places of F including the infinite
places, let G be a smooth a�ne algebraic group over F, and let KS  G(AS

F )
be a compact open subgroup. Let G be a model of G over OS

F . Then there is
a finite set of places S0 ◆ S such that KS = KS

S0KS0

where

KS
S0  G(FS

S0) and G( bOS0

F ) = KS0

.

ut

Corollary 2.4.9 Let S be a finite set of places of F including the infinite
places, let G be a reductive group over F, and let KS  G(AS

F ) be a compact
open subgroup. Then the projection Kv of KS to G(Fv) is hyperspecial for
almost all v 62 S.

Proof. Choose a model G of G over OF using Lemma 2.4.4. Then G(OFv
) =

Kv for almost all v 62 S by Corollary 2.4.8. Thus the corollary follows from
Proposition 2.4.5. ut

It is helpful to discus a possible point of confusion related to Proposi-
tion 2.4.7. Suppose we are given a reductive group G and a collection of
hyperspecial subgroups Kv  G(Fv) for almost all v. Using the fact that all
hyperspecial subgroups of G(Fv) are in the same (G/ZG)(Fv)-orbit, we can
again construct an isomorphism

G(AF )�̃!
Y00

v

G(Fv) (2.13)

where the double prime is to indicate that we are taking the restricted direct
product with respect to the hyperspecial subgroupsKv. Now the isomorphism
in Proposition 2.4.7 has good functorial properties, in particular, it commutes
with the obvious embeddings of G(F ) into G(AF ) and

Q
0

v G(Fv). This is
impossible to arrange in general for (2.13):

Example 2.3. Let

Kp =
⇣

p
1

⌘
SL2(Zp)

⇣
p�1

1

⌘
.

Then Kp  SL2(Qp) is hyperspecial and is not conjugate in SL2(Qp) to
SL2(Zp) [Con14, Example 7.2.15]. We observe that for all p, the element
( 1 1

1
) 2 SL2(Q) is not in Kp.

Thus we will always decompose X(AF ) as in Proposition 2.4.7, not with
respect to some “exotic” collection of models chosen place by place.
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As mentioned at the end of §2.2, Theorem 2.2.1 and Proposition 2.2.3 are
insu�cient to endow X(AF ) with a topology when X is not a�ne. We close
this section by explaining how to adapt Proposition 2.4.7 to accomplish this.
We will not use this discussion until §17.7.

Let X be a separated scheme of finite type over F. Then for all places
v of F, the topology on X(Fv) is defined by Proposition 2.2.3. Let S be a
finite set of places of F including the infinite places. If S is large enough, we
can choose a separated scheme X of finite type over OS

F such that XF = X
[Poo17, Theorem 3.2.1]. For v 62 S, the topology on X (OFv

) is also defined by
Proposition 2.2.3. We isolate the following claim from the proof of [Con12b,
Theorem 3.6]:

Lemma 2.4.10 For v 62 S, the natural map X (OFv
) ! X (Fv) = X(Fv) is

an open embedding.

Proof. The map is injective by the valuative criterion of separateness. Thus
we are reduced to checking that its image is open in X (Fv). Let {Ui} be an
open cover of X by a�ne schemes. Then Ui(OFv

) ⇢ X (OFv
) and Ui(Fv) ⇢

X (Fv) are open by Proposition 2.2.3. Moreover X (OFv
) = [iUi(OFv

) and
X (Fv) = [iUi(Fv). Thus it su�ces to treat the case where X is a�ne. In this
case the lemma is a consequence of Exercise 2.2. ut

As explained in [Con12b, §3-4] there is a bijection

X(AF )�̃!
Y0

v

X(Fv) (2.14)

where the restricted direct product is defined with respect to the subsets
X (OFv

) for v 62 S. We define the topology on X(AF ) by giving the right hand
side the restricted direct product topology and declaring that the bijection
(2.14) is a homeomorphism. Proposition 2.4.7 implies that this agrees with
our earlier definition whenX is a�ne. The following theorem can be extracted
from [Con12b, §3-4]:

Theorem 2.4.11 The definition of the topology on X(AF ) given above is
independent of the choice of S and X . With respect to this topology X(AF )
is locally compact. Moreover,

(a) if X ! Y is a morphism of separated schemes of finite type over F, then
the map X(AF )! Y (AF ) is continuous,

(b) if X ! Y and Z ! Y are morphisms of separated schemes of finite type
over F, then the topology on (X ⇥Y Z)(AF ) is the fiber product topology,

(c) closed immersions X ,! Y of separated schemes of finite type over F
induce closed embeddings X(AF ) ,! Y (AF ), and

(d) proper morphisms X ! Y of separated schemes of finite type over F
induce proper maps X(AF )! Y (AF ).
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(e) Let X ! Y be a smooth surjective morphism of separated schemes of
finite type over F. If X ! Y has geometrically connected fibers then the
induced map X(AF )! Y (AF ) is open.

ut

2.5 Approximation in a�ne algebraic groups

For a global field F and a nonempty finite set S of places of F, the image of F
under the diagonal embeddings F ! FS is dense. This is fairly easy to prove
and can be viewed as a generalization of the Chinese remainder theorem.
Moreover, the image of F in A

S
F under the diagonal embedding is dense by

Theorem 2.1.4. If X is a separated scheme of finite type over F and S is a
nonempty finite set of places of F then one can ask if a similar phenomenon
occurs:

Definition 2.9. Let S be a nonempty finite set of places of F. A separated
schemeX of finite type over F satisfiesweak approximation with respect to
S if the image of the diagonal embedding X(F )! X(FS) is dense. It satisfies
strong approximation with respect to S if X(F ) is dense in X(AS

F ).

Here when we speak of density we are of course using the canonical topologies
on X(FS) and X(AS

F ) a↵orded by theorems 2.2.1 and 2.4.11.
Despite the relative ease of proving that Ga satisfies weak and strong

approximation, establishing whether or not a general separated F -scheme
enjoys these properties is very di�cult. In general, they do not hold. We
refer to [Har04] for a more detailed discussion.

Our goal in this section is to state when weak and strong approximation
hold in settings related to a�ne algebraic groups. To simplify the discussion
we often assume that F is a number field; additional complications come up
in the general case. Our primary reference is [PR94, Chapter 7]. We start
with the following proposition, the proof of which we leave as an exercise:

Proposition 2.5.1 Let G be a connected a�ne algebraic group over a
number field F with Levi decomposition G = MN. Then G admits weak
(resp. strong) approximation with respect to a nonempty finite set S of places
of F if and only if M does. ut

Thus in the number field case, studying strong and weak approximation of
connected a�ne algebraic groups is equivalent to studying it for the smaller
set of reductive groups. It turns out that under suitable restrictions on the
set of places S, weak approximation always holds:

Theorem 2.5.2 Let G be a connected a�ne algebraic group over a number
field F. There is a finite set S0 of finite places of F such that G has weak
approximation with respect to any nonempty finite set of places of F not
containing S0. ut
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We refer to [PR94, §7.3] for the proof.
If we wish to guarantee that we can take S0 to be empty, we need to

assume additional arithmetic conditions on the group G. To state them, one
needs the notions of simply connected and adjoint semisimple groups from
§1.8. For the following theorem, we refer again to [PR94, §7.3]:

Theorem 2.5.3 A simply connected or adjoint semisimple group G over a
number field F admits weak approximation with respect to any nonempty
finite set of places F. ut

We finish our discussion of weak approximation by considering the case
where X is not an a�ne algebraic group, but a particular type of homoge-
neous space. Let G be a connected a�ne algebraic group over a number field
F and let H  G be a subgroup. Then we may form the quotient scheme
H\G as in §1.10. It need not be a�ne, but is always quasi-projective. If F is
an algebraic closure of F and F  L  F is a subfield then

X(L) = (G(F )/H(F ))Gal(F/L)

with the natural Galois action (see Proposition 1.10.5).
We let

Gred := G/Ru(G), Gss := (Gred)der, Gtor : = Gred/Gss. (2.15)

Thus Gred is the maximal reductive quotient of G and Gtor is the maximal
quotient of G that is a torus. We recall that an algebraic torus T is quasi-
trivial or induced if X⇤(T ) is a permutation Gal(F/F )-module. We record
the following theorem of Borovoi [Bor09, Theorem 3.12], which generalizes
Theorem 2.5.2:

Theorem 2.5.4 Let G be a connected a�ne algebraic group over a number
field F such that Gss is simply connected and Gtor is quasi-trivial. Assume
that H is a connected subgroup of G. There is a finite set S0 of finite places
of F such that G/H has weak approximation with respect to any nonempty
finite set of places of F not containing S0. ut

In particular, G/H always has weak approximation with respect to 1.
Borovoi gives a more explicit description of a set S0 such that the theorem
holds.

We also have the following generalization of Theorem 2.5.3:

Theorem 2.5.5 Assume that G is a connected a�ne algebraic group over
a number field F such that Gss is simply connected and Gtor is quasi-trivial.
Let H be a connected subgroup such that Htor splits over a cyclic extension
of F. Then G/H satisfies weak approximation with respect to any nonempty
finite set of places of F. ut
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This is [Bor09, Corollary 3.14].
We now turn to a discussion of strong approximation. A connected a�ne

algebraic group G over a global field F is almost simple if LieG is a simple
Lie algebra, that is, a Lie algebra with no proper ideals. The basic result on
strong approximation is the following. For the proof, see [Pra77]:

Theorem 2.5.6 Let G be a connected a�ne algebraic group over a global
field F such that G is almost simple and let S be a nonempty finite set
of places of F. If G is simply connected and G(FS) is noncompact then G
satisfies strong approximation with respect to S. ut

At least in the number field case, there is a converse to this theorem, see
[PR94, Theorem 7.12]. We point out in particular that the semisimplicity
assumption is necessary. Even in the case G = GL1 strong approximation is
false in general. Indeed,

F⇥\(A1

F )⇥/ bO⇥

F

is the class group of F (see (2.16) below). This is a finite group, but it is
often nontrivial.

One has an analogue of Theorem 2.5.6 for certain homogeneous spaces
[Rap14, Proposition 2.4]:

Theorem 2.5.7 Assume that G is a simply connected semisimple group over
a number field F such that GF is almost simple. Let H  G be a simply
connected semisimple subgroup and let S be a nonempty finite set of places
of F. Then G/H satisfies strong approximation with respect to S if and only
if (G/H)(FS) is noncompact. ut

2.6 The adelic quotient

Let G be an a�ne algebraic group over a global field F. By Exercise 2.2
the subgroup G(F ) < G(AF ) is discrete and closed and we can consider the
quotient G(F )\G(AF ). In this section we state some basic facts on the topol-
ogy of G(F )\G(AF ). More precise results will be explained in the following
section.

The first result to be discussed is the following (see [Con12a] for the proof):

Theorem 2.6.1 (Borel, Conrad, Oesterlé, Prasad) For any finite set
S of places of F containing the infinite places and for any compact open
subgroup KS  G(AS

F ), the quotient

G(F )\G(AS
F )/K

S

is finite. ut
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We note that one does not even have to assume that G is smooth (although
this is automatic in the characteristic zero case, see Theorem 1.5.2). Theorem
2.6.1 is known as finiteness of class numbers for a�ne algebraic groups.
It is a strict generalization of the assertion that the class group of F is finite.
To see this, recall that the class group ClF sits in an exact sequence

1 �! Prin(OF ) �! Div(OF ) �! ClF �! 1

where Prin(OF ) is the group of principal divisors of OF and Div(OF ) is the
group of divisors of OF (which can be identified with the group of fractional
ideals). There is a surjection

Div(OF ) �! (A1

F )⇥/ bO⇥

F

m 7�! (mOFv
).

It induces a bijection

ClF �̃!F⇥\(A1

F )⇥/ bO⇥

F . (2.16)

Hence taking G = GL1 and K1 := bO⇥

F in Theorem 2.6.1 implies the finite-
ness of the class group of F. Interestingly, if we view the class group as the
Picard group of Spec(OF ), that is, the group of isomorphism classes of line
bundles on Spec(OF ), this description of the class group naturally leads one
to Weil’s description of

GLn(F )\GLn(A
1

F )/GLn( bOF )

in terms of vector bundles. We refer to [Gai03] for an introduction to what
can be gained from this perspective in the function field case.

It is not hard to see that in general the quotient G(F )\G(AF ) itself is
infinite. However, we could ask when the quotient is compact or finite volume
with respect to a suitable measure (see §3.6), and there is a complete answer
to this question which we recall in Theorem 2.6.3 below. It is useful to first
eliminate a trivial obstruction to the quotient G(F )\G(AF ) being compact
or finite volume.

The units F⇥ of F embed into A⇥

F diagonally as a discrete closed subgroup.
The idelic norm

| · | :=
Y

v

| · |v : F⇥\A⇥

F �! R>0 (2.17)

is continuous and nontrivial. In fact, its image is R>0 if F is a number field
and of the form pmZ for some nonzero integer m if F has characteristic
p [RV99, Theorem 5-14]. Thus F⇥\A⇥

F is noncompact and moreover is of
infinite volume with respect to the Haar measure (for more on Haar measures,
see §3.2 below). An analogous phenomenon occurs for other groups and this
motivates the following definition:
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G(AF )
1 :=

\

�2X⇤(G)

ker(| · | � � : G(AF ) �! R>0). (2.18)

Note that G(F ) is contained G(AF )1 in virtue of the product formula stated
in Proposition 2.1.1. Moreover, G(F ) is discrete and closed in G(AF )1 by
Exercise 2.2.

We now define a useful subgroup

AG < G(F1) < G(AF ). (2.19)

When F is a number field, we let AG be the neutral component of the R-
points of the greatest Q-split torus in ResF/QZG. When F is a function field
of characteristic p, temporarily write Z for the largest Fp(t)-split torus in

ResF/Fp(t)ZG.

Then if Z has rank d, there is an isomorphism Z ⇠= G
d
m of tori over Fp(t) in-

ducing an isomorphism Z(Fp(t)1)!̃(Fp((t�1))⇥)d. We let AG < Z(Fp(t)1)
be the inverse image of the subgroup ({tk : k 2 Z})d.

The groups AG and G(AF )1 may seem mysterious at first blush, but this
is illusory. For example, when G = Gm over a number field F, the group
AGm

is just the image of the diagonal embedding R>0 ! F⇥
1
, regarded as a

subgroup of A⇥

F via the natural map F⇥
1
! A

⇥

F . Moreover

AGLn
= {aIn : a 2 AGm

}

where In 2 GLn(AF ) is the identity matrix. Similarly

GLn(AF )
1 = {g 2 GLn(AF ) : | det g| = 1} .

We leave the proof of the following lemma as Exercise 2.15:

Lemma 2.6.2 Assume G is reductive. The group AGG(AF )1 has finite index
in G(AF ) and AG \G(AF )1 = 1. If F is a number field, then AGG(AF )1 =
G(AF ). ut

The conclusions of Lemma 2.6.2 are false for a general a�ne algebraic group
G over F (see Exercise 2.18).

The adelic quotient of G is the quotient

[G] := AGG(F )\G(AF ). (2.20)

We warn the reader that in the literature, [G] often refers to G(F )\G(AF ),
but the convention (2.20) is more convenient for the purposes of this book.
The canonical map G(AF )1 ! AG\G(AF ) induces a continuous map

G(F )\G(AF )
1 �! [G] (2.21)
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that intertwines the right actions of G(AF )1. Under the assumptions of
Lemma 2.6.2, if F is a number field then (2.21) is a homeomorphism and if F
is a function field there are only finitely many G(AF )1-orbits in the codomain
of (2.21). Thus if G is reductive for many purposes one can work with either
AGG(F )\G(AF ) or G(F )\G(AF )1. For any a�ne algebraic group G over F,
the group G(AF )1 is unimodular by Lemma 3.6.4 below, and hence admits
a Haar measure (the notion of a Haar measure and a unimodular group will
be discussed in §3.2). This in turn induces a measure on G(F )\G(AF )1 as we
explain in §3.6.

The basic topological and measure theoretic properties of G(F )\G(AF )1

are summarized in the following theorem:

Theorem 2.6.3 (Borel, Conrad, Harder, Oesterlé) Assume that G is
smooth and connected. The quotient G(F )\G(AF )1 has finite measure. It is
compact if and only if for every F -split torus T  G, one has that TF 
R(GF ).

Proof. The first assertion is [Con12a, Theorem 1.3.6]. The “only if” portion
of the last assertion is straightforward. The “if” portion of the last assertion
is part of [Con12a, Theorem A.5.5]. ut

For comparison with the classical theory of automorphic forms it is conve-
nient to relate the adelic quotient to locally symmetric spaces (see Chapter
6). For this purpose, if K1  G(A1

F ) is a compact open subgroup let

h := h(K1) = |G(F )\G(A1

F )/K1| .

By Theorem 2.6.1, h < 1. Let t1, . . . , th denote a set of representatives for
G(F )\G(A1

F )/K1. We then have a homeomorphism

ha

i=1

�i(K
1)\G(F1) �! G(F )\G(AF )/K

1 (2.22)

given on the ith component by

�i(K
1)g1 7�! G(F )g1tiK

1,

where
�i(K

1) := G(F ) \ tiK
1t�1

i

which is viewed as a subgroup of G(F1) via the map G(F ) ! G(F1). For
each i the group �i(K1) is a discrete subgroup of G(F ). It is moreover
arithmetic in the following sense:

Definition 2.10. Let G  GLn be a linear algebraic group. A subgroup
�  G(F ) is arithmetic if it is commensurable with G(F ) \GLn(OF ).
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Here one says that two subgroups �1 and �2 of a group are commensurable
if �1 \ �2 is of finite index in both �1 and �2.

The notion of arithmeticity does not depend on the choice of representation
G  GLn (see Exercise 2.13). The subgroups of G(F ) that are intersections
of a compact open subgroup of G(A1

F ) and G(F ) are known as congruence
subgroups. Not every arithmetic group is a congruence subgroup in general,
although for some groups G, this is the case. For more information, the reader
can consult the literature on the so-called congruence subgroup problem.

We end this section by considering the special case where G = GL2 over Q.
Then K1 = GL2(bZ) is a maximal compact open subgroup, where bZ =

Q
p Zp

is the profinite completion of Z. Let N 2 Z>0. If we denote by

K0(N) :=
n�

a b
c d

�
2 GL2(bZ) : N |c

o
and �0(N) := K0(N) \GL2(Z)

then (2.22) becomes

�0(N)\GL2(R) = GL2(Q)\GL2(AQ)/K0(N).

If we let K1 = SO2(R) then we have a bijection

AGL2\GL2(R)/K1 �! C� R
�
a b
c d

�
7�! ai+b

ci+d .

Hence

�0(N)\(C� R)�̃!GL2(Q)AGL2\GL2(AQ)/K1K0(N)

= GL2(Q)\(C� R)⇥GL2(A
1

Q )/K0(N)

where on the left �0(N) acts via Möbius transformations:

�
a b
c d

�
· z := az+b

cz+d .

2.7 Reduction theory

Reduction theory allows us to control the adelic quotient [G] when it is non-
compact. To be more precise about this, assume that G is a reductive group
over a global field F. In the number field case, this assumption can be weak-
ened to allow for arbitrary connected a�ne algebraic groups over F at the
cost of introducing more notation [PR94, §4.3].

The following theorem provides what is known as the Iwasawa decom-
position:

Theorem 2.7.1 Let G be a reductive group over a global field F and let
P  G be a parabolic subgroup. There exists a maximal compact subgroup
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K  G(AF ) such that

G(AF ) = P (AF )K. (2.23)

We sketch the proof of this theorem in Appendix B.
Ideally one would like to use the Iwasawa decomposition to give a well-

behaved fundamental domain for the action of G(F ) on G(AF )1. Describing
such fundamental domains is a di�cult task in general. Fortunately for many
purposes, it is unnecessary because one can make do with approximate fun-
damental domains known as Siegel sets.

We now prepare to give the definition of these sets. Assume that P is
a minimal parabolic subgroup of G with unipotent radical N. Fix a Levi
subgroup M  P. Let T0 be a maximal split torus of Gder contained in M
and let Z0 be the maximal split torus of ZG. Then T := T0Z0 is a maximal
split torus of G. As mentioned in §1.9, the set of nonzero weights of T acting
on LieP is a set of positive roots with respect to a unique base � ⇢ �(G, T )
for the set of roots of T in G. We choose a maximal compact subgroup
K  G(AF ) so that G(AF ) = P (AF )K using Theorem 2.7.1.

A Siegel set in G(AF )1 is a set of the form

S(t) := ⌦N⌦MAT0(t)K (2.24)

where ⌦N ⇢ N(AF ) is a compact subset, ⌦M ⇢M(AF )1 is a compact subset,
t 2 R>0, and

AT0(t) := {x 2 AT0 : |↵(x)|1 � t for all ↵ 2 �}. (2.25)

Here we are using the fact that ↵(x) 2 Gm(F1) = F⇥
1

and

| · |1 :=
Y

v|1

| · |v.

The main result of reduction theory is the following:

Theorem 2.7.2 (Reduction theory) There exists a Siegel set S(t) such
that

G(F )S(t) = G(AF )
1.

Proof. See [Spr94]. To aid the reader, we note that in loc. cit. the group G(F )
acts on the right. Thus one has to take an inverse to move G(F ) to the left,
and this changes the inequality in the analogue of AT0(t) in loc. cit. to that
we used in defining AT0(t). ut

By the theorem, the set S(t) can indeed be thought of as an approximate
fundamental domain, as every element of G(AF )1 is in the G(F )-orbit of an
element of S(t). However, two elements of S(t) can be in the same G(F )-
orbit. This is already the case for G = GL2 and F = Q (see Exercise 2.19).
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To understand the content of Theorem 2.7.2, it is useful to consider the
special case in which G = GL2 and F = Q. Take K = O2(R)GL2(bZ) and let
B = P be the Borel subgroup of upper triangular matrices (since it is a Borel
subgroup, it is a minimal parabolic subgroup). Let T0  SL2 and T  GL2

be the maximal tori of diagonal matrices. Then � consists of the single root

↵ : T0(R) �! R⇥

�
t1

t2

�
7�! t1t

�1

2

for Q-algebras R. In this setting, reduction theory tells us that there is a
compact subset ⌦  B(AQ) such that

GL2(AQ) = GL2(Q)AGL2⌦AT0(t)K

for small enough t 2 R>0. This is the content of Exercise 2.19. We remark
that it is this example that gives reduction theory its name. The key result
in the reduction theory of positive definite binary quadratic forms over Q

is the assertion that every form of a given discriminant is representable by
a reduced form. A slight strengthening of Theorem 2.7.2 in the special case
considered above implies this result.

We end this section by explaining how reduction theory is used in practice.
Let ' : [G]! C be a continuous function. Reduction theory implies that if we
can control the restriction of ' to AT0(t) then we can control the function on
all of [G]. This observation motivates growth conditions we place on functions
on [G] (see Lemma 6.3.1) and plays a key role in convergence arguments. See
§9.4, §9.5, and the proof of Proposition 14.3.2 for instance. We point out that
in certain situations one requires a version of reduction theory in which the
role of G(F ) is replaced by P (F ) for a parabolic subgroup P (not necessarily
minimal) and AT0(t) is replaced by a larger subset of AT0 .We refer to [MW95,
§I.2.1] for a result of this type.

Exercises

2.1. Prove Proposition 2.1.1.

2.2. Let R ! R0 be a continuous map of topological rings and let X be an
a�ne scheme of finite type over R. Show that X(R)! X(R0) is continuous.
Show moreover that if R! R0 is a

(a) topological embedding
(b) open topological embedding
(c) closed topological embedding
(d) topological embedding onto a discrete subset

then so is X(R)! X(R0).
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2.3. LetG be an a�ne algebraic group over a local field F, let ⇢ : G! GLn be
a faithful representation, and let K  GLn(F ) be a compact open subgroup.
Prove that ⇢(G(F )) \K is a compact open subgroup of ⇢(G(F )).

2.4. Prove Lemma 2.4.3.

2.5. Let o be a Dedekind domain with fraction field F and let Y be a flat
a�ne scheme of finite type over o. Suppose that X ! Y := YF is a closed
immersion. Let X be the schematic closure of X in Y. Let Z be a flat a�ne
scheme of finite type over o. For any closed immersion Z ! Y whose generic
fiber ZF ! Y factors through X ! Y :

X

ZF Y

there is a unique closed immersion X ! Z such that the following diagram
commutes:

X

Z Y

2.6. Let o be a Dedekind domain with fraction field F. Let G be a flat group
scheme over o of finite type with generic fiber G := GF . Let H be a group
scheme over F equipped with a morphism of group schemes H ! G that is
a closed immersion. Show that the schematic closure H of H in G is a closed
subgroup scheme of G.

2.7. Let S be a nonempty finite set of places of a global field F. Prove that
F is dense in FS .

2.8. Let m > 1 be an integer. Let

A := Z[xij , tij , y]1i,jn

��
det(xij)y � 1, {xij � �ij +mtij : 1  i, j  n}

�
.

Here �ij is the Kronecker �-function. Show that G := Spec(A) is a model of
GLn over Z and that

G(Z) = {g 2 GLn(Z) : g ⌘ In (mod mMn(Z))}.

2.9. Let X1, X2 be a�ne schemes of finite type over a global field F. Show
that X1 and X2 admit weak (resp. strong) approximation with respect to a
nonempty finite set S of places F if and only if X1 ⇥X2 does. Deduce that
if G is an a�ne algebraic group over a number field F then G satisfies weak
(resp. strong) approximation with respect to a finite set S of places F if and
only if a Levi subgroup of G does.
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2.10. Let F be a global field. Show that GLn admits weak approximation
with respect to any nonempty finite set of places of F.

2.11. Assume that the a�ne algebraic groupG over the global field F satisfies
strong approximation with respect to a nonempty finite set S of places of F.
Show that ��G(F )\G(AS

F )/K
S
�� = 1

for any compact open subgroup KS  G(AS
F ).

2.12. Let F be a number field. Show that GLn does not admit strong ap-
proximation with respect to the set of infinite places of F if the class number
of F is not 1.

2.13. For i = 1, 2, let ⇢i : G ! GLni
be a pair of faithful representations of

the a�ne algebraic group G over a number field F. Let Gi be the schematic
closure of ⇢i(G) in GLni

over OF . Show that a subgroup �  G(F ) is com-
mensurable with G1(OF ) if and only if it is commensurable with G2(OF ).

2.14. Let Bn  GLn be the Borel subgroup of upper triangular matrices.
Show that

GLn(R) = Bn(R)On(R) and GLn(C) = Bn(C)Un(R)

and that for a nonarchimedean local field F,

GLn(F ) = Bn(F )GLn(OF ).

Here for R-algebras R,

On(R) :=
�
g 2 GLn(R) : ggt = In

 

and
Un(R) :=

�
g 2 GLn(C⌦R R) : ggt = In

 
.

Deduce the adelic Iwasawa decomposition for GLn(AF ) for global fields F.

2.15. Prove Lemma 2.6.2.

2.16. Show that if F is a function field then there is a strict inequality
AGL2GL2(AF )1 < GL2(AF ).

2.17. Let G be a reductive group over a global field F. Show that AG is trivial
if and only if the maximal torus of ZG is anisotropic.

2.18. Give an example of a connected smooth a�ne algebraic group G over
a global field F such that AGG(AF )1 is not of finite index in G(AF ).

2.19. Let T0  SL2 be the maximal torus of diagonal matrices and let
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⌦ =
�
( 1 x

1
) : x 2 [� 1

2
, 1

2
]
 
.

Show that GL2(AQ) = GL2(Q)AGL2⌦AT0(t)O2(R)GL2(bZ) for t su�ciently
small. Show, on the other hand, that if t is chosen so that

GL2(AQ) = GL2(Q)AGL2⌦AT0(t)O2(R)GL2(bZ)

then there are at least two elements of

AGL2\AGL2AT0(t)⌦O2(R)GL2(bZ)/O2(R)GL2(bZ)

that are in the same GL2(Q)-orbit.

2.20. For each integer N > 1, let � (N)  GLn(Z) be the kernel of the
reduction map

GLn(Z) �! GLn(Z/N).

Prove that a subgroup of GLn(Q) is a congruence subgroup if and only if it
contains � (N) as a subgroup of finite index for some N > 0.





Chapter 3

Discrete Automorphic Representations

In mathematics you don’t
understand things. You just get
used to them.

J. von Neumann

Abstract In this chapter we give the definition of a discrete automorphic
representation. These are objects in the category of unitary representations
of the adelic points of an a�ne algebraic group. In Chapter 6 we will define
general automorphic representations and explain how discrete automorphic
representations give rise to automorphic representations.

3.1 Representations of locally compact groups

Our goal in this chapter is to define discrete automorphic representations.
These are arguably the most important type of automorophic representation
and are certainly the easiest to define. However to study them it is necessary
to enlarge one’s perspective and treat general automorphic representations.
This requires more preparation. We will only complete the definition of a
general automorphic representation in Chapter 6 (see definitions 6.6 and 6.8).

We begin by introducing some basic abstract representation theory, that is,
representation theory that requires no more structure than a locally compact
group. Our basic reference is [Fol95]. Throughout this chapter, we let G be a
locally compact (Hausdor↵) topological group (for example G = H(AF ) for
H an a�ne algebraic group over a global field F ). Let V be a topological vec-
tor space over C. Following [Rud91], we take the convention that topological
vector spaces are Hausdor↵. Let

End(V )

77
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be the space of all continuous linear maps from V to itself. We let GL(V ) 
End(V ) be the group of invertible continuous linear maps with continuous
inverse.

Often we will be concerned with the case where V is a Hilbert space,
that is, a complex inner product space complete with respect to the metric
induced by the inner product. We always assume that our Hilbert spaces are
separable, that is, that they admit an orthonormal basis (in the Hilbert
space sense) that is countable. The inner product will be denoted ( , ) and
the norm by k · k2. When V is a Hilbert space we let U(V ) be the subgroup
of GL(V ) preserving ( , ).

Definition 3.1. A representation (⇡, V ) of G is a group action

G⇥ V �! V

(g,') 7�! ⇡(g)'

such that the map G ⇥ V ! V is (jointly) continuous. In particular, (⇡, V )
defines a group homomorphism ⇡ : G! GL(V ). If V is a Hilbert space and
⇡ maps G to U(V ), that is,

(⇡(g)'1,⇡(g)'2) = ('1,'2)

for all '1,'2 2 V and g 2 G, then ⇡ is said to be unitary.

Often one writes ⇡ (resp. V ) for (⇡, V ) if V (resp. ⇡) is understood. If we
wish to specify that ⇡ acts on a ?-space (e.g. Fréchet, Hilbert, locally convex)
we refer to ⇡ as a ?-space representation.

A morphism of representations (or a G-intertwining map) is a morphism
of topological vector spaces that is G-equivariant; it is an isomorphism if the
underlying morphism of topological vector spaces is an isomorphism. If two
representations are isomorphic then they are also called equivalent. Two
unitary representations (⇡1, V1) and (⇡2, V2) are unitarily equivalent if
there is a G-equivariant isomorphism of Hilbert spaces V1 ! V2. Thus uni-
tary equivalence implies equivalence. The converse is also true under suitable
assumptions by Theorem 4.4.7 and Proposition 5.3.6.

A subrepresentation of (⇡, V ) is a closed subspace W  V that is pre-
served by ⇡, a quotient of (⇡, V ) is a topological vector space W equipped
with an action of G and a G-equivariant continuous linear surjection V !W,
and a subquotient of (⇡, V ) is a subrepresentation of a quotient of (⇡, V ).

We will mostly be interested in unitary representations, and we need lan-
guage to describe when a representation that is not originally presented as
a unitary representation actually “is” unitary. First, we say that a repre-
sentation on a Hilbert space is unitarizable if it is equivalent to a unitary
representation. Sometimes the natural representations to study are not on
Hilbert spaces, or even complete spaces (see Chapter 5 for example). How-
ever, one can still discuss unitarity in this situation as follows: A pre-Hilbert
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space is a complex inner product space that admits a countable orthonor-
mal basis. Thus a Hilbert space is simply a pre-Hilbert space that is complete
with respect to the metric induced by the inner product. We can still define
U(V ) as before. A representation ⇡ of G on a pre-Hilbert space V extends by
continuity to the completion V of V (which is a Hilbert space). With this in
mind, we say that a representation ⇡ of G on a pre-Hilbert space V is pre-
unitary if ⇡(G)  U(V ). Thus for every pre-unitary representation of G, we
obtain, by continuity, a canonical unitary representation of G on V . Finally,
we say that a representation is pre-unitarizable if it is equivalent to a pre-
unitary representation. In practice, these distinctions are often ignored, and
one sometimes calls a unitarizable representation, or even a pre-unitarizable
representation, simply a unitary representation.

We now discuss the basic means of constructing unitary representations.
Assume one has a continuous right action

X ⇥G �! X

(x, g) 7�! xg
(3.1)

where X is a locally compact (Hausdor↵) space equipped with a G-invariant
Radon measure dx. The Radon measure gives rise to an L2-space, namely the
space L2(X, dx) of square integrable complex valued functions on X endowed
with the inner product

('1,'2) :=

Z

X
'1(x)'2(x)dx. (3.2)

We obtain a left action of G on L2(X, dx) via

R(g)'(x) := '(xg). (3.3)

We refer to the action of G on L2(X, dx) just constructed as the natural
action or the regular action.

Theorem 3.1.1 The action of G on L2(X, dx) defined as in (3.3) is contin-
uous. It defines a unitary representation of G.

For the proof, we follow [Fol95, Proposition 2.41]:

Proof. We first observe that for any ' 2 L2(X, dx) one has that

Z

X
|'(xg)|2dx =

Z

X
|'(x)|2dx

since dx is right G-invariant. Thus R(g) is an isometry of L2(X, dx) for all
g 2 G. Let

Cc(X) < L2(X, dx)

be the subspace of compactly supported continuous functions. Let U ⇢ G be
an open neighborhood of the identity 1 2 G with compact closure such that
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g 2 U if and only if g�1 2 U. Let ' 2 Cc(X) and let W = supp(')U ⇢ X.
Then W is relatively compact, and if g 2 U then R(g)' is supported in W.
Thus

kR(g)'� 'k2  measdx(W )1/2kR(g)'� 'k1.

The right hand side can be made arbitrarily small by taking g to be in a
su�ciently small neighborhood of 1 (see Exercise 3.1).

Since X is locally compact and dx is a Radon measure, Cc(X) is dense in
L2(X, dx) [Fol99, Proposition 7.9]. Thus given '1 2 L2(X, dx) and " > 0, we
can choose '2 2 Cc(X) such that k'1 � '2k2 < ". We have already checked
that R(g) is an isometry of L2(X, dx), so for all g 2 G we have that

kR(g)'1 � '1k2  kR(g)('1 � '2)k2 + kR(g)'2 � '2k2 + k'2 � '1k2
 2"+ kR(g)'2 � '2k2.

Since kR(g)'2 � '2k2 can be made arbitrarily small by taking g to be in a
su�ciently small neighborhood of 1, we deduce that for each ' 2 L2(X, dx)
the map

G �! L2(X, dx)

g 7�! R(g)'

is continuous. We now prove that the map

G⇥ L2(X, dx) �! L2(X, dx)

(g,') 7�! R(g)'

is jointly continuous. We have

kR(g1)'1 �R(g2)'2k2 = k'1 �R(g�1

1
g2)'2k2

 k'1 � '2k2 + k'2 �R(g�1

1
g2)'2k2

since R(g1) is an isometry of L2(X, dx). We have already shown that the map
g ! R(g)'2 is continuous, so if we choose g1 su�ciently close to g2 and '1

su�ciently close to '2 then the quantity above can be made to be arbitrarily
small, proving joint continuity. ut

3.2 Haar measures on locally compact groups

To e↵ectively study representations of locally compact groups, it is necessary
to introduce the notion of Haar measure. If G is a locally compact group then
there exists a positive Radon measure drg on G that is right invariant under
the action of G:
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Z

G
f(gx)drg =

Z

G
f(g)drg (3.4)

for all x 2 G and f 2 Cc(G) (see [Fol95, Theorem 2.10]).
Moreover, this measure is unique up to multiplication by an element of

R>0. A right Haar measure is a choice of such a measure. There is also
a left invariant positive Radon measure, again unique up to multiplication
by R>0. Such a measure is known as a left Haar measure. Indeed given a
right Haar measure drg, we obtain a left Haar measure d`g by assigning to
a measurable set X ✓ G the measure of {x�1 : x 2 X} with respect to drg.
More briefly, d`g = dr(g�1).

The existence of the right Haar measure gives via Theorem 3.1.1 a repre-
sentation of G on L2(G) = L2(G, drg) called the regular representation.

Definition 3.2. A locally compact group G is unimodular if any right Haar
measure is also a left Haar measure.

A Haar measure is a left Haar measure that is also a right Haar measure.
Thus G admits a Haar measure if and only if it is unimodular.

We note that an abelian group is trivially unimodular. Moreover a compact
(Hausdor↵) group is unimodular (see Exercise 3.2) and discrete groups are
unimodular as well.

Example 3.1. Any real vector space is a group under addition. The usual
Lebesgue measure on the vector space is a Haar measure with respect to this
group structure.

Example 3.2. We can define a Haar measure on GLn(R) by viewing it as an
(open) subset of the n by n matrices Mn(R) and then taking the measure

dX

| detX|n

where dX is a Haar measure on Mn(R) (see Exercise 3.11). Since the measure
described above is a Haar measure, GLn(R) is unimodular. This is also a
special case of Corollary 3.6.2 below.

Example 3.3. The points of Borel subgroups are, in general, not unimodular.
For example, if we regard GL2 as an algebraic group over R and if B  GL2

is the Borel subgroup of upper triangular matrices then

B(R) =
�
( a b ) (

1 t
1
) : a, b 2 R

⇥ and t 2 F
 
.

With respect to this decomposition, one can take

d`g :=
dadbdt

|a||b| and drg :=
dadbdt

|a|2

where da, db and dt are the Lebesgue measure on R.
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We will define Haar measures on general local fields in §3.5. After this the
two examples above can be readily generalized to the setting in which R is
replaced by any local field F.

A quasi-character of G is a continuous homomorphism G ! C
⇥. Our

convention is that a character of G is a continuous homomorphism G! C
⇥

with image in {z : |z| = 1}. In other words a character is a unitary quasi-
character. We now define the modular quasi-character, which measures the
failure of a group to be unimodular.

Assume that drg is a Haar measure on G and let h 2 G. The map that
sends a measurable set X ✓ G to the measure of hX with respect to drg is
another right Haar measure denoted dr(hg) (we use several obvious variants
of this notation below). Since Haar measures are unique up to scaling, there
exists a �G(h) 2 R>0 such that

dr(hg) = �G(h)drg. (3.5)

The map

�G : G �! R>0 (3.6)

is obviously a homomorphism. It is known as themodular quasi-character.
One can alternately define �G(g) via the relation

d`(g
�1) = �G(g)d`g (3.7)

by Exercise 3.3. Since d`(g�1) is a right Haar measure, we see that �G is
trivial if and only if G is unimodular.

Some references define the modular quasi-character to be the multiplica-
tive inverse of �G. In particular �(g) := ��1

G (g) in the notation of [Fol95]. Our
convention in this book is consistent with most of the literature in automor-
phic representation theory. One motivation for our convention is provided by
Proposition 3.6.1.

The following proposition provides a useful means of decomposing Haar
measures:

Proposition 3.2.1 Suppose that S and T are closed subgroups of G with
compact intersection and that the product map S ⇥ T ! G is open with
image of full measure with respect to d`g. Then one can normalize the left
and right Haar measures on S and T so that for all f 2 Cc(G) one has

Z

G
f(g)d`g =

Z

S⇥T
f(st)

�T (t)

�G(t)
d`sd`t =

Z

S⇥T

f(st)

�G(t)
d`sdrt.

In particular, if G is unimodular, then
Z

G
f(g)dg =

Z

S⇥T
f(st)d`sdrt.
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Proof. The first equality is [Kna02, Theorem 8.32] in the case where G is a
Lie group. The proof is the same in general. We also note that in the notation
of loc. cit. one has �G := �G, �S := �S , and �T := �T . The second equality
follows from Exercise 3.3. ut

We will also require a slight generalization of the notion of a Haar measure.
Let G be a locally compact group and let H  G be a closed subgroup.
The following theorem characterizes when H\G admits a (right) G-invariant
Radon measure. See [Fol95, Theorem 2.49] for a proof:

Theorem 3.2.2 There is a G-invariant Radon measure µ on H\G if and
only if �G|H = �H . In this case, µ is unique up to multiplication by an element
of R>0, and for a suitable choice of right Haar measures dg (resp. dh) on G
(resp. on H), one has that

Z

G
f(g)dg =

Z

H\G

✓Z

H
f(hg)dh

◆
dµ(Hg)

for f 2 Cc(G). ut

The measure dµ in the theorem will be denoted by dg
dh .

3.3 Gelfand-Pettis integrals

In the following section we will require integration with values in topological
vector spaces. Thus we pause to quickly state the relevant definitions and
results. Let X be a locally compact (Hausdor↵) topological space that is �-
compact (that is, a countable union of compact spaces). Let µ be a Radon
measure on X. Since µ is a Radon measure, it is finite on compact sets, and
since X is �-compact µ is a regular measure [Fol99, Corollary 7.6].

Let V be a topological vector space. Assume that the continuous dual of
V separates points. Given a continuous function

f : X �! V,

the Gelfand-Pettis integral
Z

X
f(x)dµ(x)

is an element of V such that

�

✓Z

X
f(x)dµ(x)

◆
=

Z

X
�(f(x))dµ(x)
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for all continuous C-linear functionals � : V ! C. Since the continuous dual
of V separates points, if

R
X f(x)dµ(x) exists, it is unique.

A topological vector space V is quasi-complete if every bounded Cauchy
net converges (thus complete topological vector spaces are quasi-complete).
The following theorem is a rephrasing of [Gar18, Corollary 14.1.2]:

Theorem 3.3.1 Assume V is locally convex and quasi-complete. If f : X !
V is a continuous and compactly supported function then the Gelfand-Pettis
integral

R
X f(x)dµ(x) exists. The vector

Z

X
f(x)dµ(x)

lies in
R
supp(f) dµ(x) times the closed convex hull of f(X). ut

Corollary 3.3.2 Assume that the Gelfand-Pettis integral
R
X f(x)dµ(x) ex-

ists. If ⌫ : V ! R�0 is a continuous seminorm then

⌫

✓Z

X
f(x)dµ(x)

◆

Z

X
⌫(f(x))dµ(x).

Proof. Let � be the unique linear functional on the 1-dimensional C-vector
subspace of V spanned by

R
X f(x)dµ(x) such that

�

✓Z

X
f(x)dµ(x)

◆
= ⌫

✓Z

X
f(x)dµ(x)

◆
.

By the Hahn-Banach theorem, there is an extension of � to a linear functional
on V (still denoted by �) such that |�(')|  ⌫(') for all ' 2 V. Since ⌫ is
continuous, � : V ! C is continuous. Thus

⌫

✓Z

X
f(x)dµ(x)

◆
= �

✓Z

X
f(x)dµ(x)

◆

=

Z

X
�(f(x))dµ(x)


Z

X
|�(f(x))|dµ(x)


Z

X
⌫(f(x))dµ(x).

ut

Many topological vector spaces of interest are locally convex and quasi-
complete. This is true, for example, of Hilbert spaces, Banach spaces and
Fréchet spaces. Every topological vector space we encounter in this book
will be at least a subspace of a locally convex and quasi-complete vector
space with one exception. When dealing with totally disconnected groups
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(see Chapter 5), we will have occasion to work with topological vector spaces
V endowed with the discrete topology. In this case, the relevant integrals
reduce to finite sums by Lemma 5.2.1. Thus they can be interpreted directly
without reference to Gelfand-Pettis integrals.

3.4 Convolution algebras of test functions

To any locally compact group G, we can associate the space of integrable
functions

L1(G) :=

⇢
drg-measurable f : G �! C :

Z

G
|f(g)|drg <1

�

and the subspace of compactly supported continuous functions Cc(G). The
space L1(G) is endowed with the structure of a C-algebra with product

(f1 ⇤ f2)(g) :=
Z

G
f1(gh

�1)f2(h)drh. (3.8)

The product (3.8) is associative (see Exercise 3.17), and Cc(G) is a subalgebra
of L1(G).

Example 3.4. When G = R, the convolution f1 ⇤ f2 is exactly the usual con-
volution from Fourier analysis.

Given a representation ⇡ : G! GL(V ), for f 2 Cc(G) one obtains a linear
map

⇡(f) : V �! V

' 7�!
Z

G
f(g)⇡(g)'drg

provided V is locally convex and quasi-complete (see Theorem 3.3.1). Here
the integral is to be understood as a Gelfand-Pettis integral as in §3.3.

We observe that if ⇡ is unitary then ⇡(f) is bounded. In fact in the unitary
case it is well-defined for all f 2 L1(G) (see Exercise 3.18). The definition
(3.8) is chosen so that

⇡(f1 ⇤ f2) = ⇡(f1) � ⇡(f2)

(see Exercise 3.20). Thus, in particular, unitary representations (⇡, V ) of G
give rise to Cc(G)-modules, that is, C-algebra homomorphisms

Cc(G) �! End(V ).
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Definition 3.3. An approximate identity of Cc(G) is a sequence of non-
negative real valued functions {fn} ⇢ Cc(G) indexed by n 2 Z>0 such that

(a) for any open neighborhood U 3 1 in G with compact closure, the support
of fn is contained in U for n large enough, and

(b) one has that Z

G
fn(g)drg = 1

for all n.

The following corollary of Theorem 3.3.1 explains this terminology:

Corollary 3.4.1 Let (⇡, V ) be a representation of G on a locally convex and
quasi-complete vector space V. Then for any approximate identity {fn} of
Cc(G) and any ' 2 V one has that

lim
n!1

⇡(fn)' �! '.

ut

3.5 Haar measures on local fields

Let F be a local field, that is, a field equipped with an absolute value which
is locally compact with respect to the topology induced by the absolute value
(see §2.1). All infinite locally compact fields arise as the completion of some
global field [Lor08, §25, Theorem 2] with respect to some absolute value. In
this section, we define Haar measures on the additive group of F.

Assume first that F is archimedean, so F is isomorphic to R or C. The
standard Haar measure on R is the usual Lebesgue measure, and twice the
standard Haar measure on C. If z = x + iy with x, y 2 R, then this Haar
measure is |dz ^ dz̄| = 2dx ^ dy where dx and dy are the Lebesgue measure
on R.

Let F be a nonarchimedean local field with normalized absolute value | · |
and ring of integers OF . Let $ be a uniformizer and set q�1 := |$|. Since the
additive group of F is a locally compact topological group, it admits a Haar
measure dx (see §3.2). The set OF ⇢ F, being compact, has finite measure,
so to specify the Haar measure, it su�ces to specify the measure dx(OF ) of
OF . We often assume dx(OF ) = 1, but sometimes other normalizations are
convenient.

Open sets in F of the form a + $kOF where a 2 F and k 2 Z>0 form
a neighborhood base. Using additivity and invariance of the Haar measure,
one can compute the measure of such sets:

Lemma 3.5.1 If dx is a Haar measure on F then
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dx(a+$kOF ) = q�kdx(OF ).

ut

Thus for every local field F, we have a Haar measure dx. Via the usual
procedure, we then obtain a product measure on any F -vector space. It is
again a Haar measure with respect to addition.

Given a Haar measure dx on F, we obtain a Haar measure

d⇥x :=
dx

|x|

on the unit group F⇥. With this normalization in the nonarchimedean case
d⇥x(O⇥

F ) = (1 � q�1)dx(OF ) (see Exercise 3.7). Another normalization
we will often use in the nonarchimedean case is d⇥x = dx

(1�q�1)|x| , so that

d⇥x(O⇥

F ) = dx(OF ).

3.6 Haar measures on the points of a�ne algebraic
groups

Let G be a smooth a�ne algebraic group over a global field F. It is useful
to more explicitly describe the Haar measures on G(R) for locally compact
topological F -algebras R using di↵erential forms.

Let g := LieG. Let g⇤ denote the linear dual of g, which we may identify
with the cotangent space of G at the origin. Let n = dimF G. Then there is
a nonzero top dimensional left invariant di↵erential form

!` 2 ^ng⇤

which is unique up to multiplication by an element of F⇥. For every place v
of F, we have an injection

^ng⇤ ,�! ^ng⇤Fv

and we continue to denote by !` the image of !`. This allows us to define for
each v a Radon measure

Cc(G(Fv)) �! C

f 7�!
Z

G(Fv)

f(g)|!`|v(g).

Since !` is left G(Fv)-invariant, the measure |!`|v is left G(Fv)-invariant,
and hence is a left Haar measure. This is explained in more detail in the
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archimedean case in [Kna02, Chapter VIII.2] and in the nonarchimedean
case in [Oes84, §I. 2].

Proposition 3.6.1 One has that

�G(Fv)
(g) = | det

�
Ad(g) : g⌦F Fv �! g⌦F Fv

�
|v. (3.9)

Proof. One has that
Ad(g)!` = c(g)!`

where
c(g) := det

�
Ad(g) : g⌦F Fv �! g⌦F Fv

�
.

We write this in terms of Haar measures:

|!`|v(hg�1) = |!`|v(ghg�1) = |c(g)|v|!`|v(h).

On the other hand
d`(hg

�1) = �G(Fv)
(g)d`(h)

for any left Haar measure d`h on G(Fv) by Exercise 3.3. We deduce that
|c(g)|v = �G(Fv)

(g). ut

Corollary 3.6.2 If G� is reductive, then G(Fv) is unimodular.

Proof. Assume first that G is connected. Let ZG be the center of G and Gder

the derived group of G. Let Zt
G be the maximal subtorus of ZG. By (1.11)

we then have a commutative diagram

Zt
G ⇥Gder

Gm

G Gm

a

b Id

c

where a and c are given on points by

a(z, g) : = det(Ad(zg) : g⌦F Fv �! g⌦F Fv),

c(g) : = det(Ad(g) : g⌦F Fv �! g⌦F Fv),

the left vertical map b is the product map, and the right vertical map is the
identity. The map a is trivial on Zt

G and it is trivial on Gder since X⇤(Gder)
is trivial. Indeed, the kernel of a character in X⇤(Gder) is a normal subgroup
N  Gder such that Gder/N is commutative, hence N = Gder. Since b is
a quotient map, c is trivial as well, and we deduce the corollary when G is
connected.

For the general case we observe that Proposition 3.6.1 implies that
�G(Fv)

|G�(Fv)
= �G�(Fv)

, which we have just shown is trivial. Thus �G(Fv)

is trivial on the finite index subgroup G�(Fv) of G(Fv). It follows that �G(Fv)

itself is trivial. ut
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Proposition 3.2.1 provides us with a description of the left Haar measures
d`gv on G(Fv) for every v. We similarly obtain right Haar measures drgv :=
d`(g�1

v ).
We now construct left and right Haar measures on G(AF ). For this purpose

let S be a finite set of places of F including the infinite places and let

KS =
Y

v 62S

Kv  G(AS
F )

be a compact open subgroup. We then define a left (resp. right) Haar measure
on G(AF ) via

d`g =
Y

v

d`gv and drg =
Y

v

drgv (3.10)

where we assume that d`gv(Kv) = drgv(Kv) = 1 for all v 62 S. Then it is easy
to see that the measures d`g, drg so defined are left and right Haar measures
on G(AF ), respectively (see Exercise 3.6). If G is reductive we can apply an
analogous procedure and obtain left and right Haar measures on AG\G(AF ).

Lemma 3.6.3 Any right Haar measure on G(AF ) is left invariant under
G(F ).

Proof. Since the right Haar measure is constructed as the product of local
Haar measures, one has that

�G(AF )(g) =
Y

v

�G(Fv)
(gv) = | det

�
Ad(g) : g⌦F AF �! g⌦F AF

�
|. (3.11)

By the product formula, we deduce that �G(AF )(�) = 1 for � 2 G(F ). ut

The proof here amounted to observing that �G(AF ) is trivial on G(F ). In
fact there is a much larger subgroup of G(AF ) on which the modular quasi-
character is trivial, namely G(AF )1, defined in (2.18):

Lemma 3.6.4 The group G(AF )1 is unimodular. If G� is reductive, then
G(AF ) is unimodular.

Proof. For F -algebras R the map

G(R) �! R⇥

g 7�! det
�
Ad(g) : g⌦F R! g⌦F R

� (3.12)

defines an element of X⇤(G), the character group of G. The equality (3.11)
states that the modular quasi-character of G(AF ) is just (3.12) in the spe-
cial case R = AF followed by the idelic norm. This implies that G(AF )1 is
unimodular.
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The modular quasi-character of G(AF ) is the product of the local modular
quasi-characters by (3.11). Therefore if G� is reductive we deduce that G(AF )
is unimodular by Corollary 3.6.2. ut

Now G(F ) is a discrete subgroup of G(AF ). By Lemma 3.6.3 �G(AF )|G(F )

is trivial, and the modular quasi-character of any discrete group is trivial.
Thus by Theorem 3.2.2, a right Haar measure on G(AF ) and the counting
measure on G(F ) together induce a G(AF )-invariant Radon measure on

G(F )\G(AF ).

Similarly, a Haar measure on G(AF )1 and the counting measure on G(F )
induce a G(AF )1-invariant Radon measure on G(F )\G(AF )1. The measure
of G(F )\G(AF )1 is finite by Theorem 2.6.3.

We also have �G(AF )|AG
= 1. Moreover AGG(F )  G(AF ) is the direct

product of AG and G(F ). Hence a right Haar measure on G(AF ), a Haar
measure on AG, and the counting measure on G(F ) together induce a right
G(AF )-invariant Radon measure on [G] := AGG(F )\G(AF ). In fact, choosing
a right Haar measure on G(AF ) and a Haar measure on AG individually is
unnecesary to define a G(AF )-invariant Radon measure on [G]. It is su�cient
to choose a right Haar measure on AG\G(AF ).

If we choose a measure drg on G(AF ) (resp. AG\G(AF )) we continue to
denote by drg the induced measure on G(F )\G(AF ) (resp. [G]) described in
the previous two paragraphs.

Our method of describing the Haar measure on G(AF ) is noncanonical. It
would be more natural to define a Haar measure by directly using the productQ

v |!`|v. However, for arbitrary compact subsets C =
Q

v Cv ⇢ G(AF )

Y

v

|!`|v(Cv)

need not converge. This is already the case for G = GL1.
Assume G is reductive. The failed attempt at a natural definition of the

Haar measure given above may be corrected as follows. One introduces a
natural family of positive real numbers �v such that for all compact subsets
C =

Q
v Cv ⇢ G(AF ) the product

Y

v

�v|!`|v(Cv)

is convergent. In this way one obtains the so-called Tamagawa measure on
G(AF ). Upon choosing a suitable measure on AG, we obtain the Tamagawa
measure on [G]. The measure of [G] with respect to the Tamagawa measure
is called the Tamagawa number of G. This number is intimately connected
with the arithmetic of G. We refer to the reader to [Kot88] and the references
therein for more details.
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3.7 Discrete automorphic representations

We continue to assume that G is a smooth a�ne algebraic group over a global
field F. Consider the quotient

[G] := AGG(F )\G(AF ).

As explained in the previous section, a right Haar measure on AG\G(AF )
induces a AG\G(AF )-invariant Radon measure on [G]. Thus we have a well-
defined Hilbert space

L2([G])

with inner product defined as (3.2) (but with X replaced by [G] and dx
replaced by a AG\G(AF )-invariant Radon measure).

Definition 3.4. A discrete automorphic representation of AG\G(AF )
is an irreducible unitary representation ⇡ of AG\G(AF ) that is equivalent to
a subrepresentation of L2([G]).

In general, L2([G]) cannot be written as a direct sum of its irreducible sub-
representations (see §10.5). This is one of several reasons why a refined defi-
nition of an automorphic representation is necessary. We give this refinement
in Chapter 6.

Note that, contrary to the usual convention, we have not assumed that G
is reductive. Even without this assumption, the preceding definition makes
sense. It is only when one starts discussing admissible representations that
the assumption of reductivity is really necessary. A concrete example of this
is given right after [BS98, Proposition 3.2.11]. The nonreductive case has not
received as much attention as the reductive case, but see [Sli84].

We end this chapter with §3.8 through §3.11. Sections 3.8 through 3.10
discuss how one can decompose unitary representations of locally compact
groups in general, and §3.11 discusses why we have restricted our attention
to a�ne algebraic groups instead of certain natural larger classes of groups.
All of these sections can be omitted on a first reading.

Before delving into these sections, we note that the definition of an au-
tomorphic representation leaves much to be desired. It does not illuminate
the place of automorphic representations in arithmetic and geometry and it
is unclear how one would go about studying these objects. In the subsequent
two chapters, we will develop the algebras of operators on automorphic rep-
resentations that are used to study them. They are refinements of the algebra
L1(AG\G(AF )) discussed in §3.4 above. For a number field F, the decompo-
sition

AG\G(F1)⇥G(A1

F )

naturally gives rise to a decomposition of L1(AG\G(AF )); the first factor is
the archimedean factor which will be discussed in Chapter 4 and the second
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factor is the nonarchimedean factor which will be discussed in chapters 5 and
8.

This gives us tools to study automorphic representations, but it still does
not shed much light into how they appear in geometry and arithmetic. The
link with geometry will be made precise in Chapter 15. The primary link with
arithmetic is much more profound, subtle, and conjectural; it is the content
of the Langlands functoriality conjecture, explained in Chapter 12.

3.8 Decomposition of representations

If V is a finite dimensional complex representation of a finite group G, then it
is completely reducible. In other words, it admits a direct sum decomposition

V = �iVi

where the Vi are irreducible representations of G (see Exercise 3.15). Thus
a subquotient of V in this case is just a subrepresentation. When G is no
longer a finite group, these sorts of decompositions may no longer hold (see
Exercise 3.16).

However, there is a very general theory which guarantees some sort of
decomposition exists if we restrict our attention to unitary representations.
To elaborate we require the notion of direct integrals of representations. We
follow the exposition of [Fol95, §7.4]. Let X be a measurable space. A field
of Hilbert spaces over X is a collection of Hilbert spaces {Vx}x2X indexed
by x 2 X. We have an obvious projection map

p :
a

x2X

Vx �! X

sending everything in Vx ,!
`

x2X Vx to x. The inner product on Vx will be
denoted by h , ix and the induced norm by k · kx. A section or vector field
is a map

s : X �!
a

x2X

Vx

such that (p � s)(x) = x. Thus a section may be identified with an element ofQ
x2X Vx.
These notions are uninteresting unless one imposes some measurability

condition on the fibers of p and on sections s. This is introduced as follows.
A measurable field of Hilbert spaces over X is a pair ({Vx}x2X , {ej})
consisting of a field of Hilbert spaces {Vx}x2X together with a sequence of
sections e1, e2, . . . such that

(a) x 7! hei(x), ej(x)ix is measurable for all i, j,
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(b) for each x 2 X, the linear span of e1(x), e2(x), . . . is dense in Vx.

Given a measurable field of Hilbert spaces over X, a section s is called mea-
surable if x 7! hs(x), ej(x)ix is measurable on X for each j. For simplicity,
in the sequel we will drop the {ej} from notation, despite the fact that it is
an essential part of the data defining the measurable field of vector spaces.

Suppose that {Vx}x2X is a measurable field of Hilbert spaces over X and
suppose that µ is a measure on X. For measurable sections s, s0 define

hs, s0iµ :=

Z

X
hs(x), s0(x)ixdµ(x) (3.13)

and kskµ := hs, si1/2µ . Then the direct integral of {Vx}x2X with respect
to µ is

Z
�

X
Vxdµ(x) := {measurable sections s : kskµ <1} . (3.14)

As usual we identify sections that agree almost everywhere with respect to
µ. The space (3.14) is again a Hilbert space with inner product h , iµ.

For each x 2 X, let End(Vx) denote the C-vector space of continuous linear
operators from Vx to itself. A field of operators on a measurable field of
Hilbert spaces {Vx}x2X is an element

(Ax) 2
Y

x2X

End(Vx).

The field of operators is said to be measurable if x 7! Ax(s(x)) is a measur-
able section whenever s is a measurable section. If the essential supremum

e.supx2XkAxkx

is finite, then we have a bounded operator

Z
�

X
Axdµ(x) :

Z
�

X
Vxdµ(x) �!

Z
�

X
Vxdµ(x). (3.15)

It sends a section s to the section x 7! Ax(s(x)). The operator (3.15) is
called the direct integral of (Ax). For example, a diagonal operator is
an operator of the form

Z
�

X
Vxdµ(x) �!

Z
�

X
Vxdµ(x)

s 7�! (x 7! �(x)s(x))

(3.16)

for � 2 L1(µ).
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Now let G be a locally compact (Hausdor↵) second countable group (for
example, G(AF ) or AG\G(AF ) for some a�ne algebraic group G over a global
field F ). Ameasurable field of representations on {Vx}x2X is a collection
of continuous representations

⇡x : G⇥ Vx �! Vx

indexed by x 2 X such that

(a) (⇡x(g)) is a measurable field of operators for each g 2 G,
(b) e.supx2Xk⇡x(g)kx <1 for each g 2 G.

We say the measurable field of representations is unitary if ⇡x is unitary for
all x 2 X. In this case, condition (b) above is automatically satisfied. For any
measurable field of representations on {Vx}x2X and g 2 G, the integral

Z
�

X
⇡x(g)dµ(x)

is defined. Hence we obtain a representation of G on
R
�

X Vxdµ(x) in the usual
sense. This is the direct integral of the measurable field of representations,
or more briefly, the direct integral of the representations.

Two motivating examples to keep in mind are the right regular represen-
tation of R on L2(Z\R) and L2(R). Fourier analysis tells us that

L2(Z\R) = �n2ZVn and L2(R) =

Z
�

t2R
Vtdt. (3.17)

Here Vt is the 1-dimensional C-vector space on which R acts via x 7! e2⇡itx.
In some sense all of the Vt occurring in (3.17) are “pieces” of the repre-

sentation of R on L2(R). However, they are not subquotients:

Lemma 3.8.1 For every t 2 R, there is a continuous linear R-intertwining
map

L1(R) �! Vt.

There is no nontrivial continuous linear R-intertwining map

Vt �! Lp(R) for p 2 {1, 2}.

Moreover, there is no nontrivial R-intertwining map from Vt to any quotient
of L2(R).

Proof. For each t, one has a continuous R-intertwining linear map

L1(R) �! Vt

f 7�!
Z

R
f(x)e�2⇡itxdx.
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Let p 2 {1, 2}. An R-intertwining map

Vt �! Lp(R)

is either zero or has image contained in the C-span of x 7! e2⇡itx. On the other
hand x 7! e2⇡itx is not in Lp(R), so we deduce that any linear R-intertwining
map Vt ! Lp(R) is zero.

Suppose that Vt is a subquotient of L2(R). Thus there is a continuous
surjective R-intertwining map L2(R) ! W and a continuous injective R-
intertwining map Vt !W. By the Riesz representation theorem, this implies
that there is a continuous injective intertwining map

Vt �!W �! L2(R)

where the second arrow is the adjoint of L2(R) ! W. This contradicts the
fact, proven above, that there is no nontrivial R-intertwining map Vt !
L2(R). ut

For any second countable locally compact group G and unitary represen-
tation (⇡, V ) of G, one can obtain a direct integral decomposition [Fol95,
Theorem 7.37] satisfying certain desiderata. Unfortunately the direct inte-
gral decomposition is fairly badly behaved in this degree of generality. If one
restricts to the class of groups that are of type I then the situation is much
more pleasant. We discuss this in §3.10.

3.9 The Fell topology

To describe the refined decomposition that exists for type I groups G, it is
necessary to define the unitary dual bG of G. Our basic reference is [Fol95,
§7.2]. As a set, bG is the set of unitary equivalence classes of unitary repre-
sentations. The unitary dual bG is equipped with the Fell topology. The
procedure for defining this topology is very similar to the procedure we used
in §1.2 to define the Zariski topology on an a�ne scheme.

We recall from §3.4 every representation (⇡, V ) of G gives rise to an algebra
homomorphism Cc(G)! End(V ) which extends to L1(G) if ⇡ is unitary. We
can extend this homomorphism still further by taking a suitable completion
as follows. For each irreducible unitary representation ⇡, denote by [⇡] its
class in bG. We set

kfk⇤ = sup
[⇡]2 bGk⇡(f)k (3.18)

where f 2 L1(G) and k⇡(f)k denotes the operator norm of ⇡(f) acting on the
space of ⇡. By considering the trivial representation we see that kfk⇤  kfk1
where k·k1 is the norm on L1(G). The function k · k⇤ is obviously a seminorm
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and it is in fact a norm [Fol95, Corollary 7.2]. We define C⇤(G) to be the
completion of L1(G) with respect to k · k⇤. The convolution operation extends
by continuity to C⇤(G) and endows it with the structure of an algebra. The
algebra C⇤(G) is called the C⇤-algebra of the groupG. This is the motivating
example of a C⇤-algebra. We will not give the definition of a C⇤-algebra,
referring instead to [Fol95, §1.1].

For every unitary representation (⇡, V ) of G, the continuous homomor-
phism L1(G)! End(V ) extends to a continuous homomorphism

C⇤(G) �! End(V ).

The kernel
ker(⇡) = {f 2 C⇤(G) : ⇡(f) = 0}

is a closed 2-sided ideal of C⇤(G). If ⇡ is irreducible, this ideal is called a
primitive ideal of C⇤(G). In fact it depends only on the equivalence class
of ⇡ in the category of unitary representations. The set of all primitive ideals
in C⇤(G) is called Prim(G):

Prim(G) := {ker(⇡) : [⇡] 2 bG}.

If we think of this as the analogue of the prime spectrum of a ring, then
proceeding as follows is reasonable: For any subset S ⇢ Prim(G), we let

V (S) :=

8
<

:p 2 Prim(G) : p �
\

q2S

q

9
=

; .

By convention, V (;) = ;. Then one checks that the V (S) just defined form
the closed sets of a topology on Prim(G), called the hull-kernel or Jacobson
topology. Now we have a natural map

bG �! Prim(G)

[⇡] 7�! ker(⇡)

and we can pull back the topology on Prim(G) to obtain a topology on bG.
In other words, the open sets in bG are just the inverse images of open sets in
Prim(G). This is the Fell topology. Since the Fell topology is a topology, the
set of Borel sets on bG is defined; this gives bG the structure of a measurable
space. When speaking of measures and measurable functions on bG, we will
always mean measures and measurable functions with respect the �-algebra
of Borel sets with respect to the Fell topology.
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3.10 Type I groups

We have not given (and will not give) the definition of a type I group. How-
ever, we can give a characterization using the following theorem [Fol95, The-
orem 7.6]:

Theorem 3.10.1 If G is a second countable locally compact group then the
following are equivalent:

(a) The group G is of type I.
(b) The Fell topology on bG is T0: for all distinct x, y 2 bG, there is an open

set U ⇢ bG such that x 2 U and y 62 U or y 2 U and x 62 U.
(c) The map bG! Prim(G) is injective. ut

Fortunately the groups of primary concern to us in this book are of type
I:

Theorem 3.10.2 If G is an a�ne algebraic group over a characteristic zero
local field F then G(F ) is of type I.

Proof. See [Sli84, Théorème 1.2.3]. ut

One can find a proof of the following in [Clo07, Appendix]:

Theorem 3.10.3 If G is a reductive group over a number field F then G(AF )
is of type I. ut

It should be pointed out that if G is not reductive then G(AF ) need not be
of type I [Moo65, §7].

For ⇡ 2 bG, let V⇡ be the space of (a particular realization of) ⇡. For type
I groups, the following theorem describes the decomposition of a unitary
representation into a direct integral of irreducible representations [Clo07,
Theorem 3.3]:

Theorem 3.10.4 Let G be a group of type I and let (⇢, V ) be a unitary rep-
resentation of G. Then there exists a Borel measurable multiplicity function

bG �! Z�1

⇡ 7�! m(⇡)

and a positive measure µ on bG such that

(⇢, V ) =

Z
�

bG

 
dMm(⇡)

V⇡

!
dµ(⇡).

The decomposition is unique up to changing the measures and multiplicity
functions on sets of measure zero. ut
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Of course in practice it would be better to have an explicit description of
the decomposition of Theorem 3.10.4 for naturally occurring representations
V. Langlands’ profound and foundational work on Eisenstein series provides
such a decomposition in our primary case of interest, namely when V =
L2([G]). We state his results in §10.5 below.

3.11 Why a�ne groups?

In this section for simplicity we assume that F is a number field as opposed
to a general global field. In the definition of a discrete automorphic repre-
sentation of AG\G(AF ) we assumed that G was an a�ne algebraic group.
There are two possible avenues for generalization. First, we could look at
covering groups of G(AF ) that are not algebraic. There is a great deal of
beautiful theory that has developed around this topic and it is starting to
become systematic. However, due to the authors’ lack of experience with the
theory and additional complications that come up, we have decided not to
treat this topic.

If we forgo covering groups, we could still generalize from a�ne groups
to algebraic groups that are not necessarily a�ne. To get some idea of how
this enlarges the set of groups in question, we recall that a general algebraic
group G over a number field F (not necessarily a�ne) has a unique linear
algebraic subgroup Ga↵ E G such that GA := G/Ga↵ is an abelian variety
by a famous theorem of Chevalley [Con02].

Now consider an abelian variety A over a number field F. Using Theorem
2.4.11 we can still define the topological space A(AF ). By the same theorem,
the fact that A is proper over F implies that A(AF ) is compact. In particular,
if A(F ) is infinite, it cannot be simultaneously discrete and closed in A(AF ).
Thus A(AF ) and the adelic quotient A(F )\A(AF ) are very di↵erent from
their analogues in the a�ne case. We do not know whether or not it is sensible
to define automorphic representations in this setting.

Exercises

3.1. In the situation of the proof of Theorem 3.1.1, prove that if ' 2 Cc(X)
then for every " > 0 there is a neighborhood U" ⇢ G of 1 such that if g 2 U"
then kR(g)'� 'k1 < ".

3.2. Prove that compact (Hausdor↵) topological groups are unimodular.

3.3. Show that for a locally compact topological group G the following are
valid:
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dr(hg) = �G(h)drg,

d`(gh) = ��1

G (h)d`g,

dr(g
�1) = ��1

G (g)drg,

d`(g
�1) = �G(g)d`g.

Show in addition that if the measures drg and d`g are normalized appropri-
ately then

drg = �G(g)d`g.

3.4. Prove Lemma 3.5.1.

3.5. Let G be a reductive group over a global field F, let P  G be a parabolic
subgroup, and let K  G(AF ) be a maximal compact subgroup such that
the Iwasawa decomposition

G(AF ) = P (AF )K

holds (see Theorem 2.7.1). Show that the Haar measures on G(AF ), P (AF ),
and K can be normalized so that

dg = d`pdk.

3.6. Let K1  G(A1

F ) be a compact open subgroup and let ⌦ ⇢ G(AF )
be a compact set. Show there is a finite set S of places of F including the
infinite places such that the projection of ⌦ to G(AS

F ) is contained in KS ,
the projection of K1 to G(AS

F ). Deduce that the products (3.10) are left and
right Haar measures on G(AF ), respectively.

3.7. Let F be a nonarchimedean local field, let dx be a Haar measure on F,
and let d⇥x = dx

|x| . Show that

(1� q�1)dx(OF ) = d⇥x(O⇥

F )

where q is the order of the residue field of OF .

3.8. Let F be a nonarchimedean local field and let dg be the Haar measure
on GL2(F ) such that dg(GL2(OF )) = 1. For n � 0, compute

dg
��

g 2 gl
2
(OF ) \GL2(F ) : | det g| = q�n

 �
.

3.9. Suppose that G is a reductive group over a global field F and that
AG 6= 1. Let dg be a Haar measure on G(AF ); it induces an invariant measure
on G(F )\G(AF ). Prove that measdg(G(F )\G(AF )) is infinite.

3.10. Suppose that G is a reductive group over a global field F. Prove the first
assertion of Theorem 2.6.3, namely that G(F )\G(AF )1 has finite measure,
using Theorem 2.7.2.
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3.11. Let F be a local field with absolute value | · |. Prove that

d (xij) =
^i,jdxij

| det(xij)|n

is a (right and left) Haar measure on GLn(F ).

3.12. Let N be a unipotent group over a local field F. Prove that N(F ) is
unimodular.

3.13. Let N be a unipotent group over a global field F. Prove that N(AF ) is
unimodular.

3.14. Let F be a global field and let R be an F -algebra. For (xij) 2 GL2(R)
let

! =
dx11 ^ dx21 ^ dx12 ^ dx22

(x11x22 � x21x12)2

viewed as a left-invariant top-dimensional di↵erential form on G. For a nonar-
chimedean place v of F, compute

|!|v(GL2(OFv
)).

Prove that Y

v-1
|!|v(GL2(OFv

))

does not converge but that

Y

v-1

|!|v(GL2(OFv
))

1� q�1
v

does converge.

3.15. Prove that a representation of a finite group on a finite dimensional
complex vector space is completely reducible; that is, it decomposes into a
direct sum of irreducible subrepresentations.

3.16. Let B  GL2 be the Borel subgroup of upper triangular matrices.
Prove that the 2-dimensional representation given by the inclusion

B(C) �! GL2(C)

is not completely reducible; that is, it does not decompose into a direct sum
of irreducible subrepresentations.

3.17. Let G be a locally compact group. Prove that the convolution product
on L1(G) defined in (3.8) is associative.

3.18. If ⇡ : G ! GL(V ) is a unitary representation of G then show that
⇡(f) 2 End(V ) for all f 2 L1(G).
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3.19. Let ⇡ : G! GL(V ) be a unitary representation of G. Let W  V be a
subrepresentation. Show that for each f 2 L1(G) the operator ⇡(f) preserves
W and defines an element of End(W ).

3.20. Let G be a locally compact group and let f1, f2 2 Cc(G). Prove that
for any representation ⇡ of G, one has that

⇡(f1 ⇤ f2) = ⇡(f1) � ⇡(f2).





Chapter 4

Archimedean Representation Theory

I have often pondered over the
roles of knowledge or experience,
on the one hand, and imagination
or intuition, on the other, in the
process of discovery. I believe
that there is a certain
fundamental conflict between the
two, and knowledge, by
advocating caution, tends to
inhibit the flight of imagination.
Therefore, a certain naivete,
unburdened by conventional
wisdom, can sometimes be a
positive asset.

attributed to Harish-Chandra by
Langlands

Abstract In this chapter, we introduce the main players in the representation
theory of real Lie groups. In particular we define admissible representations,
(g,K)-modules and infinitesimal characters. The chapter ends with a brief
discussion of the Langlands classification.

4.1 The passage between analysis and algebra

For the moment, let F be a number field and let G be an a�ne algebraic
group over F. Consider a Hilbert space representation V of

G(F1) =
Y

v|1

G(Fv).

103
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Since we are interested in automorphic representations, the example one
should keep in mind is L2([G]). The fact that V is generally not a space
of smooth functions is often inconvenient. It is also not consonant with the
classical theory of automorphic forms (to be discussed in Chapter 6). Indeed,
the classical theory defines automorphic forms to be certain smooth, even
real analytic functions satisfying specific di↵erential equations.

The goal of this chapter is to explain how one passes from the abstract
representation V to a space of smooth functions that determines the original
space under suitable hypotheses (see Theorem 4.4.7). An added benefit of
explaining this process is that it allows us to pass back and forth from the
analytic theory of representations of G(F1) to the algebraic theory of (g,K)-
modules (to be defined in §4.4). Sections 4.2, 4.3, and 4.4 establish crucial
vocabulary for the remainder of the book. At the end of §4.4 we will use this
vocabulary to describe the remaining sections of the chapter. One could omit
these sections on a first reading and refer back to them as needed.

Before continuing, we note that much of [Bum97, §2.4] is reproduced here
without essential change. The presentation in loc. cit. seemed nearly perfect
so we did not feel the need to modify it. We have of course added material
that frames these basic results in a form suitable for our purposes later in
the book.

There is a substantial literature dealing solely with archimedean repre-
sentation theory, and we have passed over much of it in silence. We cannot,
however, omit explicit mention of Harish-Chandra. Anyone studying reduc-
tive Lie groups must at some point walk the roads laid by him. His original
papers are still the only reference for certain results. We mention that Knapp
[Kna02] and Wallach [Wal88, Wal92] have written lucid introductions to the
theory in complementary styles.

4.2 Smooth vectors

In this section G denotes an a�ne algebraic group over the archimedean
local field F. Let g denote its Lie algebra. If F is real then G(F ) is a real Lie
group and g is a real Lie algebra. When F is complex we use the canonical
identification

ResF/RG(R) = G(F )

to view G(F ) as a real Lie group as well. Similarly when F is complex then
we identify the complex Lie algebra g with the real Lie algebra LieResF/RG
by viewing g as a real vector space via the inclusion R ,! C. In this setting
the algebraic definition of the Lie algebra g given in §1.6 may be identified
with the tangent space at the identity of the real Lie group G(F ). Indeed,
this follows from the discussion in [EH00, §VI.1.3] identifying two notions of
the tangent space in algebraic geometry together with the following lemma:
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Lemma 4.2.1 Let X be a smooth a�ne scheme of finite type over R. If
X(R) is nonempty, it is a union of smooth manifolds. The tangent space of
x 2 X(R) in the sense of algebraic geometry may be canonically identified
with the tangent space in the sense of di↵erential geometry.

Proof. The result follows from the discussion of tangent spaces in [Mum99,
§III.4]. ut

This allows us to reduce the representation theory of G(F ) to the represen-
tation theory of real Lie groups.

Recall that there exists an exponential map

exp : g �! G(F ).

In the case where G = GLnC the Lie algebra glnC is the complex vector space
of n ⇥ n matrices. The exponential is simply the matrix exponential in this
case:

exp(X) :=
1X

m=0

Xm

m!
.

In general one chooses a faithful representation G ,! GLn (which exists by
Theorem 1.5.1). This induces an injection

g �! glnF  glnC

and the exponential on g is just obtained by restriction. Of course, there is
an intrinsic definition of the exponential map [Kna02, Proposition 1.84] and
using it one proves that the exponential map is independent of the choice of
representation.

Though we are most interested in the case of Hilbert space representations,
to study them it is often necessary to study related representations on Fréchet
spaces. We recall that Fréchet spaces are complete metrizable locally convex
topological vector spaces. Every Hilbert space is a Fréchet space, but not
conversely. To give a Fréchet space structure on a complex vector space V is
equivalent to giving a countable separating family of seminorms

{⌫i : V �! R�0}

such that V is complete with respect to the set of seminorms. Here the set of
seminorms is separating if and only if ⌫i(') = 0 for all i implies ' = 0. The
topology on the Fréchet space is defined so that 'n ! ' in V if and only if
⌫i('n)! ⌫i(') for all i.

Let (⇡, V ) be a Fréchet space representation of G(F ). Given ' 2 V and
X 2 g we write

⇡(X)' =
d

dt
⇡(exp(tX))'

���
t=0
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= lim
t!0

⇡(exp(tX))'� '
t

if the limit exists. We will sometimes simply write X' for ⇡(X)'. We say
that a vector ' 2 V is C1 if for all X 2 g, the derivative X' is defined. We
define Cj inductively by stipulating that ' 2 V is Cj if ' is Cj�1 and X' is
Cj�1 for all X 2 g. A vector ' 2 V is C1 if it is Cj for all j � 1.

Definition 4.1. A vector ' 2 V is said to be smooth if ' is C1. The
subspace of smooth vectors is denoted by Vsm  V.

It is helpful to explicitly relate this notion of smoothness to more general
notions of smoothness. Let X be a smooth real manifold that is a countable
union of compact subsets. The Fréchet space C1(X) of smooth functions
f : X ! C is defined. The definition is still meaningful if we replace C by a
Fréchet space V, and we thereby obtain the space

C1(X,V ) (4.1)

of smooth functions on X with values in V. Moreover one can mimic the
definition of the Fréchet structure on C1(X) to give C1(X,V ) the structure
of a Fréchet space (see [War72, Appendix 2]). Grothendieck showed that the
natural map

C1(X)⌦ V �! C1(X,V )

induces a topological isomorphism of the completed tensor product C1(X)b⌦V
with C1(X,V ). Grothendieck moreover proved the following theorem:

Theorem 4.2.2 A function f : X ! V lies in C1(X,V ) if and only if for
all continuous C-linear maps � : V ! C the map � � f lies in C1(X). ut

We refer to [War72, Appendix 2] for references and [Gar18, §15.1] for the
important special case in which X is an open interval.

Specializing to the case X = G(F ) we see that it would also be reasonable
to define Vsm to be the subspace of ' 2 V such that g 7! ⇡(g)' lies in
C1(G(F ), V ). Fortunately, this definition coincides with the earlier one:

Theorem 4.2.3 Let ' 2 V. The function g 7! ⇡(g)' is in C1(G(F ), V ) if
and only if ' 2 Vsm.

Proof. See [God15, §25-26], especially [God15, Theorem 39]. In loc. cit. it is
assumed that V is a Banach space, but this assumption is never used. ut

Lemma 4.2.4 The space Vsm is invariant under G(F ).

Proof. Let g 2 G(F ) and let X 2 g. An elementary calculation implies that

g�1 exp(X)g = exp(g�1Xg).

Thus we have that
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X(⇡(g)') = lim
t!0

⇡(exp(tX))⇡(g)'� ⇡(g)'
t

= lim
t!0

⇡(g exp(tg�1Xg))'� ⇡(g)'
t

=⇡(g)

✓
lim
t!0

⇡(exp(tAd(g�1)X))'� '
t

◆
.

Here Ad(g�1)X = g�1Xg. The limit exists if ' is C1. This implies that ⇡(g)'
is C1. One shows that if ' is Cj , then ⇡(g)' is Cj for all j by induction. ut

Lemma 4.2.5 The action of g on Vsm defined above is a Lie algebra repre-
sentation of g on Vsm.

Here a representation of g on Vsm is just a Lie algebra morphism g !
End(Vsm); there is no continuity condition imposed.

Proof. Recall that C1(G(F )) is a representation of the Lie algebra g where
the action is given by sending X 2 g to dX, that is, di↵erentiation in the
direction of X. The strategy of the proof is to reduce to this case.

Let � : V ! C be a continuous linear functional. We claim that one has a
g-equivariant map

I� : Vsm �! C1(G(F ))

' 7�! (g 7! �(⇡(g)')) .

Theorems 4.2.2 and 4.2.3 imply that I� is well-defined. To prove that I� is
an intertwining map, it su�ces to verify that for all X 2 g one has

(dX � I�)'(g) = (I� �X)'(g).

For this, we compute that

d

dt
I�(')(g exp(tX))

���
t=0

=
d

dt
�(⇡(g)⇡(exp(tX))')

���
t=0

= �(⇡(g)X')

= (I� �X)'(g).

In order to verify that Vsm is a representation of g, we must check that

X(Y ')� Y (X') = [X,Y ]' (4.2)

for all X,Y 2 g and all ' 2 Vsm. For this it su�ces to show that

I�(X(Y '))� I�(Y (X')) = I�([X,Y ]')

for all ' and all continuous linear functionals � : V ! C. This is a conse-
quence of the fact that C1(G(F )) is a representation of g as recalled at the
beginning of the proof. ut
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Note that so far we do not even know if Vsm is nonzero; it ought to be
large in order for it to be useful. Fortunately, it is indeed large. To make this
precise, for f 2 C1

c (G(F )) define

⇡(f)' =

Z

G(F )

f(g)⇡(g)'drg

where drg is a right Haar measure. Let d`g = ��1

G(F )
(g)drg. It is a left Haar

measure (see Exercise 3.3).

Proposition 4.2.6 If f 2 C1
c (G(F )) and ' 2 V then ⇡(f)' 2 Vsm. More-

over the space Vsm is dense in V.

Proof. For X 2 g let

fX(g) =
d

dt
f(exp(�tX)g)

���
t=0

. (4.3)

Then fX 2 C1
c (G(F )). We apply the Leibniz integral rule to obtain

Z

G(F )

fX(g)

�G(F )(g)
⇡(g)'drg =

d

dt

Z

G(F )

f(exp(�tX)g)⇡(g)'d`g
���
t=0

=
d

dt

Z

G(F )

f(g)⇡(exp(tX)g)'d`g
���
t=0

=
d

dt
⇡(exp(tX))⇡(f��1

G(F )
)'
���
t=0

= X⇡(f��1

G(F )
)'.

(4.4)

Since f is arbitrary, this implies that ⇡(f)' 2 C1. By induction we see that
⇡(f)' 2 Vsm.

To prove the second claim, we observe that one can choose an approximate
identity {fn} of Cc(G(F )) such that fn 2 C1

c (G(F )) for all n. Thus the
second claim follows from Corollary 3.4.1. ut

The subspace of Vsm spanned by vectors of the form ⇡(f)' for some f 2
C1

c (G(F )) is known as the G̊arding subspace. Note that what we actually
proved was that the G̊arding subspace is contained in Vsm and is dense in V.
In fact, one has the following [DM78]:

Theorem 4.2.7 (Dixmier-Malliavin theorem) The G̊arding subspace is
equal to Vsm. ut

Another result from the same paper, known as the Dixmier-Malliavin lemma,
also comes up often in practice:

Theorem 4.2.8 (Dixmier-Malliavin lemma) Let f 2 C1
c (G(F )). Then

it can be written as a finite sum of convolutions:
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f =
X

i

hi1 ⇤ hi2

where hij 2 C1
c (G(F )). ut

Thus far we have regarded Vsm topologically as a subspace of V. It is
sometimes necessary to endow Vsm with the structure of a Fréchet space.
In particular, if V is a Hilbert space with norm k · k2 then we give Vsm the
structure of a Fréchet space as follows: For every finite subset {X1, . . . , Xn} ⇢
g we define a seminorm ⌫X1,...,Xn

on Vsm via

k'kX1,...,Xn
:= k⇡(X1) � · · · � ⇡(Xn)'k2. (4.5)

We endow Vsm with the structure of a locally convex topological vector space
using these seminorms in the usual manner. We can choose a countable subset
of this set of seminorms inducing the same topology. Moreover the seminorm
⌫; is just the norm on V, and hence this family of seminorms is separating.
Thus Vsm is a Fréchet space representation of G(F ). This example is in fact
our primary reason for working with Fréchet spaces above and not merely
Hilbert spaces.

We warn the reader that the topology on Vsm just introduced is in general
not the subspace topology induced by the inclusion Vsm  V. Indeed, Vsm is
complete with respect to the topology induced by the seminorms (4.5), but
we proved in Proposition 4.4.4 that Vsm is dense in V with respect to the
topology on V.

4.3 Restriction to compact subgroups

The representation theory of compact groups is much simpler than the rep-
resentation theory of noncompact groups. For example, any irreducible rep-
resentation of a compact group is unitarizable and finite dimensional (see
Theorem 4.3.3 below). Because of this, a profitable strategy in representa-
tion theory is to analyze the restriction of a given representation to compact
subgroups. We will apply this strategy to the real points of reductive groups
in the following section. We complete some preparation in the current section.

Later we will also require results on compact subgroups of groups that
are not necessarily Lie groups. Consequently in this section we return to the
setting of Chapter 3. Thus let G be a locally compact (Hausdor↵) topological
group and let K  G be a compact subgroup.

Lemma 4.3.1 Let ⇡ be a representation of G on a Hilbert space V. There
exists a (Hermitian) inner product ( , ) : V ⇥ V ! C which gives the same
topology as the given inner product on V but with respect to which ⇡|K is
unitary:

(⇡(k)'1,⇡(k)'2) = ('1,'2)
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for all k 2 K and '1,'2 2 V.

Proof. Let h , i denote the original inner product on the Hilbert space and
k · k2 the original norm. Define

('1,'2) =

Z

K
h⇡(k)'1,⇡(k)'2idk.

It is K-invariant by construction so we need only check the claim about the
topology. The maps K ! C given by

k 7�! h⇡(k)',⇡(k)'i = k⇡(k)'k2
2

for ' 2 V are continuous on K, hence bounded. Thus the family of contin-
uous operators {⇡(k) : k 2 K} is uniformly pointwise bounded on V, hence
uniformly bounded in operator norm by the uniform boundedness principle.
In particular, there is some ↵0 2 R>1 such that k⇡(k)'k2  ↵0k'k2 for all
k 2 K. By an analogous argument the family of operators {⇡(k�1) : k 2 K}
is also uniformly bounded in operator norm. Thus there is an ↵ 2 R>1 such
that ↵�1k'k2  k⇡(k)'k2  ↵k'k2 for all k 2 K. We deduce that

k'k2
2,new :=

Z

K
h⇡(k)',⇡(k)'idk

satisfies
↵�2meas(K)k'k2

2
 k'k2

2,new  ↵2meas(K)k'k2
2
.

This implies the result. ut

We have a representation

K ⇥K ⇥ L2(K) �! L2(K)

((k1, k2), f) 7�!
�
k 7! f(k�1

1
kk2)

�
.

(4.6)

It turns out that every representation of K can be embedded into the restric-
tion of this representation to one copy of K (see Theorem 4.3.3). To prove
this, one uses the following definition:

Definition 4.2. Let (⇡, V ) be a Hilbert space representation of G with inner
product ( , ). A matrix coe�cient of ⇡ is a function of the form

m : G �! C

g 7�! (⇡(g)'1,'2)

for some '1,'2 2 V.

Irreducible representations of K can be recovered from their matrix coef-
ficients:
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Proposition 4.3.2 Suppose (⇡1, V1) and (⇡2, V2) are two representations of
K with ⇡2 unitary. If there exist matrix coe�cients m1,m2 for ⇡1,⇡2 re-
spectively that are not orthogonal in L2(K) then there exists a nontrivial
intertwining operator I : V1 ! V2.

Proof. Write ( , )i for the inner product on Vi. Let x1, y1 2 V1 and x2, y2 2 V2

be such that Z

K
(⇡1(k)x1, y1)1(⇡2(k)x2, y2)2dk 6= 0.

Let

I(') =

Z

K
(⇡1(k)', y1)1⇡2(k

�1)y2dk.

We claim that I is an intertwining operator

I : V1 �! V2.

Indeed, for all g 2 K and ' 2 V1,

⇡2(g)I(') =

Z

K
(⇡1(k)', y1)1⇡2(gk

�1)y2dk.

If we change variables k 7! kg this becomes I(⇡1(g)') and so I is an inter-
twining operator. We now verify that I is nonzero. One has that

(I(x1), x2)2 =

✓Z

K
(⇡1(k)x1, y1)1⇡2(k

�1)y2dk, x2

◆

2

=

Z

K
(⇡1(k)x1, y1)1(⇡2(k

�1)y2, x2)2dk

=

Z

K
(⇡1(k)x1, y1)1(⇡2(k)x2, y2)2dk (V2 is unitary)

6= 0

by our assumption above. Thus I is nonzero. ut

Let bK be the set of equivalence classes of irreducible representations of K.
Since all irreducible representations of K are unitarizable by Lemma 4.3.1,
Exercise 4.3 below implies this is consistent with the notation of §3.9. For
⇡ 2 bK we write (⇡, V⇡) for a representative of the equivalence class which we
assume is unitary. This is no loss of generality by Lemma 4.3.1. It gives rise
to a representation

End(V⇡) ⇠= ⇡_ ⌦ ⇡

of K ⇥K. There is an obvious inner product on End(V⇡) given by

End(V⇡)⇥ End(V⇡) �! C

(S, T ) 7�! hS, T i := tr(ST ⇤)
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where the ⇤ denotes the adjoint. Here we are using the fact that V⇡ is neces-
sarily finite dimensional, which is part (a) of the following theorem:

Theorem 4.3.3 Let K be a compact Hausdor↵ topological group. Then

(a) Any irreducible representation of K is finite dimensional.
(b) If (⇡, V ) is a unitary representation of K, then V decomposes into a (com-

pleted) Hilbert space direct sum of irreducible unitary subrepresentations.
(c) (Peter-Weyl) There is an isomorphism

L2(K)�̃!b�⇡2cKEnd(V⇡)

f 7�! (⇡(f) : V⇡ ! V⇡)

that is a unitary equivalence of representations of K ⇥K.

Here the b� in (c) denotes the (completed) Hilbert space direct sum.

Proof. Assertion (a), (b) and (c) are [DE09, Theorem 7.2.4], [DE09, Theorem
7.3.2] and [DE09, Theorem 7.2.3], respectively. ut

We observe that the Peter-Weyl theorem (part (c) of Theorem 4.3.3 above)
implies that the span of the matrix coe�cients of ⇡ in L2(K) is the inverse
image of End(V⇡) in L2(K).

If we assume that K is a Lie group and admits a faithful representation
then the proof of Theorem 4.3.3 is not di�cult (see Exercise 4.2). This case
su�ces for the purposes of this chapter. However, when K is a Lie group,
the usual proof that K admits a faithful representation uses the Peter-Weyl
theorem [Kna02, Corollary 4.22].

4.4 (g,K)-modules

Let G be an a�ne algebraic group over an archimedean local field F and let
K  G(F ) be a maximal compact subgroup. Our goals in this section are
to introduce the notion of admissibility, define (g,K)-modules, and attach
a (g,K)-module to each admissible representation. With these concepts in
hand, at the end of the section we will describe the content of the remainder
of the chapter.

Before we begin in earnest, let us state two related structural results:

Theorem 4.4.1 If G is an a�ne algebraic group over an archimedean local
field F then G(F ) has finitely many components in the Hausdor↵ topology.
Any maximal compact subgroup of G(F ) meets all components of G(F ) in
the Hausdor↵ topology.

Proof. For the first assertion, when F = R we refer to [BCR98, Theorem
2.3.6] which implies that the R-points of any a�ne R-scheme of finite type
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has finitely many components in the Hausdor↵ topology. If F = C we replace
G by ResC/RG to reduce to the case when F = R. For the second assertion,
see [Mos55, Theorem 3.1]. ut

The second structural result implies in particular that the choice of K is
not too serious:

Theorem 4.4.2 If G is an a�ne algebraic group over an archimedean local
field F then any compact subgroup of G(F ) is contained in a maximal compact
subgroup and any two maximal compact subgroups are conjugate (even by an
element of the neutral component of G(F ) in the Hausdor↵ topology).

Proof. In view of Theorem 4.4.1 this is [Bor98a, Chapter VII, Theorem 1.2].
ut

Example 4.1. Let

Kn :=
�
g 2 GLn(F ) : ggt = In

 
.

Here the bar denotes complex conjugation when F is complex and is the
identity automorphism when F is real. The group Kn is a maximal compact
subgroup of GLn(F ). It is an orthogonal group when F is real and a uni-
tary group when F is complex. We refer to Kn as the standard maximal
compact subgroup of GLn(F ).

Let (⇡, V ) be a representation of K. For each irreducible representation �
of K, let V (�)  V be the sum of all (finite dimensional) subrepresentations
of V that are equivalent to �:

V (�) =
⌦
' 2 V : h⇡(k)' : k 2 Ki ⇠= �

↵
. (4.7)

Here the brackets denote the C-span. This is the �-isotypic subspace of
V. A vector in V is said to have K-type � if it is an element of V (�). The
K-types of V are the � 2 bK such that V (�) 6= 0.

Definition 4.3. Consider the algebraic direct sum

Vfin := ��2cKV (�).

An element of Vfin is a K-finite vector and Vfin is the space of K-finite
vectors.

Here, as in the previous section, bK is the set of all equivalence classes of
irreducible representations of K. We will later show in Proposition 4.4.4 that
if V is a Hilbert space, then Vfin is dense in V, and hence V is the Hilbert
space direct sum of the V (�).

Definition 4.4. A representation V ofG(F ) is admissible if for each � 2 bK,
the dimension of V (�) is finite.
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Here to define V (�) we are regarding V as a representation of K via re-
striction. The notion of admissibility isolates a subcategory of the category of
representations of G(F ) that is closed under many natural operators in repre-
sentation theory (for example parabolic induction, see §4.9). If G is reductive
this category properly contains the subcategory of unitary representations
[Wal88, Theorem 3.4.10]:

Theorem 4.4.3 (Harish-Chandra) If G is reductive then irreducible uni-
tary representations of G(F ) are admissible. ut

Unitary representations of nonreductive groups are not in general admissible.
A precise discussion of this phenomenon together with examples that are
relevant to classical automorphic forms is contained in [BS98, §3.2].

Let k = LieK be the Lie algebra of the real Lie group K. To analyze
admissible representations we introduce the fundamental concept of a (g,K)-
module:

Definition 4.5. A (g,K)-module is a (complex) vector space V equipped
with homomorphisms

g �! End(V ) and K �! GL(V ), (4.8)

both denoted by ⇡, satisfying the following:

(a) The space V is a countable algebraic direct sum V = �iVi with each Vi

a finite dimensional K-invariant vector space.
(b) For X 2 k and ' 2 V, we have that

⇡(X)' = X' =
d

dt
⇡(exp(tX))'

���
t=0

= lim
t!0

⇡(exp(tX))'� '
t

.

In particular, the limit on the right exists.
(c) For k 2 K and X 2 g, we have ⇡(k)⇡(X)⇡(k�1)' = ⇡(Ad(k)X)'.

We say that the (g,K)-module is admissible if V (�) is finite dimensional
for all � 2 bK.

We have not endowed V with any topology so there is no continuity re-
quirement for the homomorphisms (4.8). Thus to make sense of (b) we pro-
ceed as follows. By (a), any ' 2 V lies in a finite dimensional K-invariant
vector subspace W  V. Finite dimensional complex vector spaces have a
canonical topology. With respect to this topology ⇡ induces a continuous
homomorphism

⇡ : K �! GL(W ).

Thus the expression in (b) is well-defined.
A morphism of (g,K)-modules is simply a vector space morphism equivari-

ant with respect to the actions of g andK, and an isomorphism is a morphism
that induces an isomorphism of the underlying vector spaces. A submodule of
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a (g,K)-module V is just a vector subspace of V invariant under the actions
of g and K. Since we have not required V to be topological, we do not require
the subspace to be closed. A (g,K)-module V is irreducible if it admits no
nonzero proper subspace invariant under the actions of g and K.

The following proposition states that a Fréchet space representation of
G(F ) yields a (g,K)-module:

Proposition 4.4.4 Let (⇡, V ) be a Fréchet space representation of G(F ).
Let Vfin  V be the space of K-finite vectors. Then Vfin \ Vsm is dense in
V and invariant under the action of g. If V is an admissible Hilbert space
representation, then Vfin  Vsm.

Before giving the proof of Proposition 4.4.4 we state a lemma:

Lemma 4.4.5 Let k = LieK. The following are equivalent:

(a) The vector ' 2 V is K-finite.
(b) The space h⇡(k)' | k 2 Ki is finite dimensional.

If ' is smooth, then this is equivalent to

(c) The space h⇡(X)' |X 2 ki is finite dimensional. ut
Thus K-finiteness can be detected using the Lie algebra of K. We leave the
proof of Lemma 4.4.5 as an exercise (see Exercise 4.4). Assuming the lemma,
we prove Proposition 4.4.4:

Proof of Proposition 4.4.4: Write

V0 := Vsm \ Vfin.

We first prove that V0 is dense in V. Let U be a neighborhood of 1 in G(F )
and let " > 0. Suppose that f is a nonnegative smooth function on G(F )
with support in KU such that

Z

G(F )

f(g)drg = 1 and

Z

G(F )�U
f(g)drg < ". (4.9)

By making U and " su�ciently small, we can make ⇡(f)' as close as we like
to ' for all ' in V by Theorem 3.3.1.

It therefore su�ces to show that for arbitrary U and " > 0, we can choose
an f with support in KU satisfying (4.9) such that ⇡(f)' is K-finite. To
construct such an f, let U1 ⇢ G(F ) and W ⇢ K be neighborhoods of 1 such
that WU1 ⇢ U, and let f1 be a nonnegative smooth function supported in U1

such that
R
G(F )

f1(g)drg = 1. By the Peter-Weyl theorem (Theorem 4.3.3)
there exists a matrix coe�cient f0 of a finite dimensional representation of
K that is nonnegative such that

R
K f0(k)dk = 1 and

R
K�W f0(k)dk < ". Let

f(g) :=

Z

K
f0(k)f1(k

�1g)dk.
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Since K is compact, �G(F )(k) = 1 for k 2 K. We deduce that
R
G(F )

f(g)drg =
1. Clearly f has support contained in KU1 ⇢ KU. Moreover, since WU1 ⇢ U,
if k 2 K is such that there exists g 2 G(F )�U with f1(k�1g) 6= 0 then k 62W.
Indeed, otherwise we would have

g = k(k�1g) 2WU1 ⇢ U.

Therefore
Z

G(F )�U
f(g)drg 

Z

G(F )�U

Z

K
f0(k)f1(k

�1g)dkdrg

=

Z

G(F )�U

Z

K�W
f0(k)f1(k

�1g)dkdrg


Z

K�W
f0(k)

Z

G(F )

f1(k
�1g)drgdk

=

Z

K�W
f0(k)dk

< ".

Thus f satisfies (4.9). Here we have again used the fact that �G(F )|K is trivial
because K is compact.

We now show that ⇡(f)' is K-finite. There is a finite dimensional unitary
representation (⇢, V⇢) of K and a finite set of elements {⇠i, ⇣i} ⇢ V⇢ such that

f0(k) =
X

i

(⇢(k)⇠i, ⇣i)

where ( , ) is the pairing on the space of V⇢. For k1 2 K, one has that

f(k�1

1
g) =

Z

K
f0(k)f1(k

�1k�1

1
g)dk

=
X

i

Z

K
(⇢(k)⇠i, ⇣i)f1(k

�1k�1

1
g)dk

=
X

i

Z

K
(⇢(k�1

1
)⇢(k)⇠i, ⇣)f1(k

�1g)dk

=
X

i

Z

K
(⇢(k)⇠i, ⇢(k1)⇣i)f1(k

�1g)dk.

Therefore as k1 varies over K the linear span of the functions g 7! f(k�1

1
g)

is contained in the linear span of the functions

g 7�!
Z

K
(⇢(k)⇠, ⇣)f1(k

�1g)dk
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as ⇠, ⇣ vary over V⇢. Hence the space spanned by the vectors

⇡(k1)⇡(f)' =

Z

G(F )

f(g)⇡(k1g)'drg =

Z

G(F )

f(k�1

1
g)⇡(g)'drg

as k1 varies over K is finite dimensional; in other words ⇡(f)' 2 Vfin. More-
over, ⇡(f)' is smooth for any vector ' by Proposition 4.2.6. It follows that
V0 is dense in Vsm, which is dense in V.

Assume that V is an admissible Hilbert space representation. We assume
without loss of generality that ⇡|K is unitary. We now prove Vfin  Vsm. First
observe that V0 is K-invariant. Let � be an irreducible unitary representation
of K. Then V0(�)  V (�). Since Vfin is the algebraic direct sum of the V (�),
it su�ces to show that V0(�) = V (�).

Since V (�) is finite dimensional by admissibility, V0(�) admits a well-
defined orthogonal complement in V (�) (this is the only part of the proof
where admissibility is used). If ' is in this orthogonal complement then '
is orthogonal to all of V0, because it is orthogonal to V (⌧) for every ⌧ 6= �.
Therefore ' = 0, since V0 is dense. This establishes that V0(�) = V (�) and
hence V0 = Vfin  Vsm.

Finally, returning to the case of a general Fréchet space representation, we
show that V0 is invariant under g. Let ' 2 V0 and let W be the span of '
under k := LieK. It is finite dimensional by Lemma 4.4.5. Let

W1 :=
⌦
Y ' | Y 2 g and ' 2W

↵

which is again finite dimensional. We claim that W1 is invariant under the
action of k.

Indeed, if X 2 k and Y ' 2 W1, then X(Y ') = [X,Y ]' + Y (X'), which
is an element of W1. Therefore the elements of W1 are K-finite by Lemma
4.4.5, and hence Y ' is K-finite for all Y 2 g. 2

We can detect irreducibility of admissible Hilbert space representations
using (g,K)-modules [Wal88, Theorem 3.4.12]:

Theorem 4.4.6 Assume G is reductive. An admissible Hilbert space repre-
sentation (⇡, V ) of G(F ) is irreducible if and only if the underlying (g,K)-
module is irreducible. ut

Two admissible representations are infinitesimally equivalent if their
underlying (g,K)-modules are isomorphic. Certainly equivalent representa-
tions are infinitesimally equivalent, but the converse is not true in general
[Bum97, Exercise 2.6.1]. However, the situation is better if we assume that
both representations are unitary [Wal88, Theorem 3.4.11]:

Theorem 4.4.7 Assume G is reductive. A unitary representation of G(F )
is irreducible if and only if the underlying (g,K)-module is irreducible. Two
infinitesimally equivalent irreducible unitary representations of G(F ) are uni-
tarily equivalent. ut
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It is a bit inconvenient that infinitesimal equivalence is strictly weaker
than equivalence. Casselman and Wallach found an elegant resolution of this
di�culty. We recall some of their results after setting notation. Choose a
faithful representation ◆0 : G! GLn and let ◆ : G! SL2n be the embedding
defined by

◆(g) :=
⇣
◆0(g)

◆0(g�1
)
t

⌘
.

Define

kgk := kgk◆ := sup
1i,j2n

|◆(g)ij |. (4.10)

Definition 4.6. A Fréchet space representation (⇡, V ) of G(F ) is smooth if
the maps

G(F ) �! V

g 7�! ⇡(g)'

lie in C1(G(F ), V ) for all ' 2 V.

In particular, for any Hilbert space V, endow the space Vsm with the Fréchet
space structure described at the end of §4.2. Then Vsm is smooth [Wal88,
Lemma 1.6.4].

Definition 4.7. A smooth Fréchet space representation (⇡, V ) is of moder-
ate growth if for every continuous seminorm � on V there is a continuous
seminorm ⌫� on V and d� 2 R such that

�(⇡(g)')  kgkd�⌫�(').

Here kgk is defined as in (4.10).

A morphism of representations of moderate growth is just a morphism of
(continuous) representations of G(F ).

The following is a special case of [Wal92, Lemma 11.5.1]:

Lemma 4.4.8 If (⇡, V ) is a Hilbert space representation of G(F ) then
(⇡, Vsm) is of moderate growth. ut

A key consequence of Casselman and Wallach’s work is the following the-
orem [Cas89] [Wal92, Chapter 11]:

Theorem 4.4.9 Let (⇡1, V2) and (⇡2, V2) be irreducible Hilbert space rep-
resentations. They are infinitesimally equivalent if and only if (⇡1, V1sm)
and (⇡2, V2sm) are isomorphic in the category of representations of moder-
ate growth. ut

In fact for each irreducible admissible (g,K)-module (⇡, V ), Casselman
and Wallach define a representation (⇡, V ) of moderate growth with the
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property that the space of K-finite vectors V fin in V is equal to V. The
representation V is referred to as the globalization of V. In the special case
where V = V 0

fin
is the space of smooth vectors in an irreducible admissible

Hilbert space representation (⇡, V 0), the completion V is isomorphic to V 0
sm

[Cas89] [Wal92, Chapter 11].
The following technical result is occasionally useful:

Lemma 4.4.10 If (⇡, V ) is an irreducible admissible Hilbert space represen-
tation of G(F ) then the Fréchet space Vsm is nuclear.

Proof. As mentioned above, Vsm is the globalization of the (g,K)-module
Vfin. Hence the result is part of [BK14, Corollary 5.6]. ut

Now that we have introduced the notions of admissibility and the (g,K)-
module of an admissible representation, we can begin to make use of them.
One manifestation of the power of admissibility is that it allows us to un-
derstand the infinite dimensional space V in terms of finite dimensional sub-
spaces. An example of this is given in §4.5.

There is a useful invariant attached to any irreducible (g,K)-module called
an infinitesimal character; its construction will be discussed in §4.6. We
then give an example of how (g,K)-modules can be computed and classified
explicitly in the simplest nontrivial case in §4.7.

The real power of admissibility is that one can classify admissible repre-

sentations. Thus the description of the unitary dual \G(F ) is reduced to the
question of which admissible representations are unitary. This is still very
di�cult, and at the present time, the unitary dual has not been computed
for general reductive groups.

The classification of admissible representation (which has several forms) is
known as the Langlands classification. Langlands used it to establish the
local Langlands correspondence for archimedean local fields. Historically, this
was the first case of the local Langlands conjecture proven (see Chapter 12 for
more on the local Langlands correspondence). We will review the Langlands
classification in §4.9 after stating some prerequisites involving tempered and
discrete series representations in §4.8.

4.5 Hecke algebras with K-types

As above K  G(F ) is a maximal compact subgroup. Let � be an irreducible
representation of K. For k 2 K, let

e�(k) := dim(�)�1tr(�)(k�1). (4.11)

This is a smooth function on K. For any Fréchet space representation (⇡, V )
of G(F ), the operator ⇡(e�) is defined:
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⇡(e�) : V �! V (�)

' 7�!
Z

K
e�(k)⇡(k)'dk.

(4.12)

Here we normalize the Haar measure dk so that the measure of K is 1. These
operators are idempotents:

⇡(e�) � ⇡(e�0) =

(
Id if � ⇠= �0,

0 otherwise.
(4.13)

One also can define the left and right convolution of e� with any element
f 2 C1

c (G(F )):

(f ⇤ e�)(g) :=
Z

K
f(gk�1)e�(k)dk,

(e� ⇤ f)(g) :=
Z

K
e�(k

�1)f(kg)dk.
(4.14)

These are again elements of C1
c (G(F )).

For any finite subset ⌅ of the unitary dual bK of K, we define

e⌅ :=
X

�2⌅

e� (4.15)

and the algebraic direct sum

V (⌅) :=
M

�2⌅

V (�)  V. (4.16)

Definition 4.8. The Hecke algebra of K-type ⌅ is

C1

c (G(F ),⌅) := e⌅ ⇤ C1

c (G(F )) ⇤ e⌅ . (4.17)

We observe that V (⌅) is naturally a representation of the subalgebra
C1

c (G(F ),⌅) of C1
c (G(F )). We invite the reader to compare this with the

nonarchimedean setting discussed in §5.3. The algebra C1
c (G(F ),⌅) is often

called the spherical Hecke algebra of type ⌅, but we will avoid this terminol-
ogy because it is usually reserved for the special case where ⌅ is 1-element
set consisting of the trivial representation.

If (⇡, V ) is admissible, then V (⌅) is finite dimensional for all ⌅. This ob-
servation is quite useful in practice as it allows us to reduce certain questions
about the infinite dimensional representation V of G(F ) to the family of fi-
nite dimensional representations of the algebras C1

c (G(F ),⌅). We give some
examples in the remainder of this section.

First we state a very general version of Schur’s lemma. Let V be a vector
space and let ⇤ ✓ End(V ) be a subset of its set of endomorphisms. Here
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elements of End(V ) are not required to be continuous because we have not
endowed V with a topology. We say that ⇤ acts irreducibly if for any
subspace W of V such that ⇤W  W, either W = 0 or W = V. For a proof
of the following version of Schur’s lemma, see [Wal88, §0.5.2]:

Lemma 4.5.1 Assume that V is a vector space of countable dimension and
that ⇤ ✓ End(V ) acts irreducibly. If L 2 End(V ) commutes with every ele-
ment of ⇤ then L is a scalar multiple of the identity operator. ut

We also require the following version of the Jacobson density theorem:

Theorem 4.5.2 Let V be a vector space of countable dimension and let
A  End(V ) be a C-subalgebra (possibly without identity) that acts irre-
ducibly. Then for any '1, . . . ,'n,'0

1
, . . . ,'0

n 2 V with '1, . . . ,'n linearly
independent, there is an a 2 A such that a'i = '0

i for all i. ut

We warn the reader that the Jacobson density theorem is usually
stated for modules over rings with identity. For a version that avoids the
identity assumption, we refer to [Jac64, §II.2].

Proposition 4.5.3 An admissible Fréchet space representation (⇡, V ) of
G(F ) is irreducible if and only if V (⌅) is an irreducible C1

c (G(F ),⌅)-module
for all ⌅.

Proof. Suppose V is reducible, that is, V = V1 � V2, where the Vi are some
nonzero closed subrepresentations of G(F ). Then

V (⌅) = V1(⌅)� V2(⌅)

as C1
c (G(F ),⌅)-modules for all finite subsets ⌅ ⇢ bK. By Proposition 4.4.4

V1(⌅) and V2(⌅) are nonzero for ⌅ large enough.
Conversely, suppose V is irreducible, and suppose that

V1  V (⌅)

is a nonzero irreducible C1
c (G(F ),⌅)-submodule for some ⌅ ⇢ bK. We have

V1 = C1

c (G(F ),⌅)V1

= e⌅ ⇤ C1

c (G(F )) ⇤ e⌅V1

= e⌅ ⇤ C1

c (G(F ))V1,

(4.18)

where we have used Theorem 4.5.2 for the first equality. It is clear that
e⌅ ⇤ C1

c (G(F ))V1 is a closed subspace of V (⌅). Hence its inverse image
under

e⌅ : V 7�! V (⌅)

is a closed nontrivial G(F )-invariant subspace of V. Since V is irreducible
this inverse image is all of V and thus e⌅ ⇤C1

c (G(F ))V1 = V (⌅). We deduce
from this and (4.18) that V1 = V (⌅). ut
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Combining Lemma 4.5.1 and Proposition 4.5.3 we obtain the following
corollary:

Corollary 4.5.4 Assume (⇡, V ) is an irreducible admissible Fréchet space
representation of G(F ). If L 2 End(Vfin) commutes with the action of
C1

c (G(F ),⌅) for all finite subsets ⌅ ✓ bK then it is a scalar multiple of
the identity operator. ut

Here we impose no topology on Vfin.
The following proposition will be used in the proof of Proposition 16.2.5.

It is an immediate consequence of Theorem 4.5.2 and Proposition 4.5.3:

Proposition 4.5.5 Let (⇡, V ) be an irreducible admissible Fréchet space rep-
resentation of G(F ) and let ⌅ ✓ bK be finite. Let '1, . . . ,'n,'0

1
, . . . ,'0

n 2
��2⌅V (�) with '1, . . . ,'n linearly independent. Then there exists an f 2
C1

c (G(F ),⌅) such that ⇡(f)'i = '0

i for all i. ut

4.6 Infinitesimal characters

Let g be a Lie algebra over an archimedean local field F. We let

g
C := g⌦R C.

We use this odd notation as a reminder that if F is complex then g
C 6⇠= g,

whereas gC := g⌦C C is isomorphic to g in this case.
We denote by U(g) the universal enveloping algebra of gC. This is a uni-

tal associative algebra. Any associative algebra becomes a Lie algebra with
bracket [X,Y ] = XY � Y X, and thus we can regard U(g) as a Lie algebra.
The universal enveloping algebra is equipped with an injective Lie algebra
morphism

g
C �! U(g)

by the Poincaré-Birko↵-Witt theorem. This morphism is universal in that
given any Lie algebra homomorphism g

C ! A, where A is a unital associative
algebra (equipped with the Lie algebra structure mentioned above), there is
a unique morphism U(g)! A such that the following diagram commutes:

g
C U(g)

A

We denote by Z(g) the center of U(g).
We now present the explicit description of Z(g) for reductive g a↵orded by

the Harish-Chandra isomorphism. Assume that g is reductive and let t  g
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be a Cartan subalgebra. Choose a reductive algebraic group G over F with
Lie algebra g and a maximal torus T  G with Lie algebra t. We then obtain
a root system

� := �((ResF/RG)C, (ResF/RT )C)

as in §1.8. The root system depends only on g and t. Let � ⇢ � be a
base and let �+ ⇢ � be the associated set of positive roots. Let n

+ < g
C

be the subalgebra spanned by the roots ↵ 2 �+ and let n
� < g

C be the
subalgebra spanned by the roots ↵ 2 �� = ���+. By the Poincaré-Birko↵-
Witt theorem, we have a decomposition

U(g) = U(t)�
�
n
�U(g) + U(g)n+

�

and hence a quotient map of associative algebras Z(g)! U(t) [Wal88, §3.2.1].
There is a morphism U(t)! U(t) induced by the universal property of uni-
versal enveloping algebras from the map

t
C �! U(t)

X 7�! X � ⇢(X),

where

⇢ := 1

2

X

↵2�+

↵ (4.19)

is the half-sum of positive roots. Composing the maps described above, we
obtain the Harish-Chandra homomorphism

� : Z(g) �! U(t) �! U(t).

This is our first time explicitly mentioning ⇢, the ubiquitous half-sum of
positive roots. It is incorporated into the definition to make it compatible
with parabolic induction (see §4.9).

Let W := W (ResF/RG,ResF/RT )(C) denote the Weyl group of ResF/RT
in ResF/RG; it acts on t

C and hence U(t). For the proof of the following
theorem of Harish-Chandra, see [Wal88, Theorem 3.2.3]:

Theorem 4.6.1 The linear map � is an algebra homomorphism, is indepen-
dent of the choice of base �, has image in U(t)W , and induces an isomorphism

� : Z(g) �! U(t)W .

ut

The theorem allows us, in particular, to explicitly describe the characters of
Z(g) as we now explain. Suppose we are given � 2 (tC)_, the C-linear dual of
t
C. The linear map � : tC ! C is tautologically a Lie algebra map because t

C

is commutative. By the universal property of universal enveloping algebras,
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this extends uniquely to an algebra morphism � : U(t)! C. We let

�� := �|U(t)W � � : Z(g) �! C.

This is an algebra morphism (i.e. a character) from Z(g) to C. For the proof
of the following proposition, see [Wal88, Theorem 3.2.4]:

Proposition 4.6.2 Every algebra morphism from Z(g) to C is of the form
�� for some � 2 (tC)_. Two � define the same �� if and only if they are in
the same orbit under W. ut

A g-module V is said to admit an infinitesimal character if Z(g) acts
via a character on V. Infinitesimal characters are a very useful invariant that
is surprisingly closely tied to arithmetic (see §12.8). By Theorem 4.6.1 and
Proposition 4.6.2 such a character can be identified with an element of (tC)_.

If V is a (g,K)-module then it is a module under U(g). It is not hard to
see that the induced action of Z(g) on V commutes with the actions of g and
K [Kna86, Proposition 3.8]. Thus using Lemma 4.5.1 we obtain the following
corollary:

Corollary 4.6.3 Let V be an irreducible admissible (g,K)-module and let
L : V ! V be a C-linear map commuting with the actions of g and K.
Then L is a scalar multiple of identity operator. In particular, any irreducible
admissible (g,K)-module admits an infinitesimal character. ut

We mention that there is software available that will compute the set of
irreducible admissible (g,K)-modules with a given infinitesimal character
[Atl].

4.7 Classification of (g,K)-modules for GL2R

In this section, we state the classification of irreducible admissible (g,K)-
modules when

g := gl
2

and K := O2(R).

Thus K is the standard maximal compact subgroup of Example 4.1. We refer
to [Bum97, §2.5] for proofs and many more details.

Define

H :=

✓
1 0
0 �1

◆
, X :=

✓
0 1
0 0

◆
, Y :=

✓
0 0
1 0

◆
, Z :=

✓
1 0
0 1

◆
. (4.20)

These elements form a basis for g. If we set

� = �1

4
(H2 + 2XY + 2Y X)
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then Z(g) = hZ,�i (see Exercise 4.9). The reason for the normalization of �
is due to its connection with the Laplace-Beltrami operator on the complex
upper half plane (see [Bum97, Proposition 2.2.5]). Finally we set

w✓ :=

✓
cos ✓ sin ✓
� sin ✓ cos ✓

◆
.

For every (s, µ) 2 C
2, consider the character

� : Z(g) �! C

Z 7�! µ,

� 7�! s(1� s).

Then for each " 2 {0, 1} one has a (g,K)-module

(⇡, V ) = (⇡s,µ,", Vs,µ,")

with infinitesimal character � constructed as follows. The space is

V =
M

`⌘" (mod 2)

Cv`.

The action is given by

(a) ⇡(w✓)v` = ei`✓v` and ⇡
�
�1 0

0 1

�
v` = v�`,

(b)Hv` = `v`,
(c) Xv` =

�
s+ `

2

�
v`+2,

(d) Y v` =
�
s� `

2

�
v`�2,

(e) �v` = s(1� s)v`,
(f) Zv` = µv`.

This is an admissible (g,K)-module. Notice that in (a) we are regarding�
1 0

0 �1

�
as an element of K, but in (b) the element H =

�
1 0

0 �1

�
is regarded

as an element of g. The representation ⇡s,µ," is irreducible unless s = k
2

where k is an integer congruent to " modulo 2. If k � 1 and k ⌘ " (mod 2)
then ⇡ k

2 ,µ,"
has a unique irreducible infinite dimensional subrepresentation

denoted by ⇡k,µ. The set of K-types of ⇡k,µ consists of the v` with |`| � k.
The quotient of ⇡ k

2 ,µ,"
by ⇡k,µ is a finite dimensional representation, and all

irreducible finite dimensional representations are obtained in this manner. In
the special case k = 1 the finite dimensional quotient is trivial and

⇡ 1
2 ,µ,✏

= ⇡1,µ

is irreducible. If k > 1 then ⇡k,µ is a proper subrepresentation of ⇡ k

2 ,µ,"
.

If ⇡s,µ," is irreducible it is known as an irreducible principal series rep-
resentation. We warn the reader that often authors take the more restrictive
convention that principal series representations are the representations ⇡s,µ,"
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with Re(s) = 1

2
. In this case the representation is the underlying (g,K)-

module of a unitary representation (see Example 4.2 below). The representa-
tions ⇡k,µ for k > 1 are known as discrete series. The representation ⇡1,µ
is known as a limit of discrete series. This terminology should make more
sense after the next two sections. It is clear (upon considering K-types and
infinitesimal characters, for example) that if ⇡k1,µ1

⇠= ⇡k2,µ2 then k1 = k2
and µ1 = µ2, and that an irreducible representation cannot be both in the
principal series and in the discrete series. Moreover, it is easy to see that if

⇡s1,µ1,"1
⇠= ⇡s2,µ2,"2

then µ1 = µ2, "1 = "2, and either s1 = s2 or s1 = 1� s2.
The following is the classification result mentioned in the title of this

section:

Theorem 4.7.1 Every infinite dimensional irreducible admissible (g,K)-
module is isomorphic to either ⇡s,µ," for some s, µ, " such that s 6= k

2
for

some integer k ⌘ " (mod 2) or isomorphic to ⇡k,µ for some integer k � 1
and µ. ut

4.8 Matrix coe�cients

Let G be a reductive group over a local field F. For the moment, we do not
assume that F is archimedean. Let (⇡, V ) be a Hilbert space representation
of G(F ). Recall the notion of a matrix coe�cient of ⇡ from Definition 4.2
above. In this section we explain how matrix coe�cients can be used to isolate
important classes of representations of G(F ).

We have already seen in §2.6 that the center of G often causes analytic
problems for somewhat trivial reasons. One often circumvents this di�culty
by defining classes of representations based on their restriction to appropriate
subgroups. In analogy with (2.18), we let

G(F )1 :=
\

�2X⇤(G)

ker (| · | � � : G(F ) �! R>0) . (4.21)

Definition 4.9. An irreducible representation (⇡, V ) of G(F ) is square
integrable (resp. tempered) if its matrix coe�cients lie in L2(G(F ))
(resp. L2+"(G(F )) for any " > 0). It is essentially square integrable
(resp. essentially tempered) if the matrix coe�cients of ⇡|G(F )1 lie in
L2(G(F )1) (resp. L2+"(G(F )1) for any " > 0).

(Essentially) square integrable representations are also known as (essentially)
discrete series representations. We concentrate on square integrable and
tempered representations in the following discussion, but similar results hold
for essentially square integrable and essentially tempered representations.
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Discrete series representations can be realized as subrepresentations of
L2(G(F )) and hence are always unitarizable (see [Dix77, Chapter 14] for
details). When F is archimedean, a theorem of Harish-Chandra (Theorem
12.3.1) characterizes when G(F ) admits essentially square integrable rep-
resentations. Consider the nonarchimedean case. In this setting, a super-
cuspidal representation is a representation whose matrix coe�cients are
compactly supported modulo the center (see Definition 8.1). Such represen-
tations are clearly essentially square integrable. When the characteristic of F
is zero then supercuspidal representations of G(F ) exist for every reductive
group G [BP16b].

Irreducible admissible tempered representations are infinitesimally equiv-
alent to unitary representations in the archimedean case [Kna86, Theorem
8.53] and equivalent to unitary representations in the nonarchimedean case
[Sil79, Corollary 4.5.13]. We note that, in many references including [Sil79,
§4.5], one finds a more technical definition of temperedness. Once one knows
that tempered representations are unitary, one can prove that the more tech-
nical definition (which we have not given and will not give) is equivalent to
the easily stated one above using the arguments of [CHH88].

Now that we have defined these classes of representations, we ought to
comment briefly on their significance. We concentrate on the notion of tem-
peredness. Let ⇡ be an irreducible admissible representation of G(F ) and let
B⇡ be an orthonormal basis of the space V of ⇡ with respect to the pairing
h , i giving it its Hilbert space structure. Then for f 2 C1

c (G(F )), the sum

⇥⇡(f) :=
X

'2B⇡

h⇡(f)','i

converges absolutely (this is obvious in the nonarchimedean case, see §8.5, and
in the archimedean case it is proven in [Kna86, Theorem 10.2]). Technically
speaking we have not defined admissibility in the nonarchimedean case; it is
defined in §5.3. The linear functional

⇥⇡ : C1

c (G(F )) �! C

f 7�! ⇥⇡(f)

is known as the character of ⇡.
In the context of Fourier theory on R, tempered distributions are precisely

those which admit a Fourier transform; in other words, they are analytically
fairly well-behaved. In the archimedean case, tempered representations are
precisely those whose characters define a tempered distribution on a cer-
tain Schwartz space containing C1

c (G(F )) (see [Kna86, Theorem 12.23] and
[Sil79, §4.5]). There is also a version of the Plancherel theorem for G(F ) relat-
ing spaces of functions on G(F ) and tempered representations of G(F ). See
[Wal92, Theorem 13.4.1] in the archimedan case and [Wal03] in the nonar-
chimeadean case.
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Finally the condition of temperedness is also a representation theoretic
encapsulation of how well-behaved automorphic L-functions are. This will be
discussed in the context of the Ramanujan conjecture in Conjecture 10.7.4.

4.9 The Langlands classification

The Langlands classification gives a description of representations of reduc-
tive groups over archimedean local fields in terms of tempered representations
of Levi subgroups. We state it in this section. There is a refinement where
the tempered representations are replaced by discrete series representations
and limits of discrete series representations. We will touch on this in §10.6 in
the case G = GLn. For the general case, we refer to [Kna86, §XIV.17].

Let G be a reductive group over the archimedean local field F and let P 
G be a parabolic subgroup. It admits a Levi decomposition as in Theorem
1.5.4:

P = MN,

where M is a Levi subgroup of P and N is its unipotent radical. We choose a
maximal compact subgroup K  G(F ) such that the Iwasawa decomposition
G(F ) = P (F )K holds (see Appendix B).

We let AM be the identity component in the real topology of the largest
R-split torus in the center of ResF/RM and we let

M(F )1 :=
\

�2X⇤(M)

ker (| · | � � : M(F ) �! R>0) ,

where X⇤(M) is the group of characters of M as in §1.7. Then AMM(F )1 =
M(F ) and the product is direct. The Langlands decomposition of P (F )
is

P (F ) = AMM(F )1N(F ).

Let aM := Hom(X⇤(M),R). Then aM can be identified with LieAM , ex-
plaining the notation. We have a map

HM : M(F ) �! aM (4.22)

defined by
hHM (m),�i = log |�(m)|

for � 2 X⇤(M) and M(F )1 = kerHM . If we identify M with the maximal
reductive quotient of P then pullback along the quotient map P !M induces
an isomorphism

X⇤(M) �! X⇤(P ).

This allows us to extend HM to a map HP : P (F )! aM .
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For each � 2 a
⇤

MC := Hom(aM ,C), we obtain a quasi-character

P (F ) �! C
⇥

p 7�! ehHP (p),�i.
(4.23)

Identify a
⇤

M = X⇤(M)⌦Z R. We have projections

Re : a⇤MC �! a
⇤

M and Im : a⇤MC �! ia⇤M (4.24)

defined in the obvious manner. We let ⇢ denote the half-sum of positive roots
defined by the parabolic subgroup P (see §1.9 and (4.19)). For each Hilbert
space representation (�, V ) ofM(F ) we obtain a representation (�,�) of P (F )
by extending � trivially to P (F ) and twisting by the character ehHP (·),�i. We
can then form the (normalized) induced representation

I(�,�)

of G(F ). A dense subspace of the space of I(�,�) consists of continuous
functions ' : G(F )! V such that

'(nmg) = ehHP (m),�+⇢i�(m)'(g) (4.25)

for (n,m, g) 2 N(F ) ⇥M(F ) ⇥G(F ). This space is equipped with an inner
product

h'1,'2i =
Z

K
'1(k)'2(k)dk.

The whole space of I(�,�) is the completion with respect to this inner prod-
uct. Finally the action of G(F ) is given by

I(�,�)(g)'(x) := '(xg).

The ⇢ is incorporated so that if � ⌦ hHP (·),�i is unitary then so is I(�,�)
[Kna86, §VII.1]. This also explains the parenthetic “normalized” mentioned
above.

The following is known as the subquotient theorem (see [Kna86, The-
orem 7.24]):

Theorem 4.9.1 If � is unitary and tempered and Re(�) lies in the positive
Weyl chamber then I(�,�) admits a unique irreducible quotient J(�,�). ut
The quotient J(�,�) is known as the Langlands quotient and �,� are
known as Langlands data.

Fix a minimal parabolic subgroup P0  G. This allows us to speak about
standard parabolic subgroups. We can now give the Langlands classification
[Kna86, Theorem 8.54]:

Theorem 4.9.2 Every irreducible admissible representation of G(F ) is iso-
morphic to some J(�,�). Moreover, if we insist that the parabolic subgroup
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defining J(�,�) is standard, fix a Levi decomposition P = MN of each stan-
dard parabolic subgroup, assume � is trivial on AM , and stipulate that Re(�)
is in the positive Weyl chamber then every irreducible admissible representa-
tion of G(F ) is isomorphic to a J(�,�) that is unique up to replacing � by
another representation of M(F ) equivalent to �. ut

We observe that, in both Theorem 4.9.1 and Theorem 4.9.2, the assump-
tion that Re(�) is in the positive Weyl chamber is automatically satisfied
when P = G. There is also a version of the Langlands classification in the
nonarchimedean setting. For this we refer to §8.4.

Example 4.2. Let P = B = TN be the Borel subgroup of upper trianglar
matrices in GL2. Here T is the torus of diagonal matrices and N  B is the
unipotent radical. Then

T (R)1 :=
n⇣

(�1)
�1

(�1)
�2

⌘
: �1, �2 2 {0, 1}

o
.

Thus the irreducible representations of T (R) are the characters given by

�m1,m2 (
a

b ) := am1bm1 (4.26)

with m1,m2 2 {0, 1}. These representations are obviously unitary and tem-
pered. The map HT is given by

HT : AT �̃!aT

( a b ) 7�!
⇣

log a
log b

⌘
.

Identify a
⇤

TC with C
2 via

(�1,�2) (
c
d ) = �1c+ �2d.

For (s,m) 2 C⇥ {0, 1} let

�s,m(a) := |a|s
�

a
|a|

�m
.

Thus an element of I(�m1,m2 , (�1,�2)) satisfies

' (n ( a b ) g) = ��1+
1
2 ,m1

(a)��2�
1
2 ,m2

(b)'(g) (4.27)

for (n, a, b, g) 2 N(F ) ⇥ F⇥ ⇥ F⇥ ⇥GL2(F ). Assume that Re(�) lies in the
positive Weil chamber, which is to say that

Re(�1) � Re(�2).

Assume that �1��2+1 is not an integer k � 2 of the same parity as m1�m2

(mod 2). Then I(�m1,m2 , (�1,�2)) = J(�m1,m2 , (�1,�2)) is irreducible and its
underlying (gl

2
,O2(R))-module is
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⇡ 1
2 (�1��2+1),�1+�2,"

in the notation of §4.7. Here m1 +m2 ⌘ " (mod 2). If �1��2 +1 = k 2 Z�2

is an integer of the same parity as m1 + m2 (mod 2) then the underlying
(gl

2
,O2(R))-module of J(�m1,m2 , (�1,�2)) is ⇡k,��1��2 in the notation of

§4.7. Here the parameter is ��1��2 instead of �1+�2 because the Langlands
quotient is a quotient, not a subrepresentation. These statements may be
deduced from [Bum97, §2.5].

Exercises

4.1. Let T be a torus over R and let K  T (R) be a maximal compact
subgroup. Show that there exists an isomorphism between the C-vector space
of K-finite functions in C1

c (T (R)) and C1
c (AT )⌦CC( bK) where AT is defined

as in (2.19). Here by C( bK) we mean the free vector space on the isomorphism
classes of irreducible unitary representations of K.

4.2. Let K be a compact Lie group that admits a faithful representation
K ! GLn(C). We can then view K as a subset of gln(C) which in turn
can be viewed as a real vector space. Call a function on K a polynomial if
it is the restriction to K of a polynomial on this real vector space. Show
that every polynomial function on K is the matrix coe�cient of a finite
dimensional representation of K, and deduce that the matrix coe�cients of
finite dimensional unitary representations of K are dense in C(K) and Lp(K)
for all 1  p  1 (use the Stone-Weierstrass theorem). Deduce the Peter-
Weyl theorem (part (c) of Theorem 4.3.3).

4.3. Let (⇡1, V1) and (⇡2, V2) be two irreducible unitary representations of a
compact (Hausdor↵) group K. Prove that if V1 and V2 are equivalent then
they are unitarily equivalent.

4.4. Prove Lemma 4.4.5.

4.5. Let (⇡, V ) be an irreducible unitary representation of G(F ) where G is
a reductive group over an archimedean local field F and V is a Hilbert space.
Show that there is a quasi-character !⇡ : ZG(F ) ! C

⇥ such that ⇡(z) acts
via !⇡(z) on V for all z 2 ZG(F ). Here, as usual, ZG is the center of G. The
quasi-character !⇡ is called the central quasi-character of ⇡. Show that
if � : G(F ) ! C

⇥ is a quasi-character, then the central quasi-character of
⇡ ⌦ � is �|ZG(F )!⇡.

4.6. Give an example of a reductive group G over R and an irreducible ad-
missible representation of G(R) that is not unitary.
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4.7. Let g be a semisimple Lie algebra over an archimedean local field F
and let gC := g ⌦R C. Let B be the Killing form on g and denote also by B
its extension to g

C. It is nondegenerate. Let {Xi} denote a basis for gC and
denote by Xi the dual basis with respect to B. The element

� :=
X

i

XiX
i 2 U(g)

is known as the Casimir element. Prove that � is independent of the choice
of basis and that � 2 Z(g).

4.8. Prove that the image of e� is contained in V (�) as asserted in (4.12).

4.9. Prove that Z(gl
2
) = hZ,�i in the notation of §4.7.

4.10. Prove that the space Vs,µ," of §4.7 is indeed a (g,K)-module with the
given action.

4.11. In the notation of §4.7, prove that if ⇡k1,µ1
⇠= ⇡k2,µ2 then k1 = k2 and

µ1 = µ2, and that if
⇡s1,µ1,"1

⇠= ⇡s2,µ2,"2

then µ1 = µ2, "1 = "2, and either s1 = s2 or s1 = 1� s2.

4.12. Prove that all finite dimensional (gl
2
,O2(R))-modules are quotients

(resp. submodules) of Vs,µ," for some s, µ, ", and identify the Vs,µ," of which
they are quotients (resp. submodules).

4.13. Let G1 and G2 be reductive groups over an archimedean local field F
with Lie algebras g1 and g2, respectively. For each i let Ki  Gi(F ) be a
maximal compact subgroup. Suppose that for each i we are given irreducible
admissible (gi,Ki)-modules (⇡i, Vi). Prove that the algebraic tensor product

(⇡1 ⌦ ⇡2, V1 ⌦ V2)

is an irreducible admissible (g1 ⇥ g2,K1 ⇥K2)-module. Prove that any irre-
ducible admissible (g1 ⇥ g2,K1 ⇥K2)-module is isomorphic to

(⇡1 ⌦ ⇡2, V1 ⌦ V2)

for some irreducible admissible (gi,Ki)-modules (⇡i, Vi) and that the (⇡i, Vi)
are uniquely determined up to isomorphism by (⇡1 ⌦ ⇡2, V1 ⌦ V2).



Chapter 5

Representations of Totally Disconnected
Groups

I will tell you a false proof. But
like every fairy tale, it has a
kernel of truth.

D. Kazhdan

Abstract In this chapter, our goal is to develop enough of the representation
theory of locally compact totally disconnected groups (or td-groups for short)
to state the general definition of an automorphic representation in the next
chapter. At the end of the chapter, we prove Flath’s theorem. This funda-
mental result implies that automorphic representations of a global field can
be factored, in a suitable sense, along the places of the field.

5.1 Totally disconnected groups

We start with the following definition, following [Car79]:

Definition 5.1. A Hausdor↵ topological group G is of td-type or simply
a td-group if every neighborhood of the identity contains a compact open
subgroup.

Here the letters td stand for totally disconnected. A td-group is indeed totally
disconnected, which explains the terminology (see Exercise 5.1). A td-group
is locally compact (see Exercise 5.1), so the theory of §3.1 is applicable.

Our basic examples of td-groups are given by the next lemma. It follows
readily from the definition of the topology on the points of an a�ne algebraic
group in §2.2:

Lemma 5.1.1 Let G be an a�ne algebraic group over a nonarchimedean
local field F. Then G(F ) is of td-type. Similarly, if F is a global field and S is
a finite set of places of F (including the archimedean places if F is a number
field), then G(AS

F ) is of td-type. ut

133
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Thus the topology on a td-group is very di↵erent from that of a connected
Lie group. In fact, in stark contrast to the defining property of td-group, a
connected Lie group has no small subgroups in a sense made precise in the
following lemma:

Lemma 5.1.2 Let G be a connected Lie group. Then there is a neighborhood
U of the identity 1 so that for all g 2 U�{1} there is an integer N depending
on g such that gN 62 U.

Proof. It is a standard result that there are neighborhoods V0 of 0 in LieG and
U1 of 1 inG such that the exponential map exp : V0 ! U1 is a di↵eomorphism.
Let U = exp

�
1

2
V0

�
. Then if g = exp( 1

2
v) 2 U � {1} for some v 2 V0 one has

gn =

n timesz }| {
exp

�
1

2
v
�
. . . exp

�
1

2
v
�
.

Choosing n large enough that n
2
v 62 V0 we deduce the result. ut

Our aim in this chapter is to use the special topological properties of td-
groups to refine our understanding of their representation theory. We deal
with the basic theory in this chapter, including the local Hecke algebra (see
§5.2), the definition of admissible representations in this context (see §5.3),
and Flath’s theorem on decomposition of admissible representations (Theo-
rem 5.7.1). The reader will notice that in this section we essentially make no
use of the fact that the groups in question arise as the points of reductive
groups in nonarchimedean local fields. The (deeper) part of the theory that
requires this structure is relegated to Chapter 8.

Unless otherwise specified, for the remainder of this chapter, we let G be
of td-type.

5.2 Smooth functions on td-groups

The first step in understanding the representation theory of a td-group is to
define what we mean by a smooth function. As usual C(G) (resp. Cc(G))
denotes the complex vector space of continuous (resp. compactly supported
continuous) functions on G.

Definition 5.2. A function f : G ! C is smooth if it is locally constant.
The complex vector subspace of C(G) (resp. Cc(G)) consisting of smooth
functions is denoted by C1(G) (resp. C1

c (G)).

It follows from Lemma 5.2.1 and (5.1) below that the complex vector
subspace C1

c (G)  Cc(G) is preserved under convolution, defined as in §3.4.
Thus C1

c (G) is an algebra under convolution. It is known as the Hecke
algebra of G. If K  G is a compact open subgroup, then we let
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C1

c (G //K)  C1

c (G)

denote the subalgebra of functions that are right and left K-invariant.

Lemma 5.2.1 Any element f 2 C1
c (G) is in C1

c (G //K) for some compact
open subgroup K. If f 2 C1

c (G //K), then f is a finite C-linear combination
of elements of the form

KgK

for g 2 G. Here X denotes the characteristic function of a set X.

Proof. By local constancy of f, for every g in the support supp(f) of f, we
can choose a compact open subgroup K(g)  G so that f is constant on
gK(g). Then

{gK(g) : g 2 supp(f)}

is an open cover of the compact set supp(f). Hence it admits a finite subcover

{giK(gi) : 1  i  n}.

Let

Kr :=
n\

i=1

K(gi);

it is a finite intersection of compact open subgroups so it is itself a compact
open subgroup. We see that f is right Kr-invariant. Similarly we can find a
compact open subgroup K`  G such that f is left K`-invariant, and letting
K := K` \Kr we see that f 2 C1

c (G //K).
Assume f 2 C1

c (G //K). Then

{KgK : g 2 supp(f)}

is an open cover of supp(f), which therefore admits a finite subcover, say
{KgiK : 1  i  n}. Since f is constant on KgK for each g 2 G, we deduce
that

f =
nX

i=1

f(gi) KgiK .

ut

Note that C1
c (G //K)  C1

c (G //K 0) if K � K 0. Thus, in view of the
lemma, to explicitly describe the convolution operation on C1

c (G) it su�ces
to describe

K↵K ⇤ K�K

for a fixed compact open subgroup K  G and ↵,� 2 G. We can write

K↵K =
a

i

K↵i and K�K =
a

j

�jK
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where both disjoint unions are finite and ↵i,�j 2 G. We then have

K↵K ⇤ K�K =
X

i,j

measdrg(�jK) K↵i�jK (5.1)

where drg is the right Haar measure on G used to define the convolution.

Example 5.1. All compact open subgroups of GLn(A1

Q ) are of the form

KS

Y

p 62S

GLn(Zp)

for a finite set S of finite primes and a compact open subgroup KS of
GLn(QS). The subgroup GLn(bZ) =

Q
p GLn(Zp)  GLn(A1

Q ) is a maxi-
mal compact open subgroup, and all maximal compact open subgroups are
conjugate to this maximal compact open subgroup [Ser06, Chapter IV, Ap-
pendix 1]. Examples of nonmaximal compact open subgroups are given by
the kernel of the reduction map

GLn(bZ) �! GLn(Z/m)

for integers m.

Let G be an a�ne algebraic group over a global field F and assume that
we have chosen a model for G over OF which we denote by the same letter
by abuse of notation (see §2.4 for our conventions regarding models). If g 2
G(A1

F ), then g = gSgS where gS 2 G(F1

S ) and gS 2 G( bOS
F ) for some finite

set S of places of F including the infinite places. IfK1  G(A1

F ) is a compact

open subgroup, then upon enlarging S we can assume that KS = G( bOS
F ).

For such a choice of S we have

K1gK1 = KSgSKS
⌦ KS .

As we will explain in §5.7 below, this reduces the study of C1
c (G(A1

F )) to
the study of the local Hecke algebras

C1

c (G(Fv))

as v varies over nonarchimedean places of F.

5.3 Smooth and admissible representations

For the following definition, we temporarily lift our running assumption that
representations are continuous:
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Definition 5.3. A representation (⇡, V ) of G on a complex vector space V
is smooth if the stabilizer of any vector in V is open in G.

Equivalently, (⇡, V ) is smooth if and only if

V =
[

KG

V K

where the superscript denotes the subspace of fixed vectors and where the
union is over all compact open subgroups K  G.

In Definition 5.3, we have not made any continuity assumption or placed
any topology on V. However, we can rephrase the condition of smoothness
topologically (see Exercise 5.3):

Lemma 5.3.1 A representation (⇡, V ) of G on a complex vector space V is
smooth if and only if the action map

G⇥ V �! V

is continuous when V is given the discrete topology. ut

With this in mind, we again enforce our running assumption that represen-
tations are continuous.

We note that the smooth representations of a given td-group form a cate-
gory where morphisms are simply G-equivariant C-linear maps. The category
is even abelian.

It is sometimes useful to rephrase the condition of smoothness in terms of
the associated C1

c (G)-module. For this, we recall that a module M for an
algebra A is nondegenerate if every element of M can be written as a finite
sum

a1m1 + · · ·+ anmn

for some (ai,mi) 2 A ⇥M. Of course, this is trivially true if A contains an
identity, but we will be applying this concept when A = C1

c (G), which has an
identity if and only if G is compact. However, C1

c (G) always has approximate
identities in the following sense. For each compact open subgroup K  G, let

eK :=
1

measdrg(K)
K , (5.2)

where K is the characteristic function of K. Then eK is the identity element
of the algebra

C1

c (G //K) = eK ⇤ C1

c (G) ⇤ eK .

If (⇡, V ) is a smooth representation of G, then it is naturally a nondegenerate
C1

c (G)-module and C1
c (G //K) preserves

V K = eKV.
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This observation is in fact the key to the proof of the following lemma, which
we leave as an exercise (see Exercise 5.11):

Lemma 5.3.2 There is an equivalence of categories between nondegenerate
C1

c (G)-modules and smooth representations of G. ut

Using this equivalence, we prove the following irreducibility criterion:

Proposition 5.3.3 A smooth representation (⇡, V ) of G is irreducible if and
only if V K is an irreducible C1

c (G //K)-module for all compact open sub-
groups K  G.

Proof. Suppose V is not irreducible. Let V 0 < V be a proper subrepresen-
tation. Choose ' 2 V � V 0. Since V is smooth, ' 2 V K for some K and
' 62 V 0K . Hence V K is not irreducible as a C1

c (G //K)-module. Conversely,
suppose V is irreducible, and suppose that

V1  V K

is a C1
c (G //K)-submodule for some compact open subgroup K  G. If

V1 6= 0 then by irreducibility of V one has that

V1 = C1

c (G //K)V1 = eK ⇤ C1

c (G) ⇤ eKV1 = eK ⇤ C1

c (G)V1 = eKV = V K

which proves the claim. ut

We now come to the most important definition of the chapter:

Definition 5.4. A representation (⇡, V ) of G is admissible if it is smooth
and V K is finite dimensional for every compact open subgroup K  G. A
C1

c (G)-module V is admissible if it is nondegenerate and eKV is finite
dimensional for all compact open subgroups K  G.

It is immediate that a representation (⇡, V ) of G is admissible if and only if
its associated C1

c (G)-module is admissible.
Jacquet and Langlands introduced this definition in their classic work

[JL70], though some indication of the definition in the real case appeared
in work of Harish-Chandra [HC53]. The importance of the definition is that
it isolates exactly the correct category of representations to study, and at
the same time eliminates extraneous topological assumptions such as the
presence of a Hilbert or pre-Hilbert space structure on V. One indication
that this is the correct category is the following theorem, which is proven as
part of Theorem 8.3.5 below:

Theorem 5.3.4 Let F be a nonarchimedean local field. Assume that G is
the F -points of a reductive group over F. Then an irreducible smooth repre-
sentation of G is admissible. ut
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Another indication that admissible representations are the correct cate-
gory to study is the fact that unitary representations of a group G satisfying
the assumptions of Theorem 5.3.4 give rise to admissible representations.
To explain this, we require some preparation. We keep our running assump-
tion that G is a td-group (we do not yet assume that G is the F -points of
a reductive group over a nonachimedean local field F ). Recall that in the
archimedean setting of §4.4 we passed from Hilbert space representations to
their subspace of K-finite vectors (K a maximal compact subgroup of the
relevant group) in order to define a notion of admissibility for them. We re-
quire a similar process here, but it is slightly simpler. Given a Hilbert space
representation V of G, we let

Vsm :=
[

KG

V K  V

where the union is over all compact open subgroups K  G. Then Vsm  V
is evidently a smooth subrepresentation of G. We say that the Hilbert space
representation (⇡, V ) is admissible if Vsm is admissible. We note that in
this case Vsm is a pre-Hilbert space representation. As a warning, if V is an
infinite dimensional Hilbert space representation of G then Vsm 6= V, so V
itself is not even smooth, let alone admissible (see Exercise 5.5).

Lemma 5.3.5 Let (⇡, V ) be a Hilbert space representation of G. The sub-
space Vsm  V is dense and G-invariant. ut

We leave the proof as an exercise (see Exercise 5.12). We also have the fol-
lowing analogue of Theorem 4.4.7:

Proposition 5.3.6 Let G be the F -points of a reductive group over a nonar-
chimedean local field F. If (⇡, V ) is a unitary representation of G then V is
irreducible if and only if Vsm is irreducible. If (⇡1, V1) and (⇡2, V2) are irre-
ducible unitary representations of G and their spaces of smooth vectors V1sm

and V2sm are equivalent, then (⇡1, V1) and (⇡2, V2) are unitarily equivalent.

We give the proof of Proposition 5.3.6 in §5.4. Finally, we have the following
nonarchimedean analogue of Theorem 4.4.3:

Theorem 5.3.7 (Harish-Chandra, Bernstein) Let G be the F -points of
a reductive group over a nonarchimedean local field F. Then all irreducible
unitary representations of G are admissible. ut

The proof was reduced to the special case of square integrable representations
in [HC70b] (which invoked earlier work of Godement, see loc. cit.). The square
integrable case was treated in [Ber74]. In fact, if G is as in Theorem 5.3.7,
Bernstein proves that the dimension of V K is bounded by a constant that
depends only on G and K (in particular, it is independent of the irreducible
unitary representation V ).
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We end the section by discussing the relationship between the definitions
of an admissible representation in the archimedean and nonarchimedean case.
For this purpose we adapt the definition of the isotypic subspaces (4.7) to the
current setting. Let K  G be a compact open subgroup. For an irreducible
representation � of K and a representation (⇡, V ) of G, let

V (�) =
⌦
' 2 V : h⇡(k)' : k 2 Ki ⇠= �

↵

be the �-isotypic subspace. Here we are regarding V as a representation of
K by restriction. One interesting fact about these isotypic subspaces in the
nonarchimedean case is that each representation � factors through a finite
index normal subgroup of K. This is due to the following lemma (see Exercise
5.13):

Lemma 5.3.8 Let K be a compact totally disconnected group and let H be
a connected real or complex Lie group. The kernel of any continuous homo-
morphism K ! H is a finite index normal subgroup of K. ut

Let us return to the discussion of admissibility. Clearly the nonarchimedean
definition of admissibility makes no sense in the archimedean setting because
of the no small subgroups phenomenon (Lemma 5.1.2). However, the defini-
tion in the archimedean case (Definition 4.4) does make sense in the nonar-
chimedean case and is equivalent to the definition we gave above:

Proposition 5.3.9 Let K  G be a compact open subgroup. A representa-
tion (⇡, V ) of G is smooth if and only if

V =
M

�2cK

V (�). (5.3)

It is admissible if and only if dimC V (�) <1 for all �.

Here, as in §4.3, bK is the set of equivalence classes of irreducible representa-
tions of K.

Proof. As mentioned before Lemma 5.3.8 each representation � 2 bK factors
through a finite index normal subgroup of K. Thus if (5.3) holds then V is
smooth. For any V we have a canonical map

M

�2cK

V (�) �! V. (5.4)

It is injective by orthogonality of characters of representations of K. In other
words the internal sum of the subspaces V (�) in V is direct. If ' 2 V is
smooth then let K0  K be an open finite index normal subgroup fixing '.
Then

' 2
M

�2\K/K0

V (�).
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Thus (5.4) is surjective if V is smooth. The first assertion of the proposition
follows.

As for the second assertion, every element of V (�) is fixed by the kernel
of �, which is a compact open subgroup of K. Thus if V is admissible then
dimC V (�) <1 for all �. Suppose conversely that dimC V (�) <1 for all �. It
su�ces to show that dimC V K0 <1 for all normal compact open subgroups

K0  K. But K/K0 is finite, which implies \K/K0 is finite, and hence

V K0 =
M

�2\K/K0

V (�),

is finite dimensional. ut

There is an important di↵erence between Proposition 5.3.9 and the decom-
position of the space of K-finite vectors in the archimedean case. Assume for
this paragraph that G is a reductive group over an archimedean local field F
and that (⇡, V ) is a Hilbert space representation of G(F ). In this setting it is
only the proper subspace of finite vectors Vfin < Vsm that admits an algebraic
direct sum decomposition as in Proposition 5.3.9.

Given Proposition 5.3.9, one might ask why we did not define admissibility
in the nonarchimedean case using the obvious analogue of the definition in
the archimedean case. The reason is that the definition we gave in the nonar-
chimedean case is simply more convenient; there is no need to keep track of
isotypic components.

5.4 Contragredients

In this section we use the proof of Proposition 5.3.6 as a convenient excuse
for introducing the useful concept of the contragredient of a smooth repre-
sentation.

Let (⇡, V ) be a smooth representation of G. Then there is an action of G
on the space Hom(V,C) of C-linear functionals on V given by

G⇥Hom(V,C) �! Hom(V,C)

(g,�) 7�! � � ⇡(g�1).
(5.5)

A linear functional � : V ! C is smooth if � is fixed by some compact
open subgroup K  G. The smooth dual V _ ✓ Hom(V,C) is the subspace
of smooth linear functionals. The action (5.5) preserves V _ and a↵ords a
smooth representation (⇡_, V _) of G.

Definition 5.5. The contragredient representation (⇡_, V _) is the rep-
resentation of G on the smooth dual V _ given above.
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We note that _ is a contravariant functor from the category of admissible
representations of G to itself. Indeed, Proposition 5.3.9 implies that

V _ =
M

�2cK

V (�)_. (5.6)

We now define a variant of the contragredient representation. For any
C-vector space V, let

V c := C⌦(a 7!a),C V.

This is the tensor product with respect to the identity map from C to C on
the left and the complex conjugate of the scaling action of C on V on the
right. Thus

ab⌦ v = b⌦ av

for a, b 2 C and v 2 V. The representation

(⇡⇤, V ⇤) := (⇡_, (V _)c)

is known as the Hermitian contragredient. The map ⇤ again defines a
contravariant functor from the category of admissible representations of G to
itself. If V is admissible then there are natural isomorphisms

V �̃!(V _)_ and V �̃!(V ⇤)⇤

(see Exercise 5.14). In particular, suppose we are given a morphism ◆ : V !
V ⇤. Then using the canonical isomorphism V !̃(V ⇤)⇤ we can identify ◆⇤ with
the following morphism:

◆⇤ : V �! V ⇤

' 7�!
�
'0 7! ◆('0)(')

�
.

This observation is used in the statement of the following lemma, a variant
of [Lau96, Lemma D.6.3]:

Lemma 5.4.1 Let (⇡, V ) be an admissible representation of G. There is a
canonical bijection between the set of G-invariant nondegenerate Hermitian
forms on V and the set of isomorphisms

◆ : V �! V ⇤

of smooth representations such that ◆⇤ = ◆. If G is second countable and (⇡, V )
is irreducible, then any two G-invariant nondegenerate Hermitian forms on
V are R

⇥ multiples of each other.

Proof. The last claim follows from Schur’s lemma (in the form of Exercise
5.6) and the first claim. Suppose that we have a G-invariant, nondegenerate
Hermitian form ( , ) on V that is C-linear in the first variable and C-antilinear
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in the second. We then obtain a G-equivariant morphism

◆ : V �! V ⇤

'0 7�! (' 7! (','0)).
(5.7)

It is clearly injective. Now if K  G is a compact open subgroup, then
dimC(V ⇤)K = dimC(V _)K . By (5.6) this is equal to dimCV K <1. Thus for
all compact open subgroups K  G, we have that (5.7) induces an isomor-
phism

V K�̃!(V ⇤)K .

Hence by the smoothness of V and V ⇤, the injection (5.7) is an isomorphism.
Since ('1,'2) = ('2,'1) for '1,'2 2 V we deduce that ◆ = ◆⇤. Conversely if
◆ : V ! V ⇤ is an isomorphism of admissible representations satisfying ◆ = ◆⇤,
we can associate to ◆ the G-invariant nondegenerate Hermitian form

('1,'2) := ◆('2)('1).

ut

We use this lemma to prove Proposition 5.3.6:

Proof of Proposition 5.3.6: Assume first that (⇡, V ) is a unitary representa-
tion of G. Suppose that V is reducible. Since V is unitary this implies that
V is a direct sum of closed G-invariant subspaces V = V1 � V2. The space of
smooth vectors in any Hilbert space representation is dense by Lemma 5.3.5
and we deduce that Vsm is reducible.

Conversely suppose (⇡, V ) is irreducible. Let ' 2 Vsm � {0} and let

W =
⌦
⇡(g)' : g 2 G

↵
.

Let W denote the closure of W in V. Since V is unitary, W is preunitary and
hence the action of G on W extends to W. Thus W = V by irreducibility of
V. We claim that

W sm = W. (5.8)

Since W is unitary it is admissible by Theorem 5.3.7, so it su�ces to verify

that W
K

= WK for all compact open subgroups K  G. For w 2W
K

choose
a sequence {wn} ⇢W such that wn ! w as n!1. Then eKwn ! eKw = w

as n ! 1 which implies that WK is dense in W
K
. Since WK and W

K

are both finite dimensional C-vector spaces by admissibility, we deduce that

WK = W
K

which in turn implies (5.8). Thus

Vsm = W sm = W =
⌦
⇡(g)' : g 2 G

↵
.
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Since ' was an arbitrary nonzero element of Vsm we deduce that Vsm is
irreducible.

Suppose that (⇡1, V1) and (⇡2, V2) are irreducible unitary representations
of G with invariant pairings ( , )1, ( , )2 and that we are given a G-equivariant
isomorphism � : V1sm!̃V2sm. We have a diagram

V1sm V ⇤
1sm

V2sm V ⇤
2sm

◆1

�

◆2

�⇤

where ◆i is induced by ( , )i as in Lemma 5.4.1. Since

�⇤ � ◆2 � � = �⇤ � ◆⇤
2
� � = (�⇤ � ◆2 � �)⇤,

the isomorphisms �⇤ �◆2 �� and ◆1 both correspond to G-invariant nondegen-
erate Hermitian forms on V1sm. Hence by Lemma 5.4.1 the diagram commutes
after possibly multiplying ◆1 by an element of R⇥. After this normalization,
the commutativity of the diagram implies

(x, y)1 = ◆1(y)(x) = �⇤ � ◆2 � �(y)(x) = ◆2 � �(y)(�(x)) = (�(x),�(y))2.

In other words after our normalization, � : V1sm ! V2sm is an isometric iso-
morphism. Since Vism is dense in Vi, this implies that � extends by continuity
to an isometric isomorphism � : V1 ! V2. 2

5.5 The unramified Hecke algebra

Let G be a reductive group over a nonarchimedean local field F. Recall from
§2.4 that G is unramified if G is quasi-split and split over an unramified
extension of F. In this case, there exist hyperspecial subgroups of G(F ),
unique up to the action of conjugation by (G/ZG)(F ) (see §2.4).

Definition 5.6. If G is unramified and K  G(F ) is a hyperspecial sub-
group, then

C1

c (G(F ) //K)

is known as the unramified Hecke algebra or spherical Hecke algebra.

Here, as before, C1
c (G(F ) //K) is the subalgebra of functions invariant on

the left and right under K. It would be more correct to call this the K-
unramified Hecke algebra, but the K is usually fixed and omitted from the
notation. Similar remarks apply to the definitions below.

The following is arguably the most important fact about this algebra:
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Theorem 5.5.1 The unramified Hecke algebra C1
c (G(F ) //K) is commuta-

tive. ut

One way to prove this is via the Satake isomorphism (see Theorem 7.2.1).
In special cases, this can also be proven using a trick due to Gelfand (see
Exercise 5.15). Let us describe the algebra in more detail in a special case:

Example 5.2. The group GLn(Zp) is a hyperspecial subgroup of GLn(Qp).
The unramified Hecke algebra in this case is

C1

c (GLn(Qp) //GLn(Zp)).

Let
� = (�1, . . . ,�n) 2 Z

n

and let T be the maximal torus of diagonal matrices in GLn. Then � defines
a cocharacter � : Gm ! T given on points by

�(x) =

 
x�1

. . .
x�n

!
.

Consider �
GLn(Zp)�(p)GLn(Zp)

: �1 � · · · � �n
 
.

The Smith normal form for matrices over Qp from the theory of elementary
divisors implies that the set above is a C-vector space basis for the unramified
Hecke algebra.

One can profitably generalize the previous example using the Cartan de-
composition. We state a somewhat imprecise version now, and refer to The-
orem B.5.4 below for a more precise statement and references:

Theorem 5.5.2 (The Cartan Decomposition) Assume that G is an un-
ramified reductive group over F. There exists a maximal split torus T and a
hyperspecial subgroup K  G(F ) such that for any Borel subgroup B � T
one has that

G(F ) =
a

�

K�($)K

where the disjoint union is over all � 2 X⇤(T ) that are dominant with respect
to B. ut

Corollary 5.5.3 Under the assumptions of Theorem 5.5.2,

�
K�($)K : � 2 X⇤(T ) is dominant with respect to B

 

is a basis of C1
c (G(F ) //K) as a vector space. ut

Though Corollary 5.5.3 gives us a concrete description of the Hecke algebra as
a C-vector space, it does not give us complete information about its structure
as an algebra. For more on this algebra structure, see §7.2 and §7.5 below.
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We now return to representation theory:

Definition 5.7. Let G be an unramified reductive group over F and let
K  G(F ) be a hyperspecial subgroup. An irreducible smooth representation
(⇡, V ) of G(F ) is K-unramified, or K-spherical, if V K 6= 0.

By Theorem 5.3.4 an irreducible smooth representation is admissible, so un-
ramified representations are admissible.

As mentioned earlier, hyperspecial subgroups K  G(F ) are only unique
up to the action of conjugation by (G/ZG)(F ), not G(F ). Thus the property
of a representation being K-unramified depends on the choice of K in gen-
eral. For better or worse, the relevant K is often omitted from notation, and
one speaks simply of unramified representations or spherical repre-
sentations. We also point out that using the terminology “unramified” for
Hecke algebras and representations is preferred. This is to avoid confusion
when applying the theory of spherical varieties (see §14.4).

An important consequence of Theorem 5.5.1 is that the unramified line
in an unramified representation is unique. Let K  G(F ) be a hyperspecial
subgroup.

Corollary 5.5.4 Let (⇡, V ) be an irreducible admissible K-unramified rep-
resentation of G(F ). Then dimC V K = 1.

Proof. Since V is irreducible, if V K 6= 0 then it is an irreducible C1
c (G(F ) //K)-

module by Proposition 5.3.3. Since C1
c (G(F ) //K) is commutative by The-

orem 5.5.1 we deduce the corollary. ut

For more information on unramified representations, see Chapter 7.

5.6 Restricted tensor products of modules

In the representation theory of compact or a�ne algebraic groups, one quickly
reduces the representation theory of products of groups to representation the-
ory of the individual factors, thus simplifying problems significantly. We now
explain how to accomplish this in the context of automorphic representations.
The problem is that G(AF ) is a restricted direct product

G(AF ) ⇠=
Y0

v

G(Fv)

not a direct product. Thus we should not expect a representation of G(AF )
to decompose into a tensor product of representations in the usual sense.
Instead one defines the notion of restricted tensor products of representations.
We make this precise in the current section, and then prove in Theorem
5.7.1 that automorphic representations indeed factor into restricted tensor
products indexed by the places in F.
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We start by defining a restricted tensor product of vector spaces. Let ⌅
be a countable set, let ⌅0 ⇢ ⌅ be a finite subset, let

{Wv : v 2 ⌅} (5.9)

be a family of C-vector spaces and for each v 2 ⌅�⌅0 let '0v 2Wv� 0. For
all sets

⌅0 ✓ S ✓ ⌅

of finite cardinality, set WS := ⌦v2SWv. If S ✓ S0 there is a map

WS �!WS0

⌦v2S'v 7�! ⌦v2S'v ⌦ (⌦v2S0�S'0v) .
(5.10)

Consider the vector space

W := ⌦0

vWv := lim�!
S

WS

where the transition maps are given by (5.10). This is the restricted tensor
product of the Wv with respect to the '0v. Thus W is the set of

⌦v'v 2 ⌦vWv

such that 'v = '0v for all but finitely many v 2 ⌅. We note that if we are
given, for each v 2 ⌅, a C-linear map

Bv : Wv �!Wv

such that Bv('0v) = '0v for all but finitely many v 2 ⌅ then this gives a
C-linear map

B = ⌦0

vBv : W �!W

⌦0

v'v 7�! ⌦0

vBv('v).

We now define a restricted tensor product of algebras. Suppose we are
given C-algebras (not necessarily with unit) {Av : v 2 ⌅} and idempotents
a0v 2 Av for all v 2 ⌅ � ⌅0. If S ✓ S0 there is a C-linear map

AS �! AS0

⌦v2Sav 7�! ⌦v2Sav ⌦ (⌦v2S0�Sa0v) .
(5.11)

It is moreover a morphism of algebras because the a0v are idempotents. Con-
sider the algebra

A := ⌦0

vAv := lim�!
S

AS
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where the transition maps are given by (5.11). This is the restricted tensor
product of the Av with respect to the a0v. Assume the complex vector spaces
Wv in (5.9) above are Av-modules for all v 2 ⌅. If a0v'0v = '0v for all but
finitely many v, then W is an A-module. The isomorphism class of W as an
A-module in general depends on the choice of {'0v}. However, if we replace
the '0v by nonzero scalar multiples we obtain isomorphic A-modules.

An easy example of this construction is the ring of polynomials in infinitely
many variables. It can be given the structure of a restricted tensor product
of algebras

C[X1, X2, . . .] = ⌦0

iC[Xi]

where we take a0i to be the identity in C[Xi].
Let G be an a�ne algebraic group over a global field F and let 1 be the

set of infinite places. Let S be a finite set of places of F including the infinite
places. Choose a model of G over OS

F which we again denote by G by abuse
of notation (see §2.4 for our conventions regarding models). For v 62 S write
Kv := G(OFv

); it is a compact open subgroup of G(Fv). Let ⌅0 be a finite
set of places of F including S. If G is reductive, then upon enlarging ⌅0 if
necessary, we can and do assume that if v 62 ⌅0 then Kv is hyperspecial (see
Proposition 2.4.5). By Proposition 2.4.7 we have an isomorphism

G(A1

F )�̃!
Y0

v-1
G(Fv) (5.12)

where the restricted direct product is with respect to Kv for v 62 ⌅0. We
recall from Proposition 2.4.7 that the isomorphism and the set on the right
are in fact independent of the choice of model.

Choose right Haar measures drgv on G(Fv) for all v -1 and assume that
they are normalized so that

Y

v-1

Z

Kv

drgv <1.

For example, we could assume that
R
Kv

drgv = 1 for all but finitely many v

as in (3.10). Then one can define the Haar measure ⌦0

v-1drgv on
Q

0

v-1 G(Fv)
in the obvious manner: it is the unique Haar measure such that all relatively
compact measurable sets

Y

v-1
⌦v ✓

Y0

v-1
G(Fv)

have measure Y

v-1

Z

⌦v

drgv.
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We write drg for the Haar measure on G(A1

F ) obtained from ⌦0

v-1drgv using

the isomorphism (5.12).
Given that we have normalized the Haar measures in this manner, we

obtain an isomorphism

C1

c (G(A1

F ))�̃! ⌦0

v-1 C1

c (G(Fv)) (5.13)

where the restricted tensor product on the right is defined with respect to
the idempotents

eKv
:=

1

measdrgv (Kv)
Kv

. (5.14)

Every compact open subgroup of G(A1

F ) contains a finite index subgroup
of the form K 0 =

Q
v-1 Kv where Kv = G(OFv

) for all but finitely many

v. The isomorphism (5.13) is the unique C-linear map sending K0gK0 toQ
v-1 KvgvKv

for all g 2 G(A1

F ) and all K 0. Since changing the model of

GF a↵ects only finitely many Kv (see the proof of Proposition 2.4.7), the
isomorphism (5.13) and the algebra ⌦0

v-1C1
c (G(Fv)) are independent of the

choice of model.

5.7 Flath’s theorem

Flath’s theorem implies that every automorphic representation can be fac-
tored into components indexed by the places of the global field over which
the representation is defined. This fact is fundamental to the study of auto-
morphic representations. In this section, we state and prove Flath’s result.

Let G be a reductive group over a global field F. As in §5.6, we choose a
model of G over OS

F for a su�ciently large finite set S of places of F including
the infinite places and let Kv := G(OFv

) for v 62 S. A C1
c (G(A1

F ))-module
W is factorizable if

(a) there are admissible representations Wv of G(Fv) for all v -1 such that
dimC WKv

v = 1 for all but finitely many v,
(b) there is a C-linear isomorphism

W �̃! ⌦0

v-1 Wv, (5.15)

where the restricted tensor product is with respect to nonzero elements
'0v 2WKv

v for all but finitely many v, and
(c) the diagram
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C1
c (G(A1

F ))⇥W W

⌦0

v-1C1
c (G(Fv))⇥⌦0

v-1Wv ⌦0

v-1Wv

⇠ ⇠

commutes.

Here the left vertical arrow is given by the product of (5.13) and (5.15),
the right vertical arrow is given by (5.15), and the horizontal arrows are the
action maps. In view of the assumption that dimC WKv

v = 1 for all but finitely
many v, the module ⌦0

v-1Wv depends only on the choice of the '0v up to
isomorphism. We observe that W is admissible. It is irreducible if and only
if the Wv are irreducible for all v. If assumptions (a), (b), and (c) above are
valid we write

W ⇠= ⌦0

v-1Wv.

Theorem 5.7.1 (Flath) Every irreducible admissible C1
c (G(A1

F ))-module
W is factorizable. If W ⇠= ⌦0

v-1Wv then the C1
c (G(Fv))-modules Wv are

uniquely determined by W up to isomorphism.

Before proving Theorem 5.7.1 we prove a preparatory theorem:

Theorem 5.7.2 Let G1 and G2 be of td-type and let G = G1 ⇥G2.

(i) If Vi is an irreducible admissible representation of Gi then V1 ⌦ V2 is an
irreducible admissible representation of G.

(ii) If V is an irreducible admissible representation of G then there exists
irreducible admissible representations Vi of Gi such that V ⇠= V1 ⌦ V2.
Moreover, the isomorphism classes of the Vi are uniquely determined by V
up to isomorphism.

Proof. We first prove (i). It is easy to see that V1 ⌦ V2 is admissible. We
must check that it is irreducible. By the irreducibility criterion in Proposition
5.3.3, for every compact open subgroup K1 ⇥ K2  G1 ⇥ G2, the finite
dimensional C1

c (Gi //Ki)-modules V Ki

i are irreducible. Since the V Ki

i are
finite dimensional, it is easy to see that V K1

1
⌦V K2

2
is irreducible as a module

under

C1

c (G1 //K1)⌦ C1

c (G2 //K2).

But

C1

c (G1 ⇥G2 //K1 ⇥K2) = C1

c (G1 //K1)⌦ C1

c (G2 //K2),

(V1 ⌦ V2)
K1⇥K2 = V K1

1
⌦ V K2

2
,

so V1 ⌦ V2 is irreducible by Proposition 5.3.3.
For (ii), let V be an irreducible admissible representation of G. Choose

K = K1 ⇥ K2 such that V K 6= 0 (this is possible by smoothness). Then
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since V K is finite dimensional, there exist finite dimensional irreducible
C1

c (Gi //Ki)-modules Vi(Ki), unique up to isomorphism, and an isomor-
phism of C1

c (G //K) modules V K!̃V1(K1)⌦V2(K2). Varying K, we obtain
a decomposition

V ⇠= V1 ⌦ V2

as C1
c (G) ⇠= C1

c (G1 ⇥G2)-modules. Here

V1 := lim�!
K1

V1(K1) and V2 := lim�!
K2

V2(K2).

The Vi are evidently admissible, and moreover they are irreducible by Propo-
sition 5.3.3. They are uniquely determined by V up to isomorphism since the
Vi(Ki) are uniquely determined by V up to isomorphism. ut

We now prove Flath’s theorem:

Proof of Theorem 5.7.1: Let G be a reductive group over a global field F.
Let S be a finite set of places of F including the infinite places. Use (5.13)
to identify C1

c (G(A1

F )) and ⌦0

v-1C1
c (G(Fv)) for the proof. We then have a

well-defined subalgebra

AS := C1

c (G(F1

S ))⌦ eKS  C1

c (G(A1

F )),

where eKS = ⌦v/2SeKv
.

By Corollary 5.5.4 and Theorem 5.7.2, as a representation of AS we have
an isomorphism

WKS ⇠= ⌦v2S�1Wv ⌦WS ,

where WS is a 1-dimensional C-vector space on which eKS acts trivially.
Hence, by admissibility,

W =
[

S

WKS ⇠= lim�!
S

⌦v2S�1Wv ⌦WS . (5.16)

Here the direct limit is taken with respect to the obvious modification of the
transition maps (5.10). On the other hand, (5.13) induces an identification

C1

c (G(A1

F )) =
[

S

AS = lim�!
S

AS (5.17)

where the direct limit is taken with respect to the obvious modification of
the transition maps (5.11). It is clear that (5.16) is equivariant with respect
to (5.17). The uniqueness assertion follows from Theorem 5.7.2. 2
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Exercises

Throughout these exercises G is a group of td-type and (⇡, V ) is a represen-
tation of G.

5.1. Prove that a group of td-type is locally compact and totally discon-
nected.

5.2. Assume that (⇡, V ) is smooth. Prove that (⇡, V ) is admissible if and
only if V U is finite dimensional for any open subgroup U  G. Here V U  V
denotes the subspace of U -fixed vectors.

5.3. Prove Lemma 5.3.1.

5.4. Define
Vsm :=

[

K

V K

where the union is over all compact open subgroups K  G. Prove that
Vsm is preserved by G and is a smooth subrepresentation of G. The subspace
Vsm  V is the space of smooth vectors in V (in the current setting of td-type
groups).

5.5. Suppose that V is an admissible Hilbert space representation. Assume
that G is second countable. Define Vsm as in Exercise 5.4 above. Show that
Vsm admits a countable algebraic (also known as Hamel) basis. Show that if
V is infinite dimensional then V does not admit a countable algebraic basis.
Conclude that if V is infinite dimensional then Vsm � V.

5.6. Assume that G is second countable and V is smooth and irreducible.
Show that any linear map L : V ! V commuting with the action of G is a
scalar multiple of the identity map.

5.7. Assume that G is second countable and V is smooth and irreducible. Let
{'1, . . . ,'n} and {'0

1
, . . . ,'0

n} be two sets of elements of V with '1, . . . ,'n

linearly independent. Then there is an f 2 C1
c (G(F )) such that

⇡(f)'i = '0

i

for all 1  i  n.

5.8. Assume that G is second countable and V is smooth and irreducible. Let
ZG be the center of G. Show that there is a quasi-character !⇡ : ZG ! C

⇥

such that ⇡(z) acts via !⇡(z) on V for all z 2 ZG. The quasi-character !⇡
is called the central quasi-character of ⇡. Show that if � : G ! C

⇥ is a
quasi-character, then the central quasi-character of ⇡ ⌦ � is �|ZG

!⇡.
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5.9. Let p be a prime number in Z. Prove that there are no constants c1, c2 2
R>0 such that

c1| · |1  | · |p  c2| · |1,

where | · |1 denotes the usual archimedean norm on Q and | · |p denotes the
p-adic norm.

5.10. Prove the equality (5.1).

5.11. Prove Lemma 5.3.2.

5.12. Prove Lemma 5.3.5.

5.13. Prove Lemma 5.3.8.

5.14. Prove that if V is an admissible representation of a td-type group then
there are canonical isomorphisms V ! (V _)_ and V ! (V ⇤)⇤.

5.15. Let F be a nonarchimedean local field. Consider the spherical Hecke
algebra C1

c (GLn(F ) //GLn(OF )). For f 2 C1
c (GLn(F )) let f†(g) := f(gt).

Show that for every f1, f2 2 C1
c (GLn(F )),

(f1 ⇤ f2)†(g) = (f†

2
⇤ f†

1
)(g).

Show, on the other hand, that f† = f for f 2 C1
c (GLn(F ) //GLn(OF )).

Conclude that C1
c (GLn(F ) //GLn(OF )) is commutative.





Chapter 6

Automorphic Forms

Discovery is the privilege of the
child: the child who has no fear
of being once again wrong, of
looking like an idiot, of not being
serious, of not doing things like
everyone else.

Alexander Grothendieck

Abstract In this chapter we define automorphic forms and use them to give
the general definition of an automorphic representation. We then explain the
relationship between discrete automorphic representations and automorphic
representations.

6.1 Smooth functions

Our goal in this chapter is to give the general definition of an automorphic
representation and explain its relation to the definition of a discrete auto-
morphic representation. There are at least three reasons for introducing the
general definition. The first is that it is easier to relate it to spaces of auto-
morphic forms on locally symmetric spaces (in the number field case). The
second is that the general definition allows us to move from the category of
Hilbert space representations to the category of admissible representations.
The last and most compelling reason is that representations constructed from
Eisenstein series are automorphic representations, but are usually not discrete
automorphic representations. We refer to Chapter 10 for more information
about Eisenstein series.

Let G be a reductive group over a global field F. As preparation for our
discussion below we define precisely what one means by a smooth function
on G(AF ) and AG\G(AF ). There is an obvious isomorphism

155
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AG\G(AF ) ⇠= AG\G(F1)⇥G(A1

F ).

We define that

C1(G(AF )) : = C1(G(F1))⌦ C1(G(A1

F )),

C1

c (G(AF )) : = C1

c (G(F1))⌦ C1

c (G(A1

F )),

C1(AG\G(AF )) : = C1(AG\G(F1))⌦ C1(G(A1

F )),

C1

c (AG\G(AF )) : = C1

c (AG\G(F1))⌦ C1

c (G(A1

F )).

(6.1)

Here the tensor products are algebraic. We let C1(G(AF )1) be the space of
restrictions to G(AF )1 of elements of C1(G(AF )). Similarly, C1

c (G(AF )1)
is the space of restrictions to G(AF )1 of elements of C1

c (G(AF )).

6.2 Classical automorphic forms

For this section, F is a number field, K1  G(F1) is a maximal compact
subgroup, and K1  G(A1

F ) is a compact open subgroup. Recall the home-
omorphism

G(F )\G(AF )/K
1�̃!

a

i

�i(K
1)\G(F1) (6.2)

of (2.22). By Theorem 2.6.1, there are finitely many indices in this dis-
joint union. For the purposes of the current section, the precise definition
of �i(K1) is not so important, but it is important that they are arithmetic
subgroups of G(F1) such that the quotient AG�i(K1)\G(F1) has finite
volume (see Theorem 2.6.3). Clearly automorphic representations are related
to functions on the sets appearing in (6.2). In this section and the following
we make this relationship precise. We work only at infinity in the current
section and then pass to the adelic setting in the next.

Let

◆0 : G �! GLn

be a closed embedding and let ◆ : G! SL2n be the embedding defined by

◆(g) :=

✓
◆0(g)

◆0(g�1)t

◆
. (6.3)

For g 2 G(F1) we then define the norm

kgk := kgk◆ =
Y

v|1

sup
1i,j2n|◆(g)ij |v. (6.4)
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To see why we work with ◆ instead of ◆0, consider the case where G = Gm,
F = Q, and ◆0 : Gm ! GL1 is the identity. Then for t 2 Gm(R) = R

⇥ the
norm ktk is bounded if and only if t 2 R

⇥ is bounded and bounded away
from zero. In this special case if we defined kgk only using ◆0 then the norm
would be bounded, but not bounded away from zero.

Let

g := �v|1gv, gv = LieResFv/RGFv
(6.5)

and let K1  G(F1) be a maximal compact subgroup. Let U(g) be the
universal enveloping algebra of gC and Z(g) its center (see §4.6).

Definition 6.1. A continuous function

' : G(F1) �! C

is of moderate growth or slowly increasing if there exists (c, r) 2 R>0⇥R
such that

|'(g)|  ckgkr.

It is of uniform moderate growth if it is smooth and there exists an r 2 R

such that for all X 2 U(g)

|X'(g)|  cXkgkr

for some cX 2 R>0.

It turns out that di↵erent choices of ◆ lead to norms that are equivalent in
a sense made precise by Exercise 6.1. In particular, the notion of moderate
growth and uniform moderate growth is independent of the choice of ◆.

For the definition of automorphic forms, we will require the notion of K1-
finite functions and Z(g)-finite functions.

Definition 6.2. Let V be a Z(g)-module. A vector ' 2 V is Z(g)-finite if
Z(g)' is finite dimensional, or equivalently, if there is an ideal J  Z(g) with
dimC Z(g)/J <1 that annihilates '.

At the moment we are interested in the case V = C1(G(F1)). In more de-
tail, the right action of G(F1) on G(F1) induces a left action of G(F1) on
C1(G(F1)). Regard G(F1) = ResF/QG(R) as a real Lie group and endow
C1(G(F1)) with its usual Fréchet topology. Then C1(G(F1)) is a (continu-
ous) representation of G(F1). It is even smooth in the sense of Deifnition 4.6.
We say that a function ' 2 C1(G(F1)) is Z(g)-finite if it is a Z(g)-finite
vector in C1(G(F1)). Similarly, a function ' 2 C1(G(F1)) is K1-finite
if it is a K1-finite vector in C1(G(F1)) in the sense of Definition 4.3.

We now finally come to the notion of an automorphic form:

Definition 6.3. Let �  G(F ) be an arithmetic subgroup. A smooth func-
tion ' : G(F1) ! C of moderate growth is an automorphic form for �
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if it is left � -invariant, K1-finite, and Z(g)-finite. We denote the space of
automorphic forms on � by A(� ).

We will now show that automorphic forms are automatically of uniform
moderate growth. To prove this requires the following theorem of Harish-
Chandra [HC66, §8, Theorem 1]:

Theorem 6.2.1 For any function ' : G(F1) ! C that is K1-finite and
Z(g)-finite, there is an f 2 C1

c (G(F1)) satisfying f(kxk�1) = f(x) for all
k 2 K1 such that

R(f)'(g) :=

Z

G(F1)

f(h)'(gh)dh = '(g).

The support of f can be taken to lie in any neighborhood of 1 in G(F1). ut

Corollary 6.2.2 Any automorphic form is of uniform moderate growth.

Proof. Let ' : G(F1)! C be an automorphic form. Choose f as in Theorem
6.2.1. Then for X 2 g, we have

X' = X (R(f)') = R(fX)'

where fX 2 C1
c (G(F1)) is defined as in (4.3) and we have used (4.4). By

induction on the degree of an element of U(g) we see that for any X 2 U(g)
there is an fX 2 C1

c (G(F1)) such that

X' = R(fX)'.

Assume that there exists (c, r) 2 R>0 ⇥ R such that

|'(g)|  ckgkr

for all g. Then

|R(fX)'(g))|  c

Z

G(F1)

|fX(h)| · kghkrdh  cXkgkr

for some cX 2 R>0 (see Exercise 6.2). ut

Often it is convenient to isolate the subspace of A(� ) that is annihilated
by a particular ideal J  Z(g). It is denoted A(�, J). This space decomposes
still further:

A(�, J) = ��2cK1

A(�, J,�) (6.6)

where A(�, J,�) := A(�, J)(�) is the �-isotypic subspace (see (4.7)). We
record the following important result of Harish-Chandra [HC68]:
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Theorem 6.2.3 (Harish-Chandra) For each ideal J  Z(g) with

dimC Z(g)/J <1,

the space A(�, J) is an admissible (g,K1)-module. In particular, A(�, J,�)
is finite dimensional for each �. ut

As pointed out in [BJ79, §1.7], this is stated for semisimple groups in [HC68],
but the proof given there is valid for general reductive groups.

One might ask about the relationship betweenA(� ) and L2(AG�\G(F1)).
There is no obvious relationship between them except under more stringent
assumptions. For example, Eisenstein series (which will be discussed in Chap-
ter 10) provide examples of elements of A(� ) that need not even be square
integrable. It turns out to be more convenient to explain the relationship
between the so-called cuspidal subspaces of A(� ) and L2(AG�\G(F1)). We
defer the discussion of this connection to §6.5.

6.3 Adelic automorphic forms over number fields

Let ◆ : G! SL2n be the embedding of (6.3). In this section we assume that
F is a number field. Let g 2 G(AF ). For a place v of F let

kgkv := kgk◆,v = sup
1i,j2n|◆(g)ij |v (6.7)

and for a set of places S of F (finite or infinite) let

kgkS :=
Y

v2S

kgkv. (6.8)

If S is the set of all places of F then we omit it from notation. We observe
that since ◆(g) 2 SL2n(AF ) we have ◆(gv) 2 SL2n(OFv

) for all but finitely
many v and hence kgkv = 1 for all but finitely many v. In particular kgk is
well-defined.

As in the archimedean setting, we have a definition of a function of mod-
erate growth:

Definition 6.4. A function

' : G(AF ) �! C

is of moderate growth or slowly increasing if there exists (c, r) 2 R>0⇥R
such that

|'(g)|  ckgkr.

The function ' is of uniform moderate growth if it is smooth and there
exists an r 2 R such that for all X 2 U(g)
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|X'(g)|  cXkgkr

for some cX 2 R>0.

Here X' is defined as follows: Any smooth ' can be written as a finite sum of
vectors of the form '1 ⌦ '1 with ('1,'1) 2 C1(G(F1))⇥C1(G(A1

F )).
One defines

X('1 ⌦ '1) := X'1 ⌦ '1

and extends linearly.
It is sometimes convenient to rephrase the notion of moderate growth in

terms of Siegel sets. For this purpose, let P  G be a minimal parabolic
subgroup and let K  G(AF ) be a maximal compact subgroup such that
G(AF ) = P (AF )K. Write P = MN where N is the unipotent radical of P
and M is a Levi subgroup containing a maximal split torus T0 of Gder. Recall
that reduction theory allows us to study the adelic quotient

[G] := AGG(F )\G(AF )

of (2.20) using Siegel sets
⌦N⌦MAT0(t)K

defined as in (2.24). Here ⌦N ⇥ ⌦M ⇢ N(AF ) ⇥M(AF )1 is a compact set.
Now for all

� 2 X⇤(M)

there are real numbers c, r 2 R>0 such that

�(m)  cknmkkr (6.9)

for (m,n, k) 2 M(AF ) ⇥N(AF ) ⇥K. Here c and r depend on �, the choice
of embedding ◆, K, and P. Moreover, there exist � 2 X⇤(M) and c 2 R>0

such that

knmskk  c�(s) (6.10)

for all (n,m, s, k) 2 ⌦N ⇥⌦M ⇥AT0(t)⇥K. The real number c and character
� depend on ⌦N , ⌦M , t, K and ◆. Let � be the set of simple roots defined
by T0 and P as explained above (2.24). Using (6.9) and (6.10) one deduces
the following lemma [Bor07, §5.4]:

Lemma 6.3.1 A function
' : [G] �! C

is of moderate growth if and only if for any Siegel set as above, there exists
(c, r) 2 R>0 ⇥ R (depending on ⌦N , ⌦M , K, and t) such that

|'(nmsk)|  c↵(s)r

for all (n,m, s, k) 2 ⌦N ⇥⌦M ⇥AT0(t)⇥K and ↵ 2 �. ut
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Let K = K1K1  G(AF ) where K1  G(F1) is a maximal compact
subgroup and K1  G(A1

F ) is a compact open subgroup. A (g,K1) ⇥
G(A1

F )-module (⇡, V ) is a complex vector space V equipped with homo-
morphisms

⇡ : g �! End(V ),

⇡ : K1 �! Aut(V )
(6.11)

giving V the structure of a (g,K1)-module together with a homomorphism

⇡ : G(A1

F ) �! Aut(V ) (6.12)

such that ⇡(g) (resp. ⇡(K1)) commutes with ⇡(G(A1

F )).
A morphism of (g,K1)⇥G(A1

F )-modules is a complex linear map com-
muting with the actions of g,K1, and G(A1

F ). A (g,K1)⇥G(A1

F )-module is
irreducible if it does not contain any nonzero proper invariant submodule.
We do not assume that V is endowed with a topology, so in the definition of a
(g,K1)⇥G(A1

F )-module, elements of End(V ) and Aut(V ) are not required
to be continuous, morphisms of (g,K1) ⇥G(A1

F )-modules are not required
to be continuous, and (g,K1) ⇥ G(A1

F ) submodules are not required to be
closed. A (g,K1)⇥G(A1

F )-module is admissible if for each compact open
subgroup K1  G(A1

F ), the space of fixed vectors V K1

is admissible as a
(g,K1)-module.

We say that a function ' : G(AF ) ! C is K-finite if the C-span of the
translates

{x 7�! '(xk) : k 2 K}

is finite dimensional. An alternate way of phrasing this condition is given in
Exercise 6.4.

Definition 6.5. A smooth function

' : G(AF ) �! C

of moderate growth is an automorphic form on G with respect to K if
it is left G(F )-invariant, K-finite, and Z(g)-finite. The C-vector space of
automorphic forms on G with respect to K is denoted by A(G,K).

The definition of an automorphic form depends on the choice of maximal
compact subgroup K1, but by Exercise 6.4, it does not depend on the choice
of compact open subgroup K1 < G(A1

F ). The dependence is not so serious.
Indeed, any two maximal compact subgroups K1  G(F1) are G(F1)-
conjugate by Theorem 4.4.2. Moreover, for all g 2 G(F1) there is a Z(g) ⇥
G(A1

F )-equivariant isomorphism

A(G,K1K1)�̃!A(G, (gK1g�1)K1)

' 7�! (x 7! '(xg)).
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We will often omit G and/or K from notation if they are understood, writing

A := A(G) := A(G,K). (6.13)

The space A is equipped with an action of (g,K1) and an action of G(A1

F )
by right translations:

(g,K1)⇥G(A1

F )⇥A �! A
(X, k, g,') 7�! (x 7! X'(xkg)) .

(6.14)

It is important to note that the action of G(A1

F ) does not extend to an action
of G(AF ). Indeed, if we let ' 2 A and let g 2 G(F1), then x 7! '(xg) is
smooth, but in general it is only finite under gK1g�1, not K1.

If J  Z(g) is an ideal with dimC Z(g)/J < 1, then the subspace of au-
tomorphic forms annihilated by J is denoted by A(J). If � is an irreducible
representation of K1, we denote by A(�) (resp. A(J,�)) the �-isotypic sub-
space of A (resp. A(J)). We have

A :=
[

J

A(J) (6.15)

where the sum is over ideals J of Z(g) such that dimC Z(g)/J <1. Moreover

A(J) =
M

�2cK1

A(J,�) (6.16)

where the algebraic direct sum is over equivalence classes of irreducible repre-
sentations of K1. The action of G(A1

F ) preserves these spaces and the action
of (g,K1) preserves A(J) (but of course not A(J,�) in general).

The following is the adelic analogue of Theorem 6.2.3:

Theorem 6.3.2 Let J  Z(g) be an ideal with dimC Z(g)/J < 1. Then
A(J) is an admissible (g,K1)⇥G(A1

F )-module.

Proof. We are to show that A(J,�)K
1

is finite dimensional for each K1-type
� and each compact open subgroup K1  G(A1

F ). We start by recalling the
description of the adelic quotient given by (2.22). Letting t1, . . . , th denote a
set of representatives for the finite set G(F )\G(A1

F )/K1, one has a homeo-
morphism

ha

i=1

�i(K
1)\G(F1) �! G(F )\G(AF )/K

1

given on the ith component by �i(K1)g1 7! G(F )g1tiK1 where �i(K1) =
G(F ) \ tiK1t�1

i . By pullback we obtain an isomorphism of C-vector spaces
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A(J)K
1

�̃!
hM

i=1

A(�i(K
1), J)

' 7�! (xi 7! '(xiti))

(6.17)

which intertwines the natural action of (g,K1) on both sides. We can now
deduce the theorem by applying Theorem 6.2.3. ut

In view of the previous theorem the following definition is reasonable:

Definition 6.6. An automorphic representation of G(AF ) is an irre-
ducible admissible (g,K1) ⇥ G(A1

F )-module isomorphic to a subquotient
of A.

Two automorphic representations are said to be isomorphic if they are
isomorphic in the category of (g,K1)⇥G(A1

F )-modules.
We defined discrete automorphic representations in Definition 3.4. We will

discuss the precise relationship between discrete automorphic representations
and general automorphic representations in §6.6 below.

Discrete automorphic representations are defined in terms of irreducible
subrepresentations of L2([G]). We warn the reader that there are certainly
automorphic representatations that are most naturally described as subquo-
tients of A, not submodules (see §10.7, for example). We do not know whether
or not every automorphic representation is in fact a submodule (and not
merely a subquotient) of A.

Let us end the section by discussing factorization. We leave the proof of
the following lemma as an exercise (see Exercise 6.7).

Lemma 6.3.3 Every irreducible admissible (g,K1)⇥G(A1

F )-module (⇡, V )
is an algebraic tensor product

(⇡, V ) = (⇡1 ⌦ ⇡1, V1 ⌦ V 1)

where (⇡1, V1) is an irreducible admissible (g,K1)-module and (⇡1, V 1) is
an irreducible admissible representation of G(A1

F ). The isomorphism classes
of (⇡1, V1) and (⇡1, V 1) are uniquely determined by ⇡. ut

Assume that K1 =
Q

v|1 Kv is a maximal compact subgroup of G(F1)
and K1 =

Q
v-1 Kv is a compact open subgroup of G(A1

F ).

Theorem 6.3.4 Every irreducible admissible (g,K1)⇥G(A1

F )-module (⇡, V )
admits a factorization

(⇡, V ) = (⌦v|1⇡v,⌦v|1Vv)⌦ (⌦0

v-1⇡v,⌦0

v-1Vv)

where (⇡v, Vv) is an irreducible admissible (gv,Kv)-module for v|1 and is an
irreducible admissible representation of G(Fv) for v -1. The restricted tensor
product is taken with respect to a choice of nonzero vectors 'v 2 V Kv

v for all
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but finitely many places v. The factors (⇡v, Vv) are uniquely determined by
(⇡, V ) up to isomorphism.

Proof. By Lemma 6.3.3 we have

(⇡, V ) = (⇡1 ⌦ ⇡1, V1 ⌦ V 1)

with notation as in that lemma. One has that

(⇡1, V1) ⇠= (⌦v|1⇡v,⌦v|1Vv)

by Exercise 4.13 and

(⇡1, V 1) ⇠= (⌦0

v-1⇡v,⌦0

v-1Vv)

by Flath’s theorem (Theorem 5.7.1). The uniqueness statement follows from
the corresponding uniqueness statements in each of the results cited in the
proof. ut

6.4 Adelic automorphic forms over function fields

We assume throughout this section that F is a function field. The definition
of an automorphic form in the function field case is fairly straightforward.

Definition 6.7. A function

' : G(AF ) �! C

invariant on the left under G(F ) and on the right under a compact open
subgroup of G(AF ) is an automorphic form on G if the C-vector space
spanned by the functions

{x 7�! '(xg) : g 2 G(AF )}

is an admissible representation of G(AF ).

As in the number field case, we denote by A or A(G) the C-vector space of
automorphic forms. It is naturally equipped with an action of G(AF ).

Let K =
Q

v Kv  G(AF ) be a compact open subgroup. As in the number
field case, a function ' : G(AF )! C is said to be K-finite if the C-span of
the translates

{x 7�! '(xk) : k 2 K}

is finite dimensional. We observe that any element of A is K-finite for any
compact open subgroup K  G(AF ). This is in sharp contrast to the number
field case, in which A depends on K1.
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Definition 6.8. An automorphic representation of G(AF ) is an irre-
ducible admissible representation of G(AF ) that is isomorphic to a subquo-
tient of A.

In analogy with the number field case, two automorphic representations of
G(AF ) are isomorphic if they are isomorphic in the category of admissible
representations of G(AF ).

Theorem 6.4.1 Every irreducible admissible G(AF )-module (⇡, V ) admits
a factorization

(⇡, V ) = (⌦0

v⇡v,⌦0

vVv)

where (⇡v, Vv) is an irreducible admissible representation of G(Fv) for each
place v. The restricted tensor product is taken with respect to a choice of
nonzero vectors 'v 2 V Kv

v for all but finitely many places v. The factors
(⇡v, Vv) are uniquely determined by (⇡, V ) up to isomorphism.

Proof. Combine Flath’s theorem (Theorem 5.7.1) with Theorem 5.7.2. ut

This is the analogue of Theorem 6.3.4 in the current context.

6.5 The cuspidal subspace

Let K  G(AF ) be a maximal compact subgroup. When F is a number field
we use K to define A = A(G,K) (no choice of K is necessary when F is a
function field). We now isolate what is arguably the most important subspace
of A:

Definition 6.9. An automorphic form ' 2 A is said to be cuspidal or a
cusp form if for every proper parabolic subgroup P < G with unipotent
radical N, one has that

Z

[N ]

'(ng)dn = 0 (6.18)

for all g 2 G(AF ).

We recall that [N ] is compact (see Theorem 2.6.3, for instance) so the integral
in the definition is well-defined. The subspace of A consisting of cuspidal
forms will be denoted Acusp(G) or Acusp if G is understood. By Exercise 6.8,
to check that a function is a cuspidal it su�ces to fix a minimal parabolic
subgroup (and hence a set of standard parabolic subgroups) and check that
(6.18) vanishes whenever N is the unipotent radical of a standard parabolic
subgroup. In particular, one only needs to check that (6.18) vanishes for a
finite set of P.
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Before continuing, we motivate the definition of a cusp form following the
exposition in [God66]. It is natural to try and reduce the study of A(G), or
subspaces of it, to spaces of functions on simpler groups. For example, we
could consider Levi subgroups of G. Given a parabolic subgroup P with Levi
subgroup M and unipotent radical N and a ' 2 A(G), we can define the
constant term

'P (m) :=

Z

[N ]

'(nm)dn. (6.19)

Here m 2M(F )\M(AF ). The constant term gives us a map

( · )P : A(G) �! A(M).

Here in the number field case we assume that the maximal compact subgroup
KM M(AF ) implicit in the definition of A(M) satisfies

KM1 := K1 \M(F1).

This is no essential loss of generality by Theorem B.4.1.
One has that

Acusp(G)  ker( · )P
for all proper parabolic subgroups P < G. Thus cusp forms cannot be related
to automorphic forms on Levi subgroups via taking constant terms. This
discussion and refinements of it are the motivation for the philosophy of cusp
forms mentioned in §8.1 below.

Definition 6.10. A cuspidal automorphic representation of G(AF ) is
an automorphic representation equivalent to a subquotient of Acusp.

One justification for our claim that Acusp is the most important subspace of
A is that L2([G]) admits a decomposition in terms of Acusp(M) as M runs
over the Levi subgroups of parabolic subgroups of G. See §10.5 below.

The cuspidal subspace

L2

cusp
([G])  L2([G]) (6.20)

is the space of ' 2 L2([G]) such that for every proper parabolic subgroup
P < G with unipotent radical N, one has that

Z

[N ]

'(ng)dn = 0 (6.21)

for almost every g 2 AG\G(AF ) with respect to a Haar measure on
AG\G(AF ). An element of L2([G]) is cuspidal if it is contained in L2

cusp
([G]).

We will show in Lemma 9.2.1 that L2

cusp
([G]) is closed, and hence is an

AG\G(AF )-subrepresentation of L2([G]). We will show in Corollary 9.1.2 be-
low that one has a decomposition
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L2

cusp
([G]) =

dM
⇡
L2

cusp
(⇡)

where L2

cusp
(⇡) is the ⇡-isotypic subspace of L2

cusp
([G]) and the Hilbert space

direct sum is over all isomorphism classes of cuspidal automorphic represen-
tations ⇡ of AG\G(AF ).

Let us say, temporarily, that an irreducible subrepresentation of L2

cusp
([G])

is a discrete cuspidal automorphic representation. Discrete cuspidal
automorphic representations and cuspidal automorphic representations (in
the sense of Definition 6.10) are closely related. To explain the relationship,
we observe that though G(AF ) does not act on A in the number field case,
for any global field the subgroup AG does act on A and the action preserves
Acusp. An automorphic representation of AG\G(AF ) is an automorphic
representation of G(AF ) that is isomorphic to a subquotient of AAG . A cus-
pidal automorphic representation of AG\G(AF ) is an automorphic rep-
resentation of G(AF ) isomorphic to a subquotient of AAG

cusp
. For any cuspidal

automorphic representation ⇡, we denote by AAG

cusp
(⇡) the ⇡-isotypic compo-

nent of AAG

cusp
. When F is a number field (resp. function field) this is the

algebraic direct sum of all irreducible admissible (g,K1)⇥G(A1

F ) submod-
ules (resp. smooth G(AF )-subrepresentations) of Acusp

G that are equivalent to
⇡. We emphasize that AAG

cusp
(⇡) is a subspace of AAG

cusp
, not merely a subquo-

tient.
To avoid repetition, in the following theorem we will refer to a (discrete)

cuspidal automorphic representation of AG\G(AF ) simply as a (discrete)
cuspidal automorphic representation.

Theorem 6.5.1 The space of cuspidal automorphic forms AAG

cusp
is a dense

subspace of L2

cusp
([G]). If (⇡, V ) is a discrete cuspidal automorphic represen-

tation, then the space of K-finite vectors Vfin in V is a cuspidal automorphic
representation (⇡, Vfin). One has

AAG

cusp
(⇡) = L2

cusp
(⇡)fin,

the space of K-finite vectors in L2

cusp
(⇡). The multiplicity of (⇡, Vfin) in

AAG

cusp
(⇡) is finite and equal to the multiplicity of (⇡, V ) in L2

cusp
(⇡). One

has that

AAG

cusp
=
M

⇡

AAG

cusp
(⇡) (6.22)

where the (algebraic) sum is over isomorphism classes of cuspidal automor-
phic representations. The association of (⇡, Vfin) to (⇡, V ) defines a bijection
between isomorphism classes of discrete cuspidal automorphic representations
and isomorphism classes of cuspidal automorphic representations.

Because of Theorem 6.5.1 we will drop the adjective “discrete” from discrete
cuspidal automorphic representation when there is no danger of confusion.
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The decomposition (6.22) implies in particular that a cuspidal automor-
phic representation of AG\G(AF ) is in fact a submodule of AAG

cusp
, though the

original definition only required it to be a subquotient. We defer the proof of
Theorem 6.5.1 to §9.7, where it is restated as Theorem 9.7.3.

In general, the relationship between A and subspaces of L2([G]) is more
complicated than Theorem 6.5.1 might lead one to believe. See Theorem
10.5.1 for more information.

6.6 Discrete automorphic representations revisited

In Definition 3.4 we defined a discrete automorphic representation ofAG\G(AF )
to be an irreducible unitary representation of AG\G(AF ) equivalent to a
subrepresentation of L2([G]). In the number field case, we defined an auto-
morphic representation in terms of irreducible admissible (g,K1)⇥G(A1

F )-
modules in Definition 6.6. In the function field case, we defined an auto-
morphic representation in terms of irreducible admissible G(AF )-modules in
Definition 6.8. In this section, we prove Theorem 6.6.4, which describes the
precise relationship between these definitions.

We begin with considerations that do not require the space [G]. Thus let
(⇡, V ) be an irreducible unitary representation of G(AF ).

Theorem 6.6.1 One has that

(⇡, V ) ⇠= (⇡1 ⌦ ⇡1, V1
b⌦V 1) (6.23)

where (⇡1, V1) is an irreducible unitary representation of G(F1) and (⇡1, V 1)
is an irreducible unitary representation of G(A1

F ). The representations (⇡1, V1)
and (⇡1, V 1) are determined up to unitary equivalence by (⇡, V ).

In the theorem, V1
b⌦V 1 is the Hilbert space tensor product of V1 and V 1.

The action of ⇡1⌦⇡1 on the dense subspace V1⌦V 1  V1
b⌦V 1 extends

by continuity.

Proof. The first assertion is [Fol95, Theorem 7.25] given Theorem 3.10.2. The
second assertion is [Fol95, Corollary 7.22]. ut

We let K = K1K1 where K1  G(F1) is a maximal compact subgroup
and K1  G(A1

F ) is a compact open subgroup. Let

Vfin  V, V1fin  V1, V 1

fin
 V 1 (6.24)

be the spaces of K-finite, K1-finite, and K1-finite vectors, respectively. We
observe that these definitions are independent of the choice of K1, but in
the number field case depend on the choice of K1.

Theorem 6.6.2 The space Vfin is admissible and irreducible. One has that
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(⇡1, Vfin) ⇠= (⇡1 ⌦ ⇡1, V1fin ⌦ V 1

fin
).

If (⇡1, V1) and (⇡2, V2) are irreducible unitary representation of G(AF ) and
V1fin is isomorphic to V2fin then (⇡1, V1) and (⇡2, V2) are unitarily equivalent.

Here when we say Vfin is admissible (resp. irreducible), we mean as a (g,K1)⇥
G(A1

F )-module in the number field case and as a smooth representation of
G(AF ) in the function field case. Similarly, when we say V1fin is isomorphic
to V2fin, we mean as (g,K1)⇥G(A1

F )-modules in the number field case and
as smooth G(AF )-representations in the function field case. We use the same
convention for the remainder of this section.

Proof. Let ⌧ be a K1-type and let K1  G(A1

F ) be a compact open sub-
group. The isomorphism (6.23) induces an isomorphism

Vfin(⌧)
K1 ⇠= V1fin(⌧)b⌦V 1K1

. (6.25)

The space V1fin(⌧) is finite dimensional by Theorem 4.4.3 and the space
V 1K1

is finite dimensional by Theorem 5.3.7 and Corollary 5.5.4. Thus the
tensor product in (6.25), which a priori is a completed tensor product in the
sense of Hilbert spaces, is in fact algebraic, and Vfin(⌧)K

1

is finite dimen-
sional. This implies Vfin is admissible. Irreducibility follows from Lemma 4.4.6
and Proposition 5.3.6. Taking the union over K1-types ⌧ and K1  G(A1

F ),
we deduce the isomorphism asserted in the theorem.

The last assertion follows from Theorem 4.4.7, Proposition 5.3.6, and The-
orem 6.6.1. ut

In the case where F is a number field, passing to K1-finite vectors is often
awkward because a general element of G(F1) will not preserve this subspace.
With this in mind, it is often useful to work with smooth vectors. Let (⇡, V )
be an irreducible unitary representation of G(AF ). If F is a function field
then the space of smooth vectors Vsm is just defined to be Vfin; it is stable
under G(AF ). If F is a number field, the space of smooth vectors Vsm

is the space of vectors ' 2 V that are smooth under the action of G(F1)
in the sense of §4.2 and K1-finite under the action of G(A1

F ). Unlike the
subspace Vfin < V of K-finite vectors, the space of smooth vectors Vsm < V
is preserved under G(AF ).

Theorem 6.6.3 One has that

(⇡, Vsm) ⇠= (⇡1 ⌦ ⇡1, V1sm ⌦ V 1

fin
),

where the product is algebraic.

Proof. For any compact open subgroup K1  G(A1

F ), by restricting the
isomorphism (6.23) we have

V K1 ⇠= V1
b⌦V 1K1

= V1 ⌦ V 1K1
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since V 1K
1

is finite dimensional by admissibility (see Theorem 5.3.7 and
Corollary 5.5.4). Thus

V K1

sm
⇠= V1sm ⌦ V 1K1

.

Taking the union over K1, we deduce the result. ut

The discussion above is valid for any unitary representation. In particular,
it is valid for discrete automorphic representations. This implies most of the
following theorem:

Theorem 6.6.4 The space of K-finite vectors in a discrete automorphic rep-
resentation is an automorphic representation of AG\G(AF ). Two discrete au-
tomorphic representations are unitarily equivalent if and only if the associated
automorphic representations are equivalent.

Proof. Suppose we are given a discrete automorphic representation (⇡, V ).
Thus we have a AG\G(AF )-equivariant continuous equivariant injection of
Hilbert spaces

V �! L2([G]).

In particular, we can and do view elements of V as functions on [G].
The space Vfin is admissible and irreducible by Theorem 6.6.2. Thus it

su�ces to show that Vfin lies in AAG . In the function field setting, this follows
from admissibility. In the number field setting, we can apply Proposition 4.4.4
to deduce that the elements of Vfin are smooth. They are Z(g)-finite since
any irreducible admissible (g,K1)-module admits an infinitesimal character
by Corollary 4.6.3. Finally they are of moderate growth by Lemma 4.4.8. ut

In view of Theorem 6.6.4, when studying irreducible subrepresentations
of L2([G]), we can work with either the definition of automorphic represen-
tations in terms of admissible representations presented in this chapter, or
discrete automorphic representations in the sense of Definition 3.4. Both have
advantages and drawbacks. The definition of a discrete automorphic repre-
sentation is more direct. However, in view of Lemma 3.8.1 and Langlands’
decomposition of L2([G]) explained in §10.5 this definition has the disadvan-
tage that the full decomposition of L2([G]) cannot in general be described in
terms of discrete automorphic representations of AG\G(AF ). Moreover this
definition excludes most Eisenstein series (see Chapter 10 for an introduc-
tion to Eisenstein series). The definition of automorphic representations in
terms of admissible representations has the advantage that one can imme-
diately reduce questions to finite dimensional settings, either by passing to
K1-types or vectors fixed under a compact open subgroup. It also has some
drawbacks, mostly due to the fact that in the number field case automorphic
representations are not representations of G(F1). One way around this dif-
ficulty is through the use of representations of moderate growth in the sense
of Definition 4.7.
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Assume F is a number field. We warn the reader that later in this book we
will often not be specific about whether we are viewing a discrete automor-
phic representation as a unitary representation of G(AF ) or as an admissible
(g,K1)⇥G(A1

F )-module. Similarly, if F is a function field we will often not
be specific about whether we are viewing a discrete automorphic representa-
tion as a unitary representation of G(AF ) or as an admissible representation
of G(AF ). Indeed, in practice one often has to switch back and forth between
the two perspectives. The particular point of view must be deduced from the
context.

6.7 From modular forms to automorphic forms

For readers familiar with modular forms, we make the connection between
modular forms and automorphic forms precise in this section.

Let

�0(N) : =
��

a b
c d

�
2 GL2(Z) : N |c

 
,

�1(N) : =
��

a b
c d

�
2 GL2(Z) : N |c,N |d� 1

 
.

(6.26)

Thus �1(N) is a normal subgroup of �0(N). Let � : (Z/NZ)⇥ ! C
⇥ be a

character. For any
�
a b
c d

�
2 �0(N), d is relatively prime to N. Thus we have

a well-defined map

�0(N)/�1(N) �! C
⇥

�
a b
c d

�
7�! �(d)

which is easily checked to be a homomorphism. We continue to denote this
map by �.

Let

GL2(R)
+ : = {g 2 GL2(R) : det g > 0} . (6.27)

Let H be the complex upper half plane. One has an action

GL2(R)
+ ⇥ H �! H

��
a b
c d

�
, z
�
7�! az + b

cz + d
.

(6.28)

The operators attached to a given g 2 GL2(R)+ by this action are called
Möbius transformations or fractional linear transformations. Let

�0(N)+ : = �0(N) \GL2(R)
+ = �0(N) \ SL2(Z). (6.29)

We warn the reader that in most references �0(N)+ is denoted �0(N).
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We recall the definition of a modular form:

Definition 6.11. Let ` 2 Z>0. The space of weight ` modular forms of
level N and nebentypus � is the space M`(N,�) of holomorphic functions
f : H! C satisfying the following conditions:

(a) f
⇣

az+b
cz+d

⌘
= (cz + d)`�(d)f(z) for all

�
a b
c d

�
2 �0(N)+ and for all z 2 H,

(b) f extends holomorphically to the cusps of �0(N).

If f additionally vanishes at the cusps of �0(N)+ we say that f is a cusp
form. The space of weight ` cusp forms of level N and nebentypus � is
denoted S`(N,�).

There are many books on modular forms that the reader can consult for
more details, including the definition of the cusps of �0(N)+. We mention
[DS05, GG12, Kob93, Lan95, Miy06, Ser73, Shi94]. A recent extension of the
theory to larger classes of functions that arise naturally in applications is
explained in [BFOR17].

We remark that if ` is even then M`(N,�) can be identified with a certain
space of holomorphic di↵erential forms. This justifies the moniker “modular
form.” This is explained in great detail in a slightly more general setting in
[GG12, Chapter 6].

The spaces M`(N,�) are finite dimensional [Shi94, Theorem 2.23]. For
each p - N, define the pth Hecke operator

Tpf(z) :=
X

�

p`�1

(cz + d)`�(d)
f
⇣

az+b
cz+d

⌘
, � =

�
a b
c d

�
.

Here the sum on � is over the finite set

�0(N)+\�0(N)+ ( p
1
)�0(N)+. (6.30)

One checks that Tpf 2 M`(N,�) and that Tp preserves S`(N,�). A Hecke
eigenform is an element f 2M`(N,�) such that

Tpf = �f (p)f

for all p - N. Here �f (p) 2 C are known as the pth Hecke eigenvalue of
f. There exists a basis of M`(N,�) consisting of Hecke eigenforms [Kob93,
§III.5]. We point out that the Hecke eigenvalues do not determine f. This is
the point of departure for the classical theory of newforms and oldforms.

We now relate the space S`(N,�) to a space of automorphic forms. Let

K0(N) : =
n�

a b
c d

�
2 GL2(bZ) : N |c

o
,

K1(N) : =
n�

a b
c d

�
2 GL2(bZ) : N |c,N |(d� 1)

o
.
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Then

�0(N) = K0(N) \GL2(Q) and �1(N) = K1(N) \GL2(Q).

We observe that the image of K0(N) under the determinant homomorphism
det : GL2(A1

Q )! A
1⇥

Q is

detK0(N) = bZ⇥. (6.31)

One also has an isomorphism

lr : K0(N)/K1(N) �!
Y

p|N

Z
⇥

p /(1 + pZp) = (Z/N)⇥

�
a b
c d

�
7�! d.

The lr stands for “lower right.”
The key consequence of (6.31) is that it implies that the homeomorphism

(2.22) is

�0(N)\GL2(R)�̃!GL2(Q)\GL2(AQ)/K0(N). (6.32)

In other words, there is only one component on the left of (2.22) in this case.
In fact, one can do even better. There exists an element in �0(N) of negative
determinant. Thus (6.32) implies that there is a homeomorphism

�0(N)+\GL2(R)
+ �! GL2(Q)\GL2(AQ)/K0(N)

�0(N)+g 7�! GL2(Q)(g, I2)K0(N),
(6.33)

where I2 is the identity of GL2(A1

Q ).
Because of the nebentypus character � we slightly modify (6.33) as follows.

The group �0(N) may be viewed as a subgroup of K0(N) via the diagonal

embedding GL2(Z) ,! GL2(bZ). Thus the group �0(N)+ acts diagonally on
the left on GL2(R)+ ⇥K0(N). We therefore obtain a map

�0(N)+\
�
GL2(R)

+ ⇥K0(N)/K1(N)
�
�! GL2(Q)\GL2(AQ)/K1(N)

�0(N)+(g, k)K1(N) 7�! GL2(Q)(g, k)K1(N).
(6.34)

The fact that (6.33) is a homeomorphism implies that (6.34) is a homeomor-
phism as well.

The stabilizer of i under (6.28) is AGL2SO2(R). We therefore obtain a
quotient map

AGL2\GL2(R)
+ �! AGL2\GL2(R)

+/SO2(R) = H . (6.35)

In this setting
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AGL2 := {( r r ) : r 2 R>0} .

We set

j
��

a b
c d

�
, z
�
= (ad� bc)�1/2(cz + d) (6.36)

for
(
�
a b
c d

�
, z) 2 GL2(R)

+ ⇥ H.

One can check that

j(gg0, z) = j(g, g0z)j(g0, z) and j
�
r
�

cos ✓ sin ✓
� sin ✓ cos ✓

�
, i
�
= e�i✓ (6.37)

for all g, g0 2 GL2(R)+, z 2 H, (r, ✓) 2 R>0 ⇥ R. Thus j(g, z)` is an auto-
morphy factor for the representation

AGm
SO2(R) �! C

⇥

r
�

cos ✓ sin ✓
� sin ✓ cos ✓

�
7�! e�i`✓

(see [GG12, §6.3] for details).
For f 2 S`(N,�) set

'f : GL2(R)
+ ⇥K0(N) �! C

(g, k) 7�! j(g, i)�`f(gi)��1(lr(k)).

We observe that (6.37) implies that 'f (�g, �k) = 'f (g, k) for � 2 �0(N)+.
In view of (6.33) 'f extends uniquely to a function on

GL2(Q)\GL2(AQ)/K0(N).

It is an automorphic form, but to specify the type we require further notation.
Consider the character

✓
cos ✓ sin ✓
� sin ✓ cos ✓

◆
7�! ei`✓ (6.38)

of SO2(R). Let �` be the induction of this character to a 2-dimensional rep-
resentation of O2(R). Let � be the Casimir element of glC

2
(see §4.7). It and

the element Z defined as in §4.7 generate Z(gl
2
). Thus we can consider the

space of automorphic forms A
�
h�� `

2
(1� `

2
)i,�`

�
as in (6.16), and within

this space the subspace

Acusp

�
h�� `

2
(1� `

2
)i,�`

�

of cusp forms. For any quasi-character ! : [Gm]! C
⇥ we let

Acusp

�
h�� `

2
(1� `

2
)i,�`,!

�
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be the subspace of ' 2 Acusp

�
h�� `

2
(1� `

2
)i,�`

�
such that '(zg) =

!(z)'(g) for (z, g) 2 ZGL2(AQ)⇥GL2(AQ).
Let

KGm
(N) :=

Y

p|N

(1 +NZp)⇥
Y

p-N
Z
⇥

p . (6.39)

This is a compact open subgroup of bZ⇥. The character � : (N/Z)⇥ ! C
⇥

induces a character !� : [Gm] ! C
⇥ by pushing forward along the isomor-

phism

(Z/N)⇥�̃!
Y

p|N

(Z⇥

p /1 +NZp)�̃!AGm
Q

⇥\A⇥

Q/KGm
(N)

k 7�! AGm
Q

⇥(1, k)KGm
(N).

Proposition 6.7.1 For each integer ` � 1 one has a C-linear isomorphism
of finite dimensional vector spaces

S`(N,�) �! Acusp

�
h�� `

2
(1� `

2
)i,�`,!�1

�

�K1(N)

f 7�! 'f .

Proof. This is [KL08, Proposition 12.5]. We warn the reader that in loc. cit. the
space S`(N,�) is denoted S`(N,��1). ut

Let S be the union of the infinite place of Q and the places dividing N.
Temporarily let

S
p�1 :=

GL2(
bZS)

⇣
p�1

1

⌘
GL2(

bZ) 2 C1

c (GL2(A
S
Q) //GL2(bZS)).

Then R( S
p ) is an operator on Acusp

�
h�� `

2
(1� `

2
)i,�`

�
. This operator de-

pends on a choice of Haar measure on GL2(AS
Q). We normalize it so that

GL2(bZS) has measure 1.

Lemma 6.7.2 For f 2 S`(N,�) and p - N one has that

'Tpf = p`/2�1R( S
p�1)'f .

Proof. For (g, k) 2 GL2(R)+ ⇥K0(N) we have that

'Tpf (g, k) =
X

�

p`/2�1(j(�, gi)j(g, i))�`

�(lr(�))�(lr(k))
f (�gi) (6.40)

where the sum on � is over the finite set

�0(N)+\�0(N)+ ( p
1
)�0(N)+.
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Let �1(N)+ := �1(N) \GL2(R)+. Since p - N the natural map

�1(N)+\�1(N)+ ( p
1
)� (N)+ �! �0(N)+\�0(N)+ ( p

1
)�0(N)+

is a bijection, so we can take our � to lie in �1(N)+ ( p
1
)�1(N)+. Using this

assumption and (6.37) we see that (6.40) is equal to

X

�

p`/2�1'f (�g, k) =
X

�

p`/2�1'f

�
g, ��1k

�
. (6.41)

The natural map

�1(N)+\�1(N)+ ( p
1
)� (N)+ �! K1(N)\K1(N) ( p

1
)K1(N)

is a bijection so (6.41) is p`/2�1R( S
p�1)'f . ut

The following theorem is essentially a special case of the multiplicity one
theorem (Theorem 11.4.3). We leave the proof as Exercise 11.7:

Theorem 6.7.3 Let f 2 S`(N,�). Then one has the following:

(a) The automorphic form 'f generates an irreducible (g,K1)⇥GL2(A1

Q )-
module if and only if f is a Hecke eigenform. Morevoer, (g,K1) ⇥
GL2(A1

Q ) is a cuspidal automorphic representation.
(b) Let `1, `2 2 Z>0 and fi 2 S`i(N,�) for 1  i  2. If 'f1 and 'f2 generate

isomorphic (g,K1) ⇥ GL2(A1

Q )-modules then `1 = `2, and for all p - N
one has that �f1(p) = �f2(p).

ut

One might ask if all cuspidal automorphic representations of GL2(AQ)
arise from elements of S`(N,�) in this fashion. In fact, we have missed many
of them. The missing automorphic representations correspond to Maass
forms. From the automorphic perspective it is very simple to define these
objects; they are the automorphic representations of GL2(AQ) whose associ-
ated (gl

2
,O2(R))-module is in the principal series in the sense of §4.7. Defining

them classically involves at least as much work as required to formalize the
notion of an element of S`(N,�). We refer the reader to [Bum97, §3.2] for
more details. The ease with which we can talk about Maass forms and holo-
morphic cusp forms on equal footing illustrates the utility of the perspective
of automorphic representation theory.

6.8 Ramanujan’s �-function

We would be remiss not to give an example of a modular form from the
classical perspective, and to an expert it should not be a surprise that we
choose Ramanujan’s �-function
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�(z) = e2⇡iz
1Y

i=1

(1� e2⇡inz)24, z 2 H.

This � should not be confused with the Casimir operator from the previous
section.

One has the following basic theorem:

Theorem 6.8.1 The complex vector space S12(SL2(Z)) is 1-dimensional and
spanned by �(z). ut

The proof of this fact can be found in any of the standard references [DS05,
Lan95, Miy06, Kob93, Ser73, Shi94].

Define ⌧(n) 2 C to be the unique integers such that

1X

n=1

⌧(n)e2⇡inz = �(z).

In other words, the ⌧(n) can be viewed as the Fourier coe�cients of �(z).
Ramanujan conjectured that

1X

n=1

⌧(n)

nt
=
Y

p

1

1� ⌧(p)p�t + p11�2t
(6.42)

for a su�ciently large real number t [Ram00b, (101)]. Remarkably this is
exactly his notation. He also conjectures that

|⌧(p)|  2p11/2 (6.43)

[Ram00b, (104)]. For those who have not seen this before, we pause and
explain how fantastically prescient these two assertions are. In (6.42) Ra-
manujan has written down the L-function of the automorphic representation
attached to �(z) over 20 years prior to Hecke’s general theory of L-functions
for modular forms [Hec37b, Hec37a] (Ramanujan’s assertion had been proven
some time earlier by Mordell [Mor]). The assertion (6.43) was proven by
Deligne as a consequence of his proof of the Weil conjectures [Del73a], how-
ever, the natural generalization of (6.43) to automorphic representations of
GLn remains open even in the case n = 2; it will be discussed in Conjecture
10.7.4 later.

Exercises

6.1. Let ◆0
1
: G ! GLn1 , ◆

0
2
: G ! GLn2 be a pair of faithful representations

of a reductive group G over a global field F and let S be a set of places of F
(finite or infinite). Let kgk◆1S , kgk◆2S be the corresponding norms defined in
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(6.8). Prove that there are constants c 2 R>0 and r 2 R>1 such that

kgk◆2S  c2kgkr◆1S .

Deduce that the notions of moderate growth and uniform moderate growth
are independent of the choice of faithful representation ◆0 : G! GLn.

6.2. Let v be a place of the global field F and let k·kv be defined as in (6.7).
Prove the following:

(a) There is a c 2 R>0 such that kghkv  ckgkvkhkv for all g, h 2 G(Fv).
(b) One has that kg�1kv = kgkv for all g 2 G(Fv).
(c) For any compact subset ⌦ ⇢ G(Fv) there are c1(⌦), c2(⌦) 2 R>0 such

that

c1(⌦) <
kghk
kgk < c2(⌦)

for all (g, h) 2 G(Fv)⇥⌦.

6.3. Let F be a local field, G an a�ne algebraic group over F, and K 
G(F ) a compact subgroup. For every irreducible finite dimensional complex
representation � of K, let �� be the character of � and let d(�) be its degree.
For any K-module (⇡, V ), let

V �! V

' 7�!
Z

K
⇡(k)'

��(k)

d(�)
dk.

Here we normalize the measure so that dk(K) = 1. Show that this linear map
is an idempotent that projects V onto the �-isotypic subspace V (�).

6.4. Let G be a reductive group over a global field F and let K = K1K1 
G(AF ) where K1  G(F1) is a maximal compact subgroup and K1 
G(A1

F ) is a compact open subgroup. Show that a continuous function ' :
[G] ! C is K-finite if and only if for all x1 2 G(A1

F ), x1 7! '(x1x1) is
K1-finite and there is a compact open subgroup K 01  G(A1

F ) such that
'(xk) = '(x) for all x 2 G(AF ) and k 2 K 01.

6.5. Let F be a local field and letG be a reductive group over F. LetK1,K2 
G(F ) be maximal compact subgroups. If F is nonarchimedean, show that
K1 \ K2 is a compact open subgroup of G(F ) and deduce that a function
on G(F ) is K1-finite if and only if it is K2-finite. Construct an example to
show that if F is archimedean then a function that is K1-finite need not be
K2-finite.

6.6. Prove (6.9) and (6.10).

6.7. Prove Lemma 6.3.3.
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6.8. Let G be a reductive group over a global field F. Choose a minimal
parabolic subgroup P0  G; thus standard parabolic subgroups are defined.
Prove that a function ' in L2([G]) or A(G) is cuspidal if and only if for all
standard maximal parabolic subgroups P  G with unipotent radical N one
has that Z

[N ]

'(ng)dn = 0

for almost every g 2 G(AF ).

6.9. Let � < GL2(R) be an arithmetic subgroup. Using the classification of
§4.7, identify the underlying (g,K)-module of Acusp

�
�, h�� k

2
(1� k

2
), Zi

�
.

6.10. Prove Ramanujan’s assertion that (6.42) is valid using Theorem 6.8.1.





Chapter 7

Unramified Representations

Demazure nous indique que,
derriére cette terminologie
[épinglage], il y a l’image du
papillon (que lui a fournie
Grothendieck): le corps est un
tore maximal T, les ailes sont
deux sous-groupes de Borel
opposées par rapport á T, on
déploie le papillon en étalant les
ailes, puis on fixe des éléments
dans les groupes additifs (des
épingles)...

P. Gille and P. Polo

Abstract In this chapter, we describe the classification of unramified rep-
resentations of reductive groups over nonarchimedean local fields. Along the
way we discuss the Satake isomorphism and the Langlands dual group.

7.1 Unramified representations

Let K1 :=
Q

v-1 Kv  G(A1

F ) be a compact open subgroup. Then Kv is
hyperspecial for all but finitely many v by Corollary 2.4.9. By Flath’s theorem
(Theorem 5.7.1), if (⇡, V ) is an automorphic representation of G(AF ), then

(⇡, V ) ⇠= (⌦0

v⇡v,⌦0

vVv)

where for all but finitely many v, one has that V Kv

v 6= 0 (see also theorems
6.3.4 and 6.4.1). In particular, for all but finitely many v, the representation
(⇡v, Vv) is unramified in the sense of Definition 7.1 below. Thus unramified
representations play an essential role in automorphic representation theory.

181
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In this section we discuss the classification of unramified representations.
It turns out that they can be explicitly parametrized in terms of conjugacy
classes in the dual group of G by Corollary 7.5.2 below. This fundamental
fact will be used in §7.7 to state a version of the Langlands functoriality
conjecture.

Throughout this section we let G be a reductive group over a nonar-
chimedean local field F. Recall that G is unramified if it is quasi-split and
split over an unramified extension of F. In this case there exists a hyperspecial
subgroup K  G(F ). We recall Definition 5.7:

Definition 7.1. Let G be an unramified reductive group over F and let
K  G(F ) be a hyperspecial subgroup. An irreducible smooth representation
(⇡, V ) of G(F ) is K-unramified if V K 6= 0.

As mentioned below Definition 5.7, unramified representations are admissible
by Theorem 5.3.4.

Hyperspecial subgroups of G(F ) are not necessarily G(F )-conjugate; they
are only conjugate under (G/ZG)(F ) (see §2.4). Thus the property of a rep-
resentation being K-unramified in general depends on K. We will however
follow tradition and usually suppress the dependence on K (but see §12.5).

Let K  G(F ) be a hyperspecial subgroup. We recall from §5.5 that the
subalgebra

C1

c (G(F ) //K)  C1

c (G(F )) (7.1)

is known as the unramified Hecke algebra of G(F ) (with respect to K).
It is commutative by Theorem 5.5.1. Let f 2 C1

c (G(F ) //K) and let (⇡, V )
be unramified. By Corollary 5.5.4 we have dimC V K = 1. Thus ⇡(f) acts via
a scalar on V K . It is sensible to denote the scalar by tr⇡(f) (see also §8.5).
The map

C1

c (G(F ) //K) �! C

f 7�! tr⇡(f)

is called the Hecke character of ⇡.

Proposition 7.1.1 Let K  G(F ) be a compact open subgroup (not neces-
sarily hyperspecial). If (⇡1, V1) and (⇡2, V2) are irreducible representations of
G(F ) such that V K

1
and V K

2
are nonzero and isomorphic as C1

c (G(F ) //K)-
modules, then (⇡1, V1) is isomorphic to (⇡2, V2) as a smooth representation.
In particular, an unramified representation is determined up to isomorphism
by its Hecke character.

The proof we give is from [Cas73, p. 33]. For a refinement of this result, see
[Lau96, Proposition D.1.8].

Proof. Let (⇡1, V1) and (⇡2, V2) be as stated in the proposition, and let
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I : V K
1
�! V K

2

be a C1
c (G(F ) //K)-intertwining map. We claim that for f 2 C1

c (G(F ))
and ' 2 V K

1
the map

I(⇡1(f)') := ⇡2(f)I(')

is well-defined. Since V1 is irreducible, if I is well-defined it is clearly an
intertwining map of C1

c (G(F ))-modules from V1 to V2. By Lemma 5.3.2, I
therefore defines an intertwining map of smooth representations from V1 to
V2. Since V2 is also irreducible, I is an isomorphism.

To prove the claim, it su�ces to check that if ⇡1(f)' = 0 then ⇡2(f)I(') =
0. Suppose that ⇡1(f)' = 0. Then, writing eK := 1

measdg(K) K as in (5.2),

we have
⇡1(eK ⇤ f1 ⇤ f ⇤ eK)' = 0

for all f1 2 C1
c (G(F )), which implies

⇡2(eK ⇤ f1 ⇤ f ⇤ eK)I(') = 0

for all f1 2 C1
c (G(F )) since I is a C1

c (G(F ) //K)-intertwining map. But
then

⇡2(eK ⇤ f1)⇡2(f)I(') = 0

for all f1 2 C1
c (G(F )). Since V2 is irreducible and V K

2
is nonzero, we deduce

that ⇡2(f)I(') = 0. ut

7.2 The Satake isomorphism

In this section and the remainder of this chapter we make use of basic proper-
ties of actions of algebraic groups on a�ne schemes. These topics are discussed
in detail in §17.2. Fortunately we will only require the theory over the com-
plex numbers in the current chapter, which leads to certain simplifications.
When we encounter a quotient or a related object in this chapter we explain
it in concrete terms. Thus it is not necessary to read §17.2 prior to reading
this chapter. We will however indicate precisely where in §17.2 the reader can
find more details to obtain deeper understanding.

Let G be an unramified reductive group over the nonarchimedean local
field F and let K  G(F ) be a hyperspecial subgroup. If we did not know
anything about C1

c (G(F ) //K), then we could hardly regard Proposition
7.1.1 as useful. However, it turns out that C1

c (G(F ) //K) has a simple de-
scription. Assume first that G is split. Let bG be the complex reductive group
with root datum dual to that of G (see §1.8) and let bT  bG be a maximal
torus. The map S in the following theorem is the Satake isomorphism:
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Theorem 7.2.1 (Satake) Assume that G is split. There is an isomorphism
of algebras

S : C1

c (G(F ) //K) �! O( bT )W ( bG, bT ).

ut

We observe that bT is a C-scheme, so the coordinate ring O( bT ) is a C-algebra.

The group scheme W ( bG, bT ) acts on bT and hence we can define O( bT )W ( bG, bT )

as in (17.7). Informally, since W ( bG, bT ) acts on bT , it acts on regular functions

on bT and hence we can define O( bT )W ( bG, bT )  O( bT ) to be the subalgebra fixed
under this action.

Example 7.1. The Hecke algebra C1
c (GLn(F ) //GLn(OF )), as a C-module,

has a basis given by

� :=
GLn(OF )

0

@
$�1

. . .
$�n

1

AGLn(OF )

with � := (�1, . . . ,�n) 2 Z
n, �i � �i+1 for all 1  i  n � 1 (this follows

from the theory of elementary divisors). As a C-algebra it is generated by �

with � = (1r) := (1, . . . , 1, 0, . . . , 0) (r ones and n � r zeros) for 1  r  n
and � = ((�1)n) := (�1, . . . ,�1).

Let bT  GLnC = cGLn be the maximal torus of diagonal matrices. On the
generating set above, the Satake isomorphism is given by

S( (1r)) = qr(n�r)/2tr (^rt) and S( (�1)n) = det(t�1). (7.2)

Here t 2 bT (C) and tr (^rt) is the polynomial function of t given by the
character of the representation ^r of GLn (see [Gro98, (3.14)]).

The simplity of this example belies the complexity of describing the Satake
isomorphism explicitly in general. See [Li17, Sak18] for more information.

It is instructive to indicate various ways of rephrasing Theorem 7.2.1. By
the Chevalley restriction theorem [Ste65, §6] the inclusion bT ,! bG induces
an isomorphism

Spec
⇣
O( bT )W ( bG, bT )

⌘
= bT/W ( bG, bT ) �! bG/conj = Spec

⇣
O( bG)

bG
⌘

(7.3)

where the quotient on the right is the quotient of bG by the action of conjuga-
tion (see §17.2). In particular ( bG/conj)(C) is just the set of closed conjugacy
classes in bG(C). The closed conjugacy classes are precisely the conjugacy
classes of semisimple elements; a nice reference for this is [Ste65, Corollary
6.13]. Thus we have a sequence of bijections

Hom(C1

c (G(F ) //K),C)
(S

�1
)
⇤

�! Hom(O( bT )W ( bG, bT ),C)! ( bG/conj)(C) (7.4)
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where the first map is pullback along the inverse of the Satake isomorphism.
Here homomorphism means homomorphism of C-algebras. In Proposition
7.1.1 we saw that unramified representations were in bijection with Hecke
characters, which are precisely elements of Hom(C1

c (G(F ) //K),C). We have
therefore proven the following corollary of the Satake isomorphism:

Corollary 7.2.2 Assume that G is split. The composite isomorphism (7.4)
induces a bijection between semisimple conjugacy classes in bG(C) and iso-
morphism classes of irreducible unramified representations of G(F ). ut

From the point of view of automorphic representation theory, the fact that
the Satake isomorphism is only valid for split groups is problematic. Indeed,
suppose for the moment that G is a reductive group over a global field F.
Then, for all but finitely many places v of F, the group GFv

is unramified by
Proposition 2.4.5 and hence in particular is quasi-split. However, the group
GFv

can be nonsplit for infinitely many v (see Exercise 7.5).
Langlands was able to extend the Satake isomorphism to the quasi-split

case. Historically this was important because it gave crucial hints as to the
structure of the Langlands dual group, which he introduced at the same time
[Lan] (see also [Lan70]). We will define the Langlands dual group in the next
section and use it to extend the Satake isomorphism in §7.5.

7.3 The Langlands dual group

For the moment, let G be a reductive group over a field F with separable
closure F sep and let T  G be a maximal torus. Then T splits over F sep.
To (GF sep , TF sep), we associated in §1.8 a root datum  (GF sep , TF sep) =
(X⇤(TF sep), X⇤(TF sep),�,�_). We remind the reader that X⇤(TF sep) and
X⇤(TF sep) are the character and cocharacter groups, � ⇢ X⇤(TF sep) is the set
of roots of TF sep in g and �_ ⇢ X⇤(TF sep) is the set of coroots. We also re-
mind the reader that the root datum characterizes GF sep up to isomorphism.
To ease notation, we let

GalF := Gal(F sep/F ).

If G is split, then we set

LG := bG(C)⇥GalF

where bG is the complex dual group defined as in §1.8; it is the reductive group
over C with root datum (X⇤(TF sep), X⇤(TF sep),�_,�).

If G is not split then LG has a more complicated definition involving a
Galois action on bG(C) that records the fact that G is a nonsplit group over
F. This Galois action is algebraic in the sense that it is given in terms of
elements of
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Aut( bG),

the group of automorphisms of the algebraic group bG. The group Aut( bG) is
actually the C-points of another algebraic group, but we will not need this
fact in this section. We describe a refinement  ( bG, bB, bT ) of  ( bG, bT ) called a
based root datum and a surjective map

Aut( bG) �! Aut( ( bG, bB, bT )).

We then provide an explicit description of splittings of this map via something
known as a pinning, or épinglage, of bG. Finally we define a homomorphism
GalF ! Aut( ( bG, bB, bT )). This su�ces to construct our desired action of
GalF on bG(C).

We now begin this process. Let (X,Y,�,�_) be a root datum. Let � ⇢ �
be a base for � (see (1.24)). The set

�_ := {↵_ : ↵ 2 �}

is a base for �_ [Con14, Exercise 1.6.17]. The tuple

(X,Y,�,�_,�,�_) (7.5)

is a based root datum. There is an obvious notion of isomorphism of based
root data; it is simply a pair of linear isomorphisms on the first two factors
preserving the pairing and the bases. We observe that � determines �_ and
conversely.

Assume until otherwise specified that G is a reductive group over a sep-
arably closed field k. Thus G is split. For each ↵ 2 � let N↵  G be the
corresponding root group defined as in (1.26). By Theorem 1.9.1 there is a
bijection

{bases � ✓ �(G, T )}�̃!{Borel subgroups B � T} (7.6)

given by sending a base � with associated set of positive roots �+ to⌦
T, {N↵}↵2�+

↵
. We let

 (G,B, T ) := (X⇤(T ), X⇤(T ),�,�
_,�,�_) (7.7)

where B  G is the Borel subgroup corresponding to � under (7.6).
The based root datum  (G,B, T ) depends on the pair (B, T ). It is conve-

nient to rigidify the pair (B, T ) slightly via the notion of a pinning:

Definition 7.2. A pinning of G is a tuple

(B, T, {X↵}↵2�)

where T is a maximal torus, B is a Borel subgroup containing T, � is the set
of simple roots attached to B and T, and X↵ 2 g↵ � {0} for all ↵.
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We refer to [Mil17, §23.d] and [Con14, §1.5] for more information about pin-
nings. We reproduce some arguments from these references below.

Let Aut(B, T, {X↵}↵2�) be the group of automorphisms of G that pre-
serve B, T, and the set {X↵}↵2�.

Proposition 7.3.1 If � and B correspond under (7.6) then the natural map

Aut(B, T, {X↵}↵2�) �! Aut( (G,B, T ))

is an isomorphism.

Proof. By Theorem 1.8.3 any automorphism in Aut( (G,B, T )) is induced
by an automorphism � : G ! G preserving T and �. The group T (k) acts
on
�
(X↵) 2

Q
↵2�(g↵ � {0})

 
by conjugation. Since the set � is linearly

independent in X⇤(T )Q, the action is surjective. Thus by replacing � by a
T (k)-conjugate we may assume � 2 Aut(B, T, {X↵}↵2�). Since replacing �
by a T (k)-conjugate does not a↵ect the automorphism of  (G,B, T ) induced
by �, we deduce that the map in the proposition is surjective.

As for injectivity, Theorem 1.8.3 implies that anything in the kernel of
the morphism in the proposition is an inner automorphism by an element
t 2 T (k). Since this inner automorphism fixes the X↵, it satisfies ↵(t) = 1
for all ↵ 2 �. The element t therefore centralizes every root group, hence the
Bruhat cell BopTB, where Bop is the opposite Borel. The Bruhat cell BopTB
is open in G [Mil17, Theorem 21.84], so t centralizes all of G. In particular,
the inner automorphism defined by t is trivial. ut

Let Aut(G) be the group (not group scheme) of automorphisms of the
algebraic group G and let Inn(G) is the subgroup of inner automorphisms,
that is, automorphisms induced by conjugation by elements of G(k).

Proposition 7.3.2 There is an exact sequence

1 �! Inn(G)
a�! Aut(G)

b�! Aut( (G,B, T )) �! 1. (7.8)

Any pinning of G provides a section of b via the isomorphism of Proposition
7.3.1.

Proof. The arrow a is the obvious injection. To describe b, note that for any
automorphism � 2 Aut(G) there is a g 2 G(k) such that � �Ad(g) preserves
B and T. Indeed, all Borel subgroups are conjugate under G(k) and all (split)
maximal tori in B are conjugate under B(k). The fact that ��Ad(g) preserves
B and T implies that it preserves the set of simple roots � corresponding to
B under (7.6). We claim this gives a well-defined homomorphism

b : Aut(G) �! Aut( (G,B, T )). (7.9)

To check that it is well-defined, assume that � and � � Ad(g) both preserve
B and T. Then
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g 2 NG(k)(B) \NG(k)(T ) = B(k) \NG(k)(T ) = T (k) (7.10)

(see [Mil17, Theorem 17.48 and Proposition 17.53]) and hence � �Ad(g) and
� induce the same automorphism of  (G,B, T ). The map (7.9) is surjective
by Theorem 1.8.3. We claim that ker b = Inn(G), and hence the sequence of
(7.8) is exact. Suppose � 2 Aut(G) maps to the identity in Aut( (G,B, T ))
under b. After replacing � by � � Ad(g) for some g 2 G(k), we may assume
� preserves B and T. The fact that b(�) is the identity implies that � is an
inner automorphism by an element of T (k) by Theorem 1.8.3.

Since Aut(B, T, {X↵}↵2�) is defined as a subset of Aut(G) the last asser-
tion is clear. ut

The content of propositions 7.3.1 and 7.3.2 can be summarized informally
as follows. The theorem of Chevalley and Demazure (Theorem 1.8.3) allows
us to identify automorphisms of a reductive group over k that fix a maximal
torus T with automorphisms of root data, but only up to an inner automor-
phism by an element of T (k). Fixing a pinning and refining root data to based
root data removes this ambiguity.

With this preparation complete, we can now define the Langlands dual
group. Assume that G is a reductive group over a local or global field F.
Choose a Borel subgroup B  GF sep and a maximal torus T  B  GF sep .
We obtain a based root datum

 (GF sep , B, T ).

We now define a homomorphism

µG : GalF �! Aut( (GF sep , B, T )). (7.11)

Given � 2 GalF and an a�ne F sep-scheme X of finite type over F sep, let
�X be the base change of X along the automorphism � : F sep ! F sep. Thus
�X may be obtained by applying � to the coe�cients of the polynomials
cutting X out of an a�ne space. We observe that �T is a maximal torus of
GF sep and �B  GF sep is a Borel subgroup of GF sep . Choose g 2 G(F sep)
such that g(�B)g�1 = B and g(�T )g�1 = T. Then Ad(g) � � induces an
isomorphism of  (GF sep , B, T ). It follows as in the proof of Proposition 7.3.2
that this isomorphism is independent of the choice of g and hence we obtain
the homomorphism (7.11).

We made a choice of B and T in the definition of µG so we pause and
indicate the extent to which the definition of µG depends on this choice.
Suppose we are given Borel subgroups B and B0 of GF sep and maximal tori
T  B and T 0  B0. Choose g 2 G(F sep) such that gBg�1 = B0 and
gTg�1 = B0. Conjugation by g induces an isomorphism

Aut( (GF sep , B, T )) �! Aut( (GF sep , B0, T 0)). (7.12)
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It follows as in the proof of Proposition 7.3.2 that this isomorphism is in-
dependent of the choice of g. Thus our definition of the homomorphism µG

is dependent on the choice of B and T, but di↵erent choices give rise to ho-
momorphisms that are related by a canonical isomorphism. One can use this
observation to remove the choice of B and T from the definition of root data
entirely if desired [Mil17, §21.42, 21.43].

Now
(X⇤(T ), X

⇤(T ),�_,�,�_,�)

is again a based root datum with associated root datum  ( bG, bT ), so we have
a Borel subgroup bB  bG such that

(X⇤(T ), X
⇤(T ), _,�,�_,�) =  ( bG, bB, bT ). (7.13)

Let
P := {{X↵_}↵_2�_}

be a set of root vectors such that ( bB, bT ,P) is a pinning of bG. By Proposition
7.3.2, this defines a splitting of the surjection

Aut( bG) �! Aut( ( bG, bB, bT )).

We define

bµG : GalF �! Aut( (GF sep , B, T ))�̃!Aut( ( bG, bB, bT )) �! Aut( bG) (7.14)

where the isomorphism is canonical and the last arrow is defined by the
pinning ( bB, bT ,P). By examining the proof of Proposition 7.3.2 we see that
any bT (C)-conjugate of µG corresponds to another choice of P and conversely.
The Langlands dual group of G or the L-group of G to be the semidirect
product

LG := bG(C)oGalF

with respect to bµG.
We give bG(C) the Hausdor↵ topology and LG the product topology. Then

the neutral component (LG)� of LG is bG(C). Thus any continuous homomor-
phism LH ! LG maps bH(C) to bG(C). A morphism of L-groups

LH �! LG

is simply a continuous homomorphism commuting with the projections to
GalF such that its restriction to the neutral components is induced by a
map of algebraic groups bH ! bG. Morphisms are also sometimes called L-
maps. Stipulating that bH ! bG is algebraic is equivalent to requiring the
map bH(C)! bG(C) to be holomorphic [Con14, Proposition D.2.1].

Assume for the moment that F is a global field. For every place v, upon
choosing an embedding F sep ! F sep

v , we obtain an injection
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GalFv
�! GalF

unique up to conjugacy. The embedding also induces an identification of
the complex dual groups attached to (GF sep , TF sep) and (GF sep

v
, TF sep

v
) as ex-

plained after (1.35). This induces a morphism

LGFv
�! LGF (7.15)

which allows us to relate local and global L-groups.
Occasionally one works with modifications of the L-group. For example,

we can replace GalF by its quotient Gal(E/F ) where E/F is a finite degree
Galois extension such that GE splits. One can also replace GalF by any
topological group � admitting a continuous homomorphism � ! GalF that
surjects onto Gal(E/F ) for any field E such that GE is split; all of the
constructions above have obvious analogues in this level of generality. See
[Mok15] for an illuminating example.

Example 7.2. Let G = GLn and let E/F be a field extension of finite degree.
One has that

LResE/FGLn
⇠= GLn(C)

HomF (E,F sep
)
oGalF (7.16)

where GalF acts via its action on HomF (E,F sep). Here we denote by
GLn(C)HomF (E,F sep

) the group of maps of sets from HomF (E,F sep) to
GLn(C), so GLn(C)HomF (E,F sep

) ⇠= GLn(C)[E:F ]. More explicitly, for

((g⇠)o �) 2 GLn(C)
HomF (E,F sep

)
oGalF

one has
�((g⇠)) = (g��1�⇠).

In other words, � maps the entry corresponding to ⇠ to the entry correspond-
ing to � � ⇠.

Example 7.3. Let

Jn :=

0

B@
1

. .
.

1

1

CA 2 GLn(Z)

be the antidiagonal matrix and let

J 0

2n :=

✓
Jn

�Jn

◆
and J 0

2n+1
:=

0

@
Jn

1
�Jn

1

A . (7.17)

Let M/F be a quadratic extension and let � 2 Gal(M/F ) be the nontrivial
element. For an F -algebra R, consider the quasi-split unitary group attached
to the extension M/F :
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Un(R) :=
�
g 2 GLn(M ⌦F R) : J 0�1

n �(g)�tJ 0

n = g
 
.

One has that

LUn
⇠= GLn(C)oGalF (7.18)

where GalF acts via its quotient Gal(M/F ). The nontrivial element � 2
Gal(M/F ) is sent to the isomorphism g 7! J 0�1

n g�tJ 0
n of GLn(C). There is

an L-map

LUn �! LResM/FGLn

g o � 7�! (g, J 0�1

n g�tJ 0

n)o �.

7.4 Parabolic subgroups of L-groups

Let G be a reductive group over a local or global field F. In §12.5 and §13.2
we will require the notion of a parabolic subgroup of an L-group. It is most
natural to discuss this immediately after discussing the L-group. However,
the reader should feel free to skip this section and then refer back to it as
needed.

We follow the discussion in [Bor79]. Identify bG(C) with the subgroup

bG(C)o {1}  LG.

A parabolic subgroup of LG is a closed subgroup Q such that Q \ bG(C)
is the complex points of a parabolic subgroup of bG and the restriction of the
canonical map LG! GalF to Q is surjective. Clearly

LB := bB(C)oGalF (7.19)

is a parabolic subgroup, where bB is the group of (7.13). A parabolic subgroup
of LG is standard if it contains LB. As in the case of algebraic groups, every
parabolic subgroup of LG is conjugate to one and only one standard parabolic
subgroup.

We now isolate the subset of relevant parabolic subgroups of LG. This
will allow us to define a dual parabolic subgroup LP to any proper parabolic
subgroup P  G. We will also explain how this duality behaves with respect
to Levi subgroups.

For every field extension F  E  F sep, we let P(E) denote the set
of parabolic subgroups of GE . Let (P/G)(F sep) denote the set of G(F sep)-
conjugacy classes of parabolic subgroups in G(F sep) and let

(P/G)(E) = (P/G)(F sep)Gal(F sep/E).
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This is the set of conjugacy classes that are fixed by Gal(F sep/E) or in other
words are defined over E. There is a natural map

P(E) �! (P/G)(E).

Let B  GF sep be a Borel subgroup and T  B be a maximal torus. We
then obtain a based root datum

 (GF sep , B, T ) = (X⇤(T ), X⇤(T ),�,�_).

In §7.3 we explained how to endow the based root datum with an action of
GalF sep . One has a bijection

{J ⇢ �} ! (P/G)(F sep) (7.20)

by Theorem 1.9.2 and the discussion preceding it. The bijection is GalF -
equivariant.

Lemma 7.4.1 If G is quasi-split then the map P(F )! (P/G)(F ) is surjec-
tive.

Proof. Let B0  G be a Borel subgroup. We can and do assume B = B0F sep ,
which implies in particular that B is fixed by GalF . Let P  GF sep be a
parabolic subgroup whose conjugacy class is GalF -fixed. Upon replacing P
by a G(F sep)-conjugate, we can assume P � B. Now for all � 2 GalF we have
�(P ) � B and �(P ) = g�1Pg for some g 2 G(F sep). Since every parabolic
subgroup is conjugate to a unique standard parabolic subgroup, we conclude
that P = �(P ), and hence P is defined over F, that is, P = P 0

F sep for some
parabolic subgroup P 0  G. ut

Similarly, let LP denote the set of parabolic subgroups of LG and let
LP/LG denote the set of LG-conjugacy classes of parabolic subgroups of LG.
Again by Theorem 1.9.2 and the discussion preceding it, we have a bijection

{J ⇢ �_}GalF  ! LP/LG. (7.21)

Here we are using the fact that the standard parabolic subgroups of LG (with
respect to LB = bB(C) o GalF ) are the subgroups of the form P (C) o GalF
where P  bG is a parabolic subgroup containing bB whose corresponding
subset of �_ is fixed by GalF . Combining (7.20) with (7.21) yields a bijection

(P/G)(F ) ! LP/LG.

We say that a parabolic subgroup of LG is relevant if its LG-conjugacy
class is in the image of the composite

P(F ) �! (P/G)(F ) �! LP/LG. (7.22)



7.5 The Satake isomorphism for unramified groups 193

The image of P 2 P(F ) under (7.22) is a LG-conjugacy class of parabolic
subgroups of LG. Let LP be the unique standard parabolic subgroup in this
conjugacy class.

Let Q be a parabolic subgroup of LG. The unipotent radical N of Q� is
normal in Q and will also be called the unipotent radical of Q. Then Q is the
semidirect product of N by the normalizer in Q of any Levi subgroup M�

of Q�. These normalizers will be called the Levi subgroups of Q. A Levi
subgroup of a parabolic subgroup LP of LG is relevant if LP is.

For given parabolic subgroup P  G, a uniqueG(F sep)-conjugate gPF sepg�1

of PF sep contains B. Since the parabolic subgroups of GF sep containing B are
in bijection with subsets of � as explained in Theorem 1.9.2, we can therefore
associate a subset J(P ) ✓ � to P. Given a Levi subgroup M  P, there is a
g0 2 P (F sep) such that g0Mg0�1 has based root datum

(X⇤(T ), X⇤(T ), J(P ), J(P )_)

and hence there is a Levi subgroup of (LP )� with based root datum

(X⇤(T ), X
⇤(T ), J(P )_, J(P )).

The semidirect product of this Levi subgroup of (LP )� with Gal(F sep/F ) is
then a Levi subgroup of LP denoted by LM. This is reasonable as LM is the
dual group of M.

7.5 The Satake isomorphism for unramified groups

Let G be an unramified reductive group over a local field F and let K  G(F )
be a hyperspecial subgroup. In this section we explain Langlands’ extension
of the Satake isomorphism to this setting. Let Fr 2 Gal(F sep/F ) be a choice
of geometric Frobenius element. In other words, if p is the prime ideal of the
ring of integers OF of F then Fr(x) = x|OF /p|�1

for x in the algebraic closure
of OF /p. Since G is unramified it splits over an unramified extension. Hence
we can take the L-group to be

bG(C)o FrZ.

In the split case, the Satake transform was phrased in terms of the quotient

( bG/conj)(C). (7.23)

In the nonsplit case, we replace bG by

bGo Fr ⇢ bGo FrZ,
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the coset of bGo1 in bGoFrZ containing IoFr (I being the identity of bG(C)).
We replace the action of bG on itself by conjugation with the action given on
points in a C-algebra R by

bG(R)⇥ ( bG(R)o Fr) �! bG(R)o Fr

(g, (ho Fr)) 7�! ghFr(g)�1
o Fr.

(7.24)

This action can also be described as the action of bG on itself via Fr-conjugacy,
a notion that plays a key role in the twisted trace formula (see §18.5 below,
where the role of Fr is played by ✓). Thus the appropriate analogue of (7.23)
in the nonsplit case is

( bGo Fr/ ⇠)(C)

where ⇠ denotes the action of (7.24).
Let T  G be a maximal torus contained in a Borel subgroup B. Its dual

bT is a maximal torus of bG. We have a pair of homomorphisms

N bG(
bT )(C) �!W ( bG, bT )(C)�̃!W (G, T )(F sep) (7.25)

where the right isomorphism is (1.34). We let

FN (7.26)

be the constant group scheme over C whose C-points are the inverse image
of W (G, T )(F )  W (G, T )(F sep) in N bG(

bT )(C). One has an isomorphism of
a�ne schemes

bT o Fr/FN�̃! bGo Fr/ ⇠ (7.27)

(see [Bor79, Proposition 6.7] and Lemma 7.5.6 below). This is the analogue
of the Chevalley restriction theorem in this setting. In view of Theorem 7.2.1
and (7.27) the following theorem is natural [Bor79, §7]:

Theorem 7.5.1 (Langlands and Satake) Assume that G is unramified
over F. There is an isomorphism of algebras

S : C1

c (G(F ) //K) �! O( bT o Fr)FN .

ut

The map S occurring in Theorem 7.5.1 is again referred to as the Satake
isomorphism. This is reasonable, as in the special case where G is split
Theorem 7.5.1 reduces to Theorem 7.2.1.

As in the case where G is split, Theorem 7.5.1 and (7.27) induce bijections

Hom(C1

c (G(F ) //K),C) �! ( bT o Fr/FN)(C) �! ( bGo Fr/ ⇠)(C). (7.28)
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Here we take homomorphisms in the category of C-algebras. As explained
in Proposition 17.3.1, one can identify ( bG o Fr/ ⇠)(C) with closed orbits in
bGo Fr. An element of bG(C)o Fr is said to be Fr-semisimple if its bG-orbit
is closed. In view of (7.27), this is equivalent to the assertion that its orbit
intersects bT o Fr.

Proposition 7.1.1 implies that isomorphism classes of irreducible unrami-
fied representations of G(F ) are in natural bijection with

Hom(C1

c (G(F ) //K),C).

Thus (7.28) implies the following analogue of Corollary 7.2.2:

Corollary 7.5.2 Assume that G is unramified over F. The composite iso-
morphism (7.28) induces a bijection

( bGo Fr/ ⇠)(C) !
⇢

isomorphism classes of irreducible
unramified representations of G(F )

�
.

ut

By way of terminology, the Fr-semisimple conjugacy class attached to
an isomorphism class of unramified representations is called its Langlands
class. In the split case, the eigenvalues of a representative of the conjugacy
class are called its Satake parameters.

We will not prove either Theorem 7.2.1 or Theorem 7.5.1, though we will
give the definition of the Satake isomorphism in a moment. The standard
references are [Car79, Theorem 4.1], [Bor79, §7], and [Sat63]. There is a cat-
egorified version of the Satake correspondence due to Mirković and Vilonen
that is known as the geometric Satake correspondence (see [MV07]).
This result is an important tool in the geometric Langlands program. More-
over it has now been extended to mixed characteristic by work of Zhu [Zhu17].

To define the Satake isomorphism, let B  G be a Borel subgroup con-
taining a maximal torus T of G and let K be a hyperspecial subgroup. We
let N denote the unipotent radical of B. We say that K is in good position
with respect to (B, T ) if the Iwasawa decomposition

G(F ) = B(F )K

holds and
B(F ) \K = (T (F ) \K)(N(F ) \K).

We also assume thatKT := T (F )\K is a maximal compact subgroup of T. In
fact, given B and T we can always choose K so that these assumptions hold
(see Theorem B.1.1). Conversely, if we are given a hyperspecial subgroup, we
can always choose B and T so that K is in good position with respect to
(B, T ) and T (F ) \K is a maximal compact subgroup of T (F ) (see Lemma
B.5.2).
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Using the Iwasawa decomposition G(F ) = B(F )K = T (F )N(F )K, we
have a decomposition of measures

dg = d`bdk = dtdndk (7.29)

where d`b is a left Haar measure on B(F ) and dt, dn, dk are Haar measures on
T (F ), N(F ), and K, respectively (see Proposition 3.2.1). Here we are using
the fact that N(F ) is unimodular (see Exercise 3.12). We assume for the rest
of the chapter that

measdk(K) = measdn(N(F ) \K) = measdt(KT ) = 1. (7.30)

We define a C-linear map

C1

c (G(F ) //K) �! C1

c (T (F )/KT )

f 7�! fB
(7.31)

where

fB(t) := �1/2B (t)

Z

N(F )

f(tn)dn. (7.32)

The function fB is known as the constant term of f along B. Note that
C1

c (T (F )/KT ) in (7.31) above has only a single slash since T (F ) is commu-
tative.

By Proposition 8.7.2 below, we have an algebra homomorphism

C1

c (G(F ) //K) �! C1

c (T (F )/KT )
W (G,T )(F )

f 7�! fB .
(7.33)

Constructing this map is the first step towards defining the Satake isomor-
phism. Now we require an algebraic interpretation of its image.

Let Ts  T be the maximal split torus in T.

Lemma 7.5.3 We have that

W (G, T )(F ) = W (G, Ts)(F ) = W (G, Ts)(F
sep). (7.34)

Proof. The torus Ts is a maximal split torus of G [Bor91, Proposition
20.6(iii)]. Thus the right equality is a special case of Lemma 1.7.3.

Now CG(Ts) = T = CG(T ) by [Bor91, Proposition 20.6(i)] and [Mil17,
Proposition 17.61]. Thus Lemma 1.7.3 implies that

W (G, Ts)(F ) = NG(Ts)(F )/T (F ) = NG(Ts)(F
sep)/T (F sep)

and by Proposition 1.10.5 we have that

W (G, T )(F ) =
�
g 2 NG(T )(F

sep)/T (F sep) : g⇠(g�1) 2 T (F sep)
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for all ⇠ 2 GalF . Any element g 2 W (G, T )(F ) normalizes T (F sep) and
induces an isomorphism T ! T over F hence necessarily normalizes Ts.
Thus we obtain an injection W (G, T )(F ) ,!W (G, Ts)(F ). Suppose that g 2
G(F ) normalizes Ts. Then g�1Tg is a torus containing Ts which is therefore
contained in CG(Ts) = T. In other words, any element of G(F ) normalizing
Ts normalizes T. It follows that the map W (G, T )(F ) ! W (G, Ts)(F ) is
surjective. ut

In view of Lemma 7.5.3, we have an injection

W (G, Ts)(F ) = W (G, T )(F ) ,!W (G, T )(F sep) = W ( bG, bT )(C). (7.35)

Let

cW W ( bG, bT ) (7.36)

denote the constant subgroup scheme whose C-points are the image of
W (G, Ts)(F ) under (7.35) above. The closed immersion Ts ! T induces
a dual quotient map

⌫ : bT �! bTs. (7.37)

We leave the proof of the following lemma to the reader in Exercise 7.3:

Lemma 7.5.4 One has that

ker(⌫)(C) =
n
t�1Fr(t) : t 2 bT (C)

o
.

ut

The fact that W (G, Ts)(F ) acts on T and preserves Ts implies that cW
acts on bT and bTs and the map (7.37) is cW -equivariant.

Lemma 7.5.5 There is an isomorphism of C-algebras

C1

c (T (F )/KT )
W (G,T )(F )�̃!O( bTs)

cW .

Proof. Let Ks := Ts(F ) \ K. It is a maximal compact subgroup of Ts(F ).
Applying Exercise 7.4, restriction of functions induces an isomorphism of
C-algebras

C1

c (T (F )/KT )�̃!C1

c (Ts(F )/Ks). (7.38)

The group W (G, T )(F ) preserves Ts as explained in the proof of Lemma 7.5.3
and it is clear that the isomorphism above is W (G, T )(F )-equivariant. Hence
by Lemma 7.5.3 we obtain an isomorphism

C1

c (T (F )/KT )
W (G,T )(F )�̃!C1

c (Ts(F )/Ks)
W (G,Ts)(F ).
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Let C[M ] denote the group algebra of a free abelian groupM. Let$ 2 F be
a uniformizer. There is a W (G, Ts)(F )-equivariant isomorphism of C-algebras

C[X⇤(Ts)]�̃!C1

c (Ts(F )/Ks)
X

�2X⇤(Ts)

c�� 7�!
X

�2X⇤(Ts)

c� �($)Ks
. (7.39)

Here each c� is a complex number and c� = 0 for all but finitely many �.
The isomorphism (7.39) is independent of the choice of $.

Thus we have isomorphisms of C-algebras

C1

c (Ts(F )/Ks)�̃!C[X⇤(Ts)]�̃!C[X⇤( bTs)] (7.40)

where the left isomorphism is the inverse of (7.39) and the right isomorphism
follows from the definition of the dual torus. The left isomorphism in (7.40)
is W (G, Ts)(F )-equivariant. Since Ts is split, we have X⇤(Ts) = X⇤(TsF sep).
Thus the isomorphism C[X⇤(Ts)]�̃!C[X⇤( bTs)] in (7.40) is the restriction of
the W (G, T )(F sep) = W ( bG, bT )(C)-equivariant isomorphism

C[X⇤(TF sep)] �! C[X⇤( bT )].

It follows that C[X⇤( bTs)] is preserved bycW (C) and (7.40) iscW (C)-equivariant,

where cW (C) acts on C[X⇤(Ts)] via the isomorphism W (G, Ts)(F )!̃cW (C) in-
duced by (7.35). By Theorem 1.7.1 we have a commutative diagram

C[X⇤( bTs)] O( bTs)

C[X⇤( bT )] O( bT ).

⇠

⇠

The bottom row induces an isomorphism

C[X⇤( bT )]W ( bG, bT )(C)�̃!O( bT )W ( bG, bT ). (7.41)

Since C[X( bTs)] is preserved by the subgroup cW (C), we deduce an isomor-
phism

C[X⇤( bTs)]
cW (C)�̃!O( bTs)

cW .

ut

Let

bTs/cW : = Spec
⇣
O[ bTs]

cW
⌘
,

bT o Fr/FN : = Spec
�
O[T o Fr]FN

�
.

(7.42)
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Lemma 7.5.6 The inclusion Ts ! T induces an isomorphism

bT o Fr/FN�̃! bTs/cW.

Proof. For C-algebras R let

⌫0 : ( bT o Fr)(R) �! bTs(R)

(to Fr) 7�! ⌫(t).

By [Bor79, Lemma 6.2], every element of FN(R) is of the form wu where
Fr(w) = w and u 2 bT (R). Thus

(wu)�1(to Fr)wu = u�1Fr(u)w�1tw o Fr

for all t o Fr 2 bT (R) o Fr. This implies ⌫ : bT o Fr ! bTs is equivariant with

respect to the action of FN, where FN acts via its quotient cW on bTs. In
particular by Lemma 7.5.4 ⌫0 induces a morphism

bT o Fr/FN �! bTs/cW. (7.43)

It is surjective because ⌫ is surjective. The C-points of (7.43) are

bT (C)o Fr/FN(C) �! bTs(C)/cW (C) (7.44)

by Proposition 17.3.1.
To prove the injectivity of (7.44) assume that t, t0 2 bT (C) and

⌫(to Fr) = w�1⌫(t0 o Fr)w

for some w 2 cW (C). Then ⌫(t) = ⌫(w�1t0w) so t = xw�1t0w for some
x 2 (ker ⌫)(C). By Lemma 7.5.4 x = u�1Fr(u) for some u 2 bT (C) and we
deduce that to Fr = (wu)�1(t0 o Fr)wu.

Thus (7.44) is bijective. By Proposition 1.2.3, to conclude that (7.43) is

an isomorphism it su�ces to check that bT o Fr/FN and bTs/cW are integral

and bTs/cW is normal. The schemes bT oFr and bTs are smooth and irreducible,

hence integral and normal. The quotients bT oFr/FN and bTs/cW are therefore
integral and normal by [MFK94, §0.2(2)] and the fact that GIT quotients are
categorical quotients (see §17.2). ut

Combining (7.33), Lemma 7.5.5 and the map of coordinate rings induced
by Lemma 7.5.6, we see that we have constructed a homomorphism

S : C1

c (G(F ) //K) �! C1

c (T (F )/KT )
W (G,T )(F ) �! O( bT o Fr)FN . (7.45)
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This is the Satake isomorphism. We hasten to point out that we have only
constructed the algebra morphism, not proved that it is injective or surjective.
We will also write S for the isomorphism

S : C1

c (G(F ) //K) �! C1

c (T (F )/KT )
W (G,T )(F ) �! O( bTs)

cW (7.46)

obtained by combining (7.33) and Lemma 7.5.5. This is harmless in view of
Lemma 7.5.6.

The first map in this factorization of the Satake isomorphism is a special
case of a parabolic descent map. In general, any construction that relates
objects on the group G to objects on Levi subgroups of its parabolic sub-
groups (in this case the Levi subgroup T of the Borel subgroup B) is known
as parabolic descent. We will use this idea in the next section to give a
more explicit parametrization of unramified representations.

7.6 The principal series

We now explain how to explicitly realize unramified representations. Let G be
an unramified reductive group over a nonarchimedean local field F with Borel
subgroup B  G and maximal torus T  B. Let N be the unipotent radical
of B and let K  G(F ) be a hyperspecial subgroup. We assume that K is in
good position with respect to (B, T ) and that KT := T (F )\K is a maximal
compact open subgroup of T (F ). We assume measures are normalized as in
(7.29) and (7.30).

We recall from Proposition 3.6.1 that the modular quasi-character

�B := �B(F ) : B(F ) �! R>0 (7.47)

is
�B(b) := | det(Ad(b) : b �! b)|,

where b := LieB. The last ingredient we need to define unramified principal
series representations is unramified quasi-characters.

Definition 7.3. A quasi-character � : T (F ) ! C
⇥ is unramified if it is

trivial on KT .

Let us explicitly describe unramified quasi-characters. As in the previous
section, we let Ts  T be the maximal split torus. We remind the reader that
X⇤(T ), the abelian group of homomorphisms T ! Gm, is in general a proper
subgroup of the group X⇤(TF sep) of homomorphisms TF sep ! GmF sep .

In analogy with (4.22) we define a map

HT : T (F ) �! aT := Hom(X⇤(T ),R)

via
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ehHT (t),�i = |�(t)|

for � 2 X⇤(T ). For each

� 2 a
⇤

TC := X⇤(T )⌦Z C,

we then obtain a quasi-character

t 7�! ehHT (t),�i.

It is clearly unramified. We reinterpret this description of unramified quasi-
characters slightly as follows. First observe that the identifications

X⇤(T )C = X⇤(Ts)C = X⇤( bTs)C (7.48)

allow us to identify a
⇤

TC with the Lie algebra of bTs (see Exercise 7.8). Thus

bTs(C) = {q�� : � 2 a
⇤

TC}

where q, as usual, is the order of the residue field of OF and q�� is the matrix
exponential e�(log q)�. The group cW (C) of (7.36) acts on the set bTs(C) as
explained above Lemma 7.5.5. The map (7.35) provides an isomorphism

W (G, T )(F )�̃!cW (C)

which we occasionally use to identify these two groups. With this convention
in mind, the identifications (7.48) are cW (C)-equivariant.

Lemma 7.6.1 One has a bijection

bTs(C)/cW (C) �! Hom(T (F )/KT ,C
⇥)/W (G, T )(F )

q�� 7�! (t 7�! ehHT (t),�i).

In the lemma homomorphisms are taken in the category of topological groups.

Proof. By Exercise 7.4, the map Ts ! T induces an isomorphism of topolog-
ical groups

Ts(F )/Ks�̃!T (F )/KT ,

where Ks := Ts(F ) \ K is the maximal compact subgroup of Ts(F ). The

isomorphism is W (G, T )(F )-equivariant. On the other hand we have acW (C)-
equivariant map

bTs(C) �! Hom(Ts(F )/Ks,C
⇥)

q�� 7�! (t 7! ehHT (t),�i).
(7.49)

Thus we need only check that (7.49) is bijective. By choosing an isomorphism
Ts
⇠= G

d
m, we are reduced to observing that
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C
⇥ �! Hom(F⇥/O⇥

F ,C
⇥)

q�� 7�! (t 7! e� log |t|)

is a bijection. Here we represent an element of C⇥ as q�� for some � 2 C. ut

Let us relate Lemma 7.6.1 to the constructions in §7.5. We have a com-
mutative diagram of W (T,G)(F )-equivariant bijections

Hom(C1
c (T (F )/KT ),C) Hom(T (F )/K,C⇥)

Hom(C1
c (Ts(F )/Ks),C) Hom(Ts(F )/Ks,C⇥).

a

b

Here homomorphisms on the left are taken in the category of C-algebras, and
homomorphisms on the right are taken in the category of topological groups.
The vertical arrows are given by restriction of functions and are isomorphisms
by Exercise 7.4. The horizontal arrows are given by

a(')(t) := '( tKT
) and b(')(t) := '( tKs

).

One checks that b is a bijection, and hence so is a. The natural map

Hom(C1

c (T (F ) //K),C)/W (G, T )(F ) �! Hom(C1

c (T (F ) //K)W (G,T )(F ),C)

is a bijection (this is a special case of Proposition 17.3.1 below). Thus we
obtain a bijection

Hom(T (F )/KT ,C
⇥)/W (G, T )(F )�̃!Hom(C1

c (T (F ) //K)W (G,T )(F ),C)
(7.50)

where on the left homomorphisms are taken in the category of topologi-
cal groups and on the right homomorphims are taken in the category of
C-algebras.

By unwinding the definition of the isomorphism in Lemma 7.5.5 one ob-
tains the following lemma:

Lemma 7.6.2 The bijection of Lemma 7.6.1 composed with (7.50) is the
bijection

bTs(C)/cW (C)�̃!Hom(C1

c (T (F )/KT )
W (G,T )(F ),C)

induced by the isomorphism of Lemma 7.5.5 above. ut

For � 2 a
⇤

TC we define the representation

I(�) := IndGB
�
t 7�! ehHT (t),�i

�
(7.51)

to be the (smooth) representation of G(F ) on the space of functions
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n
' 2 C1(G(F )) : '(tng) = �1/2B (t)ehHT (t),�i'(g)

o
(7.52)

for all (t, n, g) 2 T (F )⇥N(F )⇥G(F ). Here G(F ) acts via right translations

I(�)(g)'(x) := '(xg). (7.53)

This is an example of an induced representation (see §8.1 for the general

construction). The factor of �1/2B is present so that if

� 2 ia⇤T = i(X⇤(T )⌦Z R)

then I(�) is pre-unitarizable; this assertion is part of the following special
case of propositions 8.2.2 and 8.2.3 below:

Proposition 7.6.3 The representations I(�) are admissible and satisfy

I(�)_ ⇠= I(��).

If � 2 ia⇤T then I(�) is pre-unitarizable. ut

We note that the condition � 2 ia⇤T is equivalent to the statement that the
quasi-character t 7! ehHT (t),�i is unitary (i.e. it is a character).

Definition 7.4. An unramified principal series representation of G(F )
is a representation isomorphic to I(�) for some � 2 a

⇤

TC.

This definition is traditional, but it is a little inconsistent. We have as-
sumed unramified representations are irreducible (see Definition 7.1), but
unramified principal series representations need not be irreducible.

Lemma 7.6.4 There is a unique line in I(�) fixed by K.

Proof. Since G(F ) = B(F )K, a function in I(�) is uniquely determined by
its restriction to K. ut

Our next aim is to explain how the Weyl group acts on unramified principal
series representations. First we define semisimplifications of smooth represen-
tations. A smooth representation (⇡, V ) of G(F ) has finite length if there
is a chain of C1

c (G(F ))-submodules

0 = V0 < V1 < · · · < Vn�1 < Vn (7.54)

(with n 2 Z>0) such that Vi/Vi�1 is irreducible for 0 < i  n. As usual, the
chain (7.54) is known as a composition series of V. If ⇡ has finite length, its
semisimplification is the representation

nM

i=1

Vi/Vi�1.
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Up to isomorphism, the semisimplification depends only on the isomorphism
type of V by the Jordan-Hölder theorem. An irreducible smooth represen-
tation of G(F ) is a subquotient of (⇡, V ) if and only if it is isomorphic to
Vi/Vi�1 for some i.

The Weyl group W (G, T )(F ) acts on X⇤(T ), hence on a
⇤

TC. It therefore
makes sense to consider I(w(�)) for � 2 a

⇤

TC and w 2 W (G, T )(F ). We say
that � 2 a

⇤

TC is regular if w(�) = � for w 2 W (G, T )(F ) implies that w is
the identity. Thus � is regular if and only if � lies in an open Weyl chamber
in a

⇤

TC.

Theorem 7.6.5 Let � 2 a
⇤

TC and w 2W (G, T )(F ).

(a) The representation I(�) is of finite length.
(b) The semisimplifications of I(�) and I(w(�)) are isomorphic.
(c) If � 2 ia⇤T is regular then I(�) is irreducible.

ut

For the proof of the theorem, one can refer to [Car79, Theorem 3.3]. These
results are due to Casselman.

Lemma 7.6.6 The representation I(�) admits a unique (irreducible) unram-
ified subquotient.

Proof. By Theorem 7.6.5 there exists a composition series

0 = V0 < · · · < Vn = I(�).

There is a unique line of K-fixed vectors in I(�) by Lemma 7.6.4. Let 1 
i  n be the smallest index such that Vi contains this line. Then Vi/Vi�1 is
unramified.

To prove that i is the unique index such that Vi/Vi�1 is unramified, it
su�ces to observe that the map V K

j ! (Vj/Vj�1)K is surjective for all 1 
j  n by Exercise 7.9. ut

We will also require the following result [Cas, Corollary 6.3.9]:

Theorem 7.6.7 If ⇡ is an irreducible subquotient of I(�) then there exists
a w 2W (G, T )(F ) such that ⇡ is a subrepresentation of I(w(�)). ut
Let J(�) denote the unique (irreducible) unramified subquotient of I(�). By
Theorem 7.6.5, J(�) ⇠= J(w(�)) for all w 2W (T,G)(F ).

The Satake isomorphism (7.46) identifies characters of C1
c (G(F ) //K)

with elements of bTs(C)/cW (C). These in turn may be identified with iso-
morphism classes of unramified representations by Theorem 7.1.1, yielding a
bijection

bTs(C)/cW (C) !
⇢

isomorphism classes of irreducible
unramified representations of G(F )

�
. (7.55)

The following theorem makes this bijection explicit:
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Theorem 7.6.8 The bijection (7.55) is given by q�� 7! J(�). In particular,
every unramified representation of G(F ) is isomorphic to a J(�) for some
� 2 a

⇤

TC. Moreover J(�) ⇠= J(�0) if and only if � = w(�0).

This theorem implies in particular that the image of q�� under the isomor-
phism

bTs(C)/cW (C)�̃! bT (C)/FN(C)�̃!( bGo Fr/ ⇠)(C)

given by Lemma 7.5.6 and (7.27) is the Langlands class of J(�).
Given the comments before the statement of Theorem 7.6.8, the theorem

itself is an immediate consequence of the following proposition:

Proposition 7.6.9 Let f 2 C1
c (G(F ) //K). For � 2 a

⇤

TC one has that

tr J(�)(f) = S(f)(q��).

Here S is the Satake isomorphism of (7.46).

Proof. One has that

tr I(�)(f) = tr ehHT (·),�i(fB)

by Proposition 8.6.1. On the other hand, by Lemma 7.6.2 one has

tr ehHT (·),�i(fB) = S(f)(q��).

Thus to complete the proof, it su�ces to show that tr I(�)(f) = tr J(�)(f).
By Theorem 7.6.7 upon replacing � by w� for some w 2W (G, T )(F ) we can
assume that J(�) is a subrepresentation of I(�). The inclusion J(�)! I(�)
induces a nonzero morphism of C1

c (G(F ) //K)-modules

J(�)K �! I(�)K .

This morphism is an isomorphism because both spaces are one-dimensional
by Lemma 7.6.4. ut

7.7 Weak global L-packets

Let G be a reductive group over a global field F. By convention, an admissible
representation of G(AF ) is an admissible (g,K1) ⇥ G(A1

F )-module in the
number field case and an admissible G(AF )-module in the function field case.

Definition 7.5. Two irreducible admissible representations ⇡1, ⇡2 of G(AF )
are weakly L-indistinguishable if ⇡S

1
⇠= ⇡S

2
for some finite set of places

S of F. An equivalence class of weakly L-indistinguishable admissible rep-
resentations is called an weak global L-packet (of G). If a weak global
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L-packet contains an automorphic representation, we say that it is a weak
automorphic L-packet (of G).

In §12.5 we will define a notion of local L-packets. The definition of local L-
packets will be used to give a refinement of the notion of a global L-packet;
this is why the adjective weak is used above.

For the remainder of this section, we will omit the word global to save ink.
It may seem odd that we include merely admissible, and not automorphic,
representations in a weak automorphic L-packet, but this turns out to be
convenient for technical reasons. In practice one describes the weak L-packet
of an automorphic representation and then asks which representations in the
weak L-packet are automorphic.

To describe weak L-packets in more detail, we set some notational conven-
tions. If S is a finite set of places of F including the infinite places such that
GFv

is unramified for v 62 S, we say that G is unramified outside of S. Now
choose a maximal compact subgroup K  G(AF ). Let S be a finite set of
places of F including the infinite places and assume that Kv (the projection
of K to G(Fv)) is hyperspecial for v 62 S. We then say that ⇡ is unramified
outside of S if ⇡v contains a nonzero vector fixed by Kv for v 62 S. This
depends on the choice of K, but if K 0 is a di↵erent choice then ⇡v will be
unramified with respect to Kv if and only if it is unramified with respect to
K 0

v for all but finitely many v by Corollary 2.4.8.
The Satake isomorphism provides a convenient way of thinking about weak

L-packets. Assume that G is unramified outside of S. Notice that if ⇡ is an
admissible representation of G(AF ) unramified outside of S then it defines a
character

tr⇡S : C1

c (G(AS
F ) //K

S) �! C

where KS  G(AS
F ) is a hyperspecial subgroup, i.e. Kv  G(Fv) is hy-

perspecial for all v 62 S. By the Satake isomorphism, giving this character is
equivalent to giving, for each v 62 S, a class cv 2 ( bGoFrv/ ⇠)(C). Here Frv is a
choice of Frobenius element at v and the quotient is with respect to the action
of bG given in (7.24). An element of bG(C)oFrv is Fr-semisimple if its bG-orbit
is (Zariski) closed. As is explained in more detail in §17.2, ( bG o Frv/ ⇠)(C)
is the set of bG(C)-orbits of Fr-semisimple elements of bG(C)oFrv. When G is
split, this set may be identified with semisimple conjugacy classes in bG(C).
Let

LPw(G) : = {weak L-packets of G},
LPw,aut(G) : = {weak automorphic L-packets of G}

(7.56)

and

c(G) := {(cv) 2
Y

v 62S

( bGo Frv/ ⇠)(C)}/ ⇠
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where we say that
Q

v 62S cv ⇠
Q

v 62S c0v if and only if cv = c0v for almost every
v 62 S (i.e. all v outside of a finite set). There is no need to be specific about
the set of places S in the notation here because we can always enlarge S by a
finite set. Any weak L-packet has a representative that is unramified outside
of some finite set of places S, so we have a bijection

c : ⇧w(G) �! c(G) (7.57)

defined in the obvious manner.
Let

r : LH �! LG

be an L-map. This gives rise to a map

c(H) �! c(G).

We can now state a weak form of the Langlands functoriality conjecture:

Conjecture 7.7.1 (Langlands) Given a weak automorphic L-packet ⇧ of
H, there is a weak automorphic L-packet r(⇧) of G such that c(r(⇧)) =
r(c(⇧)).

Thus Conjecture 7.7.1 asserts that there is a map making the following dia-
gram commute:

LPw,aut(H) LPw,aut(G)

c(H) c(G).

c

9?

c

r

If the weak automorphic L-packet r(⇧) exists it is called a weak transfer
of ⇧ with respect to r, or simply a weak transfer if r is understood.

The statement of Conjecture 7.7.1 is an oversimplification. In fact it could
be false as stated for completely general ⇧ and r. However, it conveys the
spirit of the precise version of the global Langlands functoriality conjecture
which will be discussed in §12.6.

The fact that the class c(⇧) is only defined up to a finite set of places
is an irritant, but it is not as horrible as it first appears. To explain, we
will require some results described in more detail in §10.7. Let n1, . . . , nd

be a collection of positive integers with
Pd

i=1
ni = n. Let P = MN 

GLn be the parabolic subgroup of type (n1, . . . , nd) with its standard Levi
decomposition (see Example 1.15). For each i let ⇡i be a cuspidal automorphic
representation of AGLni

\GLni
(AF ) and let � 2 a

⇤

MC. We can then form the
induced representation

I(⌦d
i=1

⇡i,�)

as in §10.3. In general it may have several irreducible subquotients, all of
which turn out to be automorphic. However it always has a canonical sub-
quotient that will be described in more detail in §10.7. Automorphic repre-
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sentations equivalent to this canonical subquotient are known as isobaric
representations. In particular, if I(⌦d

i=1
⇡i,�) is irreducible then it is iso-

baric; this holds in particular if n1 = n which is to say that the representation
is cuspidal.

We now record the following foundational fact from [JS81b, JS81a]:

Theorem 7.7.2 (Jacquet and Shalika) Any weak automorphic L-packet
of GLn contains a unique isobaric element. ut

Thus, at least for GLn, admissible representations that are automorphic and
isobaric are very special; they are determined by their local factors at any
cofinite set of places of F (see Exercise 7.11). In particular, forgetting about
finite sets of places is not an issue for GLn. For other reductive groups H,
the automorphic elements in a weak L-packet are supposed to be the fibers
of any transfer of the packet to a general linear group.

Studying weak L-packets is no more or less di�cult then studying com-
binatorics of Langlands classes. For general groups, describing which of the
many admissible representations in a weak automorphic L-packet are auto-
morphic representations is quite subtle. We refer to §12.6 for more details.

For a finite set of places S of F, we could ask which irreducible admissible
representations of G(FS) are local components at S of automorphic repre-
sentations. Assume that G is semisimple and simply connected over Q and
that S is a finite set of places of Q such that G(QS) is noncompact. Then
any irreducible admissible tempered representation of G(QS) is a limit, in a
suitable sense, of local components at S of automorphic representations of
G(AQ). We refer to [Clo07, §3.3] for a precise statement. The method used
in loc. cit. is due to Burger, Li, and Sarnak.

Exercises

7.1. Let S2 act on C[t±
1
, t±

2
] by letting the nontrivial element act by t1 7! t2.

Define a linear map

S 0 : C1

c (GL2(F ) //GL2(OF )) �! C[t±
1
, t±

2
]S2

by setting, for each n 2 Z, k 2 Z�0,

S 0

0

@
b
k

2 cX

i=0
GL2(OF )

✓
$k�i+n

$i+n

◆
GL2(OF )

1

A = qk/2(t1t2)
nSymk(t1, t2).

Show that this is an algebra isomorphism and deduce that S = S 0.

7.2. Let C[M ] denote the group algebra of a free abelian group M. Let F be
a field. For any torus T over F construct GalF -equivariant isomorphisms
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C[X⇤(TF sep)]�̃!C[X⇤( bT )]�̃!O[ bT ].

that induce natural isomorphisms between the functors

C[X⇤((·)F sep)], C[X⇤(c(·))], O[c(·)]

from the category of tori over F to the category of C-algebras.

7.3. Prove Lemma 7.5.4.

7.4. Let T be a torus over a nonarchimedean local field F that splits over an
unramified extension. Let Ts  T be the maximal split torus. Let KT  T (F )
be the maximal compact subgroup and let Ks := Ts(F )\KT be the maximal
compact subgroup of Ts(F ). Prove that the inclusion Ts ! T induces an
isomorphism of topological groups

Ts(F )/Ks�̃!T (F )/KT .

7.5. Let E/F be a quadratic extension of number fields with nontrivial Galois
automorphism �. For any F -algebra R, let

Un(R) :=
�
g 2 GL2(E ⌦F R) : ( 1

1
)�(g)�t ( 1

1
) = g

 
.

This is a unitary group in two variables over F. Prove that Un is quasi-split
over F, UnFv

is split at every place v of F where E/F is split, and UnFv
is

nonsplit at every place v of F where E/F is nonsplit.

7.6. Prove the description of LResE/FGLn given in (7.16) is true.

7.7. Prove that the description of LUn given in (7.18) is true.

7.8. Let T be a split torus over an archimedean field F. Given � 2 X⇤(T ),
applying the Lie functor one obtains a map d� : F ! Lie(T ). Show that

X⇤(T ) �! LieT

� 7�! d�(1)

induces an isomorphism X⇤(T )F := X⇤(T )⌦Z F ! LieT.

7.9. Let G be a td-group and let K  G be a compact open subgroup. Prove
that the functor from smooth representations of G to C1

c (G //K)-modules
given on objects by

V 7�! V K

is exact. In other words, it sends exact sequences to exact sequences.

7.10. Let F be a local field and let T be a torus over F. Prove that if T (F )
is compact then T is anisotropic.
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7.11. Let ⇡ be an isobaric automorphic representation of GLn(AF ) for some
global field F. Show that if S is a finite set of places of F and ⇡0

S 6⇠= ⇡S is
an admissible representation of GLn(FS) then ⇡0

S ⌦ ⇡S is never an isobaric
automorphic representation of GLn(AF ).



Chapter 8

Nonarchimedean Representation Theory

Let us assume we know nothing,
which is a reasonable
approximation.

D. Kazhdan

Abstract In this chapter we explain how general admissible representations
are built up out of supercuspidal representations via the process of parabolic
induction.

8.1 Introduction

Let G be a reductive group over a nonarchimedean local field F, let P  G
be a parabolic subgroup, and let P = MN be a Levi decomposition with
M  P a Levi subgroup and N the unipotent radical of P. This notation will
be in force throughout the chapter.

We recall from Proposition 3.6.1 that the modular quasi-character

�P := �P (F ) : P (F ) �! R>0 (8.1)

is
�P (p) := | det(Ad(p) : p �! p)|,

where p = LieP. Let (�, V ) be a smooth irreducible representation of M(F ).
Since P/N ⇠= M, � extends to a representation of P (F ). Using the modu-
lar quasi-character, we define the parabolically induced representation
(or simply induced representation) I(�) := IndGP (�) to be the (smooth)
representation of G(F ) on the space of functions

IndGP (V ) =

⇢
' 2 C1(G(F ), V ) : '(mng) = �1/2P (m)�(m)'(g)

for all (m,n, g) 2M(F )⇥N(F )⇥G(F )

�
.

211
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Here C1(G(F ), V ) denotes the space of locally constant functions from G(F )
to V. A function ' : G(F )! V is locally constant if and only if it is continu-
ous with respect to the natural topology on G(F ) and the usual topology (or
even the discrete topology) on V. The group G(F ) acts via right translation:

I(�)(g)'(x) = '(xg). (8.2)

The factor of �1/2P is present so that if � is unitarizable then I(�) is also
unitarizable (see Proposition 8.2.2). This procedure yields a functor

IndGP : Rep
sm

M(F ) �! Rep
sm

G(F ) (8.3)

from smooth representations of M(F ) to smooth representations of G(F ) (in
these categories, objects are smooth representations in the sense of §5.3 and
morphisms are equivariant maps). This functor is called parabolic induc-
tion.

If V is a smooth representation of G(F ) then its contragredient V _ is
defined as in §5.4. Let

h , i : V ⇥ V _ �! C

denote the canonical pairing. A function of the form

m(g) := m','_(g) := h⇡(g)','_i (8.4)

for (','_) 2 V ⇥V _ is called a matrix coe�cient of ⇡ (for the relationship
between this notion and Definition 4.2, see Exercise 8.1).

Definition 8.1. A supercuspidal (resp. quasi-cuspidal) representation of
G(F ) is an admissible (resp. smooth) representation all of whose matrix co-
e�cients are compactly supported modulo the center of G(F ).

We have taken the term “quasi-cuspidal” from [Ber]. The term “supercus-
pidal” is encountered more often the literature. We will show that a quasi-
cuspidal irreducible representation is supercuspidal in Proposition 8.3.4 be-
low.

The main result of this chapter is a theorem of Jacquet which states that
every irreducible admissible representation is obtained as a subquotient of
the parabolic induction of a supercuspidal representation (see Theorem 8.3.5
for the precise statement). One can profitably compare this result with the
Langlands classification from §4.9 and the classification of automorphic repre-
sentations explained in Chapter 10. These results can all be viewed as man-
ifestations of what Harish-Chandra called the “philosophy of cusp forms”
[HC70a]. Interpreted broadly, this is a slogan for the statement that all ir-
reducible representations of reductive groups can be obtained via parabolic
induction from cuspidal representations of Levi subgroups. Of course, the
correct notion of cuspidal representation varies based on the context.

We will not give a full proof of Theorem 8.3.5, but we will develop much of
the machinery used in the proof because it appears in many contexts. In par-
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ticular we define Jacquet modules in §8.3. In the case of GLn, Bernstein and
Zelevinsky have refined Theorem 8.3.5 to an explicit classification of all irre-
ducible admissible representations in terms of supercuspidal representations
of Levi subgroups (see §8.4). We discuss the notion of a trace of an admissible
representation in §8.5. In addition we prove some of the basic properties of
supercuspidal representations, including the fact that they admit coe�cients
(see Proposition 8.5.3). This fact can be applied to obtain simple trace for-
mulae (see Lemma 16.4.1 and Theorem 18.2.5 below). Finally we discuss the
parallel notions of parabolic descent of representations in §8.6 and parabolic
descent of orbital integrals in §8.7. The results in these two sections were
already used in our discussion of the Satake isomorphism above, specifically
in (7.33).

The canonical references for the topics covered in this chapter are the
unpublished manuscripts of Casselman [Cas] and Bernstein [Ber]. The paper
[Car79] contains sketches of proofs and refers to [Cas] for the details. The
book [Ren10] is a useful resource as well. We have sometimes followed the
expositions in [BH06] and [Mur], which fill in many details omitted in the
previous sources.

8.2 Parabolic induction

Let us now prove some basic facts about parabolic induction. Let (�, V ) be
a smooth representation of M(F ).

We start with the following observation:

Lemma 8.2.1 If K  G(F ) is a compact open subgroup and ' 2 IndGP (V )K

then
'(g) 2 V M(F )\gKg�1

.

Proof. Under the assumptions in the lemma if k 2 g�1M(F )g \K we have

'(g) = '(gk) = '(gkg�1g) = �(gkg�1)'(g).

ut

Proposition 8.2.2 One has the following:

(a) If � is admissible then I(�) is admissible.
(b) If � is unitary then I(�) is unitarizable.

Proof. Assume that (�, V ) is admissible. Let K  G(F ) be a compact open
subgroup. We are to show that IndGP (V )K is finite dimensional. An element
' 2 IndGP (V )K is determined by its value on any set of representatives X for
the double cosets in

P (F )\G(F )/K. (8.5)
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We can choose a maximal compact subgroup Kmax  G(F ) so that

P (F )Kmax = G(F ) (8.6)

and M(F ) \ Kmax is a maximal compact subgroup of M(F ) by Theorem
B.1.1. Hence

P (F )\G(F )/(K \Kmax) ⇠= (P (F ) \Kmax)\Kmax/(K \Kmax)

is finite, and it follows that (8.5) is finite. On the other hand, for any x 2
X one has '(x) 2 V M(F )\xKx�1

by Lemma 8.2.1. For any compact open
subgroup K 0  G(F ) the intersection M(F )\K 0 is a compact open subgroup

of M(F ). Hence V M(F )\xKx�1

is finite dimensional by admissibility. This
proves (a).

For (b), let ( , )V be an M(F )-invariant inner product on V. As above,
choose a maximal compact open subgroup Kmax  G(F ) so that the Iwasawa
decomposition G(F ) = P (F )Kmax holds. Normalize the Haar measures dg
on G(F ), dk on Kmax, and d`p on P (F ) so that dg = d`pdk (see Proposition
3.2.1).

For '1,'2 2 IndGP (V ), we define

('1,'2) :=

Z

Kmax

('1(k),'2(k))V dk.

Since every element of IndGP (V ) is determined by its restriction to Kmax, this
is a positive definite inner product. We must check that it is G(F )-invariant.

Choose a nonnegative f 2 C1
c (G(F )) such that

Z

P (F )

f(pg)drp = 1

for all g 2 G(F ) (see Exercise 8.3). Here we normalize the right Haar measure
drp so that drp = �P (p)d`p. For x 2 G(F ) one has that

Z

Kmax

('1(kx),'2(kx))V dk

=

Z

Kmax

('1(kx),'2(kx))V

Z

P (F )

f(pkx)drpdk

=

Z

P (F )⇥Kmax

('1(kx),'2(kx))V f(pkx)�P (p)d`pdk

=

Z

P (F )⇥Kmax

('1(pkx),'2(pkx))V f(pkx)d`pdk

=

Z

G(F )

('1(gx),'2(gx))V f(gx)dg
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=

Z

G(F )

('1(g),'2(g))V f(g)dg.

This expression is independent of x, so we deduce the invariance of our inner
product. ut

Proposition 8.2.3 One has that I(�_) ⇠= I(�)_.

Proof. Fix a maximal compact open subgroup Kmax  G(F ) so that the
Iwasawa decomposition G(F ) = P (F )Kmax holds.

Let ' 2 IndGP (V ) and '_ 2 IndGP (V
_). We then have a pairing

(','_) :=

Z

Kmax

h'(k),'_(k)idk (8.7)

where the pairing on the right is the pairing between V and V _. Arguing as
in the proof of part (b) of Proposition 8.2.2, we deduce that this pairing is
G(F )-invariant.

Since '_ is smooth, the linear form (·,'_) on V is smooth and we therefore
obtain a C-linear map

IndGP (V
_) �! IndGP (V )_

'_ 7�! (·,'_).
(8.8)

It is an intertwining map because (8.7) is G(F )-equivariant. We must show
that it is bijective. By smoothness it su�ces to show that it induces an
isomorphism

IndGP (V
_)K �! IndGP (V )_K

for all compact open subgroups K  Kmax.
To do this, we first describe a basis of IndGP (V )K . As in the proof of

Proposition 8.2.2, the set P (F )\G(F )/K is finite. Let X ⇢ Kmax be a set
of representatives for P (F )\G(F )/K. For each x 2 X, let Bx be a basis of

V M(F )\xKx�1

. By Lemma 8.2.1, '(x) 2 V M(F )\xKx�1

. For each w 2 Bx let
'x,w be the function supported on P (F )xK such that

'x,w(mnxk) = �1/2P (m)�(m)w

for (m,n, k) 2M(F )⇥N(F )⇥K. Then

{'x,w : x 2 X,w 2 Bx} (8.9)

is a C-basis of IndGP (V )K . Now for each x let B_
x be the basis of V _M(F )\xKx�1

dual to Bx. We define 'x,w_ by replacing V with V _ in the construction
above, and we obtain a basis

{'x,w_ : x 2 X,w_ 2 B_

x } (8.10)
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for IndGP (V
_)K . We are free to assume that the measure of K with respect

to dk is 1, and if take this convention then (8.9) and (8.10) are a basis and
dual basis with respect to the pairing (8.7). ut

It is often useful to introduce a variant of the parabolic induction functor.
We define a map

HM : M(F ) �! aM := Hom(X⇤(M),R) (8.11)

via
hHM (m),�i = log |�(m)|

for � 2 X⇤(M). This is the same map as (4.22) in §4.9, except now we are
considering the case where F is nonarchimedean. As in §4.9 we let

HP : P (M) �!M(F ) �! aM

be the map that is the composite of the canonical map P (F ) ! M(F ) and
HM . For each � 2 a

⇤

MC := X⇤(M)⌦Z C, we obtain a quasi-character

m 7�! ehHP (m),�i.

Define

I(�,�) := I(� ⌦ ehHP (·),�i). (8.12)

The point of introducing this extra notation is that it makes clear that the
induced representation I(�,�) is part of a continuous family of representa-
tions indexed by a

⇤

MC. In practice this can be very useful. We employed this
construction in the special case where P is a Borel subgroup and � is trivial
in our construction of the unramified principal series in §7.6.

8.3 Jacquet modules

We now define left adjoints to the functors IndGP . Let (⇡, V ) be a smooth
representation of G(F ). Set

V (N) :=
⌦
⇡(n)'� ' : ' 2 V, n 2 N(F )

↵
and VN := V/V (N). (8.13)

The space VN is referred to as the space of coinvariants. Since M(F )
normalizes N(F ), it preserves V (N) and hence M(F ) acts on VN . We define
the Jacquet functor

(·)N : Rep
sm

G(F ) �! Rep
sm

M(F )

(⇡, V ) 7�! (⇡N , VN ),
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where
⇡N := ⇡|M(F ) ⌦ �

�1/2
P .

The representation (⇡N , VN ) is referred to as the Jacquet module of (⇡, V )
(with respect to N).

A version of Frobenius reciprocity is valid for this functor:

Proposition 8.3.1 The Jacquet functor is left adjoint to induction; in other
words for smooth representations (⇡, V ) of G(F ) and (�,W ) of M(F ), one
has a bijection

HomG(F )(V, Ind
G
P (W ))�̃!HomM(F )(VN ,W )

that is functorial in (⇡, V ) and (�,W ). Here M(F ) acts on VN via ⇡N .

Proof. There is an M(F )-equivariant map

ev1 : IndGP (W ) �!W

' 7�! '(1)

where 1 2 G(F ) is the identity; it is clearly surjective. Thus we have a M(F )-
equivariant map

ev1 � (·) : HomG(F )(V, Ind
G
P (W )) �! HomM(F )(VN ,W )

given by composition with ev1. To construct the inverse, suppose we are given
an M(F )-intertwining map � : VN !W. We define

e� : V �! IndGP (W )

' 7�! (g 7! �(g.')).

The map � 7! e� is inverse to ev1 � (·). ut

One would hope that the functor (·)N preserves admissibility, and this is
indeed the case:

Theorem 8.3.2 (Jacquet) If (⇡, V ) is a smooth admissible representation
of G(F ) then (⇡N , VN ) is a smooth admissible respresentation of M(F ). ut

Jacquet also proved the following elegant characterization of quasi-cuspidal
representations using these functors:

Theorem 8.3.3 A smooth irreducible representation (⇡, V ) of G(F ) is quasi-
cuspidal if and only if VN = 0 for all parabolic subgroups P  G. ut

It is because of these theorems that VN called the Jacquet module. Strictly
speaking Jacquet wrote up his results only for the case of GLn [Jac71], but
the proof carries over to the general case.
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For the proof of Theorem 8.3.2 see [Cas, §3]. For the proof of Theorem
8.3.3 see [Ber, §I.5.1 and §II.2.2]. More details are given in [Ren10, §VI.2.1],
but Renard assumes the field F is of characteristic zero. In the remainder of
this section, we use theorems 8.3.2 and 8.3.3 to prove Theorem 8.3.5 below.

Before this we prove a warm up result. Recall that a supercuspidal repre-
sentation is an admissible quasi-cuspidal representation.

Proposition 8.3.4 A quasi-cuspidal irreducible representation is supercus-
pidal.

Proof. Let (⇡, V ) be a quasi-cuspidal irreducible representation of G(F ). Fix
a nonzero ' 2 V. For all compact open subgroups K  G(F ), one has that

V K = ⇡(eK)V =
⌦
⇡(eK)⇡(g)' : g 2 G(F )

↵
,

where

eK :=
1

meas(K)
K

is the idempotent attached to K. We must show V K is finite dimensional.
Since ⇡ admits a central quasi-character (see Exercise 5.8), if V K is not finite
dimensional then there exists {gn : n 2 Z>0} ✓ G(F ), all inequivalent modulo
ZG(F ), such that ⇡(eK)⇡(gn)' are linearly independent. Let W ✓ V K be a
C-vector subspace such that

V K = W �
⌦
⇡(eK)⇡(gn)' : gn 2 G(F ), n 2 Z>0

↵
.

As V = V K � ker⇡(eK), we can define '_ 2 Hom(V,C) such that

h⇡(eK)⇡(gn)','
_i = n

for all n and '_|W�ker⇡(eK) = 0. Then '_ is fixed by K, hence is smooth, and
hence is an element of V _. On the other hand, by construction, the support of
the matrix coe�cient h⇡(g)','_i is not compact modulo the center ZG(F ).
This contradiction implies the proposition. ut

Combined with Proposition 8.3.4, Theorem 8.3.2 and Theorem 8.3.3 allow
us to deduce the following concrete manifestation of the philosophy of cusp
forms:

Theorem 8.3.5 If (⇡, V ) is a smooth irreducible representation of G(F )
then the following are true:

(a) There exists a parabolic subgroup P = MN  G, a supercuspidal repre-
sentation (�,W ) of M(F ) and a nonzero intertwining map V ! IndGP (W ).

(b) The representation ⇡ is admissible.

Proof. The first assertion implies the second, as induction preserves admis-
sibility by Proposition 8.2.2. For the first, we proceed by induction on the
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dimension of G (as an F -algebraic group). If G has dimension 1 then it is a
torus (this follows from the proof of [Mil17, Corollary 17.27], for example),
and so the result is trivial.

Assume that for all proper parabolic subgroups P there is no nonzero
intertwining map V ! IndGP (W ) where (�,W ) is a smooth irreducible rep-
resentation of M(F ). Applying Frobenius reciprocity (Proposition 8.3.1) we
see that

HomM(F )(VN ,W ) = 0

for all parabolic subgroups P = MN and all smooth representations (�,W )
of M(F ), which implies ⇡ is supercuspidal by Theorem 8.3.3 and Proposition
8.3.4.

Now assume that there is a proper parabolic subgroup P < G, a Levi
subgroup M  P, a smooth representation (�,W ) of M(F ), and a nonzero
(hence injective) intertwining map V ! IndGP (W ). By Frobenius reciprocity,
there is a nonzero intertwining map

VN �!W

of representations of M(F ) so we can apply our inductive hypothesis to de-
duce that there is a parabolic subgroup Q  M with Levi subgroup MQ,
a supercuspidal representation (⇢, U) of MQ(F ) and a nonzero intertwining
map

VN �!W �! IndMQ (U).

Applying Frobenius reciprocity again we obtain a nonzero intertwining map

V �! IndGP � Ind
M
Q (U) ⇠= IndGQN (U)

(see Exercise 8.4 for the last isomorphism). Here we are implicitly using the
fact that QN is a parabolic subgroup of G (see Proposition 1.9.6). ut

A cuspidal datum is a tuple

(M, (�,W )) (8.14)

consisting of a Levi subgroup M  G and a supercuspidal representa-
tion (�,W ) of M(F ). We say that two cuspidal data (M, (�,W )) and
(M 0, (�0,W 0)) are equivalent if they are G(F )-conjugate, that is, there is a
g 2 G(F ) such that gM(F )g�1 = M 0(F ) and m0 7! �(g�1m0g) is isomorphic
to �0.

Here is an amplification of the preceding theorem:

Theorem 8.3.6 Assume that F has characteristic zero. Suppose that ⇡ is a
smooth irreducible representation of G(F ) and (M, (�,W )), (M 0, (�0,W 0)) are
cuspidal data. Assume that P and P 0 are parabolic subgroups of G with Levi
subgroups M and M 0, respectively, and that there are nonzero intertwining
maps
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V �! IndGP (W ) and V 0 �! IndGP 0(W 0).

Then (M, (�,W )) and (M 0, (�0,W 0)) are equivalent. ut
The only published reference for this theorem we know is [Ren10, Theorem
VI.5.4] which assumes that F is of characteristic zero.

The cuspidal support of an irreducible admissible representation ⇡ is
the equivalence class of a cuspidal datum (M, (�,W )) such that there is a
nonzero intertwining map V ! IndGP (W ) for some parabolic subgroup P
containing M. This is well-defined by theorems 8.3.5 and 8.3.6.

8.4 The Bernstein-Zelevinsky classification

Theorem 8.3.5 provides the first step towards a classification of all irreducible
admissible representations of G(F ) in terms of supercuspidal representations.
The remaining task is to understand isomorphisms between subquotients of
induced representations.

It is useful to start by stepping backwards. In §4.8 we defined, for any
local field, the notions of square integrable (or discrete) representations,
tempered representations, essentially square integrable representations and
essentially tempered representations. These notions were employed to state
the archimedean Langlands classification (Theorem 4.9.2). We will now state
the Langlands classification in the nonarchimedean setting. It classifies irre-
ducible admissible representations in terms of tempered representations.

Fix a minimal parabolic subgroup P0  G and call a parabolic subgroup
standard if it contains P0. Let (�, V ) be an irreducible admissible representa-
tion of M(F ). Given � 2 a

⇤

MC we can form the induced representation I(�,�)
as in (8.12).

The following is the analogue of Theorem 4.9.1 in this setting:

Theorem 8.4.1 If � is unitary and tempered and Re(�) is in the positive
Weyl chamber then I(�,�) admits a unique irreducible quotient J(�,�). ut
The representation J(�,�) is known as the Langlands quotient of I(�,�).

We now state the nonarchimedean analogue of Theorem 4.9.2:

Theorem 8.4.2 Every irreducible admissible representation of G(F ) is iso-
morphic to some J(�,�) with � unitary and tempered and Re(�) in the posi-
tive Weyl chamber. Moreover if we insist that the parabolic subgroup defining
J(�,�) is standard, fix a Levi decomposition P = MN of each standard
parabolic subgroup, insist that � is trivial on AM , and stipulate that Re(�) is
in the positive Weyl chamber then every irreducible admissible representation
of G(F ) is isomorphic to a J(�,�) that is unique up to replacing � by another
representation of M(F ) equivalent to �. ut
In the degenerate case P = G the assumption that Re(�) is in the positive
Weyl chamber is automatically satisfied. For the proofs of these theorems, we
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refer to [BW00, §XI.2]. See also [Kon03]. Theorem 8.4.2 allows us to attach, to
every irreducible admissible representation ⇡ of G(F ), parameters (M,�,�)
as in the theorem. These are called the Langlands data of ⇡. They are
unique in the sense explained in the theorem.

In view of these theorems, to classify the irreducible admissible representa-
tions of G(F ) it su�ces to classify the irreducible tempered representations
of G(F ). This work is largely complete in the case when G is a classical
group, see [Mg02, MgT02, Jan14] for example. The situation for general lin-
ear groups is arguably the simplest and we will discuss it in this section. The
results are due to Bernstein and Zelevinsky [BZ77, Zel80] and the theory is
known as the Bernstein-Zelevinsky classification.

We start with the classification of representations that are essentially
square integrable. Let n > 1, let a|n, and let � be an irreducible supercuspi-
dal representation of GLn/a(F ). The external tensor product �a := �⌦a is a
(supercuspidal) representation of GLa

n/a, which we view as a Levi subgroup
of the standard parabolic subgroup of GLn of type (n/a, . . . , n/a). We refer
to the reader Example 1.15 for our conventions regarding standard parabolic
subgroups of general linear groups.

There is a unique irreducible quotient Q(�a,�a) of I(�a,�a) where

�a :=

✓
�a� 1

2
,
a� 3

2
, · · · ,�a� 3

2
,
a� 1

2

◆
2 X⇤(M)⌦Z C.

Here we have identified X⇤(M)⌦ZC with C
a in the unique manner such that

e

⌧
HM

0

@
m1

. . .
ma

1

A,�a

�

=
aY

i=1

| detmi|i�1�
a�1
2 . (8.15)

We use analogous conventions below. The quotient Q(�a,�a) is essentially
square integrable. Conversely, all irreducible essentially square integrable rep-
resentations arise in this manner:

Theorem 8.4.3 (Bernstein) Every irreducible admissible essentially square
integrable representation ⇡ of GLn(F ) is isomorphic to Q(�a,�a) for a
pair (�, a) where a|n and � is an irreducible supercuspidal representation
of GLn/a(F ). ut

The theorem is stated in [Zel80, §9.3]. There is a sketch of the proof in [JS83,
§1.2]. We observe that unlike in the setting of Theorem 8.4.2, the parameter
�a does not lie in the positive Weyl chamber. If � is a unitary supercuspidal
representation, then the Langlands data of Q(�a,�a) are (G,Q(�a,�a), 0)
and a similar statement holds if we merely assume � is supercuspidal.

To proceed we require the notion of linked representations. Following
[BZ77] one calls any set of supercuspidal representations of GLr(F ) for some
r of the form
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n
�,� ⌦ ehHGLr

(·),1i, · · · ,� ⌦ ehHGLr
(·),di

o
(8.16)

for some integer d a segment. Two segments are linked if neither is included
in the other and their union is a segment.

To each Q(�a,�a) we associate the segment

n
� ⌦ e

hHGL
n/a

(·),� a�1
2 i

, . . . ,� ⌦ e
hHGL

n/a
(·), a�1

2 i
o
.

We say that

Q(�a,�a) and Q(�0a0

,�a0) (8.17)

are linked if their associated segments are linked.
Now assume

Pk
i=1

ni = n and ai|ni for all i. If P is the standard parabolic
of type (n1, . . . , nk) then, for any collection of square integrable representa-
tions Q(�ai

i ,�ai
) of GLni

(F ) as above, we can form the induced representa-
tion

I(Q(�a1
1
,�a1)⌦ · · ·⌦Q(�ak

k ,�ak
), 0). (8.18)

In the case where Q(�ai

i ,�ai
) is linked with Q(�

aj

j ,�aj
) if and only if i = j

we say that none of the Q(�ai

i ,�ai
) are linked.

We require the notion of a generic representation to state the next
theorem. Generic representations are defined in §11.3. The reader can treat
the definition as a black box for the time being. To aid the reader, we point
out that irreducible admissible representations are nondegenerate in the ter-
minology of [BZ77, Zel80] if and only if they are generic (see [BZ76]).

The following theorem is [Zel80, Theorem 9.7]:

Theorem 8.4.4 If the representation (8.18) is irreducible then it is generic.
The representation (8.18) is irreducible if and only if none of the Q(�ai

i ,�ai
)

are linked. Any irreducible admissible generic representation ⇡ is isomorphic
to (8.18) for some Q(�ai

i ,�ai
), 1  i  k, uniquely determined up to reorder-

ing indices. ut

Theorem 8.4.5 An admissible representation (⇡, V ) of GLn(F ) is tem-
pered and irreducible if and only if it is of the form (8.18) where all of the
Q(�ai

i ,�ai
) are square integrable.

To clarify the assumptions in the theorem, we note that the Q(�ai

i ,�ai
) are

always essentially square integrable, so the assumption of square integrability
in the theorem amounts to assuming that the central character of Q(�ai

i ,�ai
)

is unitary for each i.

Proof. Assume (⇡, V ) is tempered. Then by [Wal03, Proposition III.4.1] and
Theorem 8.4.3, ⇡ is a subquotient of a representation ⇡0 of the form (8.18)
for some square integrable Q(�ai

i ,�ai
). Since the Q(�ai

i ,�ai
) are all square
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integrable, none of them are linked by Exercise 8.11. Thus ⇡0 is irreducible
by Theorem 8.4.4 and we deduce that ⇡0 ⇠= ⇡.

Conversely suppose that an admissible representation ⇡ is of the form
(8.18) where all of the Q(�ai

i ,�ai
) are square integrable. Then none of the

Qi(�
ai

i ,�ai
) are linked (see Exercise 8.11), so ⇡ is irreducible by Theorem

8.4.4. Since the (normalized) induction of a tempered representation is tem-
pered [Wal03, Lemme III.2.3], we conclude that ⇡ is tempered. ut

Combining the Langlands classification (Theorem 8.4.2) and the subse-
quent description of tempered representations given by Theorem 8.4.5, we
can give an analogue of the Langlands classification in terms of square inte-
grable representations. We defer a discussion of this to §10.6.

8.5 Traces, characters, coe�cients

Let (⇡, V ) be an admissible representation of G(F ). Then for all f 2
C1

c (G(F )) one has an operator

⇡(f) : V �! V.

There is a compact open subgroup K  G(F ) such that f 2 C1
c (G(F ) //K)

and hence ⇡(f) induces an operator

⇡(f) : W �!W

for any finite dimensional subspace V K  W  V. We define the trace of
⇡(f) by

tr⇡(f) := tr⇡(f)|W (8.19)

for any such W. The notion of the trace of a representation will play a crucial
role in the trace formula in later chapters.

In this nonarchimedean setting, a distribution on G(F ) is simply a com-
plex linear functional on C1

c (G(F )). Thus the trace map

tr⇡ : C1

c (G(F )) �! C

is a distribution on G(F ), called the character of ⇡. Of course this distri-
bution depends on a choice of Haar measure. For � 2 G(F ) the centralizer
C�  G is defined by setting

C�(R) := {g 2 G(R) : g�1�g = �} (8.20)

for F -algebras R. Let Greg,ss  G denote the (open) subscheme consisting
of regular semisimple elements. The notion of a regular semisimple element
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will be discussed in more detail in §17.2 below. For the moment it su�ces to
know that

Greg,ss(F ) =
�
� 2 G(F ) : C�

�  G is a maximal torus
 
. (8.21)

The following is a fundamental result [HC99]:

Theorem 8.5.1 (Harish-Chandra) Assume that F has characteristic zero.
The distribution tr⇡ is represented by a locally constant function ⇥⇡ with sup-
port in Greg,ss(F ). ut

In other words, if F has characteristic zero there is a locally constant function
⇥⇡ on Greg,ss(F ) such that

tr⇡(f) =

Z

G(F )

⇥⇡(g)f(g)dg

for all f 2 C1
c (G(F )). This result tells us that we can almost regard tr⇡ as

a function.
The following is a version of linear independence of characters adapted to

this setting:

Proposition 8.5.2 (Linear independence of characters) If ⇡1, . . . ,⇡n is
a finite set of irreducible admissible representations such that ⇡i ⇠= ⇡j implies
i = j, then the distributions tr⇡i are linearly independent.

Proof. We use admissibility to reduce the assertion to a finite dimensional
setting. Fix a compact open subgroup K  G(F ) such that V K

i 6= 0 for all i.
This implies that {V K

i } is a finite family of finite dimensional C-vector spaces
with an action of C1

c (G(F ) //K). They are all simple (that is, irreducible) for
this action by Proposition 5.3.3. Moreover, they are pairwise nonisomorphic
as C1

c (G(F ) //K)-modules by Proposition 7.1.1. Let

A := Im

 
C1

c (G(F ) //K) �!
Y

i

EndC(V
K
i )

!
.

Then A is a finite dimensional C-algebra and the {V K
i } are a finite fam-

ily of finite dimensional nonisomorphic simple A-modules. Hence the traces
tr⇡i|C1

c
(G(F ) //K) are linearly independent [GW09, Lemma 4.1.18]. ut

Thus traces can be used to distinguish between a finite set of representa-
tions. In particular, if {⇡1, . . . ,⇡n} is a finite set of pairwise nonisomorphic ir-
reducible representations then linear independence of characters implies that
we can find an f 2 C1

c (G(F )) such that

tr⇡i(f) = 0 if and only if i 6= 1.

For a refinement of this result at the level of operators, see Exercise 8.9.
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One can ask for more. Let ⇡ be an irreducible admissible representation. A
coe�cient of ⇡ is a smooth function f⇡ 2 C1

c (G(F )) such that tr⇡(f⇡) 6= 0
and tr⇡0(f⇡) = 0 for ⇡0 6⇠= ⇡. Thus if a coe�cient for ⇡ exists, we can use it to
isolate ⇡ among any set of irreducible admissible representations, finite or not.
We observe that if a coe�cient exists it is not unique. For example, any G(F )
conjugate of a coe�cient is another coe�cient. For general ⇡, functions f⇡ as
above need not exist (see Exercise 8.13). However, in certain circumstances
one can construct coe�cients:

Proposition 8.5.3 Assume that ZG(F ) is compact and let (⇡, V ) be an ir-
reducible supercuspidal representation of G(F ). Then for all f 2 C1

c (G(F ))
there exists a unique f⇡ 2 C1

c (G(F )) such that ⇡(f⇡) = ⇡(f) and if ⇡0 is an
irreducible admissible representations of G(F ) with ⇡0 6⇠= ⇡ then ⇡0(f⇡) = 0.

As an immediate consequence, we see that coe�cients of supercuspidal rep-
resentations exist.

To prove Proposition 8.5.3, we collect some observations on the space of
endomorphisms of a representation. For any smooth representation (⇡, V ) of
G(F ), consider the C-vector space

End(V ) := HomC(V, V ).

Here V is given the discrete topology, so HomC(V, V ) consists of arbitrary
C-linear maps. There is an action of G(F )⇥G(F ) on End(V ) given by

G(F )⇥G(F )⇥ End(V ) �! End(V )

((g1, g2), A) 7�! ⇡(g1) �A � ⇡(g�1

2
).

We let
Endsm(V )  End(V )

denote the subspace consisting of smooth endomorphisms, that is, en-
domorphisms that are left and right invariant by a compact open subgroup
K  G(F ). This is a smooth representation of G(F )⇥G(F ).

The usual morphism

V ⌦HomC(V,C) �! End(V )

given on pure tensors by

'⌦ '_ 7�! ('0 7�! h'0,'
_i')

is G(F ) ⇥ G(F )-equivariant and upon restriction induces an isomorphism
V ⌦ V _ ! Endsm(V ). Here all of the tensor products are over C. Thus the
action of G(F )⇥G(F ) on Endsm(V ) can be reasonably denoted by ⇡⌦⇡_ (for
more details on product representations see Theorem 5.7.2 above). If (⇡, V )
is admissible, then Endsm(V ) is also admissible (see Exercise 8.14).
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One also has an intertwining map

� : (⇡ ⌦ ⇡_,Endsm(V )) �! (⇢, C1(G(F )))

given by
�(A)(g) = tr(⇡(g�1) �A).

Here ⇢ acts via ⇢(g1, g2)(f)(h) = f(g�1

1
hg2). We note that for each A 2

Endsm(V ), the function �(A) is a sum of matrix coe�cients of ⇡_. Indeed,
if we choose a compact open subgroup K  G(F ) such that A is fixed on
the left and right under K, choose a basis '1, . . . ,'n of V K and a dual basis
'_
1
, . . . ,'_

n of V _K then

�(A)(g) =
nX

i=1

⌦
⇡(g�1) �A'i,'

_

i

↵
=

nX

i=1

hA'i,⇡
_(g)'_

i i . (8.22)

Proof of Proposition 8.5.3: Since ZG(F ) is compact by assumption we deduce
that �(Endsm(V ))  C1

c (G(F )). Since there are ' 2 V and '_ 2 V _ such
that

h','_i = h⇡(1)','_i 6= 0,

we have that � is not identically zero. Thus since the exterior tensor product
⇡ ⌦ ⇡_ is irreducible, � is an embedding.

Consider

�0 : (⇢, C1

c (G(F ))) �! (⇡ ⌦ ⇡_,Endsm(V ))

f 7�! ⇡(f).
(8.23)

Then �0 � � is an endomorphism of the irreducible representation Endsm(V )
of G(F )⇥G(F ). Hence �0 � � is multiplication by a scalar by Schur’s lemma
(see Exercise 5.6), say �0 � � = �I for some � 2 C where I : V ! V is the
identity. We will now show that � 6= 0 and that we can take

f⇡ := ��1� � �0(f).

To show that � 6= 0, note that we can find f 2 C1
c (G(F )) such that ⇡(f) 6=

0 (take, for example, f to be the characteristic function of a su�ciently
small compact open subgroup). Thus �0(f) = ⇡(f) 6= 0 and since � is an
embedding, we deduce that � � �0(f) 6= 0.

To show that we can take f⇡ as claimed, we first observe that

⇡(� � �0(f)) = �0 � � � �0(f) = ��0(f) = �⇡(f).

Second, let (⇡0, V 0) be a smooth irreducible representation of G(F ), let '0 2
V 0 be a nonzero vector, and let
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� : (⇢|G(F )⇥1, C
1

c (G(F ))) �! (⇡0, V 0)

f 7�! ⇡0(f)'0.
(8.24)

As a representation ofG(F ), one has that Endsm(V )|G(F )⇥1 is isomorphic to a
direct sum of copies of ⇡, and thus the same is true of �(�(Endsm(V ))). Thus
�(�(Endsm(V ))) = 0 unless ⇡0 ⇠= ⇡ (since whenever the former is nonzero we
obtain an intertwining operator between ⇡ and ⇡0). It follows that ⇡0(f⇡) = 0
if ⇡0 6⇠= ⇡. This completes the proof of the proposition. 2

8.6 Parabolic descent of representations

Parabolic descent is a term for the process by which one passes from ob-
jects (say, representations) on a group G to objects on a Levi subgroup of
a parabolic subgroup of G. We end this chapter with two examples of this
phenomenon. First we show that the character of a parabolically induced
representation is related in a straightforward manner to the character of the
inducing representation (see Proposition 8.6.1). Then in §8.7 we prove an
analogous result (Proposition 8.7.1) for orbital integrals.

Let P  G be a parabolic subgroup with Levi decomposition P (F ) =
M(F )N(F ) and let K  G(F ) be a maximal compact subgroup.

Definition 8.2. A maximal compact subgroup K  G(F ) is said to be in
good position with respect to (P,M) if G(F ) = P (F )K and P (F )\K =
(M(F ) \K)(N(F ) \K).

Given a parabolic subgroup P with Levi decomposition P = MN, we can
always find a maximal compact subgroup in good position with respect to
(P,M). We can even arrange that

KM := M(F ) \K

is a maximal compact subgroup of M(F ) (see Theorem B.4.3); we will also
assume this in what follows.

We assume throughout this section that Haar measures are chosen so that
with respect to the decomposition G(F ) = KM(F )N(F ) one has

dg = �P (m)dkdmdn (8.25)

where

measdk(K) = measdn(N(F ) \K) = measdm(KM ) = 1.

This is equivalent to stipulating that with respect to the decomposition
G(F ) = M(F )N(F )K one has
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dg = dmdndk. (8.26)

The constant term of f 2 C1
c (G(F )) along P is the function

fP (m) := �1/2P (m)

Z

N(F )

f(mn)dn. (8.27)

This is a generalization of (7.32). Let

C1

c (G(F );K) :=
�
f 2 C1

c (G(F )) : f(k�1xk) = f(x) for all k 2 K
 
.

We note that C1
c (G(F );K) is the image of the map

C1

c (G(F )) �! C1

c (G(F );K)

f 7�! fK
(8.28)

where fK(x) :=
R
K f(k�1xk)dk. The space C1

c (G(F );K)  C1
c (G(F )) is a

subalgebra under convolution and one trivially has that

tr⇡(f) = tr⇡(fK). (8.29)

Proposition 8.6.1 The constant term defines a map

C1

c (G(F );K) �! C1

c (M(F );KM )

f 7�! fP .

If (�, V ) is an admissible representation of M(F ), then

tr I(�)(f) = tr�(fP ).

The archimedean analogue of this proposition is valid as well [Kna86, (10.23)].

Proof. We follow the proof of [Lau96, Lemma 7.5.7]. Since K is compact,
�P (k) = 1 for all k 2 KM . It follows that fP 2 C1

c (M(F );KM ) as claimed.
We now prove the equality of traces. Consider the space IndGP (V )� of locally

constant functions
' : K �! V

such that '(mnk) = �(m)'(k) for (m,n, k) 2 KM ⇥ (N(F )\K)⇥K. There
is a representation I(�)� of K on this space given by

I(�)�(k)'(g) = '(gk). (8.30)

By the Iwasawa decomposition, restriction of functions to K induces an iso-
morphism

IndGP (V ) �! IndGP (V )�. (8.31)
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Thus for all f 2 C1
c (G(F )), I(�)(f) induces an endomorphism of IndGP (V )�.

Let us compute this endomorphism. Define

�k,k0(m) := �1/2P (m)

Z

N(F )

f(k�1mnk0)dn

for k, k0 2 K and m 2M(F ). Then if ' 2 IndGP (V ) one has that

I(�)(f)'(k) =

Z

G(F )

f(g)'(kg)dg

=

Z

G(F )

f(k�1g)'(g)dg

=

Z

M(F )

Z

N(F )

Z

K
f(k�1mnk0)'(mnk0)dk0dndm

=

Z

M(F )

Z

N(F )

Z

K
f(k�1mnk0)�1/2P (m)�(m)'(k0)dk0dndm

=

Z

K
�(�k,k0)'(k0)dk0.

Thus the endomorphism on IndGP (V )� induced by I(�)(f) is

' 7�!
✓
k 7�!

Z

K
�(�k,k0)'(k0)dk0

◆
. (8.32)

In particular tr I(�)(f) is the trace of the endomorphism (8.32). By Exercise
(8.16) the trace of (8.32) is

Z

K
tr�(�k,k)dk. (8.33)

On the other hand

fP =

Z

K
�k,kdk.

The lemma follows. ut

As an addendum, we prove the following lemma:

Lemma 8.6.2 The constant term provides an algebra homomorphism

C1

c (G(F ) //K) �! C1

c (M(F ) //KM ).

Proof. Let f1, f2 2 C1
c (G(F ) //K). One has that

(f1 ⇤ f2)P (m) = �1/2P (m)

Z

N(F )

(f1 ⇤ f2)(mn)dn
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= �1/2P (m)

Z

N(F )

 Z

G(F )

f1(mng�1)f2(g)dg

!
dn.

We rewrite this as

�1/2P (m)

Z

N(F )⇥K⇥M(F )⇥N(F )

�P (m
0)f1(mn(k0m0n0)�1)f2(k

0m0n0)dndk0dm0dn0

= �1/2P (m)

Z

N(F )⇥M(F )⇥N(F )

�P (m
0)f1(mnn0�1m0�1)f2(m

0n0)dndm0dn0.

Changing variables n 7! nn0 this is

�1/2P (m)

Z

N(F )⇥M(F )⇥N(F )

�P (m
0)f1(mnm0�1)f2(m

0n0)dndm0dn0

and then changing variables n 7! m0�1nm0 this is

�1/2P (m)

Z

N(F )⇥M(F )⇥N(F )

f1(mm0�1n)f2(m
0n0)dm0dn0dn

=

Z

M(F )

 
�1/2P (mm0�1)

Z

N(F )

f1(mm0�1n)dn�1/2P (m0)

Z

N(F )

f2(m
0n0)dn0

!
dm0

= (fP
1
⇤ fP

2
)(m).

This proves our assertion that the constant term is an algebra morphism. ut

8.7 Parabolic descent of orbital integrals

In our discussion of the Satake isomorphism in §7.5, we claimed that the
constant term map has image in Weyl invariant functions on the maximal
torus. We prove this in the current section and use it as an opportunity to
discuss descent of orbital integrals.

We keep the notation of the previous section; thus P = MN is a parabolic
subgroup of G, K  G(F ) is a maximal compact subgroup in good position
with respect to (P,M), and KM := M(F )\K is maximal compact subgroup
of M(F ).

Let � 2 G(F ) and let C� be the centralizer of � (see (8.20)). Earlier in
Definition 1.14, we only defined semisimple elements for perfect fields. For
general fields F we say that � 2 G(F ) is absolutely semisimple if the image
of � in G(F ) is semisimple. If � 2 G(F ) is absolutely semisimple then the
orbit O(�) ⇢ G of � is closed [Ste65, Corollary 6.13, Proposition 6.14]. For an
absolutely semisimple element �, the neutral component of the centralizer C�
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is reductive (see Theorem 17.2.7). For more details on orbits and stabilizers,
we refer to §17.2.

Assume that � 2 G(F ) is absolutely semisimple. Then C�(F ) is unimod-
ular, and upon choosing a Haar measure dg� on C�

�(F ) we can form a right

G(F )-invariant Radon measure dg
dg�

on the quotient C�
�(F )\G(F ) (see Theo-

rem 3.2.2). We then define the orbital integral

O�

�(f) :=

Z

C�
�
(F )\G(F )

f(g�1�g)
dg

dg�
. (8.34)

Note that this is not the same as the local version of the orbital integral
appearing in (18.26). It di↵ers in that in (18.26) we use C� instead of C�

� .
This is why there is a superscript � in the notation. The quotient map

C�

�(F )\G(F ) �! C�(F )\G(F )

is proper as is the map

C�(F )\G(F ) �! G(F )

C�(F )g 7�! g�1�g

by the argument in the proof of Theorem 17.5.1. It follows that the integral
(8.34) is absolutely convergent.

Let H  G be a connected subgroup. For F -algebras R and h 2 H(R), it
is convenient to define

DH\G(h) := det
�
I �Ad(h�1) : h\g �! h\g

�
(8.35)

where h := LieH, and g := LieG, and I is the identity map.
There is a dual relationship between orbital integrals and characters that

can be made precise in many ways; one of the most profound is the trace
formula (see §18.4). In view of Proposition 8.6.1 the following proposition is
consonant with this duality:

Proposition 8.7.1 Assume that � 2 M(F ) is absolutely semisimple and
C�
� M. If DM\G(�) 6= 0 then one has that

O�

�(f) = |DM\G(�)|�1/2O�

�((fK)P ).

Here (fK)P is defined using (8.27) and (8.28), we normalize the Haar measure
dg on G(F ) as in (8.25) and we take the Haar measures on C�

�(F ) to be equal
on either side of the equation. If we replace the assumption that C�

�  M
with the stronger assumption that C�  M and define O�

�(f) with C�
�(F )

replaced by C�(F ) then the proposition remains valid (the proof is even
slightly easier).

The following proof is taken from [Lau96, Proposition 4.3.11]:
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Proof. One has that

O�

�(f) =

Z

C�
�
(F )\M(F )

Z

N(F )

Z

K
f(k�1n�1m�1�mnk)dkdn

dm

dm�
.

For each m 2 M(F ) there is a morphism of a�ne F -schemes N ! N given
on points in an F -algebra R by

N(R) �! N(R)

n 7�! (m�1�m)�1n�1(m�1�m)n.
(8.36)

We claim that this morphism is an isomorphism. The image is the orbit O(I)
of the identity I 2 N(F ) under an action of the unipotent group N, and is
therefore closed in N by Theorem 17.2.8 below. The stabilizer NI of I in N
is

Cm�1�m \N.

The group Cm�1�m(F )/C�

m�1�m(F ) consists of semisimple elements by [Ste68,
Corollary 9.4]. Since N is unipotent the image of the natural map

Cm�1�m(F ) \N(F ) �! Cm�1�m(F )/C�

m�1�m(F )

is trivial, and we deduce that

NI = Cm�m�1 \N  C�

m�m�1 M.

Hence NI is trivial. We conclude from Proposition 17.2.2 that (8.36) is a iso-
morphism onto its image, a closed subscheme ofN. By considering dimensions
we deduce that (8.36) is an isomorphism.

The Jacobian of (8.36) depends only on � and is equal to

J(�) =
��det

�
I �Ad(��1) : n �! n

��� .

Thus we can change variables and deduce that the integral above is
Z

C�
�
(F )\M(F )

Z

N(F )

Z

K
f(k�1m�1�mnk)dk

dn

J(�)

dm

dm�
.

Observing that
|DM\G(�)| = �P (�)J(�)

2

we deduce the proposition. ut

This is the first time we have used the usual change of variables formula in
the nonarchimedean setting. A general discussion of integration on manifolds
over nonarchimedean fields, including the change of variables formula, is in
[Igu00, Chapter 7]. We refer especially to [Igu00, Proposition 7.4.1].

The following proposition was applied to construct the map (7.33) above:
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Proposition 8.7.2 Assume that G is quasi-split with Borel subgroup B and
that M  B is a maximal torus. The constant term induces a homomorphism

C1

c (G(F ) //K) �! C1

c (M(F )/KM )W (G,M)(F ).

To prove Proposition 8.7.2 we require the following proposition:

Proposition 8.7.3 With assumptions as in Proposition 8.7.2, for any � 2
M(F )

|DM\G(�)| 6= 0

if and only if C�
� = M. The set

{� 2M(F ) : C�

� = M} (8.37)

is dense in M(F ) in the natural topology.

Proof. Clearly M  C�
� because M is connected and commutative. Let g�

be the Lie algebra of C� and m be the Lie algebra of M. Since I � Ad(��1)
acts by zero on the subspace

m\g�  m\g

we deduce that |DM\G(�)| 6= 0 if and only if m = g� . Since M is smooth and
C�
� is connected m = g� if and only if C�

� = M [Mil17, Proposition 10.15].
To complete the proof we observe that the complement of the vanishing

locus of a nonzero polynomial on a (nonarchimedean) analytic manifold is
dense in the manifold. ut

There are surprisingly few textbook treatments of analytic manifolds in the
nonarchimedean setting; two are [Ser06, Sch11] and some additional topics are
in [Igu00]. Perhaps the reason is that more sophisticated treatments involving
rigid analytic spaces, Berkovich spaces, etc. are often needed and have drawn
more attention.

Proof of Proposition 8.7.2: In view of Lemma 8.6.2 it su�ces to check that
the image of the constant term map lies in the subalgebra of C1

c (M(F )/KM )
fixed by W (G,M)(F ).

Let Ts M be a maximal split torus. By Lemma 7.5.3 the natural map

W (G,M)(F ) �!W (G, Ts)(F )

is an isomorphism. Moreover, by Lemma 1.7.3, every element of W (G, Ts)(F )
has a representative w 2 NG(Ts)(F ), the normalizer of Ts(F ) in G(F ). Thus
it su�ces to show that for f 2 C1

c (G(F ) //K) one has that

fB(w�1�w) = fB(�) (8.38)

for all (w, �) 2 NG(Ts)(F )⇥M(F ).
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Assume that � 2M(F ) satisfies C�
� = M. By Proposition 8.7.3 this implies

|DM\G(�)| 6= 0. We then have that

O�

�(f) = |DM\G(�)|�1/2O�

�(f
B)

= |DM\G(�)|�1/2fB(�)

by Proposition 8.7.1. Here the last equality follows since M(F ) is commuta-
tive. It is clear that O�

w�1�w(f) = O�
�(f), so at least for � 2M(F ) such that

C�
� = M, we deduce (8.38). This set is dense in M(F ) by Proposition 8.7.3.

It is clear that fB is continuous, so we deduce (8.38) for all � 2M(F ). 2

Exercises

In all of these exercises G is a reductive group over a nonarchimedean local
field F and P  G is a parabolic subgroup with a fixed Levi subgroup M  P
and unipotent radical N.

8.1. Let (⇡, V ) be a unitary representation of G(F ) on a Hilbert space V.
Let Vsm  V be the subspace of smooth vectors (see Exercise 5.4). Construct
an isomorphism Vsm

⇠= (Vsm)_. Using this isomorphism, show that a matrix
coe�cient in the sense of (8.4) is a matrix coe�cient in the sense of Definition
4.2.

8.2. Assume thatK  G(F ) is a maximal compact subgroup in good position
with respect to (P,M). Show that we can normalize the Haar measures dg,
dk, dm, dn on G(F ), K, M(F ) and N(F ), respectively, so that with respect
to the decomposition G(F ) = KM(F )N(F ) one has

dg = �P (m)dkdmdn

where

measdk(K) = measdn(N(F ) \K) = measdm(M(F ) \K) = 1.

8.3. Show that we can choose a function f 2 C1
c (G(F )) such that

Z

P (F )

f(px)drp = 1

for all x 2 G(F ).

8.4. Let Q  M be a parabolic subgroup. Prove there is a natural transfor-
mation of functors

IndGP � Ind
M
Q
⇠= IndGQN .
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State and prove the analogous statement for Jacquet modules.

8.5. Prove that the functor IndGP is exact (that is, it preserves exact se-
quences) and additive (that is, takes direct sums to direct sums).

8.6. Prove that the functor ⇡ 7! ⇡N is exact (sends exact sequences to exact
sequences) and additive (that is, takes direct sums to direct sums).

8.7. Let (⇡, V ) be a smooth representation of G(F ). Prove that an element
' 2 V is in V (N) if and only if

R
KN

⇡(n)'dn = 0 for some compact subgroup
KN  N(F ).

8.8. Prove that Greg,ss, defined as in (8.21), is an open subscheme of G.

8.9. Let (⇡1, V1), . . . , (⇡n, Vn) be a finite set of irreducible admissible repre-
sentations of G(F ) such that ⇡i ⇠= ⇡j if and only if i = j. Let K  G(F )
be a compact open subgroup such that V K

1
6= 0. Show that there exists an

f 2 C1
c (G(F ) //K) such that ⇡1(f)|V K

1
is the identity and ⇡i(f) = 0 if

1 < i  n.

8.10. Prove that an unramified irreducible admissible representation of GLn(F )
is tempered if and only if its Satake parameters have complex norm 1.

8.11. In the notation of §8.4, show that if Q(�a,�a) and Q(�0a0

,�a0) are both
square integrable (not just essentially square integrable) then they are not
linked.

8.12. Suppose that ⇡ is an irreducible supercuspidal representation of G(F ).
Show that there exists a function f⇡ 2 C1

c (G(F )) such that tr⇡(f⇡) = 1
and if tr⇡0(f⇡) 6= 0 for some irreducible admissible representation ⇡0 of G(F )
then ⇡ ⇠= ⇡0 ⌦ � for some quasi-character � : ZG(F )! C

⇥.

8.13. Let ⇡ be an irreducible principal series representation of G(F ). Prove
that there are no coe�cients of ⇡ in the sense of §8.5.

8.14. Let (⇡, V ) be an admissible representation of a td-type group H. Prove
that the space of smooth endomorphisms Endsm(V ) is an admissible repre-
sentation of H ⇥H.

8.15. Prove that (8.29) holds.

8.16. Using the basis for IndGP (V ) constructed in the proof of Proposition
8.2.3, prove that (8.32) has trace (8.33).





Chapter 9

The Cuspidal Spectrum

God exists since mathematics is
consistent, and the Devil exists
since we cannot prove it.

André Weil

Abstract The cuspidal spectrum of L2([G]) decomposes discretely into a
Hilbert space direct sum with finite multiplicities. We give a proof of this fact
in this chapter. We also prove that cuspidal automorphic forms are rapidly
decreasing in the number field case and are compactly supported in the func-
tion field case.

9.1 Introduction

Let G be a reductive group over a global field F. As in (2.20) we set

[G] := AGG(F )\G(AF ).

For x 2 AG\G(AF ), one has the operator

R(x) : L2([G]) �! L2([G]) (9.1)

' 7�! (g 7�! '(gx)) .

This defines the regular representation of AG\G(AF ) on L2([G]). As we have
seen in various circumstances, it is often convenient to work instead with the
operators

R(f) : L2([G]) �! L2([G]) (9.2)

' 7�!
 
g 7�!

Z

AG\G(AF )

f(x)'(gx)dx

!

237
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for f 2 C1
c (AG\G(AF )). Here, as in (6.1),

C1

c (AG\G(AF )) = C1

c (AG\G(F1))⌦ C1

c (G(A1

F ))

where the tensor product is algebraic. Later in this book we will be inter-
ested in various notions of the trace for operators of this type. There is a
problem, however, in that R(f) does not in general have a well-defined trace.
Instead, one restricts the operator to the cuspidal subspace L2

cusp
([G]) defined

in (6.20). The main goal of the current chapter is to prove that this restriction
has a well-defined trace (see Theorem 9.1.1 below). One is then left with un-
derstanding the complement of the cuspidal subspace; this is possible thanks
to the theory of Eisenstein series which will be discussed in Chapter 10.

We now explain what is meant by a trace in this infinite dimensional
setting. Let V be a Hilbert space with inner product ( , ) and norm k · k2. We
recall from §3.1 that we always assume that our Hilbert spaces are separable.
When speaking of an orthonormal basis we mean an orthonormal basis in the
Hilbert space sense.

For all bounded operators A : V ! V there exists a unique bounded
operator |A| characterized by the property that |A|� |A| = A�A⇤ (where the
⇤ denotes the adjoint) [DE09, Theorem 5.1.3]. As the notation suggests, the
operator |A| is positive in the sense that (|A|',') � 0 for all ' 2 V.

Definition 9.1. A bounded linear operator A : V ! V is Hilbert-Schmidt
if there is an orthonormal basis {'i}1i=1

of V such that

1X

i=1

kA'ik22 <1.

A bounded linear operator A : V ! V is of trace class if there is an
orthonormal basis {'i}1i=1

of V such that

1X

i=1

(|A|'i,'i) <1.

If A is Hilbert-Schmidt (resp. of trace class) we let

kAkHS =
⇣ 1X

i=1

kA'ik22
⌘1/2

and kAktr =
1X

i=1

(|A|'i,'i). (9.3)

This is known as the Hilbert-Schmidt norm (resp. trace norm) of A. If
A is of trace class we define its trace to be

trA :=
1X

i=1

(A'i,'i).
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The Hilbert-Schmidt norm, trace norm, and trace, are independent of the
choice of orthonormal basis {'i}1i=1

(see Exercise 9.1).
We recall from (6.20) that ' 2 L2([G]) is cuspidal if for every parabolic

subgroup P  G with unipotent radical N, one has that
Z

[N ]

'(ng)dn = 0

for almost every g 2 AG\G(AF ). Here and below we mean almost every g
with respect to a Haar measure on AG\G(AF ). The subspace of cuspidal
' 2 L2([G]) is denoted L2

cusp
([G]). We will check in Lemma 9.2.1 below that

L2

cusp
([G]) is closed. Assuming this, R(f) restricts to define a bounded linear

operator

Rcusp(f) : L
2

cusp
([G]) �! L2

cusp
([G]) (9.4)

(see Exercise 3.19).
As mentioned above, our aim in this chapter is to prove the following

fundamental theorem:

Theorem 9.1.1 (Gelfand and Piatetski-Shapiro) The subspace

L2

cusp
([G])  L2([G])

is closed and Rcusp(f) is of trace class for all f 2 C1
c (AG\G(AF )).

Here Rcusp(f) is the restriction of R(f) to the cuspidal subspace. Most of this
chapter is devoted to the proof of Theorem 9.1.1. We complete the proof in
§9.5. We will follow [God66], filling in some details using results from [Bor97].
These two references proceed classically whereas we will proceed adelically.
This leads to some (mostly notational) simplifications.

We will show Theorem 9.1.1 implies the following corollary in §9.3 (see
Corollary 9.3.2):

Corollary 9.1.2 The subspace L2

cusp
([G]) decomposes into a Hilbert space

direct sum of irreducible representations of AG\G(AF ), each occurring with
finite multiplicity.

In other words, we can write

L2

cusp
([G]) =

dM
⇡
L2

cusp
(⇡), (9.5)

where the Hilbert space direct sum is over isomorphism classes of cuspidal
automorphic representations ⇡ of AG\G(AF ) and the multiplicity of ⇡ in the
⇡-isotypic subspace L2

cusp
(⇡) is finite.

The techniques used to prove Theorem 9.1.1 will also allow us to prove that
cuspforms are rapidly decreasing in the sense of Definition 9.2 below in the
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number field case (see Corollary 9.6.4). They are even compactly supported
in the function field case (see Theorem 9.5.1). These facts are used constantly
when working with cuspidal automorphic forms. The techniques also allow
us to prove Theorem 6.5.1 above in §9.7.

We close this section by discussing a generalization of Theorem 9.1.1. Let

L2

disc
([G])  L2([G]) (9.6)

denote the discrete spectrum. It is the largest closed subspace of L2[G]
that decomposes as a Hilbert space direct sum of irreducible subrepresenta-
tions of L2([G]). As in Definition 3.4, a discrete automorphic representation
of AG\G(AF ) is a unitary representation of AG\G(AF ) equivalent to a sub-
representation of L2

disc
([G]). Thus cuspidal representations are discrete by

Corollary 9.1.2.

Example 9.1. The constant functions on [G] lie in L2([G]) by Theorem 2.6.3.
The space of all constant functions on [G] is a closed one-dimensional sub-
space of L2([G]) isomorphic to the trivial representation of AG\G(AF ). If
Gder is isotropic, then this representation is not cuspidal.

Hence discrete automorphic representations need not be cuspidal. More com-
plicated examples are given in Theorem 10.8.1 below.

A far more di�cult theorem than Corollary 9.1.2 is the following:

Theorem 9.1.3 Assume F is a number field. The restriction of R(f) to the
full discrete spectrum of L2([G]) is of trace class. ut

Müller [Mül89] first proved the theorem in the special case where f is finite
under a maximal compact subgroup K1  G(F1). Ji [Ji98] and Müller
[Mül98] then independently removed this assumption.

9.2 The cuspidal subspace

We begin with the easiest part of Theorem 9.1.1:

Lemma 9.2.1 The space L2

cusp
([G]) is closed in L2([G]).

We will use the proof of this lemma as an opportunity to introduce
Poincaré series. To keep straight the techniques used in the proof, we do
not assume that G is reductive or even connected; any a�ne algebraic group
over a global field will do. Let H  G be a subgroup. Assume that

AGH(F )\AGH(AF )

is compact and let � : AG\AGH(AF ) ! C
⇥ be a quasi-character trivial on

H(F ). It defines a function on AGH(F )\AGH(AF ) that we again denote by
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�. The fact that AGH(F )\AGH(AF ) is compact implies that AG\AGH(AF )
is unimodular (see Exercise 9.6); we let dh be a choice of Haar measure on
it. When N  G is a unipotent group then the natural map N(AF ) !
AG\AGN(AF ) is an isomorphism. This is the situation of interest in Lemma
9.2.1.

For continuous functions ' : [G]! C, we let

P�(') :=
Z

AGH(F )\AGH(AF )

'(h)��1(h)dh. (9.7)

This is an example of a period integral. It is absolutely convergent since
AGH(F )\AGH(AF ) is compact.

We consider the subspace

V :=
�
' 2 L2([G]) : P�(R(g)') = 0 for almost every g 2 AG\G(AF )

 
,

where R is defined as in (9.1). We will show that V is closed:

Proposition 9.2.2 The subspace V  L2([G]) is closed.

The proof of Proposition 9.2.2 will be given at the end of this section. Lemma
9.2.1 is a direct consequence of Proposition 9.2.2:

Proof of Lemma 9.2.1: For parabolic subgroups P  G with unipotent radical
NP , let VP be the space V of Proposition 9.2.2 in the special case where
H = NP and � is the trivial character. Then

L2

cusp
([G]) =

\

P

VP .

Thus L2

cusp
([G]), being the intersection of closed subspaces, is closed. 2

We now prepare to prove Proposition 9.2.2. The definition of V can be
phrased in a more convenient manner as follows:

Lemma 9.2.3 Let ' 2 L2([G]). One has P�(R(g)') = 0 for almost every
g 2 AG\G(AF ) if and only if P�(R(f)') = 0 for all f 2 C1

c (AG\G(AF )).

Proof. Since AGH(F )\AGH(AF ) is compact, the Fubini-Tonelli theorem im-
plies that Z

AG\G(AF )

f(g)P�(R(g)')drg = P�(R(f)')

for all f 2 C1
c (AG\G(AF )). If P�(R(g)') = 0 for almost every g then

the left hand side is zero for all f 2 C1
c (AG\G(AF )) and we deduce that

P�(R(f)') = 0 for all f 2 C1
c (AG\G(AF )). Suppose P�(R(g)') 6= 0

for some set of g 2 AG\G(AF ) of positive measure. Then there is a
function f 2 L1(AG\G(AF )) such that

R
AG\G(AF )

f(g)P�(R(g)')drg 6= 0.

Since C1
c (AG\G(AF )) is dense in L1(AG\G(AF )) we may assume f 2

C1
c (AG\G(AF )), and we deduce P�(R(f)') 6= 0. ut
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For f 2 C1
c (AG\G(AF )), we consider the kernel function

Kf (x, y) =
X

�2G(F )

f(x�1�y). (9.8)

It is easy to see that the sum is absolutely convergent (in fact finite for x
and y in a fixed compact set) and that Kf (x, y) defines a smooth function
on AG\G(AF )⇥AG\G(AF ) (see §16.1). We define the Poincaré series

Péf,�(g) :=

Z

AGH(F )\AGH(AF )

Kf (h, g)�
�1(h)dh. (9.9)

Since AGH(F )\AG(AF ) is compact, the integral converges absolutely. If G
is reductive, H = N is the unipotent radical of a Borel subgroup and � is a
generic character of N(AF ) in the sense of §11.2 below, then this coincides
with the Poincaré series studied in many places, including [Fri87] and [Ste87].

Lemma 9.2.4 One has that Péf,� 2 L2([G]).

Proof. One has that

Péf,�(g)Péf,�(g) =

0

@
Z

AGH(F )\AGH(AF )

X

�12G(F )

f(h�1

1
�1g)�

�1(h1)dh1

1

A

(9.10)

⇥

0

@
Z

AGH(F )\H(AF )

X

�22G(F )

f(h�1

2
�2g)�(h2)dh2

1

A .

Choose a relatively compact measurable fundamental domain F ⇢ AGH(AF )
for the action of AGH(F ). Then

ef(g) :=
Z

F

f(h�1g)��1(h)dh (9.11)

is in C1
c (AG\G(AF )). Thus from (9.10) and (9.11), we obtain that

Z

[G]

Péf,�(g)Péf,�(g)drg =

Z

[G]

⇣ X

�12G(F )

ef(�1g)
X

�22G(F )

ef(�2g)
⌘
drg.

Since
P

�2G(F )
ef(�g) is a compactly supported continuous function on [G],

this integral converges. ut

In the proof of Lemma 9.2.6 below, we will encounter for the first time the
trivial, but useful, technique known as unfolding. We formalize this in the
following lemma, the proof of which is a special case of Theorem 3.2.2:
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Lemma 9.2.5 Suppose that G is a locally compact group with right Haar
measure drg. If f 2 L1(G) and �  G is a discrete subgroup such that the
modular character of G is trivial on � then

Z

�\G

X

�2�

f(�g)drg =

Z

G
f(g)drg.

ut

Here in the lemma we have continued to denote by drg the G-invariant mea-
sure on �\G induced by drg. Use this technique, we prove the following
lemma.

Lemma 9.2.6 If f 2 C1
c (AG\G(AF )) and ' 2 L2([G]) then

Z

[G]

Péf,��G(g)'(g)drg = P�(R(f)').

Proof. Let ' 2 L2([G]). Then by Lemma 9.2.4 the integral

Z

[G]

Péf,��G(g)'(g)dg

is absolutely convergent. It is equal to
Z

[G]

Z

AGH(F )\AGH(AF )

Kf (h, g)�
�1(h)dh'(g)drg

Since AGH(F )\AGH(AF ) is compact there is a compact subset ⌦ ⇢ [G] such
that for h 2 AGH(F )\H(AF ) the support of Kf (h, g) as a function of g lies
in ⌦. Applying the Fubini-Tonelli theorem this implies

Z

[G]

Z

AGH(F )\AGH(AF )

Kf (h, g)(��G)
�1(h)dh'(g)drg

=

Z

AGH(F )\AGH(AF )

 Z

[G]

Kf (h, g)'(g)drg

!
(��G)

�1(h)dh

Unfolding as in Lemma 9.2.5 this is

Z

AGH(F )\AGH(AF )

 Z

AG\G(AF )

f(g)'(hg)�G(h)drg

!
(��G)

�1(h)dh.

ut

Given our preparation, the proof of Proposition 9.2.2 is now straightfor-
ward:
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Proof of Proposition 9.2.2: Each f 2 C1
c (AG\G(AF )) gives rise to a linear

form ( · ,Péf,��G) on L2([G]). It is continuous by Lemma 9.2.4. In view of
Lemma 9.2.6 and Lemma 9.2.3 the space V is the intersection over all f 2
C1

c (AG\G(AF )) of the kernels of these linear forms. 2

9.3 Deduction of the discreteness of the spectrum

We now explain how to deduce the discreteness of the spectrum in Corollary
9.1.2 from the assertion that certain operators are of trace class in Theorem
9.1.1. Our treatment is adapted from [Bor97] with little modification. As in
the previous section, we do not yet assume that G is reductive.

We recall that a compact operator T on a Hilbert space V with an inner
product ( , ) can be written as

T =
1X

n=1

�n('n, · )'0

n, (9.12)

where {'n}1n=1
and {'0

n}1n=1
are orthonormal bases of vectors in V and

{�n}1n=1
⇢ C is a sequence of numbers such that limn!1 �n = 0. If T is

self-adjoint, then we can take 'n = '0
n, and in particular in this case T

has an orthonormal basis of eigenvectors (see [Zhu07, §1.3], for example).
We observe that if T is a compact operator on V with nonzero eigenvalue �
then the �-eigenspace is finite dimensional. This follows from the fact that
limn!1 �n = 0 in the decomposition (9.12).

A Dirac sequence on AG\G(AF ) is a sequence of nonnegative real valued
functions fn 2 C1

c (AG\G(AF )) indexed by n 2 Z>0 such that

(a) for any open neighborhood U 3 1 in AG\G(AF ) with compact closure,
the support of fn is contained in U for n large enough,

(b) one has that fn(x) = fn(x�1)��1

G (x), and
(c) one has that Z

AG\G(AF )

fn(x)dx = 1

for all n.

It is not di�cult to see that a Dirac sequence on AG\G(AF ) exists (see Exer-
cise 9.7). They are known as Dirac sequences because for any representation
(R, V ) of AG\G(AF ) on a locally convex and quasi-complete vector space V
and any ' 2 V one has R(fn)' ! ' as n ! 1 by Corollary 3.4.1. We also
note that if {fn} is a Dirac sequence and (R, V ) is a unitary representation
of AG\G(AF ) then R(fn) is self-adjoint for every n by condition (b).
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Lemma 9.3.1 Let (R, V ) be a unitary representation of AG\G(AF ). Assume
that there is a Dirac sequence {fn} on AG\G(AF ) such that R(fn) is com-
pact for all n. Then (R, V ) is the Hilbert space direct sum of its irreducible
subrepresentations. The multiplicity of each subrepresentation is finite.

Proof. We remind the reader that a subspaceW  V is a subrepresentation if
and only if it is closed and AG\G(AF )-invariant. We first show that a nonzero
subrepresentation W  V contains a minimal nonzero subrepresentation. Let
W be a subrepresentation of V. Clearly there exists a j such that R(fj)|W 6= 0.
Let � be a nonzero eigenvalue of R(fj) in W and let E�  W be the corre-
sponding finite dimensional eigenspace (it is nonzero). Let M be a minimal
space among the nonzero intersections of E� with the subrepresentations of
W ; such a space exists because E� is finite dimensional. Let ' be a nonzero
element in M and let P  W be the smallest subrepresentation containing
'. By construction, P \ E� = M. We claim that P is a minimal nonzero
subrepresentation of W. Let Q be a nonzero subrepresentation of P and Q?

be its orthogonal complement in P. Then P = Q�Q?. The spaces P, Q, and
Q? are invariant under R(fj), hence M = P \ E� = (Q \ E�)� (Q? \ E�).
Therefore M = Q \ E�, P = Q and Q? = 0.

Next, we prove that (R, V ) has a discrete decomposition into closed irre-
ducible subrepresentations. Let S be the set consisting of the nonzero subrep-
resentations of V admitting a discrete decomposition. If we take a minimal
subrepresentation M of V (which exists by the previous paragraph) then M
is irreducible, hence S is not empty. The set S is partially ordered by the
relation X  Y if the space of X is contained in that of Y. Let W be the
space given by a maximal element. If W 6= V, then we could add to W a
minimal subrepresentation in the orthogonal complement of W, which exists
by the previous claim. This contradiction implies that W = V.

Finally, we will show that the multiplicities are finite. Let ⇡ be an irre-
ducible unitary representation occurring in V and let m⇡ be its multiplicity.
Let j be such that ⇡(fj) is not zero on the space of ⇡, let � be a nonzero
eigenvalue of ⇡(fj) and m� be its multiplicity. Then the dimension of the
eigenspace of R(fj) in V with eigenvalue � is finite and is at least m�m⇡.
Therefore m⇡ is finite. ut

Corollary 9.3.2 Theorem 9.1.1 implies Corollary 9.1.2.

Proof. Trace class operators are Hilbert-Schmidt and Hilbert-Schmidt oper-
ators are compact (see Exercise 9.3). ut

One has the following su�cient condition for an operator to be of trace
class:

Lemma 9.3.3 Assume measdrg([G]) < 1. Let V  L2([G]) be a closed
AG\G(AF )-invariant subspace. For f 2 C1

c (AG\G(AF )), if

kR(f)'k1 ⌧f k'k2 (9.13)
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for all ' 2 V then the operator R(f)|V is of trace class.

In the lemma and below k · k1 denotes the uniform norm. We point out that
if G is reductive then measdrg([G]) <1 by Theorem 2.6.3.

Proof. For given x 2 AG\G(AF ), the assumption implies that the map ' 7!
R(f)'(x) is a continuous linear form on V. Hence by the Riesz representation
theorem, there exists an element KR(f),x 2 V such that

R(f)'(x) =

Z

[G]

KR(f),x(y)'(y)dry

for all ' 2 V. Taking ' = KR(f),x we obtain

kKR(f),xk22  kR(f)KR(f),xk1 ⌧f kKR(f),xk2.

Thus kKR(f),xk2  C for some constant C > 0 independent of x. Write

KR(f)(x, y) := KR(f),x(y)

for x, y 2 [G]. Then

Z

[G]

Z

[G]

|KR(f)(x, y)|2drxdry =

Z

[G]

 Z

[G]

KR(f),x(y)KR(f),x(y)dy

!
drx

 C2

Z

[G]

drx

is finite and

R(f)'(x) =

Z

[G]

KR(f)(x, y)'(y)dry

for ' 2 V. Therefore the operator R(f) on V is represented by an L2-kernel.
This implies that it is Hilbert-Schmidt (see Exercise 9.4).

It follows from the Dixmier Malliavin lemma (Theorem 4.2.8) that f is a
finite linear combination of convolutions f1⇤f2 with f1, f2 2 C1

c (AG\G(AF ))
(see Exercise 9.8). Therefore R(f) is a finite linear combination of convolu-
tions of two Hilbert-Schmidt operators and hence is of trace class (see Exercise
9.2). ut

In view of lemmas 9.2.1 and 9.3.3, to prove Theorem 9.1.1, it su�ces
to prove that for f 2 C1

c (AG\G(AF )) one has an estimate (9.13) for ' 2
L2

cusp
([G]). This estimate is really the heart of the proof. In the number field

case we derive (9.13) using the argument of [God66]. In the function field
case we will be able to deduce something even stronger that will allow us to
argue directly without invoking Lemma 9.3.3.

In the next sections we will begin to employ our assumption that G is
reductive. We have been careful in isolating when this assumption is used for
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two reasons. First, it is helpful to see at what point the argument passes from
abstract representation theory to something that uses the specific structure
of the adelic quotient in the reductive case. Second, there ought to be a
notion of a cuspidal automorphic representation on certain groups that are
not necessarily reductive, but we do not know the natural level of generality.
This has been studied in the case where G is the Jacobi group, a semidirect
product of SL2 and the 3-dimensional Heisenberg group [BS98, §4.2]. The
book [Sli84] contains relevant information on the representation theory of
the adelic points of a�ne algebraic groups that are not necessarily reductive.

9.4 The basic estimate

We now assume that G is reductive and that F is a number field. Our aim
is prove (9.13). As explained in the previous section, this will complete the
proof of Theorem 9.1.1 in the number field case.

By applying Weil restriction of scalars we can assume F = Q. Let P be a
fixed minimal parabolic subgroup of G with unipotent radical N. We assume
P 6= G; otherwise there is nothing to prove. Let n be the Lie algebra of N.
The exponential map induces an isomorphism of a�ne schemes over Q:

exp : n �! N

[Mil17, Proposition 14.32]. Here we are slightly abusing notation in that we
are denoting by n the commutative algebraic group over Q whose points in
a Q-algebra R are

n(R) := n⌦Q R.

This group scheme is isomorphic to G
dimQn
a . Note that we are not claiming

that the exponential map is an isomorphism with respect to any sort of group
structure.

The method of proof we will employ is to analyze R(f)' by applying
Poisson summation on n(Q). This allows us to write R(f)' in terms of a sum
over ⌘ 2 n(Q) of Fourier transforms of compactly supported smooth functions
on n(AQ) depending on f. These Fourier transforms can be bounded using
reduction theory except when ⌘ is degenerate in a certain sense. Happily,
the assumption that ' is cuspidal causes the contribution of degenerate ⌘ to
vanish.

Let us begin this process. Any element ' 2 L2([G]) is left-invariant under
G(Q). Thus for f 2 C1

c (AG\G(AQ)) we can write



248 9 The Cuspidal Spectrum

R(f)'(x) =

Z

AG\G(AQ)
f(x�1y)'(y)dy

=

Z

AGN(Q)\G(AQ)

X

�2N(Q)

f(x�1�y)'(y)dy

=

Z

AGN(Q)\G(AQ)
Kf,P (x, y)'(y)dy,

(9.14)

where for x, y 2 G(AQ) we set

Kf,P (x, y) =
X

�2N(Q)

f(x�1�y) =
X

⌘2n(Q)

f(x�1 exp(⌘)y). (9.15)

We view n as an a�ne abelian algebraic group over Q with addition as the
law of composition. In particular,

[n] := n(Q)\n(AQ)

is an abelian group. We note that for fixed x, y 2 G(AQ) the function

n 7�! f(x�1 exp(n)y)

is smooth on n(AQ). Let  : Q\AQ ! C
⇥ be a nontrivial character and let

h , i : n⇥ n �! Ga

be a perfect pairing (over Q). Then by Poisson summation one has

Kf,P (x, y) =
X

⌘2n(Q)

Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni)dn (9.16)

for an appropriate choice of (additive) Haar measure dn on n(AQ). For a
primer on Poisson summation over global fields, see Appendix C. Using (9.14)
and (9.16) we obtain

R(f)'(x) =

Z

AGN(Q)\G(AQ)
Kf,P (x, y)'(y)dy (9.17)

=

Z

AGN(Q)\G(AQ)

⇣ X

⌘2n(Q)

Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni)dn

⌘
'(y)dy.

We estimate R(f)'(x) in Proposition 9.4.7 below using this expansion.
Let T  P be a maximal split torus. Then M := CG(T ) is a Levi subgroup

of P. Let Z0  ZG be a maximal split torus and let T0  Gder be a maximal
split torus such that T0Z0 = T. Thus AZ0 = AG. The torus T is a maximal
split central torus of M and hence
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AM = AZ0AT0

where the product is direct. It follows that

AT0M(AQ)
1 = M(AQ) \G(AQ)

1. (9.18)

On the other hand every element of AT0 lies in AT0(t), defined as in (2.25),
for t 2 R>0 small enough. Thus by the Iwasawa decomposition (2.23) we
can choose a maximal compact subgroup K  G(AQ) such that any element
y 2 G(AQ)1 can be written as

y = uymysyky (9.19)

with (uy,my, sy, ky) 2 N(AQ) ⇥ M(AQ)1 ⇥ AT0(t) ⇥ K for some t > 0
(depending on y). To analyze what part of this decomposition of y is
uniquely determined by y it is convenient to introduce a certain map. Let
aM := Hom(X⇤(M),R). Define the homomorphism

HM : M(AQ) �! aM (9.20)

by
hHM (m),�i = log |�(m)|

for � 2 X⇤(M). Thus kerHM = M(AF )1 and in particular HM is trivial on
K \M(AQ). The map mentioned above is

HP : G(AQ) �! aM

nmk 7�! HM (m).
(9.21)

Here (n,m, k) 2 N(AQ)⇥M(AQ)⇥K. The restriction of HP to AM induces
an isomorphism

HP : AM �̃!aM (9.22)

This implies the following lemma:

Lemma 9.4.1 If y = uiymiysiykiy with

(uiy,miy, siy, kiy) 2 N(AQ)⇥M(AQ)
1 ⇥AT0(t)⇥K

for 1  i  2 then s1y = s2y. ut

We shall denote by

S(t) = ⌦N⌦MAT0(t)K (9.23)

a fixed Siegel set in G(AQ)1. Here ⌦N and ⌦M are fixed compact subsets of
N(AQ) and M(AQ)1, respectively.
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Let � be the set of roots of T in G. The subset �+ ⇢ � of roots appearing
in n is a set of positive roots. Let n�  n be the root space of a root � 2 �+.

Lemma 9.4.2 There is a compact subset ⌦0

N ⇢ N(AQ) depending on ⌦N

and t such that s�1⌦Ns ⇢ ⌦0

N for all s 2 AT0(t).

Proof. It su�ces to check that for any compact set ⌦ ⇢ N(R) there is a
compact subset ⌦0 ⇢ N(R) depending on ⌦ and t such that s�1⌦s ⇢ ⌦0 for
all s 2 AT0(t). For this, since the exponential map exp : n(R) ! N(R) is a
homeomorphism it su�ces to check that for any compact set ! ⇢ n(R) there
is a compact subset !0 ⇢ n(R) depending on t and ! such that

Ad(s�1)(!) ⇢ !0

for s 2 AT0(t). We have

n =
M

�2�+

n�

and Ad(s�1) preserves each n�(R). Thus it su�ces to treat the special case
in which ! ⇢ n�(R). Now if � is a simple root, then �(s) � t for s 2 AT0(t)
by definition of AT0(t). In general if we write � =

Pn
i=1

↵i for some set of
simple roots ↵i (not necessarily distinct) then �(s) � tn for s 2 AT0(t). Since
the restriction of Ad(s�1) to n� is multiplication by �(s)�1 we deduce the
special case isolated above. ut

Example 9.2. We illustrate the lemma in a special case. Let G = GL3, let
P = B be the Borel subgroup of upper triangular matrices and let T < B be
the subgroup of diagonal matrices; it is a maximal torus. For t0 2 R>0 and
N 2 Z>0 let

⌦(N, t0) :=
n⇣

1 x12 x13
1 x23

1

⌘
: x1

ij 2 N�1bZ, |xij |1  t0
o

This is a compact subset of N(AQ), and every compact subset of N(AQ) is
contained in ⌦(N, t0) for suitable N and t0. For

s =
⇣ s1

s2
s3

⌘
2 AT0

we have

⇣ s1
s2

s3

⌘�1 ⇣ 1 x12 x13
1 x23

1

⌘⇣ s1
s2

s3

⌘
=

✓
1 s�1

1 s2x12 s�1
1 s3x13

1 s�1
2 s3x23

1

◆
. (9.24)

One has s 2 AT0(t) if and only if s1s
�1

2
� t and s2s

�1

3
� t. If s1s

�1

2
� t and

s2s
�1

3
� t then s1s

�1

3
� t2. Thus

Ad(s�1)(⌦(N, t0)) ✓ ⌦(N,max(t0t
�1, t0t

�2))

for s 2 AT0(t).
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Lemma 9.4.3 There is a compact subset ⌦G ⇢ G(AF )1 depending only on
S(t) such that if x 2 S(t) then s�1

x x 2 ⌦G.

Proof. If x 2 S(t) we have

x 2 ⌦N⌦MsxK = ⌦Nsx⌦MK.

Here we are using the fact that sx commutes with M(AQ) = CG(T )(AQ).
There is a compact subset ⌦0

N ⇢ N(AQ) such that s�1

x ⌦Nsx ⇢ ⌦N 0 for
all x 2 S(t) by Lemma 9.4.2. Thus x 2 sx⌦G for some compact subset ⌦G

of G(AQ)1. ut

Lemma 9.4.4 Fix a compact subset ⌦0

N ⇢ N(AQ). Assume that x 2 S(t)
and y 2 ⌦0

NM(AQ)K \G(AF )1. Let ⌦G ✓ G(AF )1 be a compact set. If

x�1ny 2 ⌦G

for some n 2 N(AQ), then s�1

x y lies in a compact subset of G(AQ)1 depending
only on ⌦G, S(t) and ⌦0

N .

Proof. To avoid distracting repetition, for this proof by “a compact subset”
we mean “a compact subset depending only on ⌦G, S(t), and ⌦0

N .” By
Lemma 9.4.3 s�1

x x 2 ⌦0

G for some compact subset ⌦0

G ⇢ G(AQ)1. Thus

⌦0

G⌦G 3 (s�1

x x)x�1ny = s�1

x ny = s�1

x nuysxmys
�1

x syky. (9.25)

Here we assume uy 2 ⌦0

N . Now s�1

x nuysx 2 N(AQ), my 2 M(AQ)1, and
s�1

x sy 2 AT0 . Thus

HP ((s
�1

x x)x�1ny) = HP (s
�1

x sy) 2 HP (⌦
0

G⌦GK).

In view of the isomorphism (9.22) we see that s�1

x sy lies in a compact subset
of AT0 . Since sx 2 AT0(t) this implies sy 2 AT0(t

0) for some t0 > 0 depending
only on ⌦G, S(t), and ⌦0

N .
Using the fact that s�1

x sy lies in a compact subset of AT0 we deduce from
(9.25) that there is a compact subset ⌦00

G of G(AQ)1 such that s�1

x nuysxmy 2
⌦00

G. Since N(AQ) \ M(AQ)1 = I this implies that my lies in a compact
subset ⌦0

M of M(AQ)1. By assumption, uy 2 ⌦0

N . Thus y lies in the Siegel
set ⌦0

N⌦
0

MAT0(t
0)K. Applying Lemma 9.4.3 we deduce that s�1

y y lies in a
compact subset of G(AQ)1. But we have already shown that s�1

x sy lies in a
compact subset of AT0 , so we deduce that s�1

x y lies in a compact subset of
G(AQ)1. ut

In the previous two lemmas we worked with subsets of G(AQ)1 instead
of AG\G(AQ). This was merely for notational convenience. Indeed, Lemma
2.6.2 implies the natural map

G(AQ)
1 �! AG\G(AQ) (9.26)
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is an isomorphism of topological groups. Moreover for any subsets ⌦1,⌦2 ⇢
G(AF )1 the map (9.26) induces a homeomorphism

⌦1M(AQ)⌦2 \G(AF )
1�̃!AG\⌦1M(AQ)⌦2.

Using (9.26) we will identify elements of G(AQ)1 with their images in
AG\G(AF ) when this is convenient.

Choose a norm
k · kn

on the real vector space n(R). The next proposition, Proposition 9.4.5, gives
us good analytic control over many of the terms in the sum over ⌘ in (9.17).
It will turn out that the terms that cannot be estimated using Proposition
9.4.5 vanish since ' is cuspidal (see the proof of Proposition 9.4.7 below).

Proposition 9.4.5 Let f 2 C1
c (AG\G(AQ)). Assume that

y 2 AG\⌦0

NM(AQ)K

for some fixed compact subset ⌦0

N ⇢ N(AQ). Let B 2 R�0 and assume ⌘ 2
n(Q) is not zero. There is a compact subset ⌦1

n ⇢ n(A1

Q ) depending on f,
⌦0

N and S(t) with the following property: for any x 2 S(t) one has

Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni) dn

⌧f,B,⌦0

N
,S(t) k⌘k�B

n ⌦1
n
(⌘)�P (sx)�(sx)

�B

for any � 2 �+ such that h⌘, ·i|n� 6= 0.

Proof. Since C1
c (AG\G(AQ)) = C1

c (AG\G(R)) ⌦ C1
c (G(A1

Q )) we may as-
sume that f = f1f1 for some f1 2 C1

c (AG\G(R)) and f1 2 C1
c (G(A1

Q )).
One has that
Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni)dn

=

Z

n(AQ)
f(x�1sx exp(Ad(s�1

x )n)s�1

x y) (h⌘, ni)dn

= �P (sx)

Z

n(AQ)
f(x�1sx exp(n)s

�1

x y) (h⌘,Ad(sx)ni)dn

= �P (sx)

Z

n(R)
f1(x�1

1
sx exp(n)s

�1

x y1) (hAd_(s�1

x )⌘, ni)dn

⇥
Z

n(A1

Q )

f1((x1)�1 exp(n)y1) (h⌘, ni)dn.

(9.27)

Consider the function
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G(A1

Q )2 ⇥ n(A1

Q ) �! C

(x1, y1, ⌘) 7�!
Z

n(A1

Q )

f1((x1)�1 exp(n)y1) (h⌘, ni)dn (9.28)

As a function of ⌘ (9.28) is the Fourier transform of a compactly supported
smooth function on n(A1

Q ), and hence it is compactly supported and smooth
as a function of ⌘ 2 n(A1

Q ) for each x1, y1 (see Lemma C.3.1). We now take
⌦G to be the support of f and apply Lemma 9.4.3 and Lemma 9.4.4 to see
that if (9.28) is nonzero then x1, y1 lie in a compact set ⌦0

G depending only
on f, ⌦0

N and S(t). There is a compact open subgroup K1  G(A1

Q ) such
that (9.28) is invariant under (x1, y1) 7! (x1k1, y1k2) for k1, k2 2 K1.
Thus as x1 and y1 vary over ⌦0

G, the expression (9.28) varies over a finite
set of functions of ⌘. We deduce that

Z

n(A1

Q )

f1((x1)�1 exp(n)y1) (h⌘, ni)dn⌧f,⌦0

N
,S(t) ⌦1

n
(⌘) (9.29)

for some compact set ⌦1
n ⇢ n(A1

Q ) depending on f, ⌦0

N , and S(t).
We now turn to the contribution of the infinite places to (9.27):

�P (sx)

Z

n(R)
f(x�1

1
sx exp(n)s

�1

x y1) (hAd_(s�1

x )⌘, ni)dn. (9.30)

One can estimate this directly using an integration by parts argument. The
key point is to control the derivatives of f(x�1

1
sx exp(n)s�1

x y1) as a function
of n. It is slightly more elegant (but equivalent) to phrase this in terms of
functional analysis. We have continuous maps

res : C1

c (G(R)) �! C1

c (n(R))

f 7�! (n 7! f(exp(n)))

and

Fn : C1

c (n(R)) �! S(n(R))

f 7�!
Z

n(R)
f(n) (h⌘, ni)dn.

Here S(n(R)) is the usual Schwartz space on the vector space n(R), and
all spaces are given their usual topologies. The map Fn is just a particular
normalization of the Fourier transform. We also have a continuous action

R : G(R)⇥G(R)⇥ C1

c (G(R)) �! C1

c (G(R))

(g1, g2, f) 7�!
�
g 7! f(g�1

1
gg2)

�
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Now f 7! sup⌘2n(R)k⌘kB |f |(⌘) is a continuous seminorm on S(n(R)) for any
B 2 R�0. Therefore, if ⌦ ⇢ G(R)⇥G(R) is any compact set one has

sup
(g1,g2)2⌦

✓
max
⌘2n(R)

|⌘|BFn � res(R(g1, g2)f)(⌘)

◆
<1. (9.31)

Applying Lemma 9.4.3 and Lemma 9.4.4 we deduce from (9.31) that (9.30)
is bounded by a constant depending on f, B, ⌦N , and S(t) times

�P (sx)max(1, kAd_(s�1

x )⌘kn)�B .

Combining this estimate with the estimate (9.29) at the finite places and the
identity (9.27), we see that for ⌘ 6= 0

Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni)dn⌧ �P (sx)kAd_(s�1

x )⌘k�B
n ⌦1

n
(⌘), (9.32)

where the implied constant depends on f,B,⌦0

N and S(t).
For each � 2 �+ let n_�(R) be the R-linear dual of n�(R). Then Ad_(s�1

x )
is multiplication by �(sx) on n

_

�(R). For all � 2 �+ we have that �(sx) is
bounded below by a nonzero constant depending on t. It follows that

kAd_(s�1

x )⌘kn �t k⌘kn. (9.33)

for x 2 S(t).
If ⌘ 2 ⌦1

n \ n(Q) then h⌘, ·i|n� lies in a lattice in n
_

�(R) depending only
on ⌦1

n . In particular, regarded as an element of the real vector space n
_

�(R),
the linear form h⌘, ·i|n� is either zero or lies in the complement of an open
neighborhood of zero depending only on ⌦1

n . Thus if h⌘, ·i|n� 6= 0, then

⌦1
n
(⌘)kAd_(s�1

x )⌘kn � ⌦1
n
(⌘)�(sx) (9.34)

Here the implied constant depends on t and ⌦1
n . Combining (9.32), (9.33)

and (9.34) we deduce the proposition. ut

Let � be the set of simple roots attached to the set of positive roots �+. For
each simple root ↵ 2 �, let

�+

↵ ⇢ �+

be the set of roots of T in G of the form � =
P

�2�m�� with m� � 0 for all
� 6= ↵ and m↵ > 0. Let

n(�+

↵ ) := ��2�+
↵
n�. (9.35)

It is clear that this is an ideal in n. Let N(�+

↵ ) E N be the connected
normal subgroup of N with Lie algebra n(�+

↵ ). It is the unipotent radical of
a maximal parabolic subgroup of G containing P. In fact, if we take P0 = P
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in the notation of §1.9, then in the notation of Theorem 1.9.2 the maximal
parabolic with unipotent radical N(�+

↵ ) is P��{↵}.

Lemma 9.4.6 Let ↵ 2 � and assume that h⌘, ·i is trivial on n(�+

↵ )(AQ).
Then

y 7�!
Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni)dn

is invariant under multiplication by N(�+

↵ )(AQ) on the left.

Proof. Let n 2 n(AQ) and u 2 N(�+

↵ )(AQ). Choose n0 2 n(AQ) such that
exp(n0) = u. One has

exp(n)u = exp(n+ w(n, n0))

for some w(n, n0) 2 n(AQ) by the Baker-Campbell-Hausdor↵ formula. As
mentioned above, n(�+

↵ ) is an ideal in n. Combining this with the fact
that w(n, n0) is given in terms of commutators of n and n0 we deduce that
w(n, n0) 2 n(�+

↵ )(AQ). Thus
Z

n(AQ)
f(x�1 exp(n)uy) (h⌘, ni)dn

=

Z

n(AQ)
f(x�1 exp(n+ w(n, n0))y) (h⌘, ni)dn

=

Z

n(AQ)
f(x�1 exp(n)y) (h⌘, n� w(n, n0)i)d(n� w(n, n0))

=

Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni)dn.

ut

The main result of this section is the following proposition:

Proposition 9.4.7 Let ' 2 L2

cusp
([G]). Then for any f 2 C1

c (AG\G(AQ)),
any B 2 R>0, and any ↵ 2 � one has that

|R(f)'(x)|⌧f,B,S(t) ↵(sx)
�Bk'k2

for x 2 S(t).

Combined with Lemma 9.2.1 and Lemma 9.3.3 this completes the proof of
Theorem 9.1.1 in the number field case. We will complete the proof of The-
orem 9.1.1 in the function field case in §9.5 below.

Proof. In view of (9.17) to prove the proposition it su�ces to bound

Z

AGN(Q)\G(AQ)

0

@
X

⌘2n(Q)

Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni)dn

1

A'(y)dy (9.36)
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by a constant times

�P (sx)↵(sx)
�Bk'k2. (9.37)

Here and throughout the proof all constants are allowed to depend on f, B,
and S(t). Indeed, given (9.37) we deduce the bound in the proposition by
increasing B and varying ↵ to remove the factor of �P (sx).

If ⌘ 2 n(Q) has the property that h⌘, ·i is identically zero on n(�+

↵ )(AQ)
then

y 7�!
Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni)dn

is left-invariant under N(�+

↵ )(AQ) by Lemma 9.4.6. Thus

Z

AGN(Q)\G(AQ)

 Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni)dn

!
'(y)dy

=

Z  Z

N(Q)\N(Q)N(�+
↵ )(AQ)

 Z

n(AQ)
f(x�1 exp(n)uy) (h⌘, ni)dn

!
'(uy)

!
dy

du

=

Z  Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni)dn

Z

[N(�+
↵ )]

'(uy)du

!
dy

du

= 0

since ' is cuspidal. Here the unmarked integrals are over

AGN(Q)N(�+

↵ )(AQ)\G(AQ).

We point out that we have used fact that N(�+

↵ ) is normal in N. To check
that our manipulations with the integrals above are justified we observe that

Z

AGN(Q)\G(AQ)

 Z

n(AQ)
|f |(x�1 exp(n)y)dn

!
|'|(y)dy

is finite since f is compactly supported. Thus in (9.36) one can omit the sum-
mands indexed by those ⌘ for which h⌘, ·i is identically zero on n(�+

↵ )(AQ).
By choosing an appropriate measurable fundamental domain for N(Q)

acting on AG\G(AQ) in (9.36) we may assume that the integral over y is sup-
ported in AG\⌦0

NM(AQ)K for some compact subset ⌦0

N ⇢ N(AQ) and some
maximal compact subgroup K  AG\G(AQ). Suppose that ⌘ 2 n(Q) has the
property that h⌘, ·i is not identically zero on n(�+

↵ )(AQ). Then h⌘, ·in� 6= 0
for some � 2 �+

↵ . Since we have assumed x 2 S(t), ↵0(sx) is bounded below
by a constant depending on t for all ↵0 2 �. Given this and the definition of
�+

↵ , Proposition 9.4.5 implies there is a compact subset ⌦1
n ⇢ n(A1

Q ) such
that for any B > 0 one has that
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Z

n(AQ)
f(x�1 exp(n)y) (h⌘, ni)dn⌧ k⌘k�B

n ⌦1
n
(⌘)�P (sx)↵(sx)

�B . (9.38)

Note that
P

⌘2n(Q)
k⌘k�B

n ⌦1
n
(⌘) is bounded for B su�ciently large. Thus

for B su�ciently large, Lemma 9.4.4, (9.36), and (9.38) imply that

|R(f)'(x)|⌧ �P (sx)↵(sx)
�B

Z

sx⌦G

|'(y)|dy

where ⌦G ⇢ AG\G(AQ) is a compact set. By the Hölder inequality this is
bounded by

�P (sx)↵(sx)
�Bmeasdy (sx⌦G)

1/2
✓Z

sx⌦G

|'(y)|2dy
◆1/2

 �P (sx)↵(sx)�Bmeasdy (⌦G)
1/2 k'k2.

ut

9.5 The function field case

We still owe the reader a proof of Theorem 9.1.1 when F is a function field.
Thus we continue to assume that G is reductive, but now assume that F is
a function field. Rather than prove (9.13) we will argue more directly. What
makes this possible is that the asymptotic behavior of cuspidal automorphic
forms is much simpler in the function field case than in the number field case:

Theorem 9.5.1 (Harder) Let ' 2 L2

cusp
([G]) be a function that is invari-

ant under a compact open subgroup K 0  AG\G(AF ). Then '(x) = 0 for x
outside a compact subset of [G] that depends only on K 0.

We follow Harder’s original proof [Har74] but generalize the argument
from split to arbitrary reductive groups. Let P be a fixed minimal parabolic
subgroup of G. If P = G then the theorem is trivial so we assume P 6= G.
Let N be the unipotent radical of P and let T  P be a maximal split torus.
Then M := CG(T ) is a Levi subgroup of P . Let Z0  ZG be a maximal
split torus and let T0  Gder be a maximal split torus such that T0Z0 = T.
Choose a maximal compact subgroup K  G(AF ) such that the Iwasawa
decomposition P (AF )K = G(AF ) holds. By replacing the group K 0 in the
theorem with K 0 \ K we can assume K 0  K. Fix compact subsets ⌦N ⇢
N(AF ), ⌦M ⇢ M(AF ), and t 2 R>0 and let S(t) = ⌦N⌦MAT0(t)K be the
corresponding Siegel set as in (2.24). We assume that ⌦N ,⌦M and K are
chosen so that, for t su�ciently small, one has that

G(F )S(t) = G(AF )
1;
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this is possible by Theorem 2.7.2.
Let �+ be the set of positive roots of the split maximal torus T  M

acting on N and � the corresponding base. For each simple root ↵ 2 �, let

�+

↵ ⇢ �+

be the set of positive roots of T in G of the form � =
P

�2�m�� with m� � 0

for all � 6= ↵ and m↵ > 0. Define the Lie algebra n(�+

↵ ) as in (9.35) and let
N(�+

↵ ) E N be the unique smooth connected subgroup of N with Lie algebra
n(�+

↵ ) that is fixed under conjugation by T [CGP10, Proposition 3.3.6].

Lemma 9.5.2 If t > 0 is chosen su�ciently large, then for any h 2 S(t)
one has that

N(�+

↵ )(F )(N(�+

↵ )(AF ) \ hK 0h�1) = N(�+

↵ )(AF ).

ut

Proof. Write h = nmsk = nsmk with

(n,m, s, k) 2 ⌦N ⇥⌦M ⇥AT0(t)⇥K

for compact sets ⌦N ⇥⌦M ⇢ N(AF )⇥M(AF )1. As (m, k) varies over ⌦M ⇥
K the groups mkK 0(mk)�1 vary over a finite set of subgroups of G(AF )1.
Therefore we may assume h = ns at the expense of allowing K 0 to be an
arbitrary compact open subgroup of G(AF )1.

We apply an inductive argument. Let �+

↵,nd ⇢ �+

↵ denote the subset of
nondivisible roots, that is, roots � such that �/2 is not a root. It is helpful to
know that if ↵ and r↵ are both roots for some r 2 Q>0 then r = 2 or r = 1

2

[Bor91, §21.7]. For � 2 �+ let N� denote the root group of (1.42). If � 2 �+

and 2� 62 �+ let N(�) = N�. If � 2 �+ and 2� 2 �+, then by [CGP10,
Proposition 3.3.6] there is a unique smooth connected subgroup N(�) of N
that is stable under the action of T with Lie algebra g� + g2�. There is a
natural partial order on �+ and hence on �+

↵,. Extend it to a total order
�1  · · ·  �j on �+

↵ .
Consider the product map

Y
N(�) �! N (9.39)

where the product is over � 2 �+

↵ with � � �i that are either nondivisible,
or are divisible and satisfy �/2 < �i. The map (9.39) is an isomorphism
onto its image Ni, a unipotent subgroup of N, and N(�+

↵ ) = N1 by [Bor91,
Proposition 21.9]. By loc. cit. the image is independent of the ordering of
the subgroups N(�) in the product. Each of the groups Ni is isomorphic to
G

di

a for some integer di by [Bor91, §21.10] and they are all normal in N (this
follows from [CGP10, Proposition 3.3.5]).

For 1  i  j suppose
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Ni+1(F )(Ni+1(AF ) \ nsKs�1n�1) = Ni+1(AF )

for all n 2 ⌦N and s 2 AT0(t) for t su�ciently large. Here when i = j we
take Nj+1 to be the trivial group, so the statement is vacuous.

It follows from [CGP10, Proposition 3.3.5] that the adjoint action of N on
Ni/Ni+1

⇠= N�i
is trivial. Thus

Ni(F )(Ni(AF ) \ nsKs�1n�1)/Ni+1(AF )

= Ni(F )(Ni(AF ) \ sKs�1)/Ni+1(AF ).

Now if ⌦ ⇢ AF is a compact open set and a 2 AGm
(t) with t su�ciently

large then
F + a⌦ = AF .

On the other hand Ni/Ni+1
⇠= N�i

is isomorphic to G
d
a for some d [CGP10,

Lemma 3.3.8]. Thus if t is large enough then

Ni(F )(Ni(AF ) \ sKs�1)/Ni+1(AF ) = Ni(AF )/Ni+1(AF ).

completing the induction. ut

We point out that the number field analogue of the assertion of Lemma 9.5.2
is false. See Exercise 9.9 below.

Proof of Theorem 9.5.1: Let ' 2 L2

cusp
([G])K

0

. By Lemma 2.6.2, AGG(AF )1

is a finite index subgroup of G(AF ). Choose a set of representatives g1, . . . , gj
for AGG(AF )1\G(AF ). Then upon replacing K 0 by a finite index subgroup
if necessary, we can assume that the functions

x 7�! '(xgi)

all lie in L2

cusp
([G])K

0

.
Choose t so that the conclusion of Lemma 9.5.2 holds. For h 2 S(t) the

functions

N(�+

↵ )(AF ) �! C

n 7�! '(nhgi)

are left invariant under N(�+

↵ )(F ) and right invariant under N(�+

↵ )(AF ) \
hK 0h�1. Thus by Lemma 9.5.2 they are constant. On the other hand N(�+

↵ )
is the unipotent radical of a proper parabolic subgroup of G and we obtain

0 =

Z

[N(�+
↵ )]

'(nhgi)dn = measdn([N(�+

↵ )])'(hgi).

Thus ' vanishes on S(t)gi for su�ciently large t for each i. Hence the support
of ' lies in the relatively compact subset



260 9 The Cuspidal Spectrum

j[

i=1

AGG(F )(S(t0)�S(t))gi

of [G] for any t0 small enough that G(F )S(t0) = G(AF )1. 2

Using Theorem 9.5.1 we prove Theorem 9.1.1 in the function field case:

Proof of Theorem 9.1.1 (for function fields): By Lemma 9.2.1 the cuspidal
subspace L2

cusp
([G]) is closed in L2([G]). Let f 2 C1

c (AG\G(AF )). We must
show Rcusp(f) is of trace class. As explained in more detail in §16.1, the
operator

R(f) : L2([G]) �! L2([G])

is represented by the kernel

Kf (x, y) :=
X

�2G(F )

f(x�1�y).

It is not hard to see that this function is continuous as a function of (x, y) 2
[G]⇥ [G] (for more details see §16.1). Thus for any compact subset ⌦ ✓ [G]
the restriction of Kf (x, y) to ⌦ ⇥⌦ is in L2(⌦ ⇥⌦), and hence is a Hilbert-
Schmidt operator.

Now there is a compact open subgroup K  AG\G(AF ) such that f 2
C1

c (AG\G(AF ) //K). Thus for any ' 2 L2

cusp
([G]) such that R(f)' 6= 0 one

has ' 2 L2

cusp
([G])K . Using Theorem 9.5.1 choose a compact subset ⌦ ⇢ [G]

such that any element of L2

cusp
([G])K is supported in ⌦. In other words,

Rcusp(f) = R(f)|L2(⌦)\L2
cusp([G]).

Now R(f)|L2(⌦) is Hilbert-Schmidt, so its restriction to the closed subspace
L2(⌦) \ L2

cusp
([G]) of L2(⌦) is also Hilbert-Schmidt (see Exercise 9.5).

Thus we have proven that

Rcusp(f) : L
2

cusp
([G]) �! L2

cusp
([G])

is Hilbert-Schmidt. On the other hand, every f 2 C1
c (AG\G(AF )) is a fi-

nite linear combination of convolutions: f =
Pk

i=1
hi1 ⇤ hi2 where hij 2

C1
c (AG\G(AF )) (see Exercise 9.8). We deduce that

Rcusp(f) =
kX

i=1

R(hi1) ⇤R(hi2).

This says that Rcusp(f) is a finite sum of convolutions of two Hilbert-Schmidt
operators, and hence is of trace class (see Exercise 9.2). 2
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9.6 Rapidly decreasing functions

We now assume that F is a number field. We fix a Siegel set S(t) as in (9.23).
For x 2 S(t) we define sx 2 AT0(t) as in (9.19). The estimate of Proposition
9.4.7 for cuspidal functions motivates the following definition:

Definition 9.2. A function

' : [G] �! C

is rapidly decreasing if for any Siegel set as above and all r 2 R>1 there
is a constant c 2 R>0 (depending on S(t) and r) such that one has

|'(x)|  c↵(sx)
�r

for all x 2 S(t) and ↵ 2 �.

Observe that in Definition 9.2 the exponent of ↵(sx) can be taken to be ar-
bitrarily small, whereas for a moderate growth function (using the definition
of moderate growth provided by Lemma 6.3.1) the exponent of ↵(sx) is al-
lowed to be any fixed real number. Rapidly decreasing functions go to zero
faster than the inverse of any polynomial as one goes to infinity in a Siegel
set whereas functions of moderate growth have at most polynomial growth
in a Siegel set.

We can also phrase the condition of rapid decrease in terms of the norms
introduced in (6.8) above. Using the same argument proving Lemma 6.3.1
one obtains the following lemma:

Lemma 9.6.1 A function ' : [G] ! C is rapidly decreasing if and only if
for all r 2 R>1 there is a constant c 2 R>0 depending on r such that

|'(x)|  ckxk�r.

for all x 2 G(AF )1. ut

In this lemma we restrict to x 2 G(AF )1 since ' is invariant under AG.
We recall that the norm kgk depends on the choice of a closed immersion
◆ : G! SL2n as in (6.3). The notion of rapid decrease is independent of the
choice of ◆, but di↵erent ◆ may lead to di↵erent constants c.

Later in the proof of Proposition 14.3.2 we will require the following mild
strengthening of the notion of rapid decrease:

Lemma 9.6.2 Assume that ' : [G]! C is a rapidly decreasing function and
that ⌦G ⇢ G(AF ) is a compact set. Then for any Siegel set S(t) as above
and all r 2 R>1 there is a constant c 2 R>0 (depending on ⌦G, S(t), and r)
such that one has

|'(xg)|  c↵(sx)
�r

for all (x, g) 2 S(t)⇥⌦G and ↵ 2 �.
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Proof. This follows from Lemma 9.6.1, Exercise 6.2, and (6.9). ut

Proposition 9.4.7 implies the following theorem:

Theorem 9.6.3 If f 2 C1
c (AG\G(AF )) and ' 2 L2

cusp
([G]) then R(f)' is

rapidly decreasing. ut

Corollary 9.6.4 Any smooth ' 2 L2

cusp
([G]) is rapidly decreasing.

Here when we say that ' is smooth we mean that there is a compact open
subgroup K  G(A1

F ) such that ' 2 L2

cusp
([G])K , and ' lies in the set of

vectors in L2

cusp
([G])K that are smooth with respect to the action of G(F1)

in the sense of §4.2.

Proof. It su�ces to show that such a ' can be written as a finite sum

' =
X

i

R(fi)'i

for some fi 2 C1
c (AG\G(AF )) and 'i 2 L2

cusp
([G]). This follows from Theo-

rem 4.2.7. ut

9.7 Cuspidal automorphic forms

We assume again that G is a reductive group over a global field F and let
K = K1K1  G(AF ) be a maximal compact subgroup. We use it to define
the space of automorphic forms A = A(G) as in definitions 6.5 and 6.7. In
the number field case the definition only depends on K1, not K1. In the
function field case it is independent of the choice ofK. In this section we prove
Theorem 6.5.1, which constructs a natural bijection between isomorphism
classes of discrete cuspidal automorphic representations in the sense of §3.7
and cuspidal automorphic representations in the sense of §6.5.

To prove this we first state the following result:

Theorem 9.7.1 An element of AAG

cusp
is compactly supported in the function

field case and rapidly decreasing in the number field case. ut

In the function field case this follows from Theorem 9.5.1 and for the number
field case we refer to [MW95, §1.2.12].

We also require the following lemma:

Lemma 9.7.2 Suppose that (⇡, V ) is an irreducible unitary representation of
AG\G(AF ) on a Hilbert space V. The subspace Vfin < V of K-finite vectors
is dense. For every ' 2 Vfin, there is an f 2 C1

c (AG\G(AF )) such that
⇡(f)' = '.



9.7 Cuspidal automorphic forms 263

Proof. If F is a function field, then the density of Vfin in V follows from
Lemma 5.3.5. In this case every vector ' 2 Vfin is fixed by a compact open
subgroup K 0  K, so ⇡( K0)' = '.

If F is a number field then by Theorem 6.6.1 we can write V ⇠= V1
b⌦V 1

where the V1 is an irreducible unitary representation of AG\G(F1) and V 1

is an irreducible unitary representation of G(A1

F ). By Theorem 6.6.2 we can
then write Vfin = V1fin ⌦ V 1

fin
where V1fin < V1 and V 1

fin
< V 1 are the

spaces of K1-finite and K1-finite vectors, respectively. Thus the density
assertion is implied by Proposition 4.4.4 and Lemma 5.3.5. The fact that
every element in Vfin is of the form ⇡(f)' for some ' 2 V is implied by the
corresponding statements for V1 and V 1. For V 1 one proceeds as in the
function field case. For V1 we use Proposition 4.5.5. ut

We restate Theorem 6.5.1 for the convenience of the reader:

Theorem 9.7.3 The space of cuspidal automorphic forms AAG

cusp
is a dense

subspace of L2

cusp
([G]). If (⇡, V ) is a discrete cuspidal automorphic represen-

tation, then the space of K-finite vectors Vfin in V is a cuspidal automorphic
representation (⇡, Vfin), and

AAG

cusp
(⇡) = L2

cusp
(⇡)fin, (9.40)

the space of K-finite vectors in L2

cusp
(⇡). The multiplicity of (⇡, Vfin) in

AAG

cusp
(⇡) is finite and equal to the multiplicity of (⇡, V ) in L2

cusp
(⇡). One

has

AAG

cusp
=
M

AAG

cusp
(⇡) (9.41)

where the (algebraic) sum is over isomorphism classes of cuspidal automor-
phic representations. The association of (⇡, Vfin) to (⇡, V ) defines a bijection
between isomorphism classes of discrete cuspidal automorphic representations
and isomorphism classes of cuspidal automorphic representations.

In the theorem we have referred to a (discrete) cuspidal automorphic repre-
sentation of AG\G(AF ) simply as a (discrete) cuspidal automorphic repre-
sentation. We will continue this practice in the proof.

Proof. By Theorem 9.7.1 elements of AAG

cusp
are bounded. Since [G] has finite

measure we deduce that AAG

cusp
 L2

cusp
([G]).

Let (⇡, V ) be a discrete cuspidal automorphic representation. The ad-
missible representation (⇡, Vfin) is an automorphic representation and the
isomorphism types of (⇡, V ) and (⇡, Vfin) determine each other by Theorem
6.6.4.

Let ⇡ be a cuspidal automorphic automorphic representation realized as a
subspace (not just subquotient) W  AAG

cusp
. Then by Corollary 9.1.2 there is

a discrete cuspidal automorpic representation � of AG\G(AF ) such that the
projection
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W �! L2

cusp
(�)

is nonzero. By our comments in the previous paragraph this implies ⇡ = �
and W  L2

cusp
(⇡). Thus

AAG

cusp
(⇡) = AAG

cusp
\ L2

cusp
(⇡) (9.42)

Let us now prove (9.40). By (9.42) we have AAG

cusp
(⇡)  L2

cusp
(⇡)fin. By

Corollary 9.1.2 L2

cusp
(⇡) is a finite direct sum of irreducible representations,

all isomorphic to (⇡, V ). Thus by the proof of Theorem 6.6.4, L2

cusp
(⇡)fin

is contained in AAG(⇡). For every ' 2 L2

cusp
(⇡)fin we can find an f 2

C1
c (AG\G(AF )) such that ⇡(f)' = ' by Lemma 9.7.2, so any function

' 2 L2

cusp
(⇡)fin is cuspidal in the sense of Definition 6.9 by Lemma 9.2.3.

Thus (9.40) is valid. The equality (9.40) and the comments in the previous
paragraph together imply the statement on equality of multiplicities following
(9.40). We moreover deduce the density of AAG

cusp
in L2

cusp
([G]) from (9.40),

Corollary 9.1.2 and Lemma 9.7.2.
Assume F is a function field. Then AAG

cusp
=
S

K0 AAGK0

cusp
, where the union

is over all compact open subgroups K 0  G(AF ). On the other hand, by The-
orem 9.5.1, for all compact open subgroups K 0  G(AF ) there is a compact
subset ⌦  [G] such that any element of

L2

cusp
([G])K

0

is supported on ⌦. We may take ⌦ to be K 0-invariant, and then ⌦/K 0

is a finite set. It follows that L2

cusp
([G])K is finite dimensional, and hence

L2

cusp
(⇡)K = 0 for all but finitely many ⇡. Thus we have

AK0

cusp

M

L2

cusp
(⇡)K

0


M

AAG

cusp
(⇡)K

0

.

Upon varying K 0 we deduce (9.41) in the function field case.
Assume F is a number field. For each finite set ⌅ of K1-types, compact

open subgroup K 01  G(A1

F ) and ideal J  Z(g) with dimC Z(g)/J < 1
let

AAG

cusp
(J,⌅)K

01

= AAG

cusp
\
M

�2⌅

A(J,�)K
01

Acusp(⇡)(J,⌅)AGK01

= AAG

cusp
(⇡) \

M

�2⌅

A(J,�)K
01

.

Here we are using notation introduced above (6.16). Then

AAG

cusp
=

[

J,⌅,K1

AAG

cusp
(J,⌅)K

01

(9.43)
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where the union is over all J,⌅,K 01 as above. For any closed subspace
V ⇢ L2([G]) let

V (⌅) =
M

�2⌅

V (�)

and let V (⌅, J)K
01

be the subspace of V (⌅)K
01

sm
annihilated by J. Elements

of L2

cusp
([G])(⌅, J)K

01

are of moderate growth by Lemma 4.4.8 and they are
cuspidal in the sense of Definition 6.9 by the same argument used earlier in
the proof. Hence

L2

cusp
([G])(⌅, J)K

01

 AAG

cusp
(J,⌅)K

1

.

The space on the right is finite dimensional by Theorem 6.3.2. This implies
that

L2

cusp
([G])(⌅, J)K

01

=
M

L2

cusp
(⇡)(⌅, J)K

01


M

AAG

cusp
(⇡)(J,⌅)K

01

Combining this with (9.43) we deduce (9.41) in the number field case.
The final assertion on the bijection follows from what we have already

proved. ut

Exercises

9.1. Prove that the Hilbert-Schmidt norm of a Hilbert-Schmidt operator is
independent of the choice of basis and the trace norm and trace of a trace-
class operator are independent of the choice of basis.

9.2. Prove that if A and B are Hilbert-Schmidt operators then A � B is a
trace class operator.

9.3. Prove that a trace class operator is Hilbert-Schmidt and a Hilbert-
Schmidt operator is compact.

9.4. Let (Y, µ) be a �-finite measurable space. Then L2(Y, dµ) is a separable
Hilbert space. Let K(x, y) 2 L2(Y ⇥ Y, dµ⇥ dµ). Prove that the operator

L2(Y, dµ) �! L2(Y, dµ)

' 7�!
✓
x 7�!

Z

Y
K(x, y)'(y)dµ(y)

◆

is Hilbert-Schmidt.

9.5. Let V be a Hilbert space and let A : V ! V be a Hilbert-Schmidt
operator. Prove that the restriction of A to a closed subspace W  V is also
a Hilbert-Schmidt operator.
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9.6. Let G be a reductive group over a global field F and let H  G be
a subgroup such that (AG \ H(AF ))H(F )\H(AF ) is compact. Prove that
(AG \H(AF ))\H(AF ) is unimodular.

9.7. Prove that a Dirac sequence on AG\G(AF ) exists.

9.8. Using Theorem 4.2.8 prove that every f 2 C1
c (AG\G(AF )) can be writ-

ten as

f =
rX

j=1

f1j ⇤ f2j (9.44)

for some integer r and some fij 2 C1
c (AG\G(AF )).

9.9. Let G be a reductive group over Q and let N  G be a nontrivial unipo-
tent subgroup. Prove that N(R) \ K1 is trivial for all compact subgroups
K1  G(R). Conclude that for all compact subgroups K  G(AQ) one has

N(Q)(N(AQ) \K) � N(AQ),

that is, the inclusion is proper.

9.10. For n � 1, let J :=
�

0 In
�In 0

�
. For Q-algebras R, let

Sp
2n(R) = {g 2 GL2n(R) : Jg�tJ�1 = g}.

Let Hn be the set of n⇥ n symmetric complex matrices Z = X + iY whose
imaginary part Y is positive definite (this is called Siegel’s upper-half
space of degree n). The group Sp

2n(R) acts on Hn via

(A B
C D ) · Z = (AZ +B)(CZ +D)�1.

Here A,B,C,D are n⇥ n matrices.

(a) Show that Sp
2n(R) acts transitively on Hn.

(b) Choose a Borel subgroup B < Sp
2n and compute the image of the asso-

ciated Siegel set S(t) under

Sp
2n(AQ) �! Sp

2n(R) �! Hn

for n = 1 and n = 2.



Chapter 10

Eisenstein Series

Langlands’ calculation of the
constant terms of Eisenstein
series was one of the most
influential computations of the
20th century.

E. Lapid

Abstract In this chapter we survey the theory of Eisenstein series. Our main
goal is to state Langlands’ decomposition of L2([G]).

10.1 Induced representations

In §8.1 we mentioned Harish-Chandra’s philosophy of cusp forms [HC70a]. It
is a slogan for the assertion that the irreducible representations of a reductive
group can all be obtained as subquotients of the parabolic inductions of
cuspidal representations on Levi subgroups. This philosophy is in part based
on the foundational results of Langlands [Lan76] which we survey in this
chapter. We largely follow [Art05, §7] in our exposition. We refer the reader
to the standard reference [MW95] for proofs of many statements. Langlands’
original proofs are notoriously di�cult. Happily, Bernstein and Lapid [BL19]
found a much simpler proof of the analytic properties of Eisenstein series
given in Theorem 10.3.2 below. Based on this proof a simpler derivation
of the spectral decomposition of L2([G]) given in Theorem 10.5.1 has been
obtained by Delorme [Del20].

We begin by setting notation for the induction of automorphic representa-
tions from Levi subgroups of G to G itself. Intertwining operators involving
such representations are discussed in §10.2. Eisenstein series, defined in §10.3,
allow one to prove that these induced representations are again automorphic,
and in §10.5 we use Eisenstein series to state Langlands’ decomposition of

267
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L2([G]). In the case of GLn all of this theory simplifies significantly. In par-
ticular, one can use it to define an analogue of direct sums in the category
of automorphic representations of general linear groups. This is discussed in
§10.6 and 10.7. We end the chapter with a statement, in §10.8, of Moeglin
and Waldspurger’s foundational result which precisely describes the discrete
spectrum of L2([GLn]) in terms of cuspidal representations of smaller general
linear groups.

Let G be a reductive group over a global field F with minimal parabolic
subgroup P0  G. As usual, parabolic subgroups containing P0 are said to
be standard. We fix a Levi subgroup M0  P0. Then P0 = M0N0 where
N0  P0 is the unipotent radical. By Proposition 1.9.5 there is then a unique
Levi decomposition

P = MN

for each standard parabolic subgroup P such that M contains M0; we always
use this Levi decomposition. We can choose a maximal compact subgroup
K  G(AF ) in good position with respect to all (P,M) in the sense of
§B.1. Indeed, this follows upon combining Theorem B.2.3, Proposition B.3.1,
Theorem B.4.1 and Theorem B.4.3. We normalize the Haar measures dg on
G(AF ), dk on K and d`p on P (AF ) so that

dg = d`pdk

(see Exercise 3.5). Let aM := Hom(X⇤(M),R). Generalizing (9.20), we have
a map

HM : M(AF ) �! aM (10.1)

defined by
hHM (m),�i = log |�(m)|

for � 2 X⇤(M). We observe that HM is trivial on K\M(AF ). Thus using the
Iwasawa decompositionG(AF ) = N(AF )M(AF )K, we can define a morphism

HP : G(AF ) �! aM

nmk 7�! HM (m)

for (n,m, k) 2 N(AF )⇥M(AF )⇥K.
The discrete spectrum L2

disc
([M ])  L2([M ]) is the largest closed sub-

space of L2([M ]) that decomposes as a Hilbert space direct sum of irre-
ducible subrepresentations. We denote by Rdisc the restriction of the regular
representation R of L2([M ]) to this subspace. Let (�, V ) be an AM\M(AF )-
subrepresentation of L2

disc
([M ])  L2([M ]).

For
� 2 a

⇤

MC := Hom(aM ,C) = X⇤(M)⌦Z C,

we then form the global induced representation
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(I(�,�), IndGP (V )).

Here IndGP (V ) is the space of measurable functions

' : N(AF )M(F )AM\G(AF ) �! C

such that for all x 2 G(AF ) the function

m 7�! '(mx)

lies in V  L2

disc
([M ]) and such that

k'k2 =

Z

K

Z

AMM(F )\M(AF )

|'(mk)|2dmdk <1.

Thus IndGP (V ) is a Hilbert space. The action is given by

I(�,�)(g)'(x) = '(xg)ehHP (xg),�+⇢P ie�hHP (x),�+⇢P i,

where ⇢P 2 a
⇤

M is the half-sum of positive roots of a maximal split torus of
G contained in P.

Suppose now that � is irreducible, so it is an automorphic representation
of AM\M(AF ). Since

ehHM (m),�i =
Y

v

ehHM (mv),�i

for m 2M(AF ), we have a factorization

I(�,�) ⇠= ⌦0

vI(�v,�)

where the local factors I(�v,�) are defined as in §4.9 in the archimedean
setting and §8.1 in the nonarchimedean setting. There is a slight di↵erence
between our conventions in the global setting and in the local setting in terms
of the spaces on which I(�,�) acts. In the global setting, we are normalizing
so that the space on which I(�,�) acts is independent of �. In the local
setting, we incorporated � into the definition of the functions themselves.
The two definitions only di↵er by the character e�hHP (xv),�+⇢P i at a place v.

10.2 Intertwining operators

We now need to discuss the relationships between various parabolic sub-
groups. As in the previous section, we write P0 = M0N0 for a minimal
parabolic subgroup of G with Levi subgroup M0 and unipotent radical N0.
We let P and P 0 be standard parabolic subgroups and let
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P = MN and P 0 = M 0N 0

be the unique Levi decompositions such that M and M 0 contain M0. Assume
for the moment that

P 0  P

so that M 0  M. The inclusions ZM  ZM 0  M 0  M induce restriction
morphisms

X⇤(M) �! X⇤(M 0) and X⇤(Zt
M 0) �! X⇤(Zt

M ). (10.2)

Here for any commutative group Z we denote by Zt the maximal torus of Z.
For a reductive group H over F let

a
⇤

H := X⇤(H)⌦Z R. (10.3)

Thus a⇤H⌦RC = a
⇤

HC.Moreover we have an isomorphism a
⇤

H!̃a
⇤

Zt

H

by Exercise

10.1. Thus (10.2) induces an injection and a surjection

a
⇤

M ,�! a
⇤

M 0 �⇣ a
⇤

M

such that the composite is an isomorphism. Similarly, by duality we obtain

aM ,�! aM 0 �⇣ aM , (10.4)

where again the composite is an isomorphism. We often identify a
⇤

M and aM

with their images in a
⇤

M 0 and aM 0 , respectively. We write

a
M
M 0 := ker (aM 0 �! aM ) (10.5)

and (aMM 0)⇤ for its dual in a
⇤

M 0 . Then the considerations above imply

a
⇤

M 0 = a
⇤

M � (aMM 0)⇤ and aM 0 = aM � a
M
M 0 . (10.6)

Example 10.1. Let G be GL3, let M0 be the maximal torus of diagonal matri-
ces, and let B = M0N0 be the Borel subgroup of upper triangular matrices.
Take P 0 = B and let P be the standard parabolic subgroup of type (2, 1). In
this case ZM 0 = M 0 = M0 and

ZM (R) :=
��

aI2
b

�
: a, b 2 R⇥.

 

One has an isomorphism Z
3!̃X⇤(M 0) as in (1.36) and an isomorphism

Z
2�̃!X⇤(M)

(k1, k2) 7�!
�
( g b ) 7! (det g)k1bk2

�
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These isomorphisms induce a commutative diagram

Z
2

Z
3

X⇤(M) X⇤(M 0)

⇠ ⇠

where the top arrow is given by (k1, k2) 7! (k1, k1, k2) and the bottom arrow
is given by restriction. Similarly one has an isomorphism

Z
2�̃!X⇤(ZM )

(k1, k2) 7�!
��

aI2
b

�
7! ak1bk2

�

It induces a commutative diagram

Z
3

Z
2

X⇤(ZM 0) X⇤(ZM )

⇠ ⇠

where the bottom arrow is again given by restriction and the top arrow is
given by (k1, k2, k3) 7! (k1 + k2, k3).

Let T M0 be a maximal split torus. Recall that

W (G, T )(F ) = W (G, T )(F )

is the Weyl group of T in G (see Lemma 1.7.3 for the second equality).
The Weyl group W (G, T )(F ) acts on aM0 . For a pair of standard parabolic
subgroups P and P 0, we have injections aM ,! aM0 and aM 0 ,! aM0 as
discussed above and we identify aM and aM 0 with their images as mentioned
above. Thus we can define

W (aM , aM 0)

to be the set of linear isomorphisms from aM onto aM 0 obtained by restricting
elements in the Weyl group W (G, T )(F ). If W (aM , aM 0) is nonempty then P
and P 0 are said to be associate. An association class (with respect to a
given minimal parabolic subgroup) is a set of standard parabolic subgroups
that are all associate to each other.

Lemma 10.2.1 The standard parabolic subgroups P and P 0 are associate if
and only if their Levi subgroups M and M 0 are G(F )-conjugate.

Proof. This is essentially [Sol20, Lemma 1]; we reproduce the proof here.
Let � be the set of simple roots of T in G corresponding to P0. We recall
that standard parabolic subgroups are in bijection with subsets J ✓ � by
Theorem 1.9.2. We write PJ for the parabolic subgroup corresponding to J
and �(J) := ZJ \ �(G, T ). As in (1.44), let MJ be the group generated by
ZG(T ) and G↵ for ↵ 2 �(J). Then by Proposition 1.9.5 (or more precisely
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its proof), M0 = M; and MJ is the unique Levi subgroup of PJ containing
M0.

Now assume that PJ and PJ 0 are associate. We observe that a⇤MJ
is just the

R-span of a⇤G and �� J, and similarly for a⇤M
J0
. Thus by Lemma 1.7.3 there

exists an element g 2 NG(T )(F ) such that g�(J)g�1 = �(J 0). We deduce
that gMJg�1 = MJ 0 . Conversely if gMJg�1 = MJ 0 then gTg�1 is a maximal
split torus of MJ 0 , hence there is an m 2MJ 0(F ) such that mgTg�1m�1 = T
by Theorem 1.7.2. It follows that mg 2 NG(T )(F ) provides an element of
W (aMJ

, aM
J0
). ut

Example 10.2. Let G = GL3 and let P0 be the Borel subgroup of upper
triangular matrices. In this case there are three association classes of standard
parabolic subgroups. One is the set consisting of the Borel subgroup, another
is the set consisting of G, and the third is the association class consisting of
the standard parabolic subgroup of type (2, 1) and the standard parabolic
subgroup of type (1, 2).

In view of the lemma, it is natural to expect a relationship between repre-
sentations of G induced from P and those induced from P 0 when P and P 0

are associate. Assume P and P 0 are associate and let w 2 W (aM , aM 0). Let
V  L2

disc
([M ]) be a subrepresentation. The relationship mentioned above is

obtained by introducing intertwining operators

M(w,�) : IndGP (V ) �! IndGP 0(V )

defined by

M(w,�)'(x) :=

Z
'( ew�1nx)ehHP ( ew�1nx),�+⇢P iehHP 0 (x),�w�+⇢

P 0 idn, (10.7)

where the integral is over (N 0(AF )\ ewN(AF ) ew�1)\N 0(AF ). Here ew 2 G(F )
is any representative for w. At the moment, this is just a formal definition.
To make it rigorous, let K  G(AF ) be a maximal compact subgroup and
assume that V is an internal direct sum of finitely many irreducible subrep-
resentations of L2

disc
([M ]). Let

IndGP (V )0  IndGP (V ) (10.8)

be the dense subspace consisting of functions ' that are smooth, K-finite,
and have the property that

m 7�! '(mk)

is an element of A(M) for all k 2 K (see [MW95, §I.2.17]). When restricted
to IndGP (V )0, the integral M(w,�) converges for � su�ciently large in a sense
we now make precise. Let � denote the set of roots of Zt

M in G and let � be
the base attached to the set of positive roots defined by P (see §1.9). Set
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(a⇤P )
+ := {� 2 a

⇤

M : �(↵_) > 0 for all ↵ 2 �} .

Here ↵_ is the coroot associated to ↵ (see (1.30)). For the following proposi-
tion, see [MW95, §II.1.6].

Proposition 10.2.2 (Langlands) The intertwining operator M(w,�) con-
verges absolutely for Re(�) in a suitable cone in a

⇤

M . If V  L2

cusp
([M ]) then

M(w,�) converges absolutely for Re(�) 2 ⇢P + (a⇤P )
+. ut

It turns out that the operators M(w,�) admit meromorphic continuations
[MW95, §IV.1.8, §IV.1.10] [Art05, Theorem 7.2]:

Theorem 10.2.3 The operators M(w,�) admit meromorphic continuations
to a

⇤

MC that are holomorphic and unitary on ia⇤M . If P, P 0, P 00 are standard
parabolic subgroups with Levi subgroups M,M 0,M 00 containing M0 then the
operators satisfy the functional equation

M(w1w2,�) = M(w1, w2�) �M(w2,�)

for w1 2W (aM 0 , aM 00) and w2 2W (aM , aM 0). ut

The subspace iaM ✓ a
⇤

PC plays a distinguished role because the represen-
tations I(�,�) are unitary for � 2 iaM (see Exercise 10.4).

10.3 Eisenstein series

Now I(�,�) is a representation of G(AF ) on a space of functions on G(AF ),
but the functions in IndGP (V ) are not left invariant under G(F ). The functions
in this space are left invariant under P (F ), however. We therefore do the most
näıve thing possible to make them invariant under G(F ), namely average.
Assume that

' 2 IndGP (V )0

where V  L2

disc
([M ]) is an irreducible subrepresentation and IndGP (V )0 is

defined as in (10.8). Let

E(x,',�) :=
X

�2P (F )\G(F )

'(�x)ehHP (�x),�+⇢P i. (10.9)

This is an Eisenstein series. When it converges absolutely it provides an
intertwining map from I(�,�) to the regular action of G(AF ) on functions
on G(AF ):

E(xg,',�) = E(x, I(�,�)(g)',�) (10.10)

(see Exercise 10.3).
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The problem is that E(x,',�) only converges for � su�ciently large
[MW95, §II.1.5]:

Proposition 10.3.1 (Langlands) If Re(�) lies in a suitable cone in a
⇤

M
then E(x,',�) converges absolutely and unformly on compact subsets of
G(F )\G(AF ). If ' is cuspidal E(x,',�) converges absolutely and uniformly
on compact subsets of G(F )\G(AF ) for Re(�) 2 ⇢P + (a⇤P )

+. ut

On the other hand the representations I(�,�) are unitary when � 2 ia⇤M ,
which is never in the plane of absolute convergence of the Eisenstein series.
Instead, one has to analytically continue the Eisenstein series as a complex
analytic function of � to the line � 2 ia⇤M in order to construct pieces of
L2([G]). In the caseG = GL2, this was accomplished by Selberg [Sel56, Sel63].

Langlands was the first to appreciate the di�culties presented by the gen-
eral case, and was able to overcome them [Lan76]. It is hard to overestimate
the impact of Langlands’ work on Eisenstein series to automorphic represen-
tation theory (and indeed much of mathematics, especially number theory).
This work, for example, led to the discovery of Langlands reciprocity as enun-
ciated in Langlands letter to Weil [Lan, Lan70], led to Langlands-Shahidi
theory of automorphic L-functions [Lan71, Sha10], and also is required in
any general treatment of a trace formula, either in the Arthur-Selberg sense
[Art78, Art80], or in Jacquet’s sense [Jac05a, JLR93].

If P and P 0 are associate standard parabolic subgroups with Levi sub-
groups M and M 0 containing M0 (respectively), then the intertwining op-
erators of the previous section give a relationship between representations
induced from P and representations induced from P 0. This suggests a rela-
tionship between the associated Eisenstein series. The precise relationship is
contained in the following theorem of Langlands (see [Art05, Theorem 7.2]
and [MW95, §IV.1.10, §IV.1.11]):

Theorem 10.3.2 (Langlands) The Eisenstein series E(x,',�) admits a
meromorphic continuation to a

⇤

MC that is holomorphic on ia⇤M . It satisfies
the functional equation

E(x,M(w,�)', w�) = E(x,',�)

for w 2W (aM , aM 0). ut

Sometimes in applications one needs more precise information about the
size of Eisenstein series and the intertwining operators. We refer to [GS01] for
an important example where this is crucial. This paper refers to the equally
important paper [M0̈0], which proves that the Eisenstein series E(x,',�) is
a quotient of functions of finite order under suitable assumptions on '.
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10.4 Constant terms

We keep the notation from §10.2 involving minimal and standard parabolic
subgroups. Let v be a nonarchimedean place of F. In §8.1 we defined parabolic
induction, which is a functor taking admissible representations of M(Fv) to
admissible representations of G(Fv). As explained in §8.3, there is a left ad-
joint to this functor, given by taking the Jacquet module of a representation.

The functor of parabolic induction produces representations of larger
groups from representations of particularly nice subgroups. Jacquet modules
allow us to analyze which representations can be obtained using parabolic
induction and whether or not two di↵erent parabolically induced representa-
tions share a constituent. One can view this aspect of Jacquet modules as a
manifestation of Mackey theory. This is a set of results in finite group the-
ory that analyze intertwining operators between induced representations in
terms of the inducing data. Here the inducing data of an induced represen-
tation is the subgroup and representation of that subgroup used to form the
induced representation. This terminology makes sense in any of the contexts
we have discussed, e.g. in finite group theory, in the theory of admissible
representations, and in automorphic representation theory.

Eisenstein series, defined as in §10.3, are a global analogue of parabolic
induction. For smooth functions ' : G(F )\G(AF )! C let

'P (g) :=

Z

[N ]

'(ng)dn (10.11)

which we may view as a smooth function 'P : M(F )N(AF )\G(AF ) ! C.
This is the constant term of ' along P. Constant terms of forms in an
automophic representation play the same role in the global theory as Jacquet
modules play in the local theory.

We remark that the growth rate of an automorphic form is controlled by
its constant terms. For a general discussion see [MW95, §I.2]. As an example,
consider cusp forms. These are automorphic forms all of whose constant terms
vanish identically. By Theorem 9.7.1 cusp forms are rapidly decreasing when
F is a number field and are compactly supported when F is a function field.

We now discuss the computation of certain constant terms of Eisenstein
series following [MW95, §II.1.7]. Let P = MN and P 0 = M 0N 0 be a pair
of standard parabolic subgroups. For an irreducible subrepresentation V 
L2

disc
([M ]) let ' 2 IndGP (V )0, defined as in (10.8). We set

EP 0(x,',�) :=

Z

[N ]

E(nx,',�)dn.

This is the constant term of E(x,',�) along P 0.
To analyze this constant term, we recall the Bruhat decomposition [BT65,

§5.20]:
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G(F ) =
a

w2W (M 0,T )(F )\W (G,T )(F )/W (M,T )(F )

P (F )w�1P 0(F ). (10.12)

Let
�+(M,T )

be the set of roots of T contained in M \P0. Then as as set of representatives
for W (M 0, T )(F )\W (G, T )(F )/W (M,T )(F ) we may take

WM,M 0

:=

⇢
w 2W (G, T )(F ) :

w(�+(M,T )) ✓ �+(G, T )
and w�1(�+(M 0, T )) ✓ �+(G, T )

�

(10.13)

[Ren10, §V.4.6]. By loc. cit. this is the set of representatives obtained by
choosing the Weyl element of minimal length in each double class. We observe
that

WM,M 0

:=

⇢
w 2W (G, T )(F ) :

w(M \ P0)w�1  P0

w�1(M 0 \ P0)w  P0

�
(10.14)

By Proposition 1.9.6 the intersection P0 \M 0 is a minimal parabolic sub-
group of M 0. We say that parabolic subgroups of M 0 are standard if they
contain P0 \M 0 and that a Levi subgroup of M 0 is standard if it contains
M0 and is a Levi subgroup of a standard parabolic subgroup of M 0. The
representatives WM,M 0

are convenient because they allow us to prove the
following lemma [Ren10, §V.4.6]:

Lemma 10.4.1 If w 2 WM,M 0

then w�1P 0w \M is a standard parabolic
subgroup of M with Levi factor w�1M 0w\M and unipotent radical w�1N 0w\
M. Similarly wPw�1 \M 0 is a standard parabolic subgroup of M 0 with Levi
factor wMw�1 \M 0 and unipotent radical wN 0w�1 \M 0. Moreover

wPw�1 \ P 0 = (wPw�1 \M 0)(wPw�1 \N 0)

wNw�1 \ P 0 = (wNw�1 \M 0)(wNw�1 \N 0)

w�1P 0w \ P = (w�1P 0w \M)(w�1Pw \N)

w�1N 0w \ P = (w�1N 0w \M)(wN 0w�1 \N)

(10.15)

ut

We let

W (M,M 0) :=
n
w 2WM,M 0

: wMw�1 M 0

o

Suppose that w 2 W (M,M 0). Then M 0 \ wPw�1 is a standard parabolic
subgroup of M 0 by Lemma 10.4.1 Thus the summand corresponding to a
given w in the following proposition is again an Eisenstein series, albeit for
a Levi subgroup of G instead of G itself:



10.4 Constant terms 277

Proposition 10.4.2 Assume that V is a cuspidal automorphic representa-
tion of AM\M(AF ) and ' 2 IndGP (V )0. If Re(�) 2 ⇢P + (aP )+ then

EP 0(x,',�)

=
X

w

X

m02M 0(F )\wP 0w�1(F )\M(F )

M(w,�)(')(m0x)ehHP 0 (m0x),w��⇢
P 0 i

where the sum on w is over W (M,M 0). Here the Eisenstein series on the
left and the double sum on the right converge absolutely and uniformly on
compact subsets of M 0(F )N 0(AF )\G(AF ).

Proof. We assume throughout the proof that Re(�) 2 ⇢P +(aP )+. By Propo-
sition 10.3.1 the sum defining the Eisenstein series converges absolutely and
uniformly on compact subsets under this assumption. This justifies the ex-
changes of integrals and sums in the proof below.

By definition

EP 0(x,',�) : =

Z

[N 0]

E(nx,',�)dn

=

Z

[N 0]

X

�2P (F )\G(F )

'(�nx)ehHP (�nx),�+⇢P idn.

Using the Bruhat decomposition (10.12) we have

Z

[N 0]

X

�2P (F )\G(F )

'(�nx)ehHP (�nx),�+⇢P idn

=
X

w

Z

[N 0]

X

p02P 0(F )\wP (F )w�1\P 0(F )

'(w�1p0nx)ehHP (w�1p0nx),�+⇢P idn

where the sum on w is over W (M 0, T )(F )\W (G, T )(F )/W (M,T )(F ). We
choose the set of representatives WM,M 0

. By (10.15) if (m0, n0) 2 M 0(F ) ⇥
N 0(F ) and m0n0 2 wP (F )w�1 then m0 2 wP (F )w�1, which implies in turn
that n0 2 m0�1wP (F )w�1m0. Using this fact we can write the sum above as

X

w

X

m02(M 0(F )\wP (F )w�1)\M 0(F )Z

[N 0]

X

n02(N 0(F )\m0�1wP (F )w�1m0)\N 0(F )

'(w�1m0n0nx)ehHP (w�1m0n0nx),�+⇢P idn.

where the sum on w is over WM,M 0

. Taking a change of variables (n0, n) 7!
(m0�1n0m0,m0�1nm0) and unfolding (see Lemma 9.2.5) we see that
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Z

[N 0]

X

n02(N 0(F )\m0�1wP (F )w�1m0)\N 0(F )

'(w�1m0n0nx)ehHP (w�1m0n0nx),�+⇢P idn

=

Z

[N 0]

X

n02(N 0(F )\wP (F )w�1)\N 0(F )

'(w�1n0nm0x)ehHP (w�1n0nm0x),�+⇢P idn

=

Z

N 0(F )\wP (F )w�1\N 0(AF )

'(w�1nm0x)ehHP (w�1nm0x),�+⇢P idn.

(10.16)

Combining our manipulations above, we have shown that

EP 0(x,',�) (10.17)

=
X

w

X

m02(M 0(F )\wP (F )w�1)\M 0(F )

Z
'(w�1nm0x)ehHP (w�1nm0x),�+⇢P idn.

where the sum on w is over WM,M 0

and the integral is over N 0(F ) \
wP (F )w�1\N 0(AF ).

For the remainder of the proof assume w 2 WM,M 0

. By Lemma 10.4.1 if
N 0 \ wMw�1 6= 1 then w�1N 0w \M is the unipotent radical of the proper
parabolic subgroup w�1P 0w \M of M. Since ' is cuspidal, we deduce that
(10.16) vanishes unless N 0 \ wMw�1 = 1.

We claim that w 2 WM,M 0

satisfies N 0 \ wMw�1 = 1 if and only if
w 2 W (M,M 0). Using Lemma 10.4.1 again, N 0 \ wMw�1 = 1 if and only if
w�1M 0w \M = wP 0w�1 \M, which is to say that the parabolic subgroup
wP 0w�1 \M of M is equal to its Levi subgroup wM 0w�1 \M . This occurs
if and only if w�1M 0w\M = M, which is equivalent to wMw�1 M 0, that
is, w 2 W (M,M 0). We conclude from the claim and the previous paragraph
that the sum in (10.17) is supported in w 2W (M,M 0).

Now if w 2W (M,M 0) then wN 0w�1 \M is trivial, hence by (10.13)

N 0(F ) \ wP (F )w�1 = N 0(F ) \ wN(F )w�1.

Recalling the definition of the intertwining operator M(w,�) from (10.7) we
deduce the proposition. ut

10.5 Decomposition of the spectrum

Assume for this section that F is a number field. There is a decomposition

L2([G]) =
M

P

L2

P
([G]) (10.18)
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where the (finite) direct sum is over all association classes P of parabolic sub-
groups. In more detail, consider the Hilbert space of families F of measurable
functions

FP : i(aGM )⇤ �! IndGP (L
2

disc
([M ])) (10.19)

indexed by P 2 P and satisfying the Weyl invariance condition

FP 0(w�) = M(w,�)FP (�)

for w 2W (aM , aM 0).
The relevant inner product is

(F1,F2) =
X

P2P

n�1

P

Z

i(aG

M
)⇤

(F1P (�), F2P (�))d�,

where F1P 2 F1 and F2P 2 F2 for P 2 P. Here

nP :=
X

P 02P

|W (aM , aM 0)| . (10.20)

Given such a family of functions F , we can formally define

X

P2P

n�1

P

Z

i(aG

M
)⇤

E(x, FP (�),�)d� 2 L2([G]). (10.21)

Say that F is compactly supported if each FP 2 F is compactly supported.
Assume that V  L2

disc
([M ]) is an irreducible subrepresentation. Then the

formal integral (10.21) is absolutely convergent if F is compactly supported.
The closure of the subspace of L2([G]) spanned by the compactly supported
F is denoted

L2

P
([G]).

We observe that when M = G one has that (aGM )⇤ = {0}. Thus if G is the
association class of G (which just consists of G itself) we have

L2

G
([G]) = L2

disc
([G]).

Theorem 10.5.1 (Langlands) One has that

L2([G]) =
M

P

L2

P
([G])

where the sum is over association classes P of parabolic subgroups of G. ut

This is [Art05, Theorem 7.2], except that Arthur decomposes L2(G(F )\G(AF ))
whereas we have decomposed L2([G]). The continuous spectrum is
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L2

cont
([G]) :=

M

P 6={G}

L2

P
([G]). (10.22)

Here we are using the fact that the association class of G is just G. We then
have

L2

disc
([G])� L2

cont
([G]) = L2([G]). (10.23)

The residual spectrum is the orthogonal complement of L2

cusp
([G]) in

L2

disc
([G]):

L2

res
([G])� L2

cusp
([G]) := L2

disc
([G]). (10.24)

We will see in §10.8 below that when G = GLn the residual spectrum can
be described in terms of residues of Eisenstein series attached to cusp forms.
This is true in general [Lan76] but we will not discuss the general case further.

Let us end this section by describing the data appearing in Theorem 10.5.1
when G = GL2. We take our minimal parabolic subgroup B to be the Borel
subgroup of upper triangular matrices, and fix the Levi subgroup M < B of
diagonal matrices. The discrete spectrum of L2([M ]) is the whole spectrum.
In fact, by the Peter-Weyl theorem, Theorem 4.3.3, there is an isomorphism

L2([M ]) ⇠=d
M

�2d[M ]

C�

where the direct sum is over characters of [M ] and C� is a 1-dimensional
space on which [M ] acts through �. There is only one association class of
standard parabolic subgroups that is not GL2 itself, and it consists of the
single element B. The group W (aM , aM ) is just Z/2.

10.6 Local preparation for isobaric representations

In this section we collect some local preliminaries for our discussion of isobaric
representations in §10.7. Thus for this section we assume that F is a local
field.

We have already discussed in §4.9 and §8.4 how to classify admissible
representations of G(F ) for reductive F -groups G in terms of tempered rep-
resentations. When G = GLn and F is nonarchimedean, in §8.4 we also
discussed how to classify the tempered representations in terms of the square
integrable representations. We now explain how these results can be com-
bined to classify all admissible representations of GLn(F ) in terms of square
integrable representations.

Let n =
Pk

i=1
ni and let ⇡i be an irreducible essentially square integrable

representation of GLni
(F ) for each i. Define
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AGLni
=

(
R>0Ini

if F is archimedean and

$ZIni
if F is nonarchimedean.

(10.25)

Here in the nonarchimedean case $ is a fixed uniformizer for F. The group
AGLni

depends on the choice of uniformizer in this case, but we will not
encode it into the notation. We observe that AGLni

does not coincide with
the groups that were defined in (2.19) for GLni

viewed as a group over a
global field. However, since we will only use the groups in (10.25) in local
settings this should not cause confusion.

Let ⇡1

i be the unique irreducible representation of AGLni
\GLni

(F ) such
that

⇡i(g) = | det g|�i⇡1

i (g) (10.26)

for some �i 2 C. After permuting the ⇡i if necessary we can assume that

Re(�1) � · · · � Re(�k). (10.27)

Let P be the standard parabolic subgroup of type (n1, . . . , nk) with standard
Levi subgroup M. Here and below we use the terminology of Example 1.15.
We identify

a
⇤

M = R
k (10.28)

in such a way that

⌧
HM

✓ x1

. . .
xk

◆
,�

�
=

kX

i=1

�i log | detxi|.

Let � = (�1, . . . ,�k) 2 a
⇤

M . Then we can form the induced representation

I
�
⌦k

i=1
⇡1

i ,�
�
.

Theorem 10.6.1 The induced representation I
�
⌦k

i=1
⇡1

i ,�
�

has a unique

irreducible quotient J
�
⌦k

i=1
⇡1

i ,�
�
. Assume that {⇡0

i}k
0

i=1
is another collec-

tion of irreducible admissible essentially square integrable representations of
GLn0

i
(F ) and �0

1
, . . . ,�0k0 2 C satisfy Re(�0

1
) � · · · � Re(�0k0). In the nonar-

chimedean (resp. archimedean) case there is an equivalence (resp. infinitesi-
mal equivalence)

J
�
⌦k

i=1
⇡1

i ,�
� ⇠= J

⇣
⌦k0

i=1
(⇡0

i)
1,�0

⌘
(10.29)

if and only if k = k0 and there is a permutation ⌧ of {1, . . . , k} such that
⇡0

i
⇠= ⇡⌧(i) and �0i = �⌧(i).
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Proof. This is consequence of Theorem 8.4.2 and the Bernstein-Zelevinsky
classification discussed in §8.4 for the nonarchimedean case. For the archimedean
case we refer to the discussion and references after [Kna94, Theorem 1 and
4]. ut

Let ⇡1�· · ·�⇡k be the irreducible quotient of the theorem. In this notation
we do not assume that the ⇡i are arranged so that Re(�1) � · · · � Re(�k),
so by definition

�k
i=1

⇡i ⇠= �k
i=1

⇡⌧(i)

for any permutation ⌧ of {1, . . . , k}. Because of Theorem 10.6.1, this notation
is unambiguous.

Theorem 10.6.2 In the nonarchimedean (resp. archimedean) case any ir-
reducible admissible representation of GLn(F ) is equivalent (resp. infinitesi-
mally equivalent) to �k

i=1
⇡i for some set of essentially square integrable ⇡i.

Proof. Again, this is consequence of Theorem 8.4.2 and the Bernstein-
Zelevinsky classification in §8.4 in the nonarchimedean case and the discus-
sion following [Kna94, Theorem 1 and 4] in the archimedean case. ut

Given Theorem 10.6.1 and Theorem 10.6.2, we can define an irreducible
admissible representation �k

i=1
⇡i of GLn(F ) for any tuple ⇡1, . . . ,⇡k of ir-

reducible admissible representations of GLni
(F ) with

Pk
i=1

ni = n. In par-
ticular, we can remove the assumption that the ⇡i are essentially square
integrable. For each ⇡i we write ⇡i = �ki

j=1
⇡0

ij and then set

�k
i=1

⇡i = �k
i=1

⇣
�ki

j=1
⇡0

ij

⌘
. (10.30)

The representation �k
i=1

⇡i is called the isobaric sum of the ⇡i. To emphasize
that we are working in the setting of admissible representations of general
linear groups over local fields we will sometimes refer to �k

i=1
⇡i as the local

isobaric sum of the ⇡i. The symbol � behaves something like a formal direct
sum on the category of admissible representations, but we emphasize that
�k

i=1
⇡i is always irreducible.

It is useful to explicitly point out the relationship between the classification
of unramified representations in terms of the Satake correspondence and the
isobaric sum. For this let Tn  GLn be the maximal torus of diagonal matrices
and let Bn  GLn be the Borel subgroup of upper triangular matrices.

Theorem 10.6.3 Let �1, . . .�n : F⇥ ! C
⇥ be n unramified quasi-characters

and let

� : Tn(F ) �! C
⇥

(tij) 7�!
nY

i=1

�i(tii).
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The isobaric sum �n
i=1

�i is then the unique unramified subquotient of the
induced representation IndGLn

Bn
(�).

Proof. We know that there is a unique unramified subquotient of IndGLn

Bn
(�)

by Lemma 7.6.6. On the other hand, the isobaric sum �n
i=1

�i is unramified
by [Mat13, Corollary 1.2]. ut

We warn the reader that when the ⇡i are not generic and unitary the
operation of taking the isobaric sum can have some unexpected properties.
We give an example to illustrate.

Example 10.3. Assume F is a nonarchimedean local field and let B  GL2

be the Borel subgroup of upper triangular matrices. Let 1 denote the trivial
representation of B(F ). Consider

⇡1 = I(1, ( 3
2
,� 1

2
)) and ⇡2 = I(1, ( 1

2
,� 3

2
)).

These representations of GL2(F ) are irreducible by Theorem 8.4.4 and by
the definition above

⇡1 � ⇡2 = | · |3/2 � | · |1/2 � | · |�1/2 � | · |�3/2

is the trivial representation of GL4(F ) by [Zel80, Example 3.2]. But the trivial
representation is not a quotient of IndGL4

P (⇡1 ⌦ ⇡2), where P is the standard
parabolic subgroup of GL4 of type (2, 2) (see Exercise 10.5).

Due to this subtlety, some care is required in applying Theorem 10.6.1 to
the global setting. The issue is that it is not known that the local factors of a
cuspidal automorphic representation of the general linear group are tempered,
though this is conjectured to be true (see Conjecture 10.7.4 and the rest of
§10.7 for more details). What is known is that these local components are
unitary and generic in the sense of §11.3 (see Theorem 11.3.3). The reader
can safely take the definition of generic as a “black box” to be opened in
§11.3 for the discussion that follows.

Assume as above that we are given n =
Pk

i=1
ni and representations ⇡i

where the �i are defined as in (10.26). We assume that the �i satisfy (10.27).

Theorem 10.6.4 If ⇡i is an essentially unitary generic representation for
1  i  k then �k

i=1
⇡i is a subquotient of

I
�
⌦k

i=1
⇡1

i ,�
�
.

Proof. We claim that each unitary generic representation ⇡ of GLn(F ) is
of the form I(�,�) where � is a square integrable representation of a Levi
subgroup of GLn(F ). Assuming the claim, the theorem follows from [MgW89,
§1.2(3)]. If F is nonarchimedean the claim is part of Theorem 8.4.4. If F is
archimedean, then the claim follows from Theorem 10.6.2 and [Jac09, Lemma
2.5]. ut
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10.7 Isobaric representations

Assume now that F is a number field. So far we have explained how the entire
spectrum of L2([G]) can be described in terms of automorphic representations
of Levi subgroups M of parabolic subgroups P of G. Let us state a less
precise result that applies to all automorphic representations, not just discrete
automorphic representations. Given a cuspidal automorphic representation �
of M(AF ), we form the induced representation

I(�,�) (10.31)

as in (10.1). For the proof of the following theorem, see the appendix to
[BJ79]:

Theorem 10.7.1 (Langlands) Any irreducible subquotient of I(�,�) is an
automorphic representation, and every automorphic representation is of this
form. ut

This theorem applies to more general automorphic representations than those
implicit in Theorem 10.5.1, but yields less information. We remark that in
[BJ79, Appendix, Lemma 1] Langlands observes that the subquotients of
I(�,�) can be described as follows. For all but finitely many v the repre-
sentation �v is unramified and I(�v,�) has a unique irreducible unramified
subquotient ⇡�

v . The irreducible subquotients of I(�,�) are the representa-
tions of the form ⌦0

v⇡v where ⇡v is an irreducible subquotient of I(�v,�) for
all v and ⇡v ⇠= ⇡�

v for almost every v.
Let us restrict G = GLn and discuss refinements of this result. As a first

step we discuss an operation on automorphic representations of GLn that
plays the role in automorphic representation theory of the direct sum in or-
dinary representation theory. In fact, under the conjectural Langlands corre-
spondence (to be discussed in Chapter 12), this operation should be induced
by taking direct sums of L-parameters.

Assume that
kX

i=1

ni =
k0X

j=1

n0

j = n

and �i (resp. �0

j) are cuspidal automorphic representations ofAGLni
\GLni

(AF )
(resp. AGL

n
0
j

\GLn0

j
(AF )) for 1  i  k and 1  j  k0. We let

� = ⌦k
i=1

�i and �0 = ⌦k0

j=1
�0

j .

We can then form the induced representations I(�,�) and I(�0,�0) as in §10.1.
Here I(�,�) and I(�,�0) are formed with respect to the standard parabolics
P and P 0 of type (n1, . . . , nk) and (n0

1
, . . . , n0

k0), respectively. The following
theorem is [JS81a, Theorem 4.4]:
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Theorem 10.7.2 (Jacquet and Shalika) Let S be a finite set of places of
F including the infinite places such that I(�,�) and I(�0,�0) are unramified
outside of S. If the irreducible spherical subquotients of I(�v,�) and I(�0

v,�
0)

are isomorphic for v 62 S then k = k0 and there is a permutation ⌧ of the set
of k elements such that

�i ⇠= �0

⌧(i) and �i = �0⌧(i).

ut

This immediately implies the following corollary:

Corollary 10.7.3 If ⇡ is an irreducible subquotient of I(�,�) and I(�0,�0)
then the conclusion of Theorem 10.7.2 holds. ut

Thus every automorphic representation of GLn(AF ) is a subquotient of
I(�,�), where � and � are unique up to a permutation in the sense made
precise in Theorem 10.7.2.

Given the Langlands classification of Theorem 4.9.2 and Theorem 8.4.2,
it would be aesthetically pleasing if �v were tempered for each v. Indeed, if
this were the case, then upon rearranging the �i we could assume that � is
in the positive Weyl chamber. There would then be a canonical irreducible
subquotient of I(�,�), namely

⌦0

vJ(�v,�)

with the local factors J(�v,�) defined as in Theorem 4.9.1 and Theorem 8.4.1.
An important open conjecture is that cuspidal representations always have
tempered local factors:

Conjecture 10.7.4 (The Ramanujan conjecture) If ⇡ is a cuspidal au-
tomorphic representation of AGLn

\GLn(AF ), then ⇡v is tempered for all v.

A discussion of this conjecture and what is known towards it is contained in
[Sar05].

Since the Ramanujan conjecture remains unproven to find a canonical ir-
reducible subquotient of I(�,�) we must proceed di↵erently. It is convenient
to adjust our notation slightly. For 1  i  k let ⇡i be a cuspidal automor-
phic representation of GLni

(AF ). Let ⇡1

i be the unique cuspidal automorphic
representation of AGLni

\GLni
(AF ) such that

⇡i(g) = | det g|�i⇡1

i (g)

for some �i 2 C. After rearranging the ⇡i we can assume (10.27) holds. Let
P be the standard parabolic subgroup of GLn of type (n1, . . . , nk) and let
� = (�1, . . . ,�k). Then we can form the induced representation

I
�
⌦k

i=1
⇡1

i ,�
�
.
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By Theorem 10.7.1 any irreducible subquotient of this representation is au-
tomorphic. Recall the local isobaric sums

�k
i=1

⇡iv

defined in §10.6. In the following theorem we make use of the important fact
that if ⇡ is a cuspidal automorphic representation of GLn(AF ) then ⇡v is
generic for all v (see Theorem 11.3.3). The notion of a generic representation
was previously mentioned in §10.6 and will be defined in §11.3. We again
invite the reader to treat this concept as a black box for the time being.

Theorem 10.7.5 The representation

�k
i=1

⇡i := ⌦0

v(�k
i=1

⇡iv) (10.32)

is an irreducible subquotient of I
�
⌦k

i=1
⇡1

i ,�
�
, hence automorphic.

Proof. As just mentioned the representations ⇡iv are generic. They are also
essentially unitary. Thus for all v the representation �k

i=1
⇡iv is an irreducible

subquotient of I
�
⌦k

i=1
⇡1

iv,�
�
by Theorem 10.6.4, and it is unramified for

all but finitely many v by Theorem 10.6.3. In view of the discussion of the
irreducible subquotients of induced representations after Theorem 10.7.1, the
proof follows. ut

Definition 10.1. An automorphic representation ⇡ of GLn(AF ) is isobaric
if there are cuspidal automorphic representations ⇡i of GLni

(AF ) withPk
i=1

ni = n such that
⇡ ⇠= �k

i=1
⇡i.

Not all automorphic representations are isobaric. A concrete example is given
in Exercise 10.8 below.

In view of Theorem 10.7.2, we can extend the definition of � to arbitrary
tuples of isobaric automorphic representations in a well-defined manner just
as in (10.30). The operation � on the set of isomorphism classes of isobaric
representations behaves something like a direct product, but just as in the
local case, isobaric sums are always irreducible representations. In fact, iso-
baric sums correspond to direct sums via the Langlands correspondence (see
§13.2).

10.8 A theorem of Moeglin and Waldspurger

For this section, we assume that F is a number field. Let G be a reductive
group over F. The spectral decomposition of L2([G]) proved by Langlands
leaves open the important question of how to describe the discrete spectrum
of L2([M ]) for Levi subgroups M of G. Some information on this question is
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obtained in the course of Langlands’ proof of Theorem 10.5.1, but nothing
definitive.

In [Jac84] Jacquet gave a precise conjectural description of L2

disc
([GLn])

which was later proven by Moeglin and Waldspurger in [MgW89]. We state
this result in this section. Since the Levi subgroups of GLn are products of
general linear groups, by induction this gives a complete spectral decompo-
sition of L2([GLn]).

Fix an integer n. For each factorization n = md, there is a unique standard
parabolic subgroup P with Levi subgroup M isomorphic to GLm

d . Suppose
we are given a cuspidal automorphic representation ⇡ of AGLd

\GLd(AF ). We
can then form the tensor product representation ⇡⌦m of AM\M(AF ). Let

L2

cusp
(⇡⌦m)  L2

cusp
([M ])

be the ⇡⌦m-isotypic subspace. We can then consider a form

' 2 IndGP (L
2

cusp
(⇡⌦m))0

and the corresponding Eisenstein series

E(x,',�).

Jacquet constructed [Jac84] an irreducible subrepresentation (�,m) of L2([GLn])
by taking an iterated residue of E(x,',�). If we identify a

⇤

M = R
m as in

(10.28) then the iterated residue is taken at

✓
m� 1

2
,
m� 3

2
, . . . ,

3�m

2
,
1�m

2

◆
.

The representation (�,m) is called a Speh representation, since Speh con-
structed the local analogues of these representations (see [Spe83]). In terms
of isobaric sums, one has

(�,m) = �m
i=1

⇣
� ⌦ | · |(m+1)/2�i

⌘

(see [MgW89]).
To get a feel for these representations, it is useful to note that if v is a

nonarchimedean place of F where � is unramified then

L(s, (�,m)v) =
mY

i=1

L
�
s� i+ m+1

2
,�v
�
.

Here L(s, (�,m)v) is the L-function of (�,m)v (see §11.8). Jacquet then con-
jectured the following theorem, which was proven in [MgW89]:

Theorem 10.8.1 (Moeglin and Waldspurger) Any irreducible subrepre-
sentation of L2([GLn]) is isomorphic to a Speh representation (�,m) for a
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unique factorization md = n and a unique cuspidal automorphic representa-
tion � of AGLd

\GLd(AF ). ut
To reduce possible confusion, we observe that a subrepresentation of

L2([GLn]) is (by definition) a subspace of L2

disc
([GLn]). The theorem gives a

complete description of L2

disc
([GLn]). More specifically, it implies that

L2

disc
([GLn]) ⇠=

M

d|n

dM

�

V (�, n/d) (10.33)

where the inner Hilbert space direct sum is over isomorphism classes of cus-
pidal automorphic representations of AGLd

\GLd(AF ) and V (�, n/d) is the
space of (�,m).

Theorem 10.8.1 forms the basis of much of what we know about the dis-
crete spectrum for other groups. For example, it together with the Jacquet-
Langlands correspondence is used to describe the discrete spectrum of inner
forms of GLn in [Bad08]. As a consequence of the theory of twisted endoscopy,
Arthur [Art13] and Mok [Mok15] have given a description of the discrete spec-
trum of quasi-split classical groups in terms of the parametrization of Moeglin
and Waldspurger. This is explained in §13.8 below.

Exercises

10.1. Let G be a reductive group. Show that the map

X⇤(G)⌦Z Q �! X⇤(Zt
G)⌦Z Q

induced by restriction is an isomorphism. Give an example to show that the
restriction map

X⇤(G) �! X⇤(Zt
G)

need not be surjective.

10.2. Prove that the subspace IndGP (V )0  IndGP (V ) of (10.8) is dense.

10.3. Prove the intertwining relation (10.10).

10.4. Prove that I(�,�) is unitary for � 2 iaM .

10.5. With notation as in Example 10.3 prove that the trivial representation
is not a quotient of IndGL4

P (⇡1 ⌦ ⇡2).
For the remaining problems, let B  GL2 be the Borel subgroup of upper
triangular matrices, 1 denote the trivial representation of B(AF ), and let

⇡ := I(1, ( 1
2
,� 1

2
));

it is a representation of GL2(AF ).
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10.6. Prove that every irreducible subquotient of I(1, ( 1
2
,� 1

2
)) is automor-

phic and that the (unique) isobaric subquotient is the trivial representation
of GL2(AF ).

10.7. For all places v of F, prove that ⇡v has a composition series of length
2. The unique irreducible subrepresentation Stv is known as the Steinberg
representation.

10.8. Prove that the irreducible subquotients of ⇡ are in bijection with finite
sets of places of F : the set S of places corresponds to the representation
(⌦v2SStv)⌦ ⇡S .





Chapter 11

Rankin-Selberg L-functions

Artin and Hecke were together at
Göttingen, but neither realized
the intimate connection between
the two di↵erent types of
L-functions they were
constructing. The moral of the
story is to talk with your
colleagues.

L. Saper

Abstract In this chapter we sketch the theory of generic representations and
Rankin-Selberg L-functions.

11.1 Paths to the construction of automorphic
L-functions

Let F be a global field and let ⇡ and ⇡0 be a pair of cuspidal automorphic
representations of AGLn

\GLn(AF ) and AGLm
\GLm(AF ) respectively. An im-

portant analytic invariant of this pair is the Rankin-Selberg L-function

L(s,⇡ ⇥ ⇡0).

This is a meromorphic function on the complex plane satisfying a functional
equation whose poles can be explicitly described in terms of ⇡ and ⇡0. These
L-functions play a crucial role in automorphic representation theory. In par-
ticular they are built into the statement of the local Langlands correspon-
dence for GLn. This will be discussed in §12.5. We refer to §13.6 for the inter-
pretation of Rankin-Selberg L-functions in terms of Langlands L-functions
(to be defined in §12.7).

291
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In this chapter we describe one method by which Rankin-Selberg L-
functions can be defined, namely the Rankin-Selberg method. A more
detailed treatment is contained in [Cog07], which was our primary reference
for this chapter. In preparation for the discussion, we define generic repre-
sentations in §11.3 below. We have concentrated on the case of general linear
groups in our treatment, but the Rankin-Selberg method can be applied in
much greater generality. To learn about further developments [Bum05] is a
place to start.

There are other approaches to defining these L-functions. One is via the
so-called Langlands-Shahidi method. This method also uses the notion of
a generic representation. The idea is that Rankin-Selberg L-functions (and
some other L-functions) occur in the constant terms of certain Eisenstein
series. This approach was historically important because it suggested both
the general definition of a Langlands L-function, discussed in §12.7, and the
general formulation of Langlands functoriality. We do not discuss this con-
struction. It is discussed at length in the book [Sha10].

In the special case where ⇡0 is the trivial representation 1 of GL1(AF )

L(s,⇡) := L(s,⇡ ⇥ 1)

is known as the principal or standard L-function of ⇡. There is an alternate
approach to defining these L-functions due to Godement and Jacquet [GJ72].
It is a direct generalization of Tate’s construction of the L-functions of Hecke
characters in his famous thesis [Tat67], which in turn is an adelic formulation
of the classical work of Hecke.

11.2 Generic characters

Let G be a quasi-split reductive group over a global or local field F, let B < G
be a Borel subgroup with unipotent radical N, and let T  B be a maximal
split torus. Let �(G, T ) be the set of roots of T in G and let � ⇢ �(G, T ) be
the base associated to B (see §1.9). For each ↵ 2 �, there is a corresponding
root group N↵  N (see (1.42)).

Definition 11.1. If F is a local field, a character  : N(F ) ! C
⇥ is called

generic if  |N↵(F ) is nontrivial for each simple root ↵ 2 �. If F is global, a
character  : N(AF )! C

⇥ trivial on N(F ) is called generic if  v is generic
for all places v.

Example 11.1. Take G = GLn and let Bn  GLn be the Borel subgroup of
upper triangular matrices. Moreover let Nn  Bn be the unipotent radical. If
F is a local field,  : F ! C

⇥ is a nontrivial character, andm1, . . . ,mn�1 2 F,
then
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Nn(F ) �! C
⇥

0

BBBBB@

1 x12 ⇤ ⇤ ⇤
1 x23 ⇤ ⇤

. . .
. . . ⇤
1 x(n�1)n

1

1

CCCCCA
7�!  (m1x12 + · · ·+mn�1x(n�1)n)

(11.1)

is a character of Nn(F ). Every character of Nn(F ) is of this form. Comparing
this with the description of the root groups from (1.39), we see that the
character is generic if and only if all of the mi are nonzero. If F is global,
any character of Nn(AF ) trivial on Nn(F ) is of the same form, where the mi

are in F and  : F\AF ! C
⇥ is nontrivial. Again, the character is generic if

and only if
Qn�1

i=1
mi 6= 0. If all mi = 1 we call this the standard character

attached to  .

11.3 Generic representations

Let G be a quasi-split reductive group over a local field F, let B < G be
a Borel subgroup with unipotent radical N, and let  : N(F ) ! C

⇥ be a
character. Let (⇡, V ) be an admissible representation of G(F ).

Definition 11.2. Assume F is nonarchimedean. A  -Whittaker func-
tional on V is a linear functional � : V ! C such that

�(⇡(n)') =  (n)�(')

for ' 2 V and n 2 N(F ).

In this nonarchimedean setting, since V has the discrete topology, all linear
functionals are continuous.

If F is archimedean, we assume that V is a Hilbert space. After (4.5) we
endowed Vsm with the structure of a Fréchet space. It therefore makes sense
to discuss continuous linear functionals on Vsm.

Definition 11.3. Assume F is archimedean. A  -Whittaker functional
on V is a continuous linear functional � : Vsm ! C such that

�(⇡(n)') =  (n)�(')

for ' 2 Vsm and n 2 N(F ).

Assume, as above, that in the archimedean setting (⇡, V ) is unitary.

Definition 11.4. An irreducible admissible representation (⇡, V ) of G(F ) is
 -generic if it admits a nonzero  -Whittaker functional.
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An irreducible admissible representation (⇡, V ) is simply said to be generic if
there exists a Borel subgroup B  G with unipotent radical N and a generic
character  : N(F )! C

⇥ such that (⇡, V ) is  -generic. We warn the reader
that, in the older literature, generic representations were sometimes referred
to as nondegenerate representations.

The following theorem [GK73, Sha74] has turned out to be extremely
important:

Theorem 11.3.1 Assume  is generic. The space of  -Whittaker func-
tionals on an irreducible admissible representation of G(F ) is at most 1-
dimensional. ut

The assumption that  is generic cannot be removed (see Exercise 11.2).
We now define the related notion of a Whittaker function. The space of

 -Whittaker functions on G(F ) is defined as

W( ) : = {W 2 C1(G(F )) : W (ng) =  (n)W (g)}

for all (n, g) 2 N(F )⇥G(F ). This space admits a natural action of G(F ):

G(F )⇥W( ) �!W( )

(g,W ) 7�! (x 7�!W (xg)).

Let (⇡, V ) be an irreducible admissible representation of G(F ). When F
is archimedean we assume ⇡ is unitary. A  -Whittaker model of ⇡ is the
image of a nonzero G(F )-intertwining map

⇤ : Vsm �!W( ) (11.2)

such that the functional

Vsm �! C

' 7�! ⇤(')(1)
(11.3)

is continuous. Here we give Vsm the Fréchet topology mentioned above when
F is archimedean. When F is nonarchimedean V = Vsm is given the discrete
topology so the continuity condition is vacuous. We observe that (11.3) is
a Whittaker functional. Conversely, a Whittaker functional � gives rise to a
Whittaker model via

Vsm �!W( )

' 7�! (g 7�! �(⇡(g)')).

Thus a  -Whittaker model of ⇡ exists if and only if ⇡ is  -generic. Moreover
we obtain the following corollary of Theorem 11.3.1:
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Corollary 11.3.2 If  is generic and ⇡ is  -generic then ⇡ admits a  -
Whittaker model. The model is unique up to scaling the map (11.2) by a
nonzero complex number. ut

Motivated by Corollary 11.3.2, if  is generic and (⇡, V ) is  -generic, we
let

W(⇡, ) (11.4)

be the image of any ⇤ as in (11.2). We then have a map

Vsm �!W(⇡, )

' 7�!W'
 := ⇤(').

(11.5)

By Schur’s lemma, this map is well-defined up to multiplication by a nonzero
complex number. Moreover it is an isomorphism. In the archimedean case, we
are deliberately avoiding putting a topology on W(⇡, ) other than the topol-
ogy induced by ⇤ via transport of structure. For one approach to introducing
a more natural topology we refer to [Wal92, Chapter 15].

Now assume that F is global, let ⇡ be a cuspidal automorphic represen-
tation of AG\G(AF ) realized in a subspace V  L2

cusp
([G]), and let ' 2 Vsm.

Let  : N(AF ) ! C
⇥ be a character trivial on N(F ). We then define the

global  -Whittaker function

W'
 (g) :=

Z

[N ]

'(ng) (n)dn. (11.6)

This definition depends on the choice of invariant Radon measure dn on
[N ], but only up to scaling by a positive real number. We say that (⇡, V ) is
globally  -generic if

W'
 (g) 6= 0

for some ' 2 V and g 2 G(AF ). We remark that a priori this notion depends
on the realization of ⇡ in L2

cusp
([G]) if it does not occur with multiplicity 1.

It is not hard to check that if ⇡ is globally  -generic and ⇡ ⇠= ⌦0
v⇡v then each

⇡v is  v-generic (see Exercise 11.3). As in the local setting, we simply say
(⇡, V ) is generic if there is a Borel subgroup B  G with unipotent radical
N and a generic character  : N(AF ) ! C

⇥ (trivial on N(F )) such that
(⇡, V ) is  -generic.

We can also define the notion of a global  -Whittaker model. Let

W( ) := {W 2 C1(AG\G(AF )) : W (ng) =  (n)W (g)}. (11.7)

Here (n, g) 2 N(AF )⇥AG\G(AF ). Suppose that (⇡, V ) is globally  -generic.
We have a G(AF )-intertwining map

Vsm �!W( )
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' 7�!W'
 .

The global  -Whittaker model of ⇡ is the image W(⇡, ) of this inter-
twining map.

The notion of a generic representation is only useful if we have an interest-
ing supply of generic representations. Consider the case of GLn. Let  and
 0 be generic characters of N(AF ) and N 0(AF ), respectively, where N and
N 0 are the unipotent radicals of two Borel subgroups of GLn. By Exercise
11.1 a cuspidal automorphic representation of AGLn

\GLn(AF ) is  -generic if
and only if it is  0-generic. Therefore the following theorem implies that all
cuspidal automorphic representations of AGLn

\GLn(AF ) are  -generic with
respect to any generic character  of the unipotent radical of any Borel sub-
group. Moreover they admit an expansion in terms of Whittaker functionals.
Let Nn  GLn be the unipotent radical of the Borel subgroup of upper
triangular matrices.

Theorem 11.3.3 Let ' 2 L2

cusp
([GLn]) be a smooth vector in the space of a

cuspidal automorphic representation ⇡ of AGLn
\GLn(AF ). If  : Nn(AF )!

C
⇥ is a generic character then one has

'(g) =
X

�2Nn�1(F )\GLn�1(F )

W'
 (( �

1
) g) (11.8)

for a unique choice of invariant measure on [Nn]. The sum converges abso-
lutely and uniformly on compact subsets of [G]. ut

The expression for ' in (11.8) is called its Whittaker expansion. It is a
generalization (but not the only generalization) of the well-known Fourier
expansion of a modular form.

We now prove this theorem in the special case n = 2. Consider the function

x 7�! ' (( 1 x
1
) g) . (11.9)

This is a continuous function on the compact abelian group F\AF , and hence
admits a Fourier expansion. If we fix a nontrivial character  : F\AF ! C

⇥,
then all other characters are of the form  ↵(x) :=  (↵x) for ↵ 2 F (see
Lemma C.1.2). Thus the Fourier expansion of the function (11.9) is

X

↵2F

 (↵x)

Z

F\AF

'
��

1 y
1

�
g
�
 (↵y)dy (11.10)

for a unique Haar measure dy on F\AF . Since ' is cuspidal, the ↵ = 0 term
vanishes identically. Taking a change of variables y 7! ↵�1y for each ↵ 2 F⇥

and using the left GL2(F )-invariance of ', we see that (11.10) is equal to

X

↵2F⇥

 (↵x)W'
 (( ↵ 1 ) g) . (11.11)
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Setting x = 0 we obtain Theorem 11.3.3 when n = 2. We will not prove
Theorem 11.3.3 in the higher rank case because we cannot improve on the
exposition in [Cog07, §1.1]. The basic idea is to proceed as in the n = 2
case, using abelian Fourier analysis on certain abelian subgroup of Nn(AF ).
However, sinceNn(AF ) itself is no longer abelian for n � 3 one has to combine
this with a clever inductive argument using the fact that ' is cuspidal.

11.4 Formulae for Whittaker functions

In this section we explain how to compute Whittaker functions, starting from
the local unramified situation.

Until otherwise specified, let F be a nonarchimedean local field unramified
over its prime field. Let $ be a uniformizer of F and let  : F ! C

⇥ be
a nontrivial unramified character. The results we will state in this section
are valid for any unramified reductive group over F, but to simplify our
discussion we will assume that G is a split reductive group. Let B  G be
a Borel subgroup with split maximal torus T  B. We let K  G(F ) be a
hyperspecial subgroup in good position with respect to (B, T ). We note that
by the Iwasawa decomposition one has

G(F ) =
a

µ2X⇤(T )

N(F )µ($)K (11.12)

where N is the unipotent radical of B.
Using the notation of §7.6, for � 2 a

⇤

TC we can form the induced represen-
tation I(�), where the induction is with respect to the Borel subgroup B. Its
unique unramified subquotient is denoted by J(�). Any unramified represen-
tation is equivalent to such a J(�). Assume that J(�) is generic. Then the
space

W(J(�), )K

is 1-dimensional by Corollary 5.5.4. An element of the 1-dimensional space
W(J(�), )K is fixed by K on the right and transforms according to  under
the action of N(F ) on the left. Thus it is determined by its value on T (F ).

The choice of T and B, by duality, give rise to a maximal torus and Borel
subgroup bT  bB  bG as explained in §7.3. We have X⇤( bT ) = X⇤(T ). For the
purpose of Theorem 11.4.1 below, we say that µ 2 X⇤(T ) is dominant if the
corresponding character in X⇤( bT ) is a dominant weight with respect to bB.
By Cartan-Weyl theory, if µ is dominant there is a unique isomorphism class
V (µ) of irreducible representation of bG with µ as its highest weight. Let �µ

be the character of V (µ).

Theorem 11.4.1 Any nonzero W in the 1-dimensional space W(J(�), )K

satisfies W (I) 2 C
⇥, where I 2 G(F ) is the identity element. If µ is a
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dominant weight then

W (µ($))

W (I)
= �1/2B (µ($))�µ(q

��).

If µ is not a dominant weight then W (µ($)) = 0. ut

Here q�� 2 bG(C) is the Langlands class of J(�) as in Theorem 7.6.8.
Theorem 11.4.1 was originally proved in unpublished work of Kato after

being conjectured by Langlands. A new proof together with a generalization
to unramified groups is contained in [CS80]. The formula is commonly referred
to as the Casselman-Shalika formula. In [FGKV98, Theorem 5.3] one
can find the formula in the form stated in Theorem 11.4.1. To deduce the
expression in Theorem 11.4.1 from the expression in [CS80] one uses the Weyl
character formula.

It is instructive to explicate Theorem 11.4.1 when G = GLn. In this case it
is due to Shintani [Shi76]. We assume that B = Bn is the Borel subgroup of
upper triangular matrices and T = Tn  Bn is the maximal torus of diagonal
matrices. In this case weights can be identified with tuples (k1, . . . , kn) 2 Z

n

as (1.36) The cocharacter µ attached to such a tuple is (1.37). The dominant
weights are those with

k1 � · · · � kn.

The associated irreducible representation of GLn is Sk1,...,kn
(Vst), where Vst

is the standard representation and Sk1,...,kn
is the Schur functor attached to

the partition k1, . . . , kn of
Pn

i=1
ki. If we identify Tn with G

n
m in the natural

manner then the character of Sk1,...,kn
(Vst) is the restriction to G

n
m of the

Schur polynomial Sk1,...,kn
: Gn

a ! Ga. Normalize W 2 W(J(�), )GLn(OF )

so that W (I) = 1. Then in this case Theorem 11.4.1 reads

W

 
$k1

. . .
$kn

!
=

(
�1/2Bn

(µ($))Sk1,...,kn
(q��1 , . . . , q��n) if k1 � · · · � kn

0 otherwise.

(11.13)

Here {q��i : 1  i  n} are the eigenvalues of q��.
We now return to the global setting. Let (⇡, V ) be a globally generic cus-

pidal representation of a quasi-split reductive group G, realized on a closed
subspace V  L2([G]). By Flath’s theorem (Theorem 5.7.1) and Theorem
6.6.3, we have a factorization

Vsm
⇠= V1sm ⌦ (⌦0

v-1Vv). (11.14)

In the function field case, V1sm
⇠= ⌦v|1Vv by Theorem 5.7.2. In the number

field case, by [Fol95, Theorem 7.25] and Theorem 3.10.2 we have

V1
⇠= b⌦v|1Vv
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for some irreducible unitary representations (⇡v, Vv). Here the Vv are Hilbert
spaces and the tensor product is the (completed) tensor product of Hilbert
spaces. It follows that

V1sm
⇠= b⌦v|1Vvsm, (11.15)

where the completed tensor product is defined with respect to the Fréchet
topology described after (4.5) above. Here we may take the completed tensor
product to be the completion of the algebraic tensor product with respect to
either the projective or inductive topology since these two topologies coincide
on the algebraic tensor product of two Fréchet spaces [War72, Appendix 2.2].
Thus we have an isomorphism

◆ : Vsm�̃!
�b⌦v|1Vvsm

�
⌦ (⌦0

v-1Vv), (11.16)

where the hat should be regarded as merely an algebraic tensor product in
the function field case.

Suppose that the spaces Vv are subspaces of a space of functions

{'v : G(Fv) �! C}.

For example, when Vv is unramified it can be realized as functions in a suitable
principal series representation by theorems 7.6.7 and 7.6.8. We point out that
the fact that the isomorphism (11.16) exists does not imply that we can write
'(g) as

Q
v 'v(gv) for some collection of 'v. However, remarkably, if we pass

to the Whittaker model, an analogous statement turns out to be true as we
now explain.

Fix isomorphisms

Vvsm �!W(⇡v, v)

'v 7�!W'v

 v

for all v (here Vv = Vvsm if v is nonarchimedean). Let K =
Q

v Kv  G(AF )
be a maximal compact subgroup. For almost all places, Kv is hyperspecial
and Vv contains a unique line of Kv-fixed vectors. Hence the same is true of
W(⇡v, v). There is then a unique W0v 2 W(⇡v, v) such that W0v(I) = 1,
where I 2 G(Fv) is the identity. Here we are using the fact that any nonzero
unramified element W of W(⇡v, v) satisfies W (I) 6= 0. This was stated in
the split case in Theorem 11.4.1 above and is still true in the quasi-split
case [CS80]. The restricted direct product (11.14) depends on a choice of
nonzero vector '0v 2 V Kv

v for all but finitely many v. By multiplying by
suitable elements of C⇥ we can assume that W'0v

 v
= W0v whenever Kv is

hyperspecial.
Consider the restricted direct product

(b⌦v|1W(⇡v, v))⌦ (⌦0

v-1W(⇡v, v)) (11.17)
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with respect to the W0v. Here when F is a number field the tensor product
over the infinite places is completed with respect to the topologies on the
W(⇡v, v) obtained by transport of structure from Vvsm. In the function field
case, it should just be understood as an algebraic direct product. Consider the
restricted direct product ⌦0

vW(⇡v, v) over all places, where we do not take
the completed tensor product at the infinite places. The space ⌦0

vW(⇡v, v)
is naturally a subspace of C1(G(AF )) and one can check that the same is
true of (11.17).

Proposition 11.4.2 One has that

W(⇡, ) = (b⌦v|1W(⇡v, v))⌦ (⌦0

v-1W(⇡v, v)).

In particular, if ◆(') = ⌦0
v'v then there is a c 2 C

⇥ such that

W'
 (g) = c

Y

v

W'v

 v
(gv)

for all g 2 G(AF ). Here ◆ the isomorphism of (11.16).

Thus to compute the global Whittaker function W'
 (g) it su�ces to compute

the local Whittaker functions W'v

 v
.

Proof. Given the isomorphism (11.16), to prove the first equality it su�ces
to prove the second. Thus assume ◆(') = ⌦0

v'v.
Upon replacing ' by R(g)' for some g 2 G(AF ) we can assume that

W'
 (I) is nonzero. Choose a finite set S of places of F large enough that for

v 62 S the group Kv is hyperspecial, gv 2 Kv, and 'v = 'v0. We claim that
W'v

 v
(I) 6= 0 for all v 2 S and

W'
 (gSI

S)

W'
 (I)

=
Y

v2S

W'v

 v
(gv)

W'v

 v
(I)

. (11.18)

Assuming (11.18), then

W'
 (g)

W'
 (I)

=
W'
 (gSI

S)

W'
 (I)

=
Y

v2S

W'v

 v
(gv)

W'v

 v
(I)

=
Y

v

W'v

 v
(gv)

W'v

 v
(I)

since ' is fixed by KS and we we have normalized so that W'0v

 v
(I) = 1 for

v 62 S. Thus the claim implies the proposition.
Consider the linear functionals

�1S ,�2S : ⌦v2SVv �! C

given one pure tensors by

�1S(⌦v2S'
0

v) : = W
◆�1

('0

S
⌦(⌦

0

v 62S
'v))

 (I)
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�2S(⌦v2S'
0

v) : =
Y

v2S

W
'0

v

 v
(I).

It follows from Theorem 11.3.1 that there is a c 2 C
⇥ such that �1S = c�2S .

This implies the claim. ut

As an application of Proposition 11.4.2 and Theorem 11.3.3, we obtain the
following theorem of Shalika [Sha74, Theorem 5.5]:

Theorem 11.4.3 (Multiplicity one) An irreducible admissible represen-
tation of GLn(AF ) occurs with multiplicity at most one in L2

cusp
([GLn]).

We note that Theorem 11.4.3 is false for essentially every reductive group
that is not a general linear group.

Proof. Let (⇡1, V1) and (⇡2, V2) with Vi  L2

cusp
([GLn]) be two realizations

of a given cuspidal automorphic representation (⇡, V ). Choose equivariant
maps Li : V ! Vi. We then obtain Whittaker functionals

�i : Vsm �! C

' 7�!WLi(')
 (In),

where In is the identity element. They are nonzero by Theorem 11.3.3. By
Theorem 11.3.1 and Proposition 11.4.2 one therefore has that �1 = c�2 for
some c 2 C

⇥. Thus

L1(')(g) =
X

�2Nn�1(F )\GLn�1(F )

WL1(')
 (( �

1
) g)

= c
X

�2Nn�1(F )\GLn�1(F )

WL2(')
 (( �

1
) g)

= cL2(')(g).

This implies that V1 and V2 have nonzero intersection and hence are equal.
ut

11.5 Local Rankin-Selberg L-functions

Our goal in this section is to define the family of local Rankin-Selberg inte-
grals and state their functional equations. The definition of this family was
originally given in [JPSS83] in the nonarchimedean case and the archimedean
case was treated definitively in [Jac09]. We refer to these papers for proofs
of the unproved statements we make below. At least in the nonarchimedean
case, Rankin-Selberg L-functions are then defined to be the reciprocals of
the smallest polynomial functions in q�s that cancel the poles of the family
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of local Rankin-Selberg integrals. One takes a slightly di↵erent approach to
define Rankin-Selberg integrals in the archimedean case. We will be more
precise in both cases below.

Let F be a local field and let  : F ! C
⇥ be a nontrivial character. Let

⇡ and ⇡0 be irreducible admissible generic representations of GLn(F ) and
GLm(F ), respectively. Let  : F ! C

⇥ be an additive character. Use it to
define a standard generic character of Nn(F ) and Nm(F ) as in Example 11.1.
We denote these characters again by  . Let

W 2W(⇡, ) and W 0 2W(⇡0, ).

If m < n let

 (s;W,W 0) :=

Z
W
�
h

In�m

�
W 0(h)| det(h)|s�(n�m)/2dh,

e (s;W,W 0) :=

Z Z
W
⇣

h
x In�m�1

1

⌘
dxW 0(h)| deth|s�(n�m)/2dh,

(11.19)

where the top integral is over Nm(F )\GLm(F ), the outer integral on the
bottom is over Nm(F )\GLm(F ), and the inner integral on the bottom is over
(n�m� 1)⇥m matrices with entries in F.

If m = n, then for each � 2 S(Fn), the Schwartz space, let

 (s;W,W 0,�) :=

Z

Nn(F )\GLn(F )

W (g)W 0(g)�(eng)| det g|sdg. (11.20)

Here en 2 Fn is the elementary vector with 0’s in the first n�1 entries and 1
in the last entry. The expressions in (11.19) and (11.20) are known as local
Rankin-Selberg integrals. They converge absolutely for Re(s) su�ciently
large.

Proposition 11.5.1 Assume that F is nonarchimedean.

(a) For ⇡ and ⇡0 unitary, (11.19) and (11.20) converge absolutely for Re(s) �
1. For ⇡ and ⇡0 tempered, they converge absolutely for Re(s) > 0.

(b) The integrals (11.19) and (11.20) are rational functions of q�s.
(c) There is a unique polynomial P⇡,⇡0 2 C[x] satisfying P⇡,⇡0(0) = 1 such

that

h (s,W,W 0) : (W,W 0) 2W(⇡, )⇥W(⇡0, )i
he (s,W,W 0) : (W,W 0) 2W(⇡, )⇥W(⇡0, )i
= P⇡,⇡0(q�s)�1

C[qs, q�s]

when m 6= n and

h (s,W,W 0,�) : (W,W 0,�) 2W(⇡, )⇥W(⇡0, )⇥ S(Fn)i
= P⇡,⇡0(q�s)�1

C[qs, q�s]
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when m = n. ut

In the proposition the angle brackets denote the C-linear span of the given
functions in C(q�s). One sets

L(s,⇡ ⇥ ⇡0) := P⇡,⇡0(q�s)�1. (11.21)

In the archimedean case, one actually defines L(s,⇡ ⇥ ⇡0) using the
archimedean local Langlands correspondence, which was established at an
early stage in the subject by Langlands himself. We will explain this in more
detail in §12.3 below. At the moment it is enough to know that L(s,⇡⇥⇡0) is
a meromorphic function of s that does not vanish (see §12.2 and 12.3 below).

We note the following important bound:

Theorem 11.5.2 If ⇡ and ⇡0 are unitary, then L(s,⇡ ⇥ ⇡0) is holomorphic
and nonzero for Re(s) � 1. ut

This follows from Proposition 11.5.1 in the nonarchimedean case. We refer
to [BR94a, §2] for a proof in the archimedean case.

A holomorphic function f(s) of s 2 C is bounded in vertical strips if
it is bounded in

V�1,�2 := {s : �1  Re(s)  �2}

for all �1 < �2 2 R. A meromorphic function f(s) is bounded in vertical
strips if for each �1 < �2 there is a polynomial P�1,�2 2 C[x] such that
P�1,�2(s)f(s) is holomorphic and bounded in vertical strips in the original
sense.

Theorem 11.5.3 Assume F is archimedean. The local Rankin-Selberg inte-
grals (11.19) and (11.20) admit meromorphic continuations to functions of s
that are bounded in vertical strips. ut

Let

wn :=

✓
1

. .
.

1

◆
and wn,m :=

✓
Im

wn�m

◆
.

For functions W, W 0 on GLn(F ), GLm(F ), respectively, let

fW (g) : = W (wng
�t),

fW 0(g) : = W 0(wmg�t),

⇢(wn,m)fW (x) : = fW (xwn,m).

Theorem 11.5.4 There is a meromorphic function �(s,⇡⇥ ⇡0, ) such that
if m < n then

e (1� s; ⇢(wn,m)fW,fW 0) = !0(�1)n�1�(s,⇡ ⇥ ⇡0, ) (s;W,W 0)
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and if m = n then

 (1� s;fW,fW 0, b�) = !0(�1)n�1�(s,⇡ ⇥ ⇡0, ) (s;W,W 0,�)

for all W 2 W(⇡, ), W 0 2 W(⇡0, ). Here !0 is the central quasi-character
of ⇡0. If F is nonarchimedean, then �(s,⇡ ⇥ ⇡0, ) 2 C(q�s). ut

Here

b�(x1, . . . , xn) =

Z

Fn

�(y1, . . . , yn) 

 
nX

i=1

xiyi

!
dy1 . . . dyn

is the Fourier transform of �. Due to alternate notational conventions the
functional equations in the archimedean case presented in [Jac09] are di↵er-
ent.

We need one other factor, the local "-factor:

"(s,⇡ ⇥ ⇡0, ) :=
�(s,⇡ ⇥ ⇡0, )L(s,⇡ ⇥ ⇡0)

L(1� s,⇡_ ⇥ ⇡0_)
. (11.22)

Proposition 11.5.5 In the nonarchimedean case, "(s,⇡⇥⇡0, ) is a function
of the form cq�fs for some real number f and c 2 C

⇥. ut

The "-factor is a useful arithmetic invariant of the pair (⇡,⇡0). Assume
that ⇡0 is trivial. In this case f 2 Z�0 and the ideal $fOF is called the
conductor of ⇡. One writes f := f(⇡), and calls it the exponent of the
conductor, or sometimes just the conductor. Let

K1($
f(⇡)) :=

8
>>><

>>>:
g 2 GLn(OF ) : g ⌘

0

BBB@
⇤

⇤
...
⇤

0 · · · 0 1

1

CCCA
(mod $f(⇡))

9
>>>=

>>>;
.

Then one has the following (see [Mat13]):

Theorem 11.5.6 The number f(⇡) is the smallest nonnegative integer such
that the space V of ⇡ satisfies

V K1($
f(⇡)

) 6= 0.

Moreover, dimC V K1($
f(⇡)

) = 1. ut
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11.6 Unramified Rankin-Selberg L-functions

In this section we assume that F is nonarchimedean and unramified over its
prime field, that  : F ! C

⇥ is nontrivial and unramified, and that ⇡ and ⇡0

are irreducible unramified generic representations of GLn(F ) and GLm(F ),
respectively. Let W 2 W(⇡, ) and W 0 2 W(⇡0, ) be the unique spherical
vectors satisfying W (In) = W 0(Im) = 1. We assume that ⇡ ⇠= J(�) and
⇡0 ⇠= J(�0), where � 2 a

⇤

TnC and �0 2 a
⇤

TmC.
Our aim in this section is to prove the following identity:

Theorem 11.6.1 For Re(s) su�ciently large, if n > m one has that

 (s;W,W 0) = det
⇣
Imn � q�sq�� ⌦ q��

0
⌘�1

.

If m = n one has that

 (s;W,W 0, On

F
) = det

⇣
In2 � q�sq�� ⌦ q��

0
⌘�1

.

Implicit in the definition of the local Rankin-Selberg integrals is a choice of
measure on GLm(F ) and Nm(F ) so that we can form a quotient measure
on Nm(F )\GLm(F ). In order for the equalities above to be valid, we must
choose the unique Haar measures that assign volume 1 to GLm(OF ) and
Nm(OF ), respectively.

Proof. For each m 2 Z�1 let Tm  GLm be maximal torus of diagonal
matrices and let T+(m) be the set of the tuples µ = (k1, · · · , km) 2 Z

m with
k1 � · · · � km � 0. This can be identified with a subset of the dominant
weights of bTm (which in turn are cocharacters of Tm, see Example 1.14). If
n > m let

T+(m) ,�! T+(n)

be the injection given by extending the tuple k1, . . . , km by adding zeros.
Assume for the moment that n > m. Then by (11.13) we have

 (s;W,W 0)

=
X

µ2T+(m)

W

✓
µ($)

In�m

◆
W 0(µ($))| det(µ($))|s�(n�m)/2��1

Bm
(µ($))

=
X

µ2T+(m)

Sk1,...,km,0,...,0(q
��1 , . . . , q��n)Sk1,...,km

(q��
0

1 , . . . , q��
0

m)q�|µ|s

= det(Imn � q�sq��
0

⌦ q��)�1,

where we let |µ| = k1 + · · ·+ km. This last equality is known as the Cauchy
identity [Bum13, Chapter 38]. Similarly, when n = m we have

 (s;W,W 0, On

F
)
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=
X

µ2T+(n)

W
�
µ($)

�
W 0(µ($)) On

F
(enµ($)) | det(µ($))|s��1

Bn
(µ($))

=
X

µ2T+(n)

Sk1,...,kn
(q��1 , . . . , q��n)Sk1,...,kn

(q��
0

1 , . . . , q��
0

n)q�|µ|s

= det(In2 � q�sq�� ⌦ q��
0

)�1.

Here, as before, en 2 Fn is the elementary vector with 0’s in the first n � 1
entries and 1 in the last entry. ut

Theorem 11.6.1 together with Proposition 11.5.1 implies that

det(Imn � q�sq�� ⌦ q��
0

)�1 2 L(s,⇡ ⇥ ⇡0)C[qs, q�s].

More is true [JPSS83, §9.5]:

Theorem 11.6.2 One has L(s,⇡ ⇥ ⇡0) = det(Imn � q�sq�� ⌦ q��
0

)�1. ut

Finally, we note the following:

Corollary 11.6.3 Under the assumptions at the beginning of this section
one has

"(s,⇡v ⇥ ⇡0

v, v) = 1.

Proof. This follows immediately from theorems 11.5.4, 11.6.1 and 11.6.2 and
the definition of "(s,⇡v ⇥ ⇡0

v, v) in (11.22). ut

11.7 Global Rankin-Selberg L-functions

Let ⇡ and ⇡0 be cuspidal automorphic representations of GLn(AF ) and
GLm(AF ), respectively.

We have previously defined the local Rankin-Selberg L-functions L(s,⇡v⇥
⇡0
v). For Re(s) su�ciently large the global Rankin-Selberg L-function is the

product

L(s,⇡ ⇥ ⇡0) :=
Y

v

L(s,⇡v ⇥ ⇡0

v). (11.23)

If  : F\AF ! C
⇥ is a nontrivial character we also define

"(s,⇡ ⇥ ⇡0) :=
Y

v

"(s,⇡v ⇥ ⇡0

v, v). (11.24)

The reason that  is not encoded in to the left hand side of (11.24) is that the
right hand side is in fact independent of the choice of  . In (11.24) the local
factor "(s,⇡v ⇥ ⇡v, v) is 1 for all but finitely many v by Corollary 11.6.3.
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On the other hand if v is a nonarchimedean place then "(s,⇡v ⇥ ⇡0
v, v)

converges for all s by Proposition 11.5.5. If v is archimedean then the same
is true [Jac09, §16]. Therefore the product (11.24) converges for all s.

We observe that for Re(s) su�ciently large

L(s,⇡ ⌦ | det |s1 ⇥ ⇡0 ⌦ | det |s2) = L(s+ s1 + s2,⇡ ⇥ ⇡0).

Thus without loss of generality we can assume that ⇡ (resp. ⇡0) is trivial
on AGLn

(resp. AGLm
). In this case L(s,⇡v ⇥ ⇡0

v) converges absolutely for
Re(s) � 1 for all v by Theorem 11.5.2. Moreover the product in (11.23)
converges absolutely for Re(s) > 1 by the local results just mentioned and
[JS81b, Theorem 5.3].

The following theorem collects the basic facts about Rankin-Selberg L-
functions [Cog07, Theorems 4.1 and 4.2]:

Theorem 11.7.1 Assume that ⇡ (resp. ⇡0) is trivial on AGLn
(resp. AGLm

).
The Rankin-Selberg L-function admits a meromorphic continuation to the
plane, holomorphic except for possible simple poles at s = 0, 1. It is bounded
in vertical strips. There are poles at s = 0, 1 if and only if m = n and ⇡ ⇠= ⇡0_.
One has a functional equation

L(s,⇡ ⇥ ⇡0) = "(s,⇡ ⇥ ⇡0)L(1� s,⇡_ ⇥ ⇡0_). (11.25)

ut

One might ask why we do not do not define global versions of the �-
functions �(s,⇡v,⇡0

v, v). Heuristically speaking, Theorem 11.7.1 implies that
the product of the local �-factors is 1, and hence there is no reason to define
a di↵erent notation for this object. However this does not make much literal
sense, as the product of the local �-factors does not converge.

One extremely important consequence of this theorem is the strong mul-
tiplicity one theorem:

Theorem 11.7.2 (Strong multiplicity one) Let ⇡ and ⇡0 be cuspidal au-
tomorphic representations of GLn(AF ) and let S be a finite set of places of
F. If ⇡S ⇠= ⇡0S then ⇡ ⇠= ⇡0. ut

We leave the proof as Exercise 11.6. It is a consequence of Theorem 11.5.2
and Theorem 11.7.1. Despite its name, Theorem 11.7.2 does not (at least
directly) imply the multiplicity one result of Theorem 11.4.3 above.

More generally, one has the following (see Exercise 11.8).

Corollary 11.7.3 Let ⇡ and ⇡0 be isobaric automorphic representations of
GLn(AF ) and let S be a finite set of places of F. If ⇡S ⇠= ⇡0S then ⇡ ⇠= ⇡0. ut

For a beautiful generalization of the strong multiplicity one theorem, we
refer the reader to the work of Ramakrishnan on automorphic analogues of
the Chebatarev density theorem [Ram15].
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We outline the proof of Theorem 11.7.1 in the case m = n � 1. Let '
be in the space of ⇡ and '0 in the space in ⇡0. For positive integers j let
Kj1 =

Q
v|1 Kjv where Kjv is the standard maximal compact subgroup of

GLj(Fv) of Example 4.1. We assume that ' is Kn1-finite and '0 is Km1-
finite. Define

I(s;','0) :=

Z

GLn�1(F )\GLn�1(AF )

' ( h
1
)'0(h)| deth|s�1/2dh. (11.26)

The integral I(s,','0) converges for all s by Proposition 14.3.2 below. Let
e'(g) := '(g�t) and e'0(g) := '0(g�t). Taking a change of variables h 7! h�t

we see that

I(s;','0) = I(1� s; e', e'0). (11.27)

This simple change of variables is the key to the proof of Theorem 11.7.1.
Define

 (s;W'
 ,W

'0

 
) =

Z

Nn�1(AF )\GLn�1(AF )

W'
 

�
h

1

�
W'0

 
(h)| deth|s�1/2dh.

This is a global Rankin-Selberg integral. It does not converge absolutely
for all s as one can already see from the unramified calculation in §11.6.
However it does converge absolutely for Re(s) su�ciently large by so-called
gauge estimates for Whittaker functions developed in [JPSS79a, JPSS79b].

Theorem 11.7.4 For Re(s) su�ciently large I(s;','0) =  (s;W'
 ,W

'0

 
).

In particular, the functional equation (11.27) immediately implies an analo-

gous one for the global Rankin-Selberg integral  (s;W'
 ,W

'0

 
).

Proof. Replacing ' by its Whittaker expansion as in Theorem 11.3.3 we have
that

I(s;','0) =

Z

GLn�1(F )\GLn�1(AF )

' ( h
1
)'0(h)| deth|s�1/2dh

=

Z

GLn�1(F )\GLn�1(AF )

X

�

W'
 

�
( �

1
) ( h

1
)
�
'0(h)| deth|s�1/2dh,

where the inner sum is over � 2 Nn�1(F )\GLn�1(F ). Since '0(h) is left
GLn�1(F )-invariant and | det �| = 1 for � 2 GLn�1(F ), we may unfold as in
Lemma 9.2.5 to obtain

I(s;','0) =

Z

Nn�1(F )\GLn�1(AF )

W'
 

�
h

1

�
'0(h)| deth|s�1/2dh.
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This is absolutely convergent for Re(s) su�ciently large by the proof of
[JS81a, Proposition 3.3]. Thus unfolding as above is justified, as are our
forthcoming manipulations with the integral.

For u 2 Nn(AF ) one has W'
 (ug) =  (u)W'

 (g). Thus

I(s;','0)

=

Z

Nn�1(AF )\GLn�1(AF )

Z

[Nn�1]

W'
 

�
( u 1 ) ( h 1

)
�
'0(uh)du| deth|s�1/2dh

=

Z

Nn�1(AF )\GLn�1(AF )

W'
 

�
h

1

� Z

[Nn�1]

 (u)'0(uh)du| deth|s�1/2dh

=

Z

Nn�1(AF )\GLn�1(AF )

W'
 

�
h

1

�
W'0

 
(h)| deth|s�1/2dh

=  (s;W'
 ,W

'0

 
).

ut

In the case m = n� 1, Theorem 11.7.1 can be deduced from theorems 11.5.4
and 11.7.4; we leave this as Exercise 11.9.

11.8 The nongeneric case

In the constructions above, crucial use was made of the fact that cuspidal
automorphic representations are globally generic. Indeed, our definition of
local L-functions was given in terms of the Whittaker model in the nonar-
chimedean case.

We now explain how to treat the general case. Assume first that F is
a local field. When F is archimedean local Rankin-Selberg L-functions and
"-factors are defined using the local Langlands correspondence in complete
generality (see §12.3), whether or not the representations under consideration
are generic.

Assume now that F is a nonarchimedean local field. From §10.6 we know
that every pair of admissible irreducible representations ⇡ of GLn(F ) and ⇡0

of GLm(F ) can be written as

⇡ ⇠= �k
i=1

⇡i and ⇡0 ⇠= �k0

i=1
⇡0

i

where the ⇡i and ⇡0

i are essentially square integrable and hence generic by
Theorem 8.4.4.

For nontrivial characters  : F ! C
⇥ we then define

L(s,⇡ ⇥ ⇡0) =
kY

i=1

k0Y

j=1

L(s,⇡i ⇥ ⇡0

j),
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"(s,⇡ ⇥ ⇡0, ) =
kY

i=1

k0Y

j=1

"(s,⇡i ⇥ ⇡0

j , ).

Of course, one has to check that this is consistent with our earlier definitions.
In other words, one must prove that if ⇡ and ⇡0 are generic, then the procedure
just described for defining local L-functions and "-factors yields the same
result as if we did not decompose ⇡ and ⇡0 into isobaric sums and simply
used our original definitions. This follows from Theorem 8.4.4 and [JPSS83,
§3.1, §9.4].

We adopt the analogous conventions in the global case and thereby obtain
global Rankin-Selberg L-functions and "-factors for isobaric automorphic rep-
resentations. Their analytic properties can be deduced from the case where
the isobaric representations are cuspidal.

Let ⇡0,⇡1, . . . ,⇡k be a collection of cuspidal automorphic representations
of AGLni

\GLni
(AF ). The multiplicity of ⇡0 in �k

i=1
⇡k is

#{1  i  k : ⇡i ⇠= ⇡0}.

The reason we are being explicit about this definition is that �k
i=1

⇡k is irre-
ducible, although it is induced by the direct sum in a sense made precise in
§13.2. Applying Theorem 11.7.1 we deduce the following analytic formula for
the multiplicity:

Lemma 11.8.1 Assume that ⇡0,⇡1, . . . ,⇡k are a collection of cuspidal au-
tomorphic representations of AGLni

\GLni
(AF ). The order of the pole of

L(s,⇡0 ⇥ (�k
i=1

⇡k))

at s = 1 is the multiplicity of ⇡_
0
in �k

i=1
⇡k. ut

11.9 The converse theorem

Let ⇡ be a cuspidal automorphic representation of GLn(AF ). We have seen
in Theorem 11.7.1 that for all cuspidal automorphic representations ⇡0 of
GLm(AF ), the L-function L(s,⇡⇥ ⇡0) is analytically well-behaved. The con-
verse theorem asserts conversely that if an admissible representation ⇡ of
GLn(AF ) has the property that L(s,⇡ ⇥ ⇡0) is well-behaved for enough cus-
pidal automorphic representations ⇡0 then ⇡ is automorphic.

Let  : F\AF ! C
⇥ be a nontrivial character and let ⇡ (resp. ⇡0) be an

irreducible admissible representation of GLn(AF ) (resp. GLm(AF )). We can
then define

"(s,⇡ ⇥ ⇡0, ) :=
Y

v

"(s,⇡v ⇥ ⇡0

v, v). (11.28)
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We observe that ⇡v,⇡0
v, v are unramified for all but finitely many v and

hence all but finitely many factors are 1 by Corollary 11.6.3. If ⇡ and ⇡0 are
isobaric automorphic representations then "(s,⇡ ⇥ ⇡0, ) = "(s,⇡ ⇥ ⇡0), and
in particular in this case "(s,⇡ ⇥ ⇡0, ) is independent of  .

Theorem 11.9.1 (The converse theorem) Let ⇡ be an irreducible ad-
missible representation of GLn(AF ) with central quasi-character invariant
under ZGLn

(F ) such that ⇡v is generic for all v. Assume that L(s,⇡) con-
verges for Re(s) su�ciently large. Assume moreover that, for all cuspidal
automorphic representations ⇡0 of GLm(AF ) with 1  m  max(n� 2, 1),

1. the L-functions L(s,⇡⇥⇡0) and L(s,⇡_⇥⇡0_) have analytic continuations
to the plane that are holomorphic and bounded in vertical strips, and

2. L(s,⇡ ⇥ ⇡0) = "(s,⇡ ⇥ ⇡0, )L(1� s,⇡_ ⇥ ⇡0_).

Then ⇡ is a cuspidal automorphic representation of GLn(AF ). ut

We refer to [CPS99] for a proof of Theorem 11.9.1 and for variants. By
loc. cit., the assumption that L(s,⇡) converges for Re(s) su�ciently large
implies that L(s,⇡ ⇥ ⇡0) and L(s,⇡_ ⇥ ⇡0_) converge for Re(s) su�ciently
large. Hence assumption (1) in Theorem 11.9.1 is meaningful.

The converse theorem has been used to establish cases of Langlands func-
toriality [CKPSS04]. In addition, it is philosophically important because it
asserts, roughly, that an L-function that satisfies reasonable assumptions has
to come from an automorphic representation. The reader is encouraged to
reflect on this comment after reading §12.8, which explains the conjectural re-
lationship between Galois representations and automorphic representations.

We end this chapter with the following intriguing conjecture [CPS99, §8,
Conjecture 2]:

Conjecture 11.9.2 (Piatetski-Shapiro) Let ⇡ be an irreducible admissi-
ble representation of GLn(AF ) with central quasi-character invariant under
ZGLn

(F ) such that ⇡v is generic for all v. Assume that L(s,⇡) converges for
Re(s) su�ciently large. Assume moreover that for all characters

� : AGm
F⇥\A⇥

F �! C
⇥

1. the L-functions L(s,⇡⇥�) and L(s,⇡_⇥��1) have analytic continuations
to the plane that are holomorphic and bounded in vertical strips, and

2. L(s,⇡ ⇥ �) = "(s,⇡ ⇥ �, )L(1� s,⇡_ ⇥ ��1).

Then there is an automorphic representation ⇡0 of GLn(AF ) such that ⇡S
0
⇠=

⇡S for any finite set S of places of F including the infinite places and the
places where ⇡0 and ⇡ are ramified. Moreover,

L(s,⇡ ⇥ �) = L(s,⇡0 ⇥ �) and "(s,⇡ ⇥ �) = "(s,⇡0 ⇥ �)

for all � as above.

This conjecture is open even for n = 4.
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Exercises

11.1. Let B1 and B2  GLn be Borel subgroups defined over a local or global
field F. For 1  i  2, let Ni be the unipotent radical of Bi. If F is a local
(resp. global) field let  i be a generic character of Ni(F ) (resp. Ni(AF )).
When F is a local field prove that an irreducible admissible representation
⇡ of GLn(F ) is  1-generic if and only if it is  2-generic. When F is a global
field prove that a cuspidal automorphic representation ⇡ of AGLn

\GLn(AF )
is  1-generic if and only if it is  2-generic.

11.2. Let T  SL2 be the maximal torus of diagonal matrices, N2  SL2 the
unipotent radical of the Borel subgroup of upper triangular matrices, and
let � 2 a

⇤

TC. Consider the unramified principal series representation I(�) of
SL2 (see §7.6). Observe that `(') := '(I2) is an N2(F )-invariant functional.
Prove that for Re(�) su�ciently large the functional

' 7�!
Z

N2(F )

'
�
( 1t 1

)
�

1

�1

��
dt

on the space (7.52) of I(�) is absolutely convergent, N2(F )-invariant, and
not a complex multiple of `. Conclude that the assumption that  is generic
in Theorem 11.3.1 cannot be removed.

11.3. Let G be a quasi-split reductive group over a global field F and assume
that ⇡ is a cuspidal globally  -generic representation of G(AF ). If ⇡ ⇠= ⌦0

v⇡v
prove that each ⇡v is  v-generic.

11.4. Prove Theorem 11.4.1 when G = GL2.

11.5. Let F be a nonarchimedean local field, let  : F ! C
⇥ be an unramified

character, and let � 2 a
⇤

TnC. Assume that ⇡ = J(�) is unitary and generic.

Let W 2 W(⇡, ) and W 0 2 W(⇡_, ) be the unique spherical Whittaker
functions satisfying W (In) = W 0(In) = 1. Using the identity

det(In2 � q�sq� ⌦ q��) (s;W,W 0, On

F
) = 1

and Proposition 11.5.1, prove that every eigenvalue of q�� lies in (q�1/2, q1/2).

11.6. If ⇡ and ⇡0 are cuspidal automorphic representations of GLn(AF ) such
that ⇡S ⇠= ⇡0S for some finite set S of places of F, prove that ⇡ ⇠= ⇡0.

11.7. Prove Theorem 6.7.3.

11.8. If ⇡ and ⇡0 are isobaric automorphic representations of GLn(AF ) such
that ⇡S ⇠= ⇡0S for some finite set S of places of F, prove that ⇡ ⇠= ⇡0.

11.9. Prove Theorem 11.7.1 in the case m = n�1 using Theorem 11.7.4 and
the local functional equations of Theorem 11.5.4.



Chapter 12

Langlands Functoriality

The local Langlands conjecture is
one of those hydra-like
conjectures which seems to grow
as it gets proved.

M. Harris and R. Taylor

Abstract Langlands functoriality has been a driving force in number theory,
representation theory, and beyond since it was first posed in a famous letter of
Langlands to Weil. We survey progress toward the local Langlands conjecture
and state the global Langlands functoriality conjectures in this chapter.

12.1 The Weil group

In this chapter we state the Langlands reciprocity and functoriality conjec-
tures. Though the conjectures are mostly open, extremely important progress
has been made.

We begin with reciprocity, deferring a discussion of functoriality to §12.6.
Let G be a reductive group which is unramified over a nonarchimedean local
field F. By Corollary 7.5.2 one has a bijection

n
( bGo Frp/ ⇠)(C)

o
 !

⇢
isomorphism classes of irreducible
unramified representations of G(F )

�
.

This is the archetypal example of Langlands reciprocity, or, more precisely, a
Langlands correspondence. Langlands reciprocity is the idea that represen-
tations of generalized Galois groups with image in LG correspond to repre-
sentations of the points of G in locally compact rings. One refers informally
to the Galois side of the correspondence and the automorphic side of the
correspondence. This terminology is standard, but a bit loose, because the

313
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Galois side really consists of representations of generalized Galois groups and
the representations on the other side of the correspondence are only auto-
morphic in the global setting. It is not di�cult to see how the bijection above
fits into this framework but we will postpone a discussion to §12.5. The local
Langlands correspondence, which will be discussed in §12.3, §12.4, and §12.5,
is a set of theorems and conjectures that enunciate Langlands reciprocity in
the local setting. Global Langlands reciprocity is much deeper. We refer to
conjectures 12.6.2 and 12.6.3 for one manner of making the concept of global
Langlands reciprocity precise.

Before introducing the generalized Galois groups that play a role in the
theory we indicate why working with traditional Galois groups is not su�-
cient. Let F be a global or local field, let F sep be a separable closure of F,
and let

GalF := Gal(F sep/F )

be the absolute Galois group of F. It is endowed with the profinite topology.
For a prime p of OF we denote by Frp 2 GalF a choice of geometric Frobenius
element. It is well-defined up to conjugation and characterized by the fact
that it induces the automorphism x 7! x|OF /p|�1

on the algebraic closure of
OF /p.

A continuous homomorphism GalF ! GLn(C) necessarily has finite image
(see Exercise 12.1). On the other hand, for any prime ` of Z there are many
continuous homomorphisms GalF ! GLn(Q`) with infinite image.

Example 12.1. If E is an elliptic curve over Q without CM, then the Tate
module of E gives a representation with image isomorphic to GL2(Z`) for
almost all primes ` [Ser72].

Example 12.2. A more elementary example is given by the cyclotomic char-
acter, which is the character

�` : GalQ �! Z
⇥

`

defined as follows. If � 2 GalQ and ⇣n is a primitive `n-th root of unity then
�(⇣n) = ⇣

a�,n
n for some a�,n 2 (Z/`n)⇥. We then define

�`(�) = lim �
n

a�,n.

One can check that if p 6= ` then �`(Frp) = p�1.

It would be nice to view these examples as complex valued representations
of a single group. At least in the special case where we are only considering
representations into GL1(C),Weil was able to accomplish this by constructing
a modification of the Galois group. We discuss this modification following the
exposition of [Tat79]. For field extensions E/F of finite degree let
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CE :=

(
E⇥ if F is local,

E⇥\A⇥

E if F is global.

By class field theory one has an Artin reciprocity map

CE �! GalabE .

Here and below ab denotes the maximal abelian Hausdor↵ quotient, that
is, the quotient by the closure of the commutator subgroup. The Artin reci-
procity map is not canonically defined. It depends on a choice of sign cor-
responding locally to whether uniformizers at a prime p are sent to Frp or
its inverse. To di↵erentiate between these two choices, the morphism Frp is
referred to as the geometric Frobenius and the morphism Fr�1

p is referred
to as the arithmetic Frobenius. We normalize the Artin reciprocity map so
that uniformizers at p are sent to Frp, the geometric Frobenius. This agrees
with the conventions of [Tat79] and [HT01].

Definition 12.1. Let F be a local or global field. Then a Weil group of
F sep/F is a tuple (WF ,�, {ArtE}) where WF is a topological group,

� : WF �! GalF

is a continuous homomorphism with dense image, and for each finite extension
E/F

ArtE : CE �! (��1(GalE))
ab (12.1)

is an isomorphism. Setting

WE := ��1(GalE),

these data are required to satisfy the following assumptions:

(a) For each finite extension E/F, the composite

CE
ArtE����! W ab

E
induced by ���������! GalabE

is the reciprocity map of class field theory.
(b) Let w 2WF and � = �(w) 2 GalF . For each E, the diagram

CE W ab

E

C�(E) W ab

�(E)

ArtE

�

Art�(E)

commutes. Here the right arrow is induced by conjugation by w.
(c) For E0  E, the diagram
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CE0 W ab

E0

CE W ab

E

Art
E0

inclusion transfer

ArtE

commutes.
(d) The map

WF �! lim �WE/F

is an isomorphism, where WE/F := WF /WE , the bar denoting closure.

For the proof of the following theorem, we refer to [AT09]:

Theorem 12.1.1 Let F be a local or global field. Then a Weil group of
F sep/F exists. ut

Weil groups are unique up to essentially unique isomorphism in a sense
made precise by the following proposition [Tat79, (1.3.1), (1.5.2)]:

Proposition 12.1.2 Given two Weil groups (Wi,F ,�i, {Arti,E}), i 2 {1, 2}
of F sep/F there is an isomorphism ✓ : W1,F !̃W2,F such that the diagrams

W1,F GalF

W2,F

✓

�1

�2

and

CE W ab

1,E

W ab

2,E

Art1,E

Art2,E
✓

commute for all finite field extensions E/F. Here the right vertical arrow is
induced by ✓. The isomorphism ✓ is unique up to inner automorphism by an
element of ker�1. ut

In many cases the Weil group can be described explicitly:

Example 12.3. Let F be a nonarchimedean local field with residue field 
and for all finite degree field extensions E/F let E be the residue field of
E. Put  =

S
E E . Let q be the cardinality of . The group WF is the

dense subgroup of GalF generated by the � 2 GalF such that on , � acts
as x 7! xqn for some n 2 Z. The topology on WF is the subspace topology
with respect to the inclusion WF ! GalF . The automorphism ArtF (a) acts
as x 7! x|a| on .

Example 12.4. In the global function field case, the Weil group is defined as
in the previous example, but one replaces the residue field above with the
constant field.

Example 12.5. If F = C then WF is just C
⇥, viewed as a topological group

in the usual manner, � is the trivial map and ArtF is the identity map.
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Example 12.6. If F = R then WF is C⇥ [ jC⇥ where j2 = �1 and jcj�1 = c
for c 2 C

⇥. Here the bar denotes complex conjugation. We give the subgroup
C

⇥ < WF the usual topology and declare that it is open inWF . This uniquely
determines the topology on the topological group WF . The homomorphism
� takes C⇥ to 1 and jC⇥ to the nontrivial element of Gal(C/R).

For number fields no description of the Weil group as explicit as in the exam-
ples above is known. However, for all global fields, one has local-global com-
patibility analogous to local-global compatibility for Galois groups. In more
detail, let v be a place of F and let ◆ : F sep ! F sep

v be an F -homomorphism.
Let E/F be a finite degree field extension and let Ev := ◆(E)Fv. Then there
are commutative diagrams

WFv
GalFv

WF GalF

�v

✓v

�

and

E⇥
v W ab

Ev

E⇥\A⇥

E W ab

E

ArtEv

ArtE

(12.2)

where the right horizontal arrows are both induced by ◆ and the map E⇥
v !

E⇥\A⇥

E sends t to the class of the idele that is t in the vth place and 1
elsewhere. The morphism ✓v is unique in the function field case and unique
up to conjugation by an element of ker(� : WF ! GalF ) in the number field
case [Tat79, Proposition 1.6.1].

Almost by definition of the Weil group, one obtains the following:

Theorem 12.1.3 (The Langlands correspondence for GL1) There is a
canonical bijection between isomorphism classes of automorphic representa-
tions of GL1(AF ) and continuous representations WF ! GL1(C).

Proof. The equivalence class of an automorphic representation of GL1(AF )
can be identified with a quasi-character � : F⇥\A⇥

F ! C
⇥. On the other

hand we have an isomorphism ArtF : F⇥\A⇥

F !̃W ab

F by definition of the Weil
group. Thus we associate to � the representation � �Art�1

F : W ab

F ! C
⇥. ut

12.2 The Weil-Deligne group and L-parameters

The Weil group has more complex representations than the Galois group.
However it still does not have enough complex representations to allow for
a generalization of Theorem 12.1.3 (or even a local analogue) from GL1 to
general reductive groups G. The correct replacement of WF when F is a
number field should be the as yet hypothetical Langlands group LF (see
§12.6 for a discussion of LF ). On the other hand, the correct replacement of
WF when F is a local field is known. It is the Weil-Deligne group. In this
section we define this group, what we mean by a representation of it, and
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then define local L-functions, "-factors, and �-factors of a representation. We
then introduce the key notion of an L-parameter. Our primary references
are [Bor79, Tat79, GR10]. In particular, [GR10] discusses the relationship
between various equivalent definitions of the objects we discuss.

The Weil-Deligne group of a local field F is

W 0

F :=

(
WF if F is archimedean, and

WF ⇥ SL2(C) if F is nonarchimedean.
(12.3)

If F is nonarchimedean we identify WF with the subgroup WF ⇥ {1} W 0

F .
We have a homomorphism � : WF ! GalF by definition of the Weil group.
We again denote by � the map

� : W 0

F �! GalF (12.4)

that is just � in the archimedean case and is the composite of the natural
quotient map W 0

F !WF with � in the nonarchimedean case.

Definition 12.2. Let G be a reductive group over C and let H be a complex
Lie group whose neutral component is G(C). A representation of W 0

F into
H is a continuous homomorphism

⇢ : W 0

F �! H

such that when F is nonarchimedean ⇢|SL2(C) is induced by a morphism
of group schemes SL2 ! G over C. Such a representation is Frobenius-
semisimple if for all continuous homomorphisms H ! GLn(C) whose re-
striction to G(C) is induced by a homorphism of a�ne C-groups G ! GLn

the homomorphism

WF H GLn(C)
⇢|WF

has image in the set of semisimple elements of GLn(C).

By a representation of W 0

F we mean a representation of W 0

F into GLn(C) for
some integer n. We point out that the terminology “Frobenius-semisimple
representation” is usually reserved for the nonarchimedean case, but it is
convenient and natural to extend it as in the definition above.

Assume until stated otherwise that F is nonarchimedean. Let  be the
residue field of F,  a choice of algebraic closure, and Gal := Gal(/). The
action of GalF preserves the ring of integers and the (unique) prime ideal
of the ring of integers of any finite degree extension field E/F contained in
F sep. There is thus an exact sequence

1 �! IF �! GalF �! Gal �! 1
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where IF is the inertia subgroup, which can be defined as the kernel of the
map GalF ! Gal.

The Weil group WF is a subgroup of GalF containing IF . We thus have
an exact sequence

1 �! IF �!WF �! Gal.

The last map is not surjective. Its image is isomorphic to Z, whereas Gal is
isomorphic to bZ, the profinite completion of Z. We deduce that

WF
⇠= IF o hFri

where Fr is a geometric Frobenius element. A representation ⇢ of W 0

F into
H is Frobenius-semisimple if and only if ⇢(Fr) is semisimple [Tat79, §4.1.3].
This explains the terminology.

We now define L-functions when F is nonarchimedean. Let V be a finite
dimensional complex vector space and let ⇢ : W 0

F ! GLV (C) be a Frobenius-
semisimple representation. An irreducible representation of SL2 is equivalent
the nth symmetric power Symn of the standard representation for some n. A
Frobenius-semisimple representation of W 0

F = WF ⇥SL2(C) decomposes as a
direct sum of exterior tensor products of representations of WF and SL2(C),
so we have that

V =
1M

n=0

Vn ⌦ Symn.

Here Vn is a representation of WF (that is zero for all but finitely many n).
Thus Vn⌦ Symn is the Symn-isotypic component of V, viewed as a represen-
tation of SL2(C) by restriction. Define

L(s, ⇢) :=
1Y

n=0

det
⇣
1� ⇢(Fr)q�(s+n/2)|

V
IF
n

⌘�1

. (12.5)

Assume that E/F is a finite degree field extension of either archimedean
or nonarchimedean fields. Let ⇢ : W 0

E ! GLV (C) be a Frobenius-semisimple
representation. It is not hard to see that if we define the induction

IndFE(⇢) := Ind
W 0

F

W 0

E

(⇢) : W 0

F �! GL
V �[W 0

F
:W 0

E
](C) (12.6)

in the usual manner then it is a Frobenius-semisimple representation of W 0

F
into GL

V �[W 0
F

:W 0
E

](C). When F is nonarchimedean, L-functions are invariant
under induction in the following sense:

L(s, ⇢) = L
�
s, IndFE(⇢)

�
. (12.7)

Moreover, if ⇢i : W 0

F ! GLVi
(C), i 2 {1, 2}, are a pair of Frobenius-

semisimple representations then the direct sum, defined in the usual man-
ner, is a Frobenius-semisimple representation into GLV1�V2(C). When F is
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nonarchimedean L-functions are additive in the following sense:

L(s, ⇢1 � ⇢2) = L(s, ⇢1)L(s, ⇢2). (12.8)

We now assume until otherwise stated that F is archimedean. Part of
the data of the Weil group is an isomorphism ArtF : F⇥!̃W ab

F . Thus we
can identify quasi-characters of WF and quasi-characters of F⇥. Define the
quasi-character

�s,m : F⇥ �! C
⇥

z 7�! |z|s zm

(zz̄)m/2
.

(12.9)

Here if F is complex the bar denotes complex conjugation andm is an integer.
If F is real, the bar is the identity map and we assume m 2 {0, 1}. In
particular �0,1 is the sign character. We recall that | · | is the usual norm
when F is real and the square of the usual norm when F is complex, i.e.
|x| = (xx)[F :R]/2 for x 2 F. It is for this reason that we have not written the
denominator in the definition of �s,m as an absolute value.

We leave the proof of the following lemma as Exercise 12.6:

Lemma 12.2.1 Every quasi-character of F⇥ is of the form �s,m for a unique
s 2 C and m 2 Z where we assume m 2 {0, 1} if F is real. ut

Unless otherwise specified, when we discuss the character �s,m we will always
assume that s 2 C, that m 2 Z and if F is real that m 2 {0, 1}.

Let

�F (s) :=

(
⇡�

s
2�
�
s
2

�
if F = R,

2(2⇡)�s� (s) if F = C.
(12.10)

Here � (s) is the usual � -function. We then define

L(s,�s0,m) = �F

⇣
s+ s0 + |m|

[F :R]

⌘
. (12.11)

Now WC is just C⇥ and WR contains WC as a normal subgroup of index 2
(see examples 12.5 and 12.6) Using this fact the following proposition is not
hard to prove (see Exercise 12.7):

Proposition 12.2.2 Irreducible representations of WC are 1-dimensional
and irreducible representations of WR are 1-dimensional or 2-dimensional.
The irreducible 2-dimensional representations of WR are the induced repre-
sentations

IndRC(�s,m)

where m 6= 0. For m 6= 0 one has that

IndRC(�s,m) ⇠= IndRC(�s0,m0) (12.12)
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if and only if s = s0 and m = ±m0. ut

Motivated by (12.7) we define

L
�
s, IndRC(�s0,m)

�
:= L(s,�s0,m).

Thus we have defined L-functions for all 1-dimensional and 2-dimensional
representations of ⇢. By Proposition 12.2.2, a semisimple representation
⇢ : WF ! GLV (C) is a direct sum of 1-dimensional or 2-dimensional sub-
representations. Motivated by (12.8) we define the L-function of ⇢ to be the
product of the L-functions of its irreducible subrepresentations. This com-
pletes the definition of L(s, ⇢) in the archimedean case.

Now we allow F to be either archimedean or nonarchimedean and discuss
"-factors. Let  : F ! C

⇥ be a nontrivial character, d⇥x be a Haar measure
on F⇥, dx be a Haar measure on F, and � be a quasi-character, i.e., a
homomorphism

� : WF �! GL1(C).

We identify � with the character � � ArtF : F⇥ ! C
⇥. In his thesis

[Tat67] Tate proved the existence of a nonzero complex number "(s,�, ) :=
"(s,�, , dx) such that

R
F⇥

bf(x)��1(x)|x|1�sd⇥x

L(1� s,��1)
= "(s,�, )

R
F⇥ f(x)�(x)|x|sd⇥x

L(s,�)
, (12.13)

for all f 2 S(F ), the Schwartz space of F. Here bf(y) :=
R
F f(x) (xy)dx is the

Fourier transform of f. In certain cases "(s,�, ) can be explicitly computed.
When F is nonarchimedean and unramified over its prime field, � and  are
unramified, and dx is normalized so that dx(OF ) = 1, then "(s,�, ) = 1.

Langlands and Deligne defined an "-factor "(s, ⇢, ) for arbitrary Frobe-
nius semisimple representations ⇢ : W 0

F ! GLV (C) [Del73b, Del75]. In
more detail, Langlands constructed these factors via local methods in a long
manuscript that he did not complete and publish after learning of Deligne’s
much simpler global proof. The "-factor encodes important arithmetic in-
formation about the representation ⇢, including its Artin conductor [Tat79,
§3.4.5] in the nonarchimedean case. We point out that "-factors are addi-
tive. In other words, if we are given Frobenius-semisimple representations
⇢i : W 0

F ! GLVi
(C) for i 2 {1, 2} then

"(s, ⇢1 � ⇢2, ) = "(s, ⇢1, )"(s, ⇢2, ) (12.14)

(see [Tat79, §3.4.2]). Finally we set

�(s, ⇢, ) :=
"(s, ⇢, )L(1� s, ⇢_)

L(s, ⇢)
. (12.15)
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It is now time to discuss L-parameters. Recall that the L-group LG of a
reductive groupG over F admits a canonical map LG! GalF given by taking
the quotient by the neutral component. This map occurs in the following
definition:

Definition 12.3. An L-parameter is a Frobenius-semisimple representa-
tion ⇢ of W 0

F into LG such that the composite

W 0

F
⇢�! LG �! GalF

is the map � of (12.4). Two L-parameters are equivalent if they are conju-
gate by an element of bG(C).

In [Bor79, §8.2(ii)] an additional condition is required of L-parameters. We
will not make it precise because it is irrelevant for us. Indeed, we will only
state a version of the local Langlands conjecture for quasi-split groups, and
when G is quasi-split this additional condition is automatic [Bor79, §3.3].

Given an L-parameter ⇢ : W 0

F ! LH and an L-map LH ! LG, we note
that the composite homomorphism

W 0

F �! LG

is an L-parameter.
When G is split, recall that the L-group of G is a direct product:

LG := bG(C)⇥GalF .

In particular in this case an L-parameter ⇢ : W 0

F ! LG induces a represen-

tation into bG(C)
⇢ : W 0

F �! LG �! bG(C).

Here the second arrow is the canonical projection. Every Frobenius-semisimple
representation of W 0

F into bG(C) arises in this manner. Thus when G is split
L-parameters may be identified with Frobenius-semisimple representations
into bG(C). Still assuming G is split, two L-parameters are equivalent if and
only if their associated representations into bG(C) are bG(C)-conjugate.

For this paragraph let F be an arbitrary field and let V be a finite-
dimensional complex vector space. A representation LG ! GLV (C) is
a continuous homomorphism whose restriction to bG(C) is induced by a mor-
phism bG! GLV of algebraic groups over C.

Returning to the case where F is a local field, given an L-parameter ⇢ :
W 0

F ! LG and a representation

r : LG �! GLV (C)

we obtain a representation r � ⇢ : W 0

F ! GLV (C). We then define



12.3 The archimedean Langlands correspondence 323

L(s, ⇢, r) : = L(s, r � ⇢),
"(s, ⇢, r, ) : = "(s, r � ⇢, ),
�(s, ⇢, r, ) : = �(s, r � ⇢, ).

(12.16)

In the case where G = GLn and the map r : LGLn ! GLn(C) is just the
projection to the neutral component, r is omitted from notation, e.g.

L(s, ⇢) := L(s, ⇢, r).

12.3 The archimedean Langlands correspondence

For this section, F is an archimedean local field. Over archimedean local fields
the Langlands correspondence between L-packets of representations of G(F )
and L-parameters WF ! LG was proved by Langlands [Lan89]. There is a
substantial literature refining his result in various important ways, but we
will not describe it.

Instead we will focus on the G = GLn setting and describe the Langlands
correspondence explicitly in this case. We recall from §10.6 that any irre-
ducible admissible representation ⇡ of GLn(F ) is infinitesimally equivalent
to an isobaric sum

⇡ ⇠= �k
i=1

⇡i

where the ⇡i are irreducible and essentially square integrable. It turns out
that the possibilities for essentially square integrable ⇡ are very limited. If
G is a semisimple group over R we say that G is equal rank if there is a
maximal torus T  G that is anisotropic. In other words, G is equal rank if
and only if there is a maximal torus T  G such that T (R) is compact.

Harish-Chandra’s fundamental theorem on the existence of discrete series
representations follows:

Theorem 12.3.1 (Harish-Chandra) Let G be a reductive group over R.
There are irreducible essentially square integrable representations of G(R) if
and only if Gder is equal rank. ut

We refer to [Wal88, §7.7.1] for the proof.
By the theorem, if F is complex then GLn(F ) admits irreducible essentially

square integrable representations if and only if n = 1. In fact, 1-dimensional
representations are always essentially square integrable. If F is real then
GLn(F ) admits irreducible essentially square integrable representations if
and only if 1  n  2 (see Exercise 12.10).

We now explicitly define the Langlands correspondence. The admissible
representation corresponding to a 1-dimensional representation WF ! C

⇥ is
the quasi-character defined by the composite
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F⇥ ArtF�! W ab

F �! C
⇥.

If WF ! GLn(C) is irreducible and n > 1 then n = 2 by Proposition 12.2.2.
In this case the representation is of the form IndRC(�s,m) for some m > 0 by
the same proposition. The irreducible admissible representation associated to
IndWR

WC(�s,m), by definition, is ⇡m+1,2s = | det |s⇡m+1,0, where ⇡m+1,s is the
discrete series representation of §4.7.

In general, if ⇢ : WF ! GLn(C) is a representation, it is isomorphic to
�k

i=1
⇢i where the ⇢i are all irreducible of dimension 1 or 2, and we let the

corresponding irreducible admissible representation be ⇡(⇢) := �k
i=1

⇡(⇢i),
where ⇡(⇢i) is the irreducible admissible representation corresponding to ⇢i.
Using Proposition 12.2.2 and the discussion of isobaric representations given
in §10.6, we deduce the following special case of the archimedean local Lang-
lands correspondence:

Theorem 12.3.2 The map ⇢ 7! ⇡(⇢) described above is a bijection between
isomorphism classes of irreducible admissible representations of GLn(F ) and
equivalence classes of semisimple representations WF ! GLn(C). ut

Now suppose that m,n 2 Z�1 and we are given an irreducible admissible
representation ⇡ of GLn(F ) and an irreducible admissible representation ⇡0

of GLm(F ) with associated representations ⇢(⇡) : WF ! GLn(C) and ⇢(⇡0) :
WF ! GLm(C). For any nontrivial character  : F ! C

⇥ we let

L(s,⇡ ⇥ ⇡0) : = L(s, ⇢(⇡)⌦ ⇢(⇡0)),

"(s,⇡ ⇥ ⇡0, ) : = "(s, ⇢(⇡)⌦ ⇢(⇡0), ),

�(s,⇡ ⇥ ⇡0, ) : = �(s, ⇢(⇡)⌦ ⇢(⇡0), ).

This is the definition of the archimedean Rankin-Selberg L-function, "-factor,
and �-factor. Given this indirect definition, it is remarkable that Jacquet,
Piatetski-Shapiro and Shalika were able to prove that these factors enjoy
essentially the same analytic properties as their nonarchimedean analogues
(see Theorem 11.5.4). The fact that they were able to prove this indicates
that the archimedean Langlands correspondence given above has meaning.
Another indication of the utility of the correspondence is that it can be used
to compute characters of representations. We refer to the foundational work
of Shelstad and Langlands [LS87, She82] for more on this matter.

12.4 The local Langlands correspondence for GLn

Let F be a local field. Let ⇧(GLn) be the set of isomorphism classes of
irreducible admissible representations of GLn(F ) and let �(GLn) be the set
of GLn(C)-conjugacy classes of L-parameters ⇢ : W 0

F ! LGLn.
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By a local Langlands correspondence for GLn over F one means a
collection of bijections

rec := recF : ⇧(GLn)�̃!�(GLn) (12.17)

such that

(a) If ⇡ 2 ⇧(GL1) then rec(⇡) = ⇡ �Art�1

F .
(b) If ⇡1 2 ⇧(GLn1) and ⇡2 2 ⇧(GLn2) then

L(s,⇡1 ⇥ ⇡2) = L(s, rec(⇡1)⌦ rec(⇡2))

and
"(s,⇡1 ⇥ ⇡2, ) = "(s, rec(⇡1)⌦ rec(⇡2), ).

(c) If ⇡ 2 ⇧(GLn) and � 2 ⇧(GL1) then

rec(⇡ ⌦ (� � det)) = rec(⇡)⌦ rec(�).

(d) If ⇡ 2 ⇧(GLn) and ⇡ has central quasi-character � then

det(rec(⇡)) = rec(�).

(e) If ⇡ 2 ⇧(GLn) then rec(⇡_) = rec(⇡)_ where _ denotes the contragredi-
ent.

Theorem 12.4.1 (The local Langlands correspondence for GLn) If F
is a local field then there is a unique local Langlands correspondence for GLn

over F. ut

When n = 1, this is essentially local class field theory and when F is
archimedean the correspondence was constructed in §12.3. When F has pos-
itive characteristic (and hence is the completion of a global function field),
the theorem is due to Laumon, Rapoport and Stuhler [LRS93]. In the mixed
characteristic case, this was proved by Harris-Taylor first [HT01], then a sim-
plified proof was found by Henniart [Hen00].

There are many additional compatibility properties that the local Lang-
lands correspondence for GLn enjoys. We mention a few. First, the corre-
spondence sends isobaric sums to direct sums. In other words,

rec(⇡1 � ⇡2) = rec(⇡1)� rec(⇡2). (12.18)

Second, supercuspidal representations of GLn(F ) correspond bijectively to
irreducible representations of W 0

F that are trivial on the SL2(C)-factor. Fi-
nally, a representation ⇡ is essentially square integrable if and only if rec(⇡)
is irreducible. Indeed, in the archimedean case, this is clear from our explicit
description of the correspondence in §12.3. In the nonarchimedean case, The-
orem 8.4.3 asserts that an irreducible admissible representation is essentially
square integrable if and only if it is of the form Q(�a,�a) with notation
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as in loc. cit. (here � is supercuspidal). Such representations correspond to
representations of W 0

F = WF ⇥ SL2(C) of the form rec(�) ⌦ Syma. All of
these requirements are more or less built into the classification. In the nonar-
chimedean setting, the first paper to discuss how the local Langlands corre-
spondence for GLn could be reduced to the supercuspidal case was [Zel80].

12.5 The local Langlands conjecture

The (conjectural) Langlands correspondence for arbitrary reductive groups
G over local fields F is far more complicated. The general shape involves a
relationship between

⇧(G) :=

⇢
(infinitesimal) equivalence classes of irreducible

admissible representations of G(F )

�
(12.19)

and

�(G) := { bG(C)-conjugacy classes of L-parameters into LG}. (12.20)

Here in (12.19) the adjective “infinitesimal” should be omitted unless F is
archimedean. We will state the conjecture for quasi-split reductive groups
G in this section. Our exposition follows that of Kaletha [Kal16]. We warn
the reader that Kaletha does not assume that the groups he considers are
quasi-split, and hence the conjectures in loc. cit. are often more intricate than
those we state below.

The conjectural correspondence is simplest to state in the tempered case
and we will restrict to this setting. We have already defined the notion of a
tempered representation in Definition 4.9. An L-parameter

⇢ : W 0

F �! LG

is tempered if the image of ⇢(WF ) under the projection to bG(C) is bounded,
or equivalently has compact closure. Note that the projection LG! bG(C) is
just a set-theoretic projection; it is only a homomorphism if G is split. It is
clear the notion of being tempered depends only on the equivalence class of
the L-parameter. We denote by

�t(G) (12.21)

the set of equivalence classes of tempered L-parameters. We denote by

⇧t(G)
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the set of isomorphism classes of tempered irreducible admissible representa-
tions of G(F ). The basic form of the local Langlands conjecture for quasi-split
reductive groups is the following:

Conjecture 12.5.1 (The local Langlands correspondence)

(a) There is a map

LL : ⇧t(G) �! �t(G)

with finite nonempty fibers ⇧(⇢) := LL�1(⇢).
(b) If one element of ⇧(⇢) is essentially square integrable then they all are.

An element of ⇧(⇢) is essentially square integrable if and only if the image
of ⇢ is not contained in a proper parabolic subgroup of LG.

(c) If ⇢ 2 �t(G) is the image of ⇢M 2 �t(M) for a Levi subgroup M  G,
then ⇧(⇢) consists of the irreducible subquotients of the representations
that are parabolically induced from elements of ⇧(⇢M ).

For the notion of a parabolic subgroup of LG, we refer to §7.4. In the last
assertion, we are implicitly using the fact that one can construct a morphism
LM ! LG for every Levi subgroup M  G as in §7.4. We will discuss the
compatibility of the formulation above with the known case of G = GLn

at the end of this section. Of course, the conjecture as stated above is too
imprecise to have much meaning without refinement. It is meant as a template
into which one adds various desiderata. At bare minimum one should require
that the correspondence satisfies certain character identities; one reference is
[Kal16, §1.3-1.4].

For a general tempered L-parameter ⇢, the isomorphism classes of repre-
sentations in ⇧(⇢) are by definition a local L-packet, or simply an L-packet.
We let

LPt(G) := {⇧(⇢) : ⇢ 2 �t(G)} (12.22)

denote the set of all tempered L-packets of representations of G(F ).
Let us describe the structure of L-packets in an important special case.

Definition 12.4. An L-parameter is unramified if F is nonarchimedean, G
is unramified and the parameter is trivial on IF ⇥ SL2(C).

Let ⇢ : W 0

F ! LG be an unramified parameter. The class

⇢(Fr) 2 ( bGo Fr/ ⇠)(C)

and a choice of hyperspecial subgroup K  G(F ) give rise to a representation
J(�,K) by (7.27), Lemma 7.5.6, and Theorem 7.6.8. In Theorem 7.6.8 we
did not incorporate K into the notation for simplicity. We observe that if
K and K 0 are G(F )-conjugate then J(�,K) ⇠= J(�,K 0), but the converse
is not in general true. We let ⇧(⇢) be the set of isomorphism classes of
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irreducible admissible representations ofG(F ) isomorphic to J(�,K) for some
hyperspecial subgroupK of G(F ). The set⇧(⇢) is an unramified L-packet.

The conjecture, as stated, leaves open the question of the structure of the
L-packet ⇧(⇢). To describe a little of what is expected, let

S⇢ := C bG(C)(⇢(W
0

F )) (12.23)

be the centralizer of ⇢(W 0

F ) in bG(C) and let

S⇢ := S⇢/Z
GalF

bG(C) . (12.24)

Here we are using the fact that bG(C) comes equipped with an action of GalF ,
the same action used to define LG.

Lemma 12.5.2 For G = GLn the group S⇢ is connected.

Proof. It su�ces to prove that S⇢ is connected. The fact that ⇢ is Frobenius
semisimple implies that it is completely reducible. Thus we have the usual
canonical isomorphism

V⇢ =
M

⇢0

V⇢0 ⌦Hom⇢(W 0

F
)(V⇢0 , V⇢)

of representations of W 0

F , where the sum is over the finite set of isomorphism
classes of irreducible subrepresentations (⇢0, V⇢0) of (⇢, V⇢). Then

S⇢ =
Y

⇢0

Aut(Hom⇢(W 0

F
)(V⇢0 , V⇢)) ⇠=

Y

⇢0

GLm(⇢0)(C)

where m(⇢0) = dimHom⇢(W 0

F
)(V⇢0 , V⇢) is the multiplicity of ⇢0 in ⇢. ut

Conjecture 12.5.3 Assume that G is quasi-split. For a tempered L-parameter
⇢, there is an injection

◆ : ⇧(⇢) �! Irr(⇡0(S⇢))

that is bijective if F is nonarchimedean.

Here Irr(⇡0(S⇢)) is the set of isomorphism classes of irreducible representa-
tions of the finite group ⇡0(S⇢), the group of components of S⇢. Just as in the
case of Conjecture 12.5.1, there is not so much content to Conjecture 12.5.3
until after the bijection is refined by stipulating compatibility with various
character identities. We refer to [Kal16, §1.4] for a discussion.

The theory of generic representations gives a means of isolating a basepoint
in ⇧(⇢). Consider the set of pairs (B, ) where B  G is a Borel subgroup
and  is a generic character of the F -points of its unipotent radical. There is a
natural action of G(F ) on this set by conjugation and a Whittaker datum
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is a G(F )-orbit. Let w be a Whittaker datum and say that an admissible
irreducible representation ⇡ is w-generic if it is  -generic for some (hence
all) pairs (B, ) 2 w.

The following is a version of a conjecture of Shahidi [Sha90, §9]:

Conjecture 12.5.4 (Shahidi) Every tempered L-packet ⇧(⇢) contains a
unique w-generic element.

Assume for this paragraph that conjectures 12.5.1, 12.5.3 and 12.5.4 are
valid. Given a Whittaker datum w, we assume that the injection ◆ : ⇧(⇢)!
Irr(⇡0(S⇢)) can be normalized so that the generic element of the packet (which
is unique by Conjecture 12.5.4) is sent to the trivial representation. We call
this normalized injection ◆w. Thus we have a pairing

h , i : ⇧(⇢)⇥ ⇡0
�
S⇢
�
�! C

(⇡, s) 7�! tr(◆w(⇡)(s)).
(12.25)

It will play a crucial role in Conjecture 12.6.3 below.
Important progress towards conjectures 12.5.1, 12.5.3, and 12.5.4 has been

made. We briefly indicate some results and refer to [Kal16] for a more detailed
discussion. In the archimedean case, conjectures 12.5.1, 12.5.3, and 12.5.4 are
completely known. They are due to Langlands and Shelstad. The reference
[LS87] is a place to begin, though Shelstad has many other papers on the
subject. We refer to [Kal16] for a list. Her work and her joint work with
Langlands provided crucial insight motivating the formulation of the general
conjectures.

There is also a great deal known for classical groups. Consider the following
assumptions:

1. The field F is of characteristic zero.
2. Arthur’s local claims are valid.
3. The stabilization of the twisted trace formula is valid.

Arthur’s local claims are several local results that were claimed by Arthur
in his book [Art13]. Arthur has stated that he will prove them in a series of
forthcoming papers listed as [A24], [A25], [A26], and [A27] in the references
of loc. cit.

We will not say precisely what is meant by the stabilization of the twisted
trace formula. Moeglin and Waldspurger [MW16a, MW16b] have proven
this stabilization under the assumption of the twisted weighted fundamental
lemma. There does not seem to be any theoretical obstacle to obtaining this
last result, but it has not been completed as of this writing.

The following is Arthur’s main theorem on the local Langlands correspon-
dence [Art13, Theorem 1.5.1].

Theorem 12.5.5 Assume (1), (2), and (3) above. Parts (a) and (b) of Con-
jecture 12.5.1 and Conjecture 12.5.3 are valid for the split groups Sp

2n and
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SO2n+1. A slightly weaker version of these conjectures is valid for the quasi-
split (or split) special orthogonal groups of even dimensional vector spaces.

ut

Let G = SO⇤

2n, which we take to be either the split form of SO2n or a
quasi-split inner form, and let O⇤

2n be the corresponding orthogonal group.
In the theorem, the slightly weaker version of the correspondence is the corre-
spondence obtained by replacing equivalence classes in �t(G) and ⇧t(G) by
equivalence classes up to conjugation by bO⇤

2n(C) and O⇤
2n(F ), respectively.

We point out that technically speaking we have only defined L-groups for
reductive groups, not disconnected algebraic groups with reductive neutral
component like O⇤

2n. The definition must be extended to make sense of the
expression bO⇤

2n(C).
There is an analogous statement for quasi-split unitary groups over local

fields [Mok15, Theorem 2.5.1]:

Theorem 12.5.6 Assume (1), (2), and (3) above. Let E/F be a quadratic
extension and let G be the corresponding quasi-split unitary group. Parts (a)
and (b) of Conjecture 12.5.1 and Conjecture 12.5.3 are valid for G. ut

Key identities that enter into the proof of Theorem 12.5.5 and Theorem
12.5.6 together with work of Konno [Kon02] imply cases of the existence
asssertion of Conjecture 12.5.4. The uniqueness assertion has also been es-
tablished in these cases; we refer to [Ato17] for a short proof.

Theorem 12.5.7 Assume (1), (2), and (3) above. If G is the split group
Sp

2n or SO2n+1, the quasi-split or split special orthogonal group of an even di-
mensional vector space, or a quasi-split unitary group then Conjecture 12.5.4
is true. ut

Finally we mention that Kaletha has constructed a set of supercuspidal
representations from L-parameters trivial on SL2(C) under certain assump-
tions on the group G [Kal19]. For example, it is su�cient that G splits over
a tamely ramified extension and the order of the residue field does not divide
the order of the Weyl group of GF . He then verifies that the construction
satisfies many of the desiderata of the local Langlands correspondence. One
expects that Kaletha’s work will lead to an explicit local Langlands corre-
spondence provided that G is, roughly, not too ramified. For any G, Fargues
and Scholze have constructed a less explicit candidate for the restriction of
LL to the set of supercuspidal representations [FS21]. They moreover prove
many of its expected properties. These works indicate that the local Lang-
lands conjecture will be proved in complete generality in the near future.

In this section we have limited our focus to the tempered case. In prac-
tice one needs to refine this in two qualitatively di↵erent manners. First, one
often has to enlarge the set of equivalence classes of tempered L-parameters
to a set of almost tempered L-parameters �at(G) and define a set of al-
most tempered L-packets LPat(G) such that there is a local Langlands
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correspondence relating the two sets. This enlargement is necessary because
we do not know that the local components of automorphic representations
that are expected to be tempered are in fact tempered. This point will come
up again in §12.6. The second refinement involves representations that are
far from tempered, but still play a role int the global theory. This refinement
requires the introduction of Arthur’s A-packets (see [Art89, Art90]).

We close this section by discussing the compatibility of conjectures 12.5.1,
12.5.3, and 12.5.4 and our discussion of the unramified correspondence with
the local Langlands correspondence for GLn (Theorem 12.4.1). By Exercise
12.9 we have a well-defined bijection

LL := rec|⇧t(GLn)
: ⇧t(GLn) �! �t(GLn)

and LL satisfies part (a) of Conjecture 12.5.1. The fact that the Langlands
correspondence in this case is compatible with the unramified correspondence
discussed above is a consequence of Theorem 10.6.3, the fact that rec sends
isobaric sums to direct sums, and the fact that all hyperspecial subgroups
of GLn(F ) are GLn(F )-conjugate to GLn(OF ) as recalled in Example 2.2.
Assertion (b) in Conjecture 12.5.1 is valid by the discussion at the end of
§12.4. To check consistency with condition (c) of Conjecture 12.5.1, let M be

a Levi subgroup of GLn, so M ⇠=
Qk

i=1
GLni

is a product of general linear
groups. If

⇢M 2 �t(M) =
kY

i=1

�t(GLni
)

then the parabolic induction of the unique representation

⇡ = ⌦k
i=1

⇡i 2 ⇧(⇢M )

to GLn(F ) is irreducible by Exercise 12.8 and equal to �k
i=1

⇡i. Given that the
local Langlands correspondence sends isobaric sums to direct sums, we deduce
compatibility of the local Langlands correspondence with requirement (c). To
check compatibility with Conjecture 12.5.3, we use Lemma 12.5.2. Finally, to
check compatibility with Conjecture 12.5.4, we recall that every irreducible
tempered representation of GLn(F ) is generic by theorems 8.4.4 and 8.4.5.

12.6 Global Langlands functoriality

Let F be a global field and let G be a reductive group over F. As before, let
GalF := Gal(F sep/F ) and for all places v of F let

GalFv
:= Gal(F sep

v /Fv).
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Then for each place v of F there is a GalF -conjugacy class of injective ho-
momorphisms GalFv

! GalF . Choosing such a homomorphism, one obtains
an injection

LGFv
:= bG(C)oGalFv

�! bG(C)oGalF =: LG.

Motivated by this, define

�(GAF
) :=

(
(⇢v) 2

Y

v

�(GFv
) : ⇢v is unramified for almost all v

)
. (12.26)

Let �t(GAF
) ⇢ �(GAF

) be the subset of ⇢ = (⇢v) such that ⇢v 2 �t(GFv
)

for all v. We call �(GAF
) the set of adelic L-parameters into LG and call

�t(GAF
) the set of tempered adelic L-parameters into LG.

Let H be another reductive group over F and let

r : LH �! LG (12.27)

be an L-map. We then obtain a commutative diagram

LHFv

LGFv

LH LG

r

r

(12.28)

for all places v of F. Given any ⇢ 2 �(HAF
) we can define

r � ⇢ = (r � ⇢v) 2 �(GAF
). (12.29)

Thus given the L-map (12.27) we obtain a commutative diagram

�t(HAF
) �t(GAF

)

�(HAF
) �(GAF

).

(12.30)

For the rest of this section we assume that G and H are quasi-split and
that conjectures 12.5.1, 12.5.3 and 12.5.4 are known for GFv

and HFv
for all

places v. This is a reasonable working assumption, as the local Langlands cor-
respondence is known in many cases as explained in §12.5. Given a tempered
L-parameter ⇢ 2 �t(GAF

) we can form the global tempered L-packet

⇧(⇢) := {⇡ = ⌦0

v⇡v : ⇡v 2 ⇧(⇢v) for all v} . (12.31)

This is a set of irreducible admissible representations of G(AF ). Two L-
packets ⇧(⇢) and ⇧(⇢0) are said to be equivalent if there is a bijection
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j : ⇧(⇢) �! ⇧(⇢0)

such that j(⇡)1 is isomorphic to ⇡1 and j(⇡)1 is infinitesimally equivalent
(resp. isomorphic) to ⇡1 if F is a number field (resp. a function field). In
general L-packets are infinite. The set of all tempered L-packets of G(AF )
up to equivalence is denoted LPt(G). We say a global tempered L-packet is
automorphic if one of its elements is an automorphic representation. The
set of tempered automorphic L-packets is denoted LPt,aut(G). There is a
commutative diagram

LPt,aut(G) LPw,aut(G)

LPt(G) LPw(G)

where the subscript w denotes the weak L-packets of (7.56). All of the arrows
are the canonical maps. The vertical arrows above are injective, but the
horizontal arrows are not in general. Let

⇧t(G) and ⇧t(G(AF ))

denote the set of isomorphism classes of automorphic (resp. admissible) rep-
resentations ⇡ = ⌦0

v⇡v of G(AF ) such that ⇡v is tempered for all places v of
F. We observe that we have a commutative diagram

⇧t(G) ⇧t(G(AF ))

�t(GAF
)

(12.32)

where the horizontal arrow is the inclusion and the diagonal and vertical
arrows are induced by the local Langlands correspondence.

The remainder of this section is devoted to using the local Langlands
correspondence to formulate the global Langlands functoriality conjecture.
Given (12.27), we obtain (12.30), which under our assumptions on the local
Langlands correspondence above allows us to define the right arrow in the
following:

LPt,aut(H) �! LPt(H) �! LPt(G) (12.33)

The left arrow is the inclusion. Global Langlands functoriality describes when
the image of a given global tempered automorphic L-packet under (12.33) is
again automorphic. In other words it describes the intersection of the image
of (12.33) with LPt,aut(G).

In an important special case it is straightforward to make this precise.
Assume that G = ResE/FGLn for some field extension E/F of finite degree.
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In this case local L-packets are singletons (see §12.5), hence global L-packets
are singletons. The following is the Langlands functoriality conjecture in this
setting:

Conjecture 12.6.1 Suppose that G = ResE/FGLn. Let ⇡ be an everywhere
tempered cuspidal automorphic representation of H(AF ) with L-parameter
⇢ 2 �t(HAF

). The unique admissible representation in ⇧(r � ⇢) is automor-
phic.

For general G, we could proceed by refining the weaker Conjecture 7.7.1
by replacing weak L-packets with adelic L-packets. Even if we did this, it is
unclear how to isolate automorphic representations within an automorphic
L-packet. To treat this problem for arbitrary quasi-split reductive groups cur-
rently requires the introduction of the conjectural Langlands group LF .
This first appeared in [Lan79a] and is also discussed in [Art02], where a
conjectural construction of the group is given. The theory of Tannakian cate-
gories also indicates that such a group ought to exist if we assume Langlands
functoriality. For a discussion of this point of view and the obstacles one runs
into if one pursues it, we refer to [Ram94].

The Langlands group LF of a global field F is conjecturally an extension
of the Weil group WF by the complex points of a proalgebraic group. For
reductive F -groups G, one should be able to define global L-parameters ⇢ :
LF ! LG as in the local case; they ought to be continuous homomorphisms
commuting with the maps LF ! WF ! GalF and LG ! GalF . We require
these homomorphisms to be semisimple in the sense that for all L-maps
LG! LGLn the representation

LF
LG LGLn GLn(C)

⇢

is completely reducible, where the rightmost arrow is the canonical projection.
Two global L-parameters are equivalent if they are bG(C)-conjugate.

For every place v one should have homomorphisms

W 0

Fv
�! LF , (12.34)

unique up to conjugacy. The union over all v of the conjugacy classes of the
images of (12.34) is conjectured to be dense in LF . This is an analogue of the
density of Frobenius conjugacy classes in GalF . The homomorphisms (12.34)
allow us to define a map

�(G) �! �(GAF
)

⇢ 7�! (⇢|W 0

Fv

)
(12.35)

We let �t(G) be the inverse image of �t(GAF
) under (12.35). A global pa-

rameter is tempered if it is in �t(G). A global parameter ⇢ 2 �t(G) is
discrete generic if its image is not contained in any Levi subgroup of LG.
This definition will be used in the statement of Conjecture 12.6.3 below.
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One is supposed to have a global analogue of the local parametrization of
Conjecture 12.5.1:

Conjecture 12.6.2 (The global Langlands correspondence) There is
a surjective map

⇧t(G) �! �t(G) (12.36)

such that the diagram

⇧t(G) ⇧t(G(AF ))

�t(G) �t(GAF
)

commutes. Here the top horizontal arrow is the inclusion, the bottom hori-
zontal arrow is is given by (12.35), and the right vertical arrow is given by
the local Langlands correspondence.

Given a ⇢ 2 �t(G) we define

⇧(⇢) := ⇧((⇢|W 0

Fv

)). (12.37)

The L-packet ⇧(⇢) contains the fiber of (12.36) over ⇢. The containment is
proper in general. As in the local setting, one defines

S⇢ := C bG(C)(⇢(LF )),

the centralizer of ⇢(LF ) in bG(C), and sets

S⇢ := S⇢/Z
GalF

bG(C) .

The set of automorphic elements of ⇧(⇢) ought to be controlled by S⇢ in a
sense made precise in Conjecture 12.6.3 below.

Let B  G be a Borel subgroup with unipotent radical N and let  :
N(AF ) ! C

⇥ be a generic character (trivial on N(F )). This provides us
with a Whittaker datum wv for all v and hence pairings

h , iv : ⇧(⇢v)⇥ ⇡0(S⇢v ) �! C

as in (12.25). We assume that for every v there is a homomorphism locv :
⇡0(S⇢)! ⇡0(S⇢v ) as in [Kal16, §5.3]. For (⇡, s) 2 ⇧(⇢)⇥ ⇡0(S⇢) we then set

h⇡, si :=
Y

v

h⇡v, locv(s)i.
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We say thatG satisfies the Hasse principle if the map on Galois cohomology
sets

H1(F,G) �!
a

v

H1(Fv, G)

is injective. For more on Galois cohomology, we refer to §17.4.

Conjecture 12.6.3 Assume that G satisfies the Hasse principle. If ⇢0 2
�t(G) is a discrete generic global L-parameter then the multiplicity of ⇡ 2
⇧(⇢0) in L2

disc
([G]) is

X

⇢

1

|⇡0(S⇢)|
X

s2⇡0(S⇢)

h⇡, si. (12.38)

Here the outer sum is over discrete generic global L-parameters ⇢ 2 �t(G)
such that ⇡ 2 ⇧(⇢).

This conjecture was first stated in [Kot84, §12], although we have followed
the exposition of [Kal16].

This long excursion on LF and the global Langlands correspondence pro-
vides the tools necessary to understand when the functorial transfer of packets
of representations (12.33) attached to the L-map (12.27) takes automorphic
tempered L-packets to automorphic tempered L-packets. Assume that ⇡ is
a given tempered automorphic representation of H(AF ) (which is to say
that ⇡v is tempered for all v). Then there is a (⇢v) 2 �t(HAF

) such that
⇡ 2 ⇧((⇢v)). If assume Conjecture 12.6.2, then in fact there is a ⇢ 2 �t(G)
such that ⇢|W 0

F
= ⇢v for all v. In other words, ⇧((⇢v)) = ⇧(⇢). Conjecture

12.6.3 then tells us precisely when there is an automorphic representation
in ⇧(r � ⇢). This conjectural relationship between the automorphic repre-
sentations in ⇧(⇢) and ⇧(r � ⇢) is the what is meant by the Langlands
functoriality conjecture, at least under the simplifying assumption that we
are working with tempered representations of quasi-split groups.

There is an obvious problem with all this in that it is heavily reliant on
the hypothetical group LF . Happily, at least for classical groups, one can
use the ideas above to produce unconditional definitions of all of the objects
appearing in the formula (12.38). In particular the alternate definitions do
not rely on the existence of the Langlands dual group [Art13, Mok15]. This
allows one to make precise predictions relating the multiplicities (12.38) on
di↵erent groups. Remarkably, one can then prove these predictions using the
trace formula or other methods (see Chapter 13), establishing relationships
between automorphic representations on di↵erent groups. In other words, we
can state and prove cases of Langlands functoriality without knowing that
LF exists.

Theoretically, one should be able to reduce whatever one wants to know
about automorphic representations to the tempered case. The A-packets of
Arthur and his conjectures regarding them were introduced to make this
precise [Art89, Art90] (see also [Clo07] and [Sha11] where the relationship
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between A-packets and Conjecture 10.7.4, the Ramanujan Conjecture, is dis-
cussed). However, even when we expect representations to be tempered, in
most cases we can only prove bounds that establish that they are close to
being tempered. Moreover, the only means currently known to prove that
they are indeed tempered seems to be using Langlands functoriality (see
[Lan70, Sar05]). To overcome this problem, as in the local case, instead of
just treating tempered L-parameters and representations, one enlarges the
set of parameters involved in the local Langlands correspondence to a set of
almost tempered parameters and representations. This is supposed to be a
set that is restrictive enough that the local Langlands correspondence is still
correct, but general enough to include all representations that can occur as
local components of the most tempered part of the discrete series of L2([G]).
For examples of such an enlargement, we refer to [Art13].

12.7 Langlands L-functions

Assume that we are given a quasi-split reductive group G over a local field
F such that the local Langlands correspondence is known for G. Given a
representation

r : LG �! GLV (C),

an irreducible tempered representation ⇡ of G(F ) and a nontrivial character
 : F ! C

⇥, one can then use (12.16) to define the local Langlands L-
function, "-factor, and �-factor as follows:

L(s,⇡, r) : = L(s,LL(⇡), r),

"(s,⇡, r, ) : = "(s,LL(⇡), r, ),

�(s,⇡, r, ) : = �(s,LL(⇡), r, ).

(12.39)

By definition, admissible representations in the same L-packet necessarily
have the same L-functions, "-factors, and �-factors. This is the reason for
the terminology “L-packet.” Sometimes one says that elements in the same
L-packet are L-indistinguishable. When G = GLn ⇥GLm and

LG �! GLnm(C)

is the tensor product, Rankin-Selberg theory as discussed in Chapter 11 al-
ready furnishes us with a definition of these factors. Part of the content of
the local Langlands correspondence for GLn (Theorem 12.4.1) is that the two
definitions coincide.

Now assume that F is a global field,  : F\AF ! C
⇥ is a nontrivial char-

acter, and G is a quasi-split reductive F -group such that the local Langlands
correspondence for G(Fv) is known for every place v. Assume moreover that
we are given a representation
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r : LG �! GLV (C).

The global Langlands L-function and global "-factor are then

L(s,⇡, r) : =
Y

v

L(s,⇡v, r),

"(s,⇡, r) : =
Y

v

"(s,⇡v, r, v).
(12.40)

As the notation indicates, the global "-factor is (conjecturally) independent
of the choice of  v. If S is a finite set of places of F (containing the infinite
places or not) one often writes

LS(s,⇡, r) := L(s,⇡S , r) :=
Y

v 62S

L(s,⇡v, r). (12.41)

The basic expectations for these L-functions are recorded in the following
conjecture:

Conjecture 12.7.1 The L-function L(s,⇡, r) is meromorphic as a function
of s, is bounded in vertical strips, and satisfies the functional equation

L(s,⇡, r) = "(s,⇡, r)L(1� s,⇡_, r).

The notion of a meromorphic function bounded in vertical strips was intro-
duced above Theorem 11.5.3. In particular L(s,⇡, r) may have poles.

Conjecture 12.7.1 is in fact a consequence of Conjecture 12.6.1 and The-
orem 11.7.1 together with some additional results and conjectures regarding
the behavior of the Langlands correspondence under taking contragredients
[AV16, Kal13]. Conversely, Conjecture 12.7.1 and the converse theorem, The-
orem 11.9.1, can be combined to prove cases of Conjecture 12.6.1. Remarkably
this strategy has been successfully executed in important examples. We refer
to §13.6, §13.7, [CKPSS04, CFGK19] and Kim’s article in [CKM04].

In most cases Conjecture 12.7.1 is open. The most that is known in general
is that L(s,⇡, r) converges for Re(s) su�ciently large (see [Lan71] and [Sha10,
§2.5]).

12.8 Algebraic representations

Let F be a number field and let G be a reductive group over F. The hypo-
thetical Langlands group LF is expected to admit a morphism

LF �! GalF .

In particular, suitable morphisms
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GalF �! LG

should give rise to L-packets of automorphic representations of G(F ). It is
natural to try and describe classes of L-packets that are of this form.

In [Clo90b], Clozel isolated a class of automorphic representations on G =
GLn that he called “algebraic” and then conjectured that they are associated
to particular types of Galois representations (not just representations of LF ).
Buzzard and Gee [BG14] later extended Clozel’s conjectures to the case of
arbitrary reductive G. We describe briefly Buzzard and Gee’s conjectures in
this section, following the exposition in [BG14] closely.

Until otherwise specified, we work locally at an archimedean place v of
F which we omit from notation, writing F := Fv. We identify F = C. Let
B > T be a Borel subgroup and maximal torus of GC. The local Langlands
correspondence is known in the archimedean case [Lan89]. It provides us with
a set-theoretic map

LL : ⇧(G) �! �(G)

⇡ 7�! LL(⇡)

with notation as in (12.19) and (12.20).
The group WC is naturally a subgroup of WF , which is in fact equal to

WF if F = C. We have an isomorphism

ArtC : C⇥�̃!WC

which we use to identify C
⇥ and WC. Fix a maximal torus bT in bG with an

identification X⇤( bT ) = X⇤(T ). We can assume that LL(⇡)(C⇥)  bT (C). Let

HomR(C,C) = {�, ⌧}.

There exist ��,�⌧ 2 X⇤(T ) ⌦ C satisfying �� � �⌧ 2 X⇤(T ) such that
LL(⇡)(z) = �(z)��⌧(z)�⌧ for all z 2 C

⇥. This follows from the fact that
all quasi-characters of C⇥ are of the form (12.9) (see Lemma 12.2.1).

The group

(X⇤(T )⌦ C)HomR(C,C) (12.42)

has a diagonal action of the Weyl group W (G, T )(C). The action of GalF on
X⇤(T ) ⌦ C given in the construction of the Langlands dual group in §7.3 is
W (G, T )(C)-semilinear. In other words, for

(⇠, w, x) 2 GalF ⇥W (G, T )(C)⇥X⇤(T )⌦ C

one has ⇠(wx) = ⇠(w)⇠(x). If F = R and ⇠ 2 GalF is the nontrivial element
then (⇠(�⌧ ), ⇠(��)) is in the same W (G, T )(C)-orbit as (��,�⌧ ). The group
(12.42) also has an action of GalF defined using both the action of GalF on
X⇤(T ) and the action on HomR(C,C). Explicitly, if we think of an element
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of (12.42) as a morphism

� : HomR(C,C) �! X⇤(T )⌦ C

then ⇠� := (t 7! ⇠�(t � ⇠)). These considerations imply that (��,�⌧ ) gives us
a well-defined element of

⇣
(X⇤(T )⌦ C)HomR(C,C)/W (G, T )(C)

⌘GalF

.

The W (G, T )(C)-orbit of (��,�⌧ ) in (X⇤(T ) ⌦ C)HomR(C,C) is an invariant
attached to ⇢⇡.

Definition 12.5. An L-parameter ⇢ : WF ! LG is L-algebraic if �� 2
X⇤(T ). An irreducible admissible representation ⇡ of G(F ) is L-algebraic if
LL(⇡) is L-algebraic.

Recall that we have fixed T  B  GC. As usual, denote by ⇢B the
half-sum of the positive roots of T in B.

Definition 12.6. An L-parameter ⇢ : WF ! LG is C-algebraic if ���⇢B 2
X⇤(T ). An irreducible admissible representation ⇡ of G(F ) is C-algebraic if
LL(⇡) is C-algebraic.

The assertion �� 2 X⇤(T ) is independent of the choice of B, T and of the
isomorphism F ⇠= C. Likewise the assertion �� � ⇢B 2 X⇤(T ) is also inde-
pendent of these choices. If ⇢B 2 X⇤(T ), then the notions of C-algebraic and
L-algebraic coincide.

The expectation (which will be made precise below) is that L-algebraic au-
tomorphic representations should correspond to representations of GalF with
image in bG(Qp) (what we mean by this last symbol will be explained below).
By Corollary 15.5.2 cohomological automorphic representations in the sense
of Definition 15.6 are C-algebraic (hence the terminology C-algebraic). The
known techniques for proving that L-algebraic representations correspond to
representations of GalF invariably involve cohomological representations, so
L-algebraic and C-algebraic representations ought to be studied in tandem.
The two definitions di↵er by the half-sum of positive roots. For G = GLn,
the notion of C-algebraic coincides in the isobaric case with Clozel’s notation
of algebraic used in [Clo90b, Clo16].

One can give a necessary and su�cient condition for an irreducible admis-
sible representation ⇡ to be L-algebraic (resp. C-algebraic) in terms of the
infinitisimal character of ⇡. To make this precise, assume F = R. Let T0  G
be a maximal torus. Upon changing our choice of B and T above if necessary
we can assume that T0C = T. Let

t := LieT.

We identify X⇤(T )C = t as in Exercise 7.8, and hence identify X⇤(T )C = t
_.
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Lemma 12.8.1 Assume F = R. An irreducible admissible representation
⇡ of G(R) is L-algebraic (resp. C-algebraic) if and only if the infinitesimal
character �� of ⇡ satisfies � 2 X⇤(T ) (resp. �� ⇢B 2 X⇤(T )).

Proof. In the notation of §4.6, the infinitesimal character of ⇡ is �� with
� 2 t

_, uniquely determined up to the action of W = W (G, T )(C). Using the
W (G, T )(C)-equivariant identification

t
_ = X⇤(T )C

we may regard � as an element of X⇤(T )C. The W (G, T )(C)-orbit of � con-
tains �� by [BG14, §2.3] and [Vog93, Proposition 7.4]. ut

For the proof of Corollary 15.5.2 below we record the following lemma
[Kna02, (5.43)]:

Lemma 12.8.2 Assume F = R. If V is a finite dimensional representation
of G, viewed as an algebraic group over R, then the infinitesimal character
�� of V satisfies �� ⇢B 2 X⇤(T ). ut

The restriction to F = R in the previous two lemma is only for convenience.
It is no loss of generality by an application of Weil restriction of scalars.

To define algebraic automorphic representations, let G be a reductive
group defined over a number field F. Fix an algebraic closure F of F and
form the L-group LG = bG o GalF . For each place of v of F, fix an alge-
braic closure F v of Fv and an embedding F ,! F v. Let ⇡ = ⌦0

v⇡v be an
automorphic representation of G(AF ).

Definition 12.7. We say that ⇡ is L-algebraic (resp. C-algebraic) if ⇡v is
L-algebraic (resp. C-algebraic) for all infinite places v of F.

We now prepare to state an important conjecture on the existence of Galois
representations attached to L-algebraic automorphic representations. It is in
fact the primary motivation for introducing the definitions above. Let p be a
prime. Fix a choice of algebraic closure Qp of Qp and isomorphism ◆ : C! Qp.

We note that in the construction of bG and the action of GalF used to form
LG, we can replace the base field C by Qp, or in fact by any algebraically
closed field. Thus ◆ induces an isomorphism

◆ : bG(C) �! bG(Qp).

We construct a semidirect product

bG(Qp)oGalF (12.43)

using the same GalF action as in the construction of LG. We have an iso-
morphism

◆ : LG �! bG(Qp)oGalF .
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This isomorphism is used in the following conjecture due to Buzzard and
Gee. It is a generalization of a conjecture of Clozel in the case G = GLn.

Conjecture 12.8.3 If ⇡ is L-algebraic then there is a continuous Galois
representation

⇢⇡ = ⇢⇡,◆ : GalF �! bG(Qp)oGalF

commuting with the projections to GalF and a finite set S of places of F such
that

1. S contains all infinite places, places dividing p, and all places where ⇡ is
ramified,

2. if v 62 S then the Frobenius semisimplification of ⇢⇡|WFv
is bG(Qp)-

conjugate to ◆ � LL(⇡v).

We refer to [Tat79, §4.1.3] for the definition of the Frobenius semisimplifica-
tion. There is additional important information about ⇡ at the infinite places
and the places dividing p predicted in the full version of Conjecture 12.8.3
given in [BG14].

Though in general Conjecture 12.8.3 is open, there are important special
cases that are known.

Theorem 12.8.4 Suppose that F is CM or totally real, that G = ResF/QGLn,
and that ⇡ has the same infinitesimal character as an irreducible representa-
tion of ResF/QGLn and in particular is L-algebraic. Then Conjecture 12.8.3
is true. ut

There are in fact two di↵erent proofs of Theorem 12.8.4 available, one due to
Harris, Lan, Taylor and Thorn [HLTT16] and another due to Scholze [Sch15].

We close this section by reflecting on the fact that L-algebraic and C-
algebraic representations are not the same for general groups. This is a minor
irritant. There are proposed modifications of the Langlands dual group that
allow one to satisfactorily treat this problem, as well as other related issues
including integrality of the Satake isomorphism. We refer to [Ber20, BG14,
Zhu20] for more details.

Exercises

12.1. Prove that any continuous homomorphism from a profinite group to a
connected Lie group has finite image.

12.2. With notation as in Example 12.2, prove that if p 6= ` then �`(Frp) =
p�1.

12.3. Given a map G ! H of reductive groups with normal image, prove
that there is an induced map bH ! bG.
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12.4. Prove (12.7).

12.5. Prove (12.8).

12.6. Prove Lemma 12.2.1.

12.7. Prove Proposition 12.2.2.

12.8. For 1  i  k, let ⇡i be an irreducible tempered representation of
GLni

(F ). Let ⇡ = Ind(⌦k
i=1

⇡i, 0). Prove that ⇡ is irreducible.

12.9. Let F be a local field and let ⇡ be an irreducible admissible represen-
tation of GLn(F ). Prove that ⇡ is tempered if and only if rec(⇡) is tempered.

12.10. Let G be a semisimple group over C. Show that ResC/RG is equal
rank if and only if G is trivial. Show that SLn (as a group over R) is equal
rank if and only if n  2 (here we interpret SL1 as the trivial group).





Chapter 13

Known Cases of Global Langlands
Functoriality

...I had not recognized in 1966,
when I discovered after many
months of unsuccessful search a
promising definition of
automorphic L-function, what a
fortunate, although, and this
needs to be stressed, unforeseen
by me, or for that matter anyone
else, blessing it was that it lay in
the theory of Eisenstein series.

R. P. Langlands

Abstract Over number fields the global Langlands functoriality conjecture
is wide open. Despite this, several important cases have been established. We
survey some of the hard earned progress in this chapter.

13.1 Introduction

What is now known as the Langlands functoriality conjecture was first posed
in a seventeen page handwritten letter [Lan] that Langlands wrote in 1967 to
André Weil (see [Lan70]). In Chapter 12 we stated the conjecture with some
degree of precision. There has been decisive progress in the local setting
in both equal and mixed characteristics (see §12.4 and §12.5) and in the
global setting over function fields (see §13.9). However for number fields the
conjecture remains mostly open.

Despite this, there has been hard earned progress. We will survey some of
this progress in the current chapter. Throughout F is a global field with ring
of adeles AF . The symbol G will denote a reductive group over F.

345
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13.2 Parabolic induction

Let P be a parabolic subgroup of G. A choice of Levi subgroup M  P yields
a Levi decomposition P = MN where N is the unipotent radical of P. As in
§7.4 we can realize LM as a subgroup of LP and thereby obtain an L-map

LM �! LG. (13.1)

In the special case where G = GLn, conjugacy classes of Levi subgroups are
indexed by tuples n1, . . . , nd 2 Z>0 such that

Pd
i=1

ni = n as explained in
(1.15). The map (13.1) is given by the identity on the Galois factor and the
natural block diagonal embedding

dY

i=1

GLni
(C) �! GLn(C)

(x1, . . . , xd) 7�!

0

B@
x1

. . .
xd

1

CA

on the neutral components. Thus given a collection of L-parameters into
the LGLni

composition with (13.1) yields the direct sum of the parameters.
The functorial transfer attached to the L-map (13.1) sends the automorphic

representation ⌦d
i=1

⇡i of
Qd

i=1
GLni

(AF ) to the isobaric sum �d
i=1

⇡i.
For general G and M, Langlands functoriality for the L-map (13.1) was es-

sentially fully established by Langlands himself before Langlands even posed
his functoriality conjecture. Making this precise is a matter of isolating the
correct family of subquotients of the induced representations of Theorem
10.7.1.

13.3 L-maps into general linear groups

Let G be a quasi-split reductive group over F and let E/F be a finite sepa-
rable extension. Suppose we are given an L-map

r : LG �! LResE/FGLn

for some n. Assume that we know the local Langlands correspondence for G.
If ⇡ is a cuspidal automorphic representation of G(AF ) then for all v we have
an L-parameter

LL(⇡v) : W
0

Fv
�! LG,

at least if ⇡v is tempered. Here we use the notation of Conjecture 12.5.1. We
therefore obtain an L-parameter
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r � LL(⇡v) : W 0

Fv
�! LResE/FGLn

for each v. By the local Langlands correspondence for ResE/FGLn(Fv) (which
is known, see §12.3 and §12.4), there exists an irreducible admissible repre-
sentation r(⇡v) of ResE/FGLn(Fv) such that

rec(r(⇡v)) = LL(r(⇡v)) = r � LL(⇡v). (13.2)

Here we are using the notation of Theorem 12.4.1. The representation ⇡v is
unique up to infinitesimal equivalence when v is archimedean and unique up
to equivalence when v is nonarchimedean. We denote by

r(⇡) := ⌦0

vr(⇡v).

This is an irreducible admissible representation of GLn(AE). By the version
of Langlands functoriality explicated in Conjecture 12.6.1, at least if ⇡ is
tempered, r(⇡) ought to be automorphic. In practice one does not want to
assume that ⇡ is tempered, but merely that it is “almost tempered” in the
sense that the matrix coe�cients of ⇡v are suitably close to being essentially
square integrable. See the end of §12.6 for more details.

The following definition is often useful:

Definition 13.1. An isobaric automorphic representation ⇡0 of ResE/FGLn(AF )
is a weak transfer of ⇡ with respect to r if

r(⇡v) ⇠= ⇡0

v

for all v not in some finite set S of places of F.

Weak transfers are also often called weak lifts. If one wishes to be more
specific, one can say that the functorial transfer of ⇡ with respect to r is
compatible with the local Langlands correspondence outside of S. If a weak
transfer exists then it is unique by strong multiplicity one for GLn (Corol-
lary 11.7.3). In practice one constructs a weak transfer first and then checks
compatibility of the transfer with the local Langlands correspondence at the
places in S.

13.4 Base change

Let E/F be a finite degree extension of number fields. As in Example 7.16
we have

LResE/FGLn = GLn(C)
HomF (E,F sep

)
oGalF

where GalF acts via its action on HomF (E,F sep). There is an L-map

rE/F : LGLn �! LResE/FGLn (13.3)
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defined by stipulating that it is the diagonal embedding on the neutral com-
ponent and the identity on the Galois factor. Using the notation of (12.20),
suppose that ⇢ 2 �(GLnFv

) for some place v of F. Then

L(s, rE/F � ⇢) =
Y

w|v

L(s, ⇢|W 0

Ew

) (13.4)

where the product is over all places w of E dividing v. Here W 0

Ew
is the

Weil-Deligne group of (12.3). In other words, rE/F corresponds to restric-
tion of Galois representations. The L-map rE/F and the functorial trans-
fers it induces (conjectural or not) are known as base change. It con-
jecturally allows us to relate automorphic representations of GLn(AF ) and
ResE/FGLn(AF ) := GLn(AE). It is customary to write

⇡E := rE/F (⇡).

We have a left action

GLn(C)
HomF (E,F sep

) ⇥ (Cn)HomF (E,F sep
) �! (Cn)HomF (E,F sep

)

((g⇠), (v⇠)) �! (g⇠v⇠)

On the other hand we have a left C-linear action of Gal(E/F ) on (Cn)HomF (E,F sep
)

via its action on HomF (E,F sep). These two actions together give us a an ac-
tion of LResE/FGLn on (Cn)HomF (E,F sep

). Upon choosing an isomorphism

AutC((Cn)HomF (E,F sep
)) ⇠= GLn[E:F ](C) this yields an L-map

AIE/F : LResE/FGLn �! LGLn[E:F ]. (13.5)

This L-map and the functorial transfers it induces (conjectural or not) are
called automorphic induction. It allows us to relate automorphic repre-
sentations of GLn(AE) = ResE/FGLn(AF ) and GLn[E:F ](AF ). We note that

L(s,⇡,AIE/F ) = L(s,⇡). (13.6)

Assume that E/F is Galois. Using the fact that the regular representation of
Gal(E/F ) decomposes as M

⇢

⇢�d(⇢)

where the sum is over the isomorphism classes of irreducible representations
⇢ of Gal(E/F ) and d(⇢) is the dimension of the space of ⇢, one has that

L(s,⇡, rE/F ) = L(s,⇡,AIE/F � rE/F ) =
Y

⇢

L(s,⇡, rst ⌦ r⇢)
d(⇢). (13.7)

Here rst : LGLn ! GLn(C) is the representation given by projection to the
neutral component and
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r⇢ :
LGL1 �! GLd(⇢)(C)

is given by tensoring ⇢ with the trivial representation of LGL�

1
= GL1(C).

If E/F is a prime degree cyclic extension, then the functorial transfers
attached to rE/F and AIE/F are known to exist. The case n = 2 is due to
Langlands [Lan80], who followed a method discovered by Saito [Sai75] that
was placed in a representation theoretic framework by Shintani [Shi79]. Be-
sides placing the theory in the correct level of generality, Langlands was able
to use it and the converse theorem to establish the strong Artin conjecture
for 2-dimensional Galois representations in many solvable cases (see Theorem
13.5.5).

For GLn the existence of the functorial transfers was established by Arthur
and Clozel [AC89]. To be more precise, let E/F be a prime degree Galois
extension. Let ✓ be a generator of Gal(E/F ). It acts on the set of automorphic
representations ⇡0 of GLn(AE) via

⇡0✓(g) := ⇡0(✓(g)).

Let NE/F : A⇥

E ! A
⇥

F be the norm map.

Theorem 13.4.1 (Base change) Let E/F be a cyclic prime degree exten-
sion of number fields and let ✓ be a generator of Gal(E/F ). For every cuspidal
automorphic representation ⇡ of GLn(AF ) the base change ⇡E is an isobaric
automorphic representation of GLn(AE) such that ⇡✓E

⇠= ⇡E . The base change
⇡E is cuspidal if and only if ⇡ 6⇠= ⇡ ⌦ ⌘ for all characters

⌘ : F⇥\A⇥

F /NE/F (A
⇥

E) �! C
⇥.

Conversely, if a cuspidal automorphic representation ⇡0 of GLn(AE) satisfies
⇡0 ⇠= ⇡0✓ then ⇡0 = ⇡E for some cuspidal automorphic representation ⇡ of
GLn(AF ). ut

Theorem 13.4.2 (Automorphic induction) Let E/F be a cyclic prime
degree extension of number fields and let ✓ be a generator of Gal(E/F ). If ⇡
is a cuspidal automorphic representation of GLn(AF ), then the automorphic
induction AI(⇡) is an isobaric automorphic representation of GLn[E:F ](AF ).
The representation AI(⇡) is cuspidal if and only if ⇡ 6⇠= ⇡✓. A cuspidal au-
tomorphic representation of GLn[E:F ](AF ) is the automorphic induction of a
cuspidal automorphic representation ⇡ of GLn(AF ) if and only if ⇡ ⇠= ⇡ ⌦ ⌘
for some character ⌘ 2 F⇥\A⇥

F /NE/F (A
⇥

E)! C
⇥. ut

Implicitly in this theorem we are using the local Langlands correspondence
for the general linear group to define base change and automorphic induction.
This was not available when Arthur and Clozel proved their result. Arthur
and Clozel instead used the representation theoretic description of the base
change isolated by Shintani [AC89, Definition 6.1]. The compatibility of the
two notions is checked in [HT01, Lemma VII.2.6].



350 13 Known Cases of Global Langlands Functoriality

By breaking an arbitrary solvable extension E/F into a sequence of prime
degree cyclic extensions, one deduces the existence of base changes of isobaric
automorphic representations of GLn(AF ) along E/F. Characterizing the im-
age of the base change in this case is more subtle, however, see [LR98, Raj02].

The case of an arbitrary extension E/F is open. The first author has
described an approach in [Get12, Get20]. The work in [Get12, Get20] can be
seen as a refinement and explication of Langlands’ beyond endoscopy idea
[Lan04] in a special case.

13.5 The strong Artin conjecture

Let E/F be a (nontrivial) finite degree Galois extension of number fields. For
any homomorphism

⇢ : Gal(E/F ) �! GLn(C) (13.8)

one can define the Artin L-function L(s, ⇢). Artin and Brauer proved that this
L-function admits a meromorphic continuation to the plane, satisfies a func-
tional equation, and has a finite number of poles [MM97]. Artin conjectured
the following refinement of this statement:

Conjecture 13.5.1 (Artin) If ⇢ is nontrivial and irreducible then L(s, ⇢)
is holomorphic.

If ⇢ is the trivial representation then L(s, ⇢) = ⇤F (s), the completed
Dedekind zeta function of F. It is certainly not holomorphic; in fact it has
simple poles at s 2 {0, 1}. Artin’s conjecture implies that this is the only
irreducible Galois representation whose Artin L-function has a pole.

Let us reinterpret Artin L-functions from the point of view of Langlands
functoriality. The representation ⇢ defines a representation

r⇢ :
LGL1 �! GLn(C) (13.9)

by tensoring with the trivial representation of LGL�

1
= GL1(C). Temporar-

ily denote by 1 the trivial representation of GL1(AF ), which is obviously
automorphic. The Langlands functoriality conjecture predicts that the ad-
missible representation r⇢(1) is automorphic. If this is the case we say that
⇢ is automorphic. One has that

L(s, r⇢(1)) = L(s, 1, r⇢) = L(s, ⇢).

Thus the Artin conjecture is implied by the Theorem 11.7.1 and the following
conjecture, a refinement of the assertion that ⇢ is automorphic:

Conjecture 13.5.2 (Strong Artin) If ⇢ is irreducible then there exists a
cuspidal representation ⇡ of GLn(AF ) such that
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⇡v = r⇢(1)v

for all places v.

This is in fact a much deeper conjecture than the Artin conjecture. One can
make precise the di↵erence between Conjecture 13.5.1 and Conjecture 13.5.2
using Theorem 11.9.1.

Let E/F be a cyclic prime degree extension and let � : E⇥\A⇥

E ! C
⇥ be

a finite-order character that is not invariant under Gal(E/F ). Then

⇢ = IndFE(�) : GalF �! GL[E:F ](C)

is an irreducible Galois representation. The strong Artin conjecture is known
for this representation by Theorem 13.4.2. A profitable strategy in addressing
cases of Conjecture 13.5.2 has been to use cyclic prime degree base change
(Theorem 13.4.1) to reduce the conjecture to this case. For example, this
strategy can be used to prove the following [AC89]:

Theorem 13.5.3 (Arthur-Clozel) Assume that E/F is a Galois exten-
sion of number fields with nilpotent Galois group Gal(E/F ). Then if ⇢ is any
irreducible complex representation of Gal(E/F ), the strong Artin conjecture
is true for ⇢. ut

Given that cyclic prime degree base change is known, and every solvable
extension may be obtained from a sequence of cyclic prime degree extensions,
it is striking that even when Gal(E/F ) is solvable the strong Artin conjecture
is still not known in general.

Rather than studying the Artin conjecture for particular types of Galois
groups, one could fix an integer n and ask for results towards the strong Artin
conjecture for representations r : Gal(E/F )! GLn(C). The conjecture is of
course true for n = 1 by class field theory. However even the case n = 2 is
not known in general. To explain what is known it is convenient to recall the
following theorem of Klein:

Theorem 13.5.4 (Klein) A finite subgroup of PGL2(C) is isomorphic to
one of the following:

a cyclic group,
a dihedral group,
the tetrahedral group A4,
the octahedral group S4,
the icosahedral group A5.

ut

A subgroup of GL2(C) mapping to a cyclic group in PGL2(C) acts re-
ducibly on C

2, so we can ignore these groups. We say a representation

⇢ : Gal(E/F ) �! GL2(C)
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is dihedral if the image of the composite map

⇢ : Gal(E/F ) �! GL2(C) �! PGL2(C)

is a dihedral group. We use the analogous convention when dihedral is re-
placed by tetrahedral, octahedral, or icosahedral. In all but the icosahe-
dral case, the strong Artin conjecture is known to be true:

Theorem 13.5.5 (Langlands-Tunnell) The strong Artin conjecture is true
for dihedral, tetrahedral, or octahedral representations ⇢. ut

In [Lan80] Langlands derived the dihedral and tetrahedral cases from the
theory of base change reviewed in the previous section. Tunnell completed
the octahedral case in [Tun81]. Interestingly this theorem was used in Wiles’
proof of Fermat’s last theorem.

The key di↵erence with the icosahedral case is that it is the only case
where the Gal(E/F ) is nonsolvable. If one had the theory of base change
for nonsolvable extensions, one could make decisive progress on this last case
[Get12].

Though the theory of base change for nonsolvable extensions is unavail-
able at the time of this writing, one can still make progress towards the
strong Artin conjecture under certain assumptions. Namely, assume that
the base field F is totally real. For every infinite place v of F, complex
conjugation defines a conjugacy class cv ⇢ Gal(F/F ). Any representation
⇢ : Gal(E/F ) ! GL2(C) extends to Gal(F/F ), and we say it is odd if
det(⇢(cv)) = �1 for all infinite places v.

Theorem 13.5.6 If F is a totally real field and ⇢ : Gal(E/F )! GL2(C) is
an odd irreducible representation then the strong Artin conjecture is true for
⇢. ut

This theorem was proven by Pilloni and Stroh [PS16b] after the case F = Q

was settled by Khare andWintenberger [KW09a, KW09b] as a consequence of
their proof of Serre’s conjecture (Kisin made a decisive contribution [Kis09]).
There was a body of work prior to this spearheaded by Taylor; see [PS16b]
for references. The oddness assumption allows one to apply the powerful
machinery of Galois deformation theory that played so pivotal a role in Wiles’
proof of Fermat’s last theorem.

13.6 The Langlands-Shahidi method

As explained in §10.5, Langlands proved that L2([G]) can be completely de-
scribed in terms of cuspidal automorphic representations of Levi subgroups of
G by means of Eisenstein series. Some time after completing this, he realized
that the constant terms of certain Eisenstein series (which naturally depend
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on a complex parameter) admit functional equations and could be described
in terms of a new type of L-function [Lan71]. This led him to the definition of
the Langlands L-functions discussed in §12.7 and to posing his functoriality
conjecture.

Langlands obtained coarse functional equations for L-functions that ap-
pear in the constant terms of Eisenstein series. His results were subsequently
completed and refined by Shahidi [Sha10]. This method of proving the an-
alytic continuation of L-functions is known as the Langlands-Shahidi
method. Combining these results with the converse theorem (Theorem
11.9.1), one can obtain cases of Langlands functoriality that, at present, have
not been obtained by any other method. The book [Sha10] and the surveys
[CKM04] are useful references for this theory.

We record some important results obtained via the Langlands-Shahidi
method. We assume throughout this section that F is a number field. The
first case we discuss is the symmetric powers of cuspidal automorphic repre-
sentations of GL2. More precisely, let ⇡ = ⌦0

v⇡v be a cuspidal automorphic
representation of GL2(AF ) and let

Symk : LGL2 �! LGLk+1 (13.10)

be the representation that is the identity on the Galois factors and the sym-
metric kth power representation on the neutral components. By the local
Langlands correspondence explained in §12.3 and §12.4, Symk(⇡v) is a well-
defined irreducible admissible representation of GLk+1(Fv) for all places v of
F. Hence

Symk(⇡) = ⌦0

vSym
k(⇡v)

is an irreducible admissible representation of GLk+1(AF ).

Theorem 13.6.1 If ⇡ is a cuspidal automorphic representation of GL2(AF )
then the admissible representation Symk(⇡) of GLk+1(AF ) is automorphic
for k  4. ut

The proof of Theorem 13.6.1 was given by Gelbart-Jacquet [GJ78] for k = 2,
by Kim-Shahidi [KS02] for k = 3, and by Kim [Kim03] for k = 4. As of this
writing, the corresponding statement for k � 5 remains unproven. Gelbart
and Jacquet’s work occurred before the local Langlands correspondence was
proven. In [Kim03] Kim gives an alternate proof that includes compatibility
with the local Langlands correspondence.

If F is totally real and ⇡v is an essentially square integrable representa-
tion for all v|1 then Newton and Thorne [NT22] have shown that Symk(⇡)
is automorphic for all k. Their methods are essentially disjoint from the
Langlands-Shahidi method and build on the work of many. The proof re-
lies heavily on the assumption on ⇡1. It appears unlikely that it can be
adapted to treat the general case.

The second case we discuss is Langlands functoriality for Rankin-Selberg
products of cuspidal automorphic representations of GLn. For any m,n 2
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Z�0, let

r⌦ : L(GLm ⇥GLn) �! LGLmn (13.11)

be the representation that is the tensor product on the neutral components
and the identity map on the Galois factors. This family of L-maps is extremely
important; taking tensor products is a basic procedure for constructing new
representations out of old representations.

For every place v of F and every admissible representation ⇡1v ⌦ ⇡2v of
GLm(Fv)⇥GLn(Fv), we have

L(s,⇡1v ⌦ ⇡2v, r⌦) = L(s,⇡1v ⇥ ⇡2v)

where the L-function on the right is the Rankin-Selberg L-function appearing
in §11.5. This identity is built into the local Langlands correspondence. It is
customary to write

⇡1v ⇥ ⇡2v := r⌦(⇡1v ⌦ ⇡2v).

Thus for automorphic representations ⇡1 and ⇡2 of GLm(AF ) and GLn(AF ),
respectively, we have an admissible representation

⇡1 ⇥ ⇡2 :=
Y

v

⇡1v ⇥ ⇡2v

of GLmn(AF ). By Rankin-Selberg theory, specifically Theorem 11.7.1, the
standard L-function of this representation behaves as predicted by Conjecture
12.7.1. In general this is not enough to deduce that ⇡1 ⇥ ⇡2 is automorphic
using the converse theorem (Theorem 11.9.1). However for small m and n
a combination of the converse theorem and the Langlands-Shahidi method
yields the following theorem:

Theorem 13.6.2 For 1  k  3, let ⇡1 and ⇡2 be cuspidal automorphic
representations of GL2(AF ) and GLk(AF ), respectively. Then ⇡1 ⇥ ⇡2 is au-
tomorphic. ut

For the GL2 ⇥ GL2 case, this was proven in [Ram00a]. For the GL2 ⇥ GL3

case, this is [KS02, Theorem 5.1]. The paper [Ram00a] was written before
the proof of the local Langlands correspondence. Compatibility of the transfer
with the local Langlands correspondence was checked in [Kim03].

13.7 Functoriality for the classical groups

We continue to assume that F is a number field. Let
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Jn :=

0

B@
1

. .
.

1

1

CA 2 GLn(Z) (13.12)

be the antidiagonal matrix and let

J 0

2n : =

✓
Jn

�Jn

◆
,

J 0

2n+1
: =

0

@
Jn

1
�Jn

1

A .

(13.13)

We take our “standard” orthogonal and symplectic groups to be the groups
over F whose points in an F -algebra R are given by

On(R) : = {g 2 GLn(R) : gJng
t = Jn},

Sp
2n(R) : = {g 2 GL2n(R) : gJ 0

2ng
t = J 0

2n}.
(13.14)

Let E/F be a quadratic extension. We then define

Un(R) := {g 2 GLn(E ⌦F R) : gJng
t = Jn},

where the bar denotes the action of the nontrivial element of Gal(E/F ). This
is the quasi-split unitary group attached to the extension E/F.

The extension E/F also defines a quasi-split orthogonal group as follows:
View E as a vector space over F equipped with the quadratic form NE/F .
Choosing a basis, we obtain a symmetric matrix �E 2 GL2(F ) corresponding
to the quadratic form in the usual manner. Then, for an F -algebra R,

O⇤

2n(R) :=

8
<

:g 2 GLn(R) : g

0

@
Jn�1

�E
Jn�1

1

A gt =

0

@
Jn�1

�E
Jn�1

1

A

9
=

; .

We define SOn < On and SO⇤

n < O⇤
n to be the subgroups of determinant 1 as

usual. We refer to the groups above as the quasi-split classical groups of
rank n defined over R and denote them by Gn. To avoid degenerate special
cases,

when Gn = SO2n or Gn = SO⇤

2n we always assume n � 2.

Following [CPSS11] we have the following table of groups and L-maps:
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Gn r : LGn ! LHN HN

SO2n+1 Sp
2n(C)⇥GalF ! GL2n(C)⇥GalF GL2n

SO2n SO2n(C)⇥GalF ! GL2n(C)⇥GalF GL2n

SO⇤

2n SO2n(C)oGalF ! GL2n(C)⇥GalF GL2n

Sp
2n SO2n+1(C)⇥GalF ! GL2n+1(C)⇥GalF GL2n+1

Un GLn(C)oGalF ! GLn(C)2 oGalF ResE/FGLn

The L-maps in the first, second, and fourth row are given by the natural
inclusions. For the third, let

bw :=

0

BB@

In�1

0 1
1 0

In�1

1

CCA .

Then GalF acts on SO2n(C) via its quotient Gal(E/F ), with the nontrivial
element � of Gal(E/F ) acting by conjugation by bw. The map

SO2n(C)oGalF �! GL2n(C)⇥GalF

is given by the natural embedding on the neutral component and sends 1o
� to bw ⇥ �. Finally when Gn = Un and HN = ResE/FGLn the absolute
Galois group of F again acts on GLn(C) via its quotient Gal(E/F ), with the
nontrivial element � acting via

LU�

n = GLn(C) �! GLn(C)

g 7�! J 0�1

n g�tJ 0

n,
LH�

N = GL2

n(C) �! GL2

n(C)

(h1, h2) 7�! (h2, h1)

(13.15)

and the embedding r is given by

r(g o �) = (g, J 0�1

n g�tJ 0

n)o �. (13.16)

There is a great deal known about Langlands functoriality for this collection
of L-maps. Definitive results were obtained for generic representations in
[CKPSS04, CPSS11]. We focus on this case in the current section. Later
Arthur [Art13] established the same result for arbitrary representations (in
the orthogonal and symplectic cases) under suitable assumptions (see §13.8
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for details). The unitary case was completed by Mok [Mok15] under the same
assumptions.

The following theorem is [CPSS11, Theorem 1.1]. It uses the notation of
the table above. It represents the culmination of an impressive body of work
by Cogdell, Kim, Krishnamurthy, Piatetski-Shapiro and Shahidi.

Theorem 13.7.1 Let ⇡ be an irreducible globally generic cuspidal automor-
phic representation of Gn(AF ). Then there exists a functorial transfer of ⇡
to HN (AF ) with respect to the L-map r. ut

The main tools used in the proof of this theorem are the Langlands-Shahidi
method and an analogue of the converse theorem stated in Theorem 11.9.1.
Let ⇡ be as in the statement of Theorem 13.7.1. For every integer m � 1 and
every cuspidal automorphic representation ⌧ of Hm(AF ), Langlands-Shahidi
theory provides an L-function L(s,⇡⇥ ⌧) that admits a meromorphic contin-
uation to the plane and a functional equation. One constructs an admissible
representation r(⇡) of HN (AF ) such that

L(s,⇡v ⇥ ⌧v) = L(s, r(⇡)v ⇥ ⌧v) (13.17)

for all archimedean places v and nonarchimedean places v where F is unrami-
fied over its prime field and ⇡v, ⌧v are unramified. It is harder to obtain infor-
mation at the ramified places. For this one studies �-factors �(s,⇡v ⇥ ⌧v, v)
defined for the Langlands-Shahidi L-function L(s,⇡v⇥⌧v). They are the ana-
logues for Langlands-Shahidi L-functions of the �-factors defined in Theorem
11.5.4 in the context of Rankin-Selberg theory. When m = 1, so ⌧v is a quasi-
character, it can be shown that �(s,⇡v ⇥ ⌧v, v) depends only on the central
character of ⇡v if ⌧v is su�ciently ramified. This result is known as stability
of �-factors. This allows one to prove (13.17) for all places v and a range
of m after replacing ⌧v by a ramified twist. Applying a suitable converse
theorem one deduces the automorphy of r(⇡).

Assuming Theorem 13.7.1, Ginzburg, Rallis and Soudry [GRS01] had pre-
viously used their descent technique to characterize the image of the functo-
rial transfer attached to r. In order to state their result, we digress to discuss
a family of L-functions. As a first step we record a table of representations r0

and characters �Gn
: [Gm]⇥ ! C

⇥. The representations r0 listed below are
representations of HN , where HN is the group attached to Gn in the table
above:
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Gn r0 �Gn

SO2n+1 ^2 1

SO2n Sym2 1

SO⇤

2n Sym2 ⌘E/F

Sp
2n Sym2 1

U2n AsE/F ⌦ ⌘E/F 1

U2n+1 AsE/F 1

Here 1 denotes the trivial character, and ⌘E/F is the character attached to
E/F by class field theory. The only representation that is not self-explanatory
is AsE/F . For any field extension E/F of finite degree the Asai represen-
tation

AsE/F : LResE/FGLn = GLn(C)
HomF (E,F )

oGalF �! GLn[E:F ](C)
(13.18)

is defined as follows. We have a homomorphism

AsE/F : GLn(C)
HomF (E,F )

oGalF �! AutC(⌦⇠2HomF (E,F )
C

n)

given by stipulating that for (g⇠)o � 2 GLn(C)HomF (E,F )
oGalF

AsE/F ((g⇠)o 1)(⌦⇠v⇠) = ⌦⇠g⇠v⇠ and AsE/F (1o �)(⌦⇠v⇠) = ⌦⇠v��1�⇠.

The inverse is here because � maps the ⇠ factor of a pure tensor to the ��⇠ fac-
tor. Upon choosing an isomorphism AutC(⌦⇠2HomF (E,F )

C
n) ⇠= GLn[E:F ](C)

and we obtain the representation (13.18). This representation plays an im-
portant role in §14.5 below.

Conjecture 12.7.1 on the analytic properties of Langlands L-functions is
more or less known in the cases above. In more detail, let  : F\AF ! C

⇥ be
a nontrivial character. Langlands-Shahidi theory produces L-functions and
"-factors

LLS(s,⇡v, r
0) and "LS(s,⇡v, r

0, v) (13.19)

for every place v of F that are equal to the L-function and "-factor

L(s,⇡v, r
0) and "(s,⇡v, r

0, v), (13.20)

respectively, when v is archimedean or v lies outside of some finite set S of
nonarchimedean places. Let
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LLS(s,⇡, r
0) :=

Y

v

LLS(s,⇡v, r
0),

"LS(s,⇡, r
0) :=

Y

v

"LS(s,⇡v, r
0, v).

(13.21)

The global "-factor is again independent of  . These factors are originally de-
fined for Re(s) large. One has the following theorem, due to Shahidi following
work of Langlands [Sha90, Theorem 7.7]:

Theorem 13.7.2 The L-function LLS(s,⇡, r0) admits a meromorphic con-
tinuation to the plane. It satisfies the functional equation

LLS(s,⇡, r
0) = "LS(s,⇡, r

0)LLS(1� s,⇡_, r0).

ut

The L-functions LLS(s,⇡,^2) and LLS(s,⇡, Sym
2) are moreover bounded in

vertical strips [GS01].
Generalizations of the Rankin-Selberg theory discussed in Chapter 11 pro-

vide yet another definition of the L-functions and "-factors above and one
can prove a theorem analogous to Theorem 13.7.2 using these L-functions in
most cases (see [Bum05] for a survey). The definition of L-functions in terms
of Rankin-Selberg integrals is important because in practice it provides in-
formation (e.g. about poles) that is complementary to that obtained via the
Langlands-Shahidi method.

Of course, one wants to know that all of these L-functions and "-factors
agree. This has been proven in important cases. For the agreement of
Langlands-Shahidi and Rankin-Selberg L-factors in many cases, we refer to
[Kap15]. We also have the following result [CST17]:

Theorem 13.7.3 If r0 is ^2 or Sym2, then one has that

LLS(s,⇡v, r
0) = L(s,⇡v, r

0) and "LS(s,⇡v, r
0) = "(s,⇡v, r

0).

ut

After this digression on L-functions, we turn back to the characterization
of the image of the functorial transfer. As above let E/F be a field extension of
degree 2. The group ResE/FGLn admits an outer automorphism � induced by
the action of the nontrivial element of Gal(E/F ). For irreducible admissible
representations ⇡0 of ResE/FGLn(AF ), let

⇡0�(g) := ⇡0(�(g))

and let
⇡0⇤ := (⇡0�)_.

This is sometimes known as the conjugate dual representation. We say
that ⇡0 is conjugate self-dual if ⇡0 ⇠= ⇡0⇤.
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For the purposes of stating the following theorem, it is convenient to let
⇡0⇤ := ⇡0_ when HN = GLN and let ⇡0⇤ be defined as above otherwise.
Let !⇡0 be the central quasi-character of ⇡0. For the proof of the following
theorem we refer to [GRS01, Sou05]:

Theorem 13.7.4 Let ⇡ be a globally generic cuspidal automorphic represen-
tation of Gn(AF ). The functorial lift r(⇡) satisfies !r(⇡)|A⇥

F

= �Gn
and is of

the form

⇡0 = ⇡0

1
� · · ·� ⇡0

d, (13.22)

where each ⇡0

i is a unitary cuspidal automorphic representation of HNi
(AF )

with
P

i Ni = N satisfying

(a) ⇡0⇤

i
⇠= ⇡0

i,
(b) ⇡0

i
⇠= ⇡0

j if and only if i = j,
(c) L(s,⇡0

i, r
0) has a pole at s = 1.

Moreover, any ⇡0 as in (13.22) satisfying !⇡0 |A⇥

F

= �Gn
and (a)-(c) is of the

form r(⇡) for some globally generic cuspidal automorphic representation ⇡ of
Gn(AF ). ut

Here !⇡0 |A⇥

F

is just !⇡0 unless Gn = Un, in which case it is the restriction of
!⇡0 to the proper subgroup

A
⇥

F ,�! A
⇥

E�̃!ZResE/FGLn
(AF ).

Analogues of Theorem 13.7.1 and Theorem 13.7.4 are known for general spin
groups by work of Asgari and Shahidi [AS06, AS14].

In this section we have concentrated on generic representations. This is
because originally the approach explained above relied crucially on this as-
sumption. Recently the genericity assumption has been removed in work of
Cai, Friedberg, Ginzburg and Kaplan. We refer to [CFK18] (which is based
on [CFGK19]) for a precise statement. This provides a new, unconditional,
and independent proof of a portion of the endoscopic classification of repre-
sentations on classical groups that we discuss in the next section.

13.8 Endoscopic classification of representations

In this section we continue to use the notational conventions of the previ-
ous section. In particular F is a number field. In [Art13], Arthur proves the
existence of functorial transfer with respect to the L-maps r of the previous
section (at least when Gn 6= Un). In particular there is no genericity as-
sumption in his work. Moreover, he gave a precise enough description of the
fibers of the functorial transfer that he could classify the discrete spectrum of
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L2([Gn]) in terms of automorphic representations on HN . We explain these
results in the current section. The main tool used to establish Arthur’s result
is the theory of twisted endoscopy (see §19.5), so one refers to Arthur’s
work and subsequent refinements as the endoscopic classification of rep-
resentations.

In his book [Art13] Arthur gives a careful account of how to replace objects
attached to the conjectural global Langlands group LF discussed in §12.6 by
well-defined, unconjectural objects. For the sake of clarity and brevity, we
will not reproduce this discussion apart from some brief comments at the
end of this section. Instead, we will state Arthur’s main results as directly as
possible.

There are two points the reader should bear in mind. First, we have not
stated all of Arthur’s results, and we have not included Mok’s results in the
Gn = Un case since this would require more notation. We refer to [Mok15]
instead. Second, all of the work in this section (and in Mok’s work) is con-
ditional on Arthur’s local claims discussed in §12.5 above and on the sta-
bilization of the twisted weighted trace formula. Moeglin and Waldspurger
have proven this under the assumption of the twisted weighted fundamen-
tal lemma [MW16a, MW16b]. The original fundamental lemma of Shelstad
and Langlands was proved in the breakthrough work of Ngô in [Ngô10b] for
which he received the Fields medal. Ngô’s work is based on the work of many
over decades and his survey [Ngô10c] is a good place to obtain some histori-
cal perspective. Other versions of the fundamental lemma have been proven
by Laumon and Chaudouard using nontrivial generalizations of Ngô’s tech-
niques [CL10, CL12]. In principle a proof of the twisted weighted fundamental
lemma should be within reach but as of this writing it is not complete.

For the remainder of this section, we assume Gn 6= Un. The first main
theorem is the following:

Theorem 13.8.1 Every irreducible subrepresentation of L2([Gn]) admits a
functorial transfer to HN with respect to r. ut
This result is implicit in the main theorems stated in [Art13]. Since irreducible
subrepresentations of L2([Gn]) need not be tempered, to make precise what
one means by a functorial transfer, one needs more than the theory outlined
in §12.5. We will not make this precise and instead refer the reader to [Art13].

There is a wrinkle which will continue to play a role below. When Gn is
SO2n or SO⇤

2n let ✓ : Gn ! Gn be the automorphism induced by conjugation
by an element of O2n(F )�SO2n(F ) or O⇤

2n(F )�SO⇤

2n(F ), respectively. The
automorphism ✓ is unique up to composing with an inner automorphism of
Gn. The functorial transfer given in Theorem 13.8.1 is insensitive to replacing
a representation ⇡ by ⇡✓, where ⇡✓(g) := ⇡(✓(g)). With this in mind let

eC1

c (Gn(AF )) (13.23)

be C1
c (Gn(AF )) except in the special case where Gn is SO2n or SO⇤

2n, in
which case it is the subalgebra of C1

c (Gn(AF )) invariant under ✓.



362 13 Known Cases of Global Langlands Functoriality

Let
L2

disc
([Gn]) < L2([Gn])

be the largest closed subspace that decomposes discretely under C1
c (Gn(AF )).

In view of Theorem 13.8.1, it is natural to partition L2

disc
([Gn]) into the fibers

of the functorial transfer to HN (AF ) and then try to describe the fibers,
preferably in terms of local data. This is precisely what Arthur accomplished.

We state the main classification result first. The remainder of the section
is devoted to defining the notation that appears.

Theorem 13.8.2 (Arthur) There is an eC1
c (Gn(AF ))-module isomorphism

L2

disc
([Gn]) ⇠=

M

 2 e 2(Gn)

M

⇡2f⇧ (" )

⇡�m ,

where m = 1 or 2. ut

This is [Art13, Theorem 1.5.2]. For a cuspidal automorphic representation ⌧
of HN (AF ) and m 2 Z�1, let (⌧,m) be the Speh representation of §10.8. One
says that ⌧ is of orthogonal type if L(s, ⌧, Sym2) has a pole at s = 1 and
of symplectic type if L(s, ⌧,^2) has a pole at s = 1. Since

L(s, ⌧, Sym2)L(s, ⌧,^2) = L(s, ⌧ ⇥ ⌧)

it follows from Theorem 11.7.1 that ⌧ cannot be both orthogonal and sym-
plectic, and it is orthogonal or symplectic if and only if ⌧ ⇠= ⌧_. We define
the type of the representation (⌧,m) as follows:

⌧ m (⌧,m)

orthogonal even symplectic

symplectic even orthogonal

orthogonal odd orthogonal

symplectic odd symplectic

The set e 2(Gn) in Theorem 13.8.2 is the set of automorphic representations
of HN (AF ) of the form

�d
i=1

(⌧i,mi)

where

(1)⌧i is a cuspidal automorphic representation of HNi
(AF ),

(2)
Pd

i=1
Nimi = N,

(3) ⌧_i ⇠= ⌧i for all i,
(4) ⌧i ⇠= ⌧j if and only if i = j,
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(5) If LG�
n is orthogonal (resp. symplectic) then (⌧i,mi) is orthogonal

(resp. symplectic).

We note that condition (5) actually implies condition (3). The set e 2(Gn)
is known as the set of discrete global A-parameters of Gn. The A in
A-packets is in honor of Arthur, who first introduced these objects. The
multiplicity m in Theorem 13.8.2 is 1 unless N is even, LG�

n = SON (C),
and Nimi is even for all i, in which case it is 2. The discrete global A-
parameter is said to be generic if mi = 1 for all i. In this case we also refer
to the parameter as a discrete generic global L-parameter.

For every  2 e 2(Gn), Arthur defines a finite 2-group S and a character

" : S �! {±1}.

We omit the definition. For every place v of F and every  2 e 2(Gn), we
define a representation

 v : W 0

Fv
⇥ SL2(C) �! LHN

by

 v :=
dM

i=1

rec(⌧iv)⌦ Symmi

where rec is the local Langlands reciprocity map of (12.17) in §12.4. We note
that  v is not an L-parameter, but one can obtain an L-parameter from it
as follows:

⇢( v)(g) :=  v

⇣
g,
⇣

|g|1/2
v

|g|�1/2
v

⌘⌘
.

Here | · |v is the composite

W 0

Fv
W ab

Fv
F⇥
v R>0

Art
�1
F

|·|v

where the first arrow is the canonical quotient map.
The extra SL2(C) factor occurring in the domain of  v is colloquially

known as the Arthur-SL2 and plays a role similar to the representation of
SL2 that appears in Hodge theory. One proves that an bHN (C)-conjugate of
 v factors through the L-map r and hence  v defines a homomorphism

 v : W 0

Fv
⇥ SL2(C) �! LGn.

These are examples of local A-parameters, although we will not formally
define this concept. One shows in addition the existence of maps

locv : S �! ⇡0(S v
)

where
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S v
:= C bGn(C)(Im( v))/Z

GalFv

bGn(C)

as in (12.24). We warn the reader that the component group ⇡0(S v
) is

denoted by S v
in [Art13].

For each A-parameter  v Arthur defines a set e⇧( v) of irreducible admis-
sible representations of Gn(Fv) satisfying certain desiderata. This is already
a substantial theorem as it amounts to a proof of a refined local Langlands
correspondence for Gn(Fv). The set e⇧( v) is the local A-packet attached
to  v. The use of e⇧( v) instead of the notation ⇧(⇢v) of §12.5 is intentional.
First, the tilde is a reminder that one is only classifying representations up to
the action of the outer automorphism ✓ when Gn is SO2n or SO⇤

2n. Second,
the packets e⇧( v) are not L-packets. They are an enlargement of L-packets
required due to the fact that the representations in question are often nontem-
pered. In the special case where  v is trivial on the Arthur-SL2, the packet
e⇧( v) is an (almost tempered) L-packet in the sense of §12.5. We point out
that  v is trivial on the Arthur-SL2 for all v for any discrete generic global
L-parameter  .

As in §12.5, any ⇡v 2 e⇧( v) comes equipped with a character

h⇡v, ·i : ⇡0(S v
) �! C

⇥

and thus for all ⇡ 2 e⇧( ) obtain a character

h⇡, ·i :=
Y

v

h⇡v, ·i.

This allows us to form the global adelic A-packet

e⇧( ) :=
n
⌦0

v⇡v : ⇡v 2 e⇧( v) and h⇡v, ·i = 1 for almost all v
o
. (13.24)

It consists of a set of admissible representations of Gn(AF ). Not all of them
are automorphic, let alone occur in L2

disc
([Gn]). The last piece of the clas-

sification theorem is a device for selecting which occur in L2([Gn]). This is
provided by " . One defines

e⇧ (" ) := {⇡ 2 e⇧( ) : h⇡, ·i = " }. (13.25)

This completes our discussion of the objects in Theorem 13.8.2.
There is one piece of terminology above that may seem puzzling. In this

section discrete generic global L-parameters were defined in terms of cuspidal
automorphic representations of general linear groups, whereas in §12.6 these
objects were defined in terms of representations of the conjectural group
LF . Since LF is conjectural the earlier description is problematic, so Arthur
modified it as follows. Local L-packets for HNFv

are singletons for all places
v of F, at least in the almost tempered case. Hence global L-parameters into
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LHN that are direct sums of discrete generic global L-parameters should
correspond bijectively to isobaric sums

⇡1 � · · ·� ⇡nk
(13.26)

of cuspidal automorphic representations of AGLni
\GLni

(AF ) satisfying

kX

i=1

ni = N. (13.27)

The bijection should be compatible with the local Langlands correspondence.
On the other hand a discrete generic global parameter into LGn is a partic-
ular type of homomorphism LF ! LHN that factors through the L-map
r : LGn ! LHN . Thus Arthur identifies the set of discrete generic global
parameters LF ! LHN with the set of isomorphism classes of cuspidal
representations of AGLN

\GLN (AF ). He then isolates exactly which isobaric
sums (13.26) would have global L-parameters into LHN that factor through
r : LGn ! LHN if we knew that LF existed. This is how he arrives at the def-
inition of discrete generic global L-parameters of Gn. Similar considerations
lead to the definition of discrete global A-parameters.

Let us be more explicit about isolating discrete generic global L-parameters
that factor though an L-map in a special case. Assume

Gn = Sp
2n,

LGn = SO2n+1(C)⇥GalF .

If we knew the existence of the global Langlands group LF , then the discrete
generic global L-parameters ⇢ : LF ! LH2n+1 that factor through

r : LSp
2n �! LGL2n+1

would be precisely those ⇢ whose image under the projection LGL2n+1 !
GL2n+1(C) fixes a symmetric bilinear form on C

2n+1. This condition on ⇢ is
equivalent to the assertion that the trivial representation is a subrepresenta-
tion of

Sym2 � ⇢.

By a suitable generalization of the Artin conjecture, the trivial representa-
tion occurs in Sym2 � ⇢ if and only if L(s, Sym2 � ⇢) has a pole at s = 1.
The translation of this discussion to the automorphic side of the conjectural
global Langlands correspondence is the assertion that a cuspidal automor-
phic representation ⇡ of GL2n+1(AF ) is a functorial transfer from Sp

2n(AF )
if and only if L(s,⇡, Sym2) has a pole at s = 1. Assume the notation of the
previous section. The line of reasoning above leads to the expectation that
the cuspidal automorphic representations ⇡0 of AHN

\HN (AF ) that are func-
torial transfers from Gn(AF ) with respect to r : LGn ! LHN are precisely
those ⇡0 such that L(s,⇡0, r0) has a pole at s = 1. Up to some additional
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conditions on the central character, this is implied by either Theorem 13.7.4
or Theorem 13.8.2 and its analogue in the unitary case [Mok15].

This sort of characterization of the image of functorial transfers in terms
of L-functions is in principle not limited to the case of twisted endoscopy.
This observation forms the basis of Langlands’ beyond endoscopy idea. It
is a proposal for establishing Langlands functoriality in general [Lan04] (see
also [Alt20, Get18, Get20, Her11a, Her16, Rud90, Sak22, Sar, Ven04]). It is
important to note that the problem of characterizing the image of functorial
lifts in terms of L-functions in general is much more complicated than the
discussion above may lead one to believe [GK15, Hah16a, Hah16b, Hah21].

13.9 The function field case

In the function field case much more is known. Let F be a function field of
characteristic p. For GL2, the Langlands correspondence over F was proved
by Drinfeld [Dd80, Dd87b, Dd87a, Dd88]. The work earned Drinfeld a Fields
medal. For GLr with r arbitrary the Langlands correspondence over F was
proved by L. La↵orgue [Laf02]. The work earned him a Fields’ medal as
well. La↵orgue’s argument follows Drinfeld’s, although there were substantial
technical obstacles to overcome to adapt the techniques from the GL2 case
to higher rank.

L. La↵orgue constructed a bijection between the set of isomorphism classes
of continuous irreducible representations GalF ! GLr(Q`) that are unram-
ified almost everywhere and have finite order determinant and isomorphism
classes of cuspidal automorphic representations of GLr(AF ) with finite order
central character. He moreover proved that the bijection is compatible with
the local Langlands correspondence at all unramified places. This is enough
to uniquely determine the correspondence by the Chebatarev density theorem
on the Galois side and the strong multiplicity one assertion of Theorem 11.7.2
on the automorphic side. The proof involves comparing the Grothendieck-
Lefschetz trace formula for the trace of Frobenius on a certain stack and the
Arthur-Selberg trace formula. The Grothendieck-Lefschetz trace formula en-
codes Galois-theoretic information ultimately coming from the étale site and
the Arthur-Selberg trace formula encodes automorphic information.

More recently, V. La↵orgue gave a decomposition of the space of cusp
forms on an arbitrary reductive group over F in terms of L-parameters that
is compatible with the local Langlands correspondence at almost all places
[Laf18]. This can be viewed as a construction of the map (12.36). Interestingly
his proof does not involve the Arthur-Selberg trace formula.

All of the work above relies on objects known as shtukas (Russian for
“thing”). The very definition of a shtuka involves the scheme

Spec(OF ⌦Fp
OF ). (13.28)
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This sort of self product also comes up in Deligne’s proof of the Riemann
hypothesis in the function field case. The analogue of this scheme does not
exist in the number field case, since the various residue fields of the ring
of integers of the number field all have di↵erent characteristics. However,
when one restricts to a particular prime of the number field and completes
OF at that prime then an analogue of (13.28) does exist [SW20, §1.2]. This
analogue plays a key role in Fargues and Scholze’s work on the local Langlands
correspondence [FS21].

There has been a great deal of thought about what can be used to replace
(13.28) in the number field case. The idea is that instead of Fp one should use
the field with one element. This remains a very interesting but mostly specu-
lative prospect. The motivation comes not only from the link with Langlands
functoriality but also from the link to the Riemann hypothesis.

Exercises

13.1. Suppose that G is a reductive group over a number field F. Let
r : LG ! LResE/FGLn be an L-map and let ⇡ be a cuspidal automor-
phic representation of G(AF ). Assume that a weak transfer ⇡0 of ⇡ to
ResE/FGLn(AF ) = GLn(AE) with respect to r exists and ⇡0 is isobaric.
Prove that ⇡0 is the unique isobaric automorphic representation of GLn(AE)
that is a weak transfer of ⇡ with respect to r.

13.2. Prove (13.4).

13.3. Prove (13.6).

13.4. Let ⇡ be a cuspidal automorphic representation of AGL2\GL2(AF ). Let

rk : LGL2 �! GL(k+1)2(C)

be the representation given by Symk ⌦ (Symk)_. Assume that L(s,⇡, rk)
converges absolutely for Re(s) > 1 for all k � 1. Prove the unramified Ra-
manujan conjecture for ⇡. In other words, for all places v of F such that
⇡v is unramified, say ⇡v ⇠= J(�), the Langlands class (or Satake parameter)
q�� 2 GL2(C) has eigenvalues of complex norm equal to 1.





Chapter 14

Distinction and Period Integrals

Je serais reconnaissant a toute
personne ayant compris cette
demonstration de me l’expliquer.

Pierre Deligne

Abstract In this chapter we discuss the notion of a distinguished represen-
tation in local and global contexts. The global notion is defined in terms
of period integrals and hence isolates a crucial link between automorphic
representation theory and the geometry of locally symmetric spaces.

14.1 Introduction

The notion of distinction of automorphic representations with respect to sub-
groups of the ambient group was introduced in a global setting by Harder,
Langlands and Rapoport in their work on the Tate conjecture for Hilbert
modular surfaces [HLR86]. Jacquet later developed a tool for studying dis-
tinction, namely the relative trace formula, which includes the usual trace
formula as a special case. This will be treated in Chapter 18. In retrospect,
the notion of distinction has been an integral part of representation theory
for some time, as it often isolates models of representations of considerable
interest. For example, the whole theory of generic representations can be
thought of as a special case of the study of distinguished representations.

In this chapter we discuss the notion of distinction, starting from the local
setting and moving to the global. The special case of spherical subgroups is
discussed in §14.4 and important conjectures of Sakellaridis and Venkatesh
are described in vague terms. We give a fairly thorough treatment of sym-
metric subgroups of the general linear group in §14.5 and then discuss the
exciting prospect of generalizing this to classical groups in §14.6. A brief in-
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troduction to the Gan-Gross-Prasad conjecture follows in §14.7. Finally we
complete the chapter with some negative results in §14.8.

14.2 Distinction in the local setting

Let G be a reductive group over a local field F and let H  G be a subgroup.
Assume we are given a quasi-character � : H(F )! C

⇥. Let V� be the space
of �. In other words, it is the 1-dimensional complex vector space on which
H(F ) acts via �.

Definition 14.1. A smooth representation (⇡, V ) of G(F ) is said to be
(H,�)-distinguished if

HomH(F )(V, V�) 6= 0.

If H and/or � are understood then we often speak of �-distinguished, H-
distinguished or simply distinguished representations. An element of

HomH(F )(V, V�)

is an (H,�)-functional.

Here HomH(F )(V, V�) is the space of H(F )-equivariant continuous C-linear
maps from V to V� where V� = C is given its usual topology. In the nonar-
chimedean case, V is endowed with the discrete topology, and hence any
C-linear map from V to V� is continuous.

Let

C1(H(F )\G(F ),�)

be the space of f 2 C1(G(F )) such that

f(hg) = �(h)f(g) for all (h, g) 2 H(F )⇥G(F ).

In the archimedean case C1(G(F )) admits a natural Fréchet topology. The
subspace C1(H(F )\G(F ),�) is closed and we give it the subspace topology.

Lemma 14.2.1 There is a C-linear isomorphism

HomH(F )(V, V�)�̃!HomG(F )(V,C
1(H(F )\G(F ),�)). (14.1)

Here elements of HomG(F )(V,C
1(H(F )\G(F ),�)) are required to be con-

tinuous (which is automatic in the nonarchimedean case).

Proof. To an (H,�)-functional � and ' 2 V, we associate the function

I�(')(g) := �(⇡(g)').
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In the nonarchimedean case, it is smooth because ' is smooth. In the
archimedean case, the functional lies in C1(G(F )) by theorems 4.2.2 and
4.2.3.

To an intertwining map I : V ! C1(H(F )\G(F ),�), we associate the
(H,�)-functional

�I(') := I(')(1)

where 1 is the identity of G(F ). One checks that the two maps we have
defined are inverses of each other. ut

Corollary 14.2.2 A smooth representation (⇡, V ) of G(F ) is (H(F ),�)-
distinguished if and only if there is a nonzero continuous intertwining map

V �! C1(H(F )\G(F ),�).

ut

Again, the continuity requirement is vacuous in the nonarchimedean case.
Lemma 14.2.1 can be refined in the nonarchimedean case. A function

f 2 C1(H(F )\G(F ),�) is uniformly smooth if there is a compact open
subgroup K  G(F ) such that f(gk) = f(g) for all g 2 G(F ). When F is
nonarchimedean we let

C1

u (H(F )\G(F ),�) (14.2)

be the subspace of C1(H(F )\G(F ),�) consisting of uniformly smooth func-
tions. When � = 1 these spaces are used in [SV17], for example, where they
are simply denoted C1(H(F )\G(F )). The fact that V is smooth implies that

HomG(F )(V,C
1(H(F )\G(F ),�)) = HomG(F )(V,C

1

u (H(F )\G(F ),�)).

Hence the isomorphism in Lemma 14.2.1 is in fact a C-linear isomorphism

HomH(F )(V, V�)�̃!HomG(F )(V,C
1

u (H(F )\G(F ),�)). (14.3)

It is instructive to observe that one can view the theory of generic represen-
tations discussed in §11.3 as a special case of the more general concept of dis-
tinguished representations. Assume for simplicity that F is nonarchimedean.
If G is quasi-split reductive over F, N  G is the unipotent radical of a
Borel subgroup, and  : N(F ) ! C

⇥ is a generic character then an irre-
ducible admissible representation ⇡ of G(F ) is  -generic if and only if it is
(N, )-distinguished. The space HomN(F )(V, V ) is the space of Whittaker
functions, and HomG(F )(V,C

1(N(F )\G(F ), )) is the space of Whittaker
models. Both are at most 1-dimensional. For many interesting cases, the
phenomenon that HomH(F )(V, V�) is at most 1-dimensional (or at least finite
dimensional) persists. We discuss this in more detail in §14.4 below.
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14.3 Global distinction and period integrals

The global version of distinction involves period integrals of cusp forms. Let
G be a reductive group over a global field F and let H be a subgroup of G.
Let

� : H(AF ) �! C
⇥

be a quasi-character trivial on (AG \H(AF ))H(F ). For the definition of the
central subgroup AG, see (2.19). Thus � induces a function

AGH(F )\AGH(AF ) = (AG \H(AF ))H(F )\H(AF ) �! C
⇥

which we continue to denote by �. If ' : [G] ! C is a continuous function
then we define the period integral

P�(') :=
Z

AGH(F )\AGH(AF )

'(h)��1(h)dh (14.4)

whenever this integral is absolutely convergent.
For a cuspidal automorphic representation ⇡ of AG\G(AF ), let L2

cusp
(⇡)

be the ⇡-isotypic subspace of L2

cusp
([G]). We assume that P�(') is absolutely

convergent for all smooth ' 2 L2

cusp
([G]).

Definition 14.2. A cuspidal automorphic representation ⇡ of AG\G(AF ) is
(H,�)-distinguished if P�(') is nonzero for some smooth ' in L2

cusp
(⇡).

The relationship between global distinction and local distinction is described
precisely in Exercise 14.4 below. This exercise also explains why a ��1 ap-
pears in the definition of P� instead of just a �.

If H and/or � are understood then we often speak of H-distinguished,
�-distinguished or simply distinguished representations. If � is trivial, then
we often write P for P�.

Example 14.1. If G is quasi-split, H = N is the unipotent radical of a Borel
subgroup, and  : N(AF ) ! C

⇥ is a generic character, then a cuspidal
representation is  -generic if and only if it is (H, )-distinguished. In this
case the integral P�(') is absolutely convergent for all smooth functions
' : [G]! C since [N ] is compact.

The notion of distinction is also of interest for noncuspidal representations.
However the definition is more complicated and usually involves truncation.
See [JLR99, LR03, O↵06a, Zyd19].

We now develop criteria for P�(') to be convergent. First we state a
preparatory result:

Proposition 14.3.1 For any a�ne algebraic group Q over F the topological
group Q�(AF )\Q(AF ) is compact. In fact, it is profinite.
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Proof. This is a result of Borel [Con12a, Proposition 3.2.1]. ut

Assume that

H� = Hr ⇥Hu (14.5)

where Hr is reductive and Hu is unipotent. A version of the following propo-
sition is proven in [AGR93]:

Proposition 14.3.2 Assume (14.5) and that ⌦G ⇢ G(AF ) is a compact set.
Let ' : [G] ! C be a continuous function. If F is a number field we assume
' is rapidly decreasing. If F is a global function field we assume that ' is
compactly supported. We have

Z

AGH(F )\AGH(AF )

��'(hg)��1(h)
�� dh⌧�,',⌦G

1

for g 2 ⌦G.

Proof. We first reduce the proposition to the case whereH is connected. Note
that

AGH
�(F )\AGH

�(AF ) = AGH(F )\AGH(F )H�(AF )

Thus
Z

AGH(F )\AGH(AF )

��'(hg)��1(h)
�� dh

=

Z

AGH(F )H�(AF )\AGH(AF )

Z

AGH�(F )\AGH�(AF )

��'(h�hg)��1(h�h)
�� dh�

dh

dh�

where dh� is induced by a choice of Haar measure on H�(AF ). The group
H�(AF )\H(AF ) is compact by Proposition 14.3.1. Thus applying the Fubini-
Tonelli theorem, we are reduced to the case where H is connected.

We now assume H is connected, so H = Hr ⇥Hu. We then have
Z

AGH(F )\AGH(AF )

��'(hg)��1(h)
�� dh

=

Z

[Hu]

Z

AGHr(F )\AGHr(AF )

��'(hrhug)�
�1(hrhu)

�� dhrdhu.

The set [Hu] is compact by Theorem 2.6.3. Thus again applying the Fubini-
Tonelli theorem, we see that it su�ces to establish the proposition in the
special case where H is reductive.

Finally, assuming now that H is reductive, we have that AHH(AF )1 is of
finite index in H(AF ), and in fact is equal to H(AF ) if F is a number field
by Lemma 2.6.2. It therefore su�ces to show that
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Z

AGH(F )\AGAHH(AF )1

��'(hg)��1(h)
�� dh

=

Z

AG\AHH(F )\AHH(AF )1

��'(hg)��1(h)
�� dh

is bounded by a constant depending on �, ', and ⌦G for g 2 ⌦G.
Let TH0  Hder and T0  Gder be maximal F -split tori in Hder and Gder,

respectively. We can assume T0\Hder = TH0. Let PH be a minimal parabolic
subgroup ofH containing TH0. It admits a Levi decompositionMHNH = PH ,
where MH is the centralizer of TH0 in H (it is a Levi subgroup of PH by
Lemma 1.9.3) and NH < PH is the unipotent radical of PH . By Theorem
2.7.2, there is an t 2 R>0 such that

H(AF )
1 = H(F )ATH0(t)⌦KH

where ⌦ is a compact subset of NH(AF )MH(AF )1, KH  H(AF ) is a max-
imal compact subgroup such that H(AF ) = PH(AF )KH , and ATH0(t) is
defined with respect to the set of simple roots �H of TH0 in H attached to
the parabolic subgroup PH . We refer to §2.7 for notation.

The Haar measure on AHH(AF )1 decomposes as

d(anmk) = dadndmdk

for (a, n,m, k) 2 AHATH0(t) ⇥ NH(AF ) ⇥MH(AF )1 ⇥ KH by Proposition
3.2.1. Thus
Z

AG\AHH(F )\AHH(AF )1

��'(hg)��1(h)
�� dh


Z

(AG\AH)\AHATH0
(t)⇥⌦⇥KH

��'(anmkg)��1(anmk)
�� dadndmdk.

(14.6)

Assume F is a function field. Then (14.6) has support in a compact subset
depending only on ', ⌦, KH , and ⌦G and we deduce the proposition.

Assume now that F is a number field. Let Z0 be the maximal split subtorus
of ZG, let T = Z0T0, and let � ⇢ �(G, T ) be a base. We form the corre-
sponding set

AT0(t0)

for t0 2 R>0. There is a Weyl chamber C ⇢ LieAT0 such that the closure
of the image of C under the exponential map is AT0(1). Weyl chambers in
LieAT0 are permuted simply transitively by W (G, T )(F ) [Bor91, Theorems
21.2, and 21.6] [Bou02, §VI.1.5, Theorem 2]. It follows that

AT0 =
[

w2W (G,T )(F )

wAT0(1)w
�1
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and the intersection of any two W (G, T )(F )-conjugates of AT0(1) is a set of
measure zero with respect to any Haar measure on AT0 . Hence (14.6) is equal
to

X

w2W (G,T )(F )

Z ��'(anmkg)��1(anmk)
�� dadndmdk,

where the integral is over

(AG \AH)\AHATH0(t) \ wAT0(1)w
�1 ⇥⌦ ⇥KH .

Changing variables and using the left invariance of ' under w, we see that
this is

X

w2W (G,T )(F )

Z ��'(aw�1nmkg)��1(waw�1nmk)
�� dadndmdk, (14.7)

where the integral is over

(AG \ w�1AHw)\w�1AHATH0(t)w \AT0(1)⇥⌦ ⇥KH .

Using Lemma 9.6.2, for any r 2 R>0 one has

��'(aw�1nmkg)
��⌧',r,⌦,K,⌦G

min
↵2�

↵(a)�r.

Combining this estimate with (14.7) we deduce the proposition when F is a
number field. ut

Corollary 14.3.3 Assume (14.5). If ' 2 L2

cusp
([G]) is smooth then the in-

tegral defining P�(') is absolutely convergent and the functions

g 7�! P�(⇡(g)') and g 7�!
Z

AGH(F )\AGH(AF )

��'(hg)��1(h)
�� dh

are continuous on G(AF ).

Proof. The function ' is rapidly decreasing when F is a number field by
Corollary 9.6.4, and is compactly supported when F is a function field by The-
orem 9.5.1. Thus the corollary follows from the proof of Proposition 14.3.2.

ut

One might ask whether our assumption (14.5) is actually necessary for
the validity of Proposition 14.3.2 and Corollary 14.3.3. Certainly these re-
sults do not hold for arbitrary H (see Exercise 14.5). However under suitable
assumptions on ' Proposition 14.3.2 is still valid if we replace assumption
(14.5) with the weaker assumption that G/H is quasi-a�ne (i.e. is an open
subscheme of an a�ne scheme) [BP21, Proposition A.1.2]. This is a strict
generalization: our assumption (14.5) implies that G/H is quasi-a�ne, i.e.
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is an open subscheme of an a�ne space [Gro97, Theorem 2.1, Corollary 2.8,
Corollary 2.10].

Assume F is a number field. Let K1  G(F1) be a maximal compact sub-
group. It is often useful to work with K1-finite functions in L2

cusp
(⇡) instead

of merely smooth ones. For this purpose we prove the following lemma:

Lemma 14.3.4 Assume (14.5). Let ⇡ be a cuspidal automorphic representa-
tion of AG\G(AF ). The representation ⇡ is (H,�)-distinguished if and only
if there is a K1-finite smooth function ' 2 L2

cusp
(⇡) such that P�(') 6= 0.

Proof. The “if” direction is obvious. We prove the “only if.” Let U be a
neighborhood of 1 in AG\G(F1) and let " > 0. By the proof of Proposition
4.4.4, we can choose a nonnegative K1-finite f1 2 C1

c (AG\G(F1)) with
support in K1U such that

Z

AG\G(F1)

f(g)dg = 1 and

Z

AG\G(F1)�U
f(g)dg < ".

Choose a smooth function ' in L2

cusp
(⇡) such that P�(') 6= 0. It is fixed by

some compact open subgroup K1  G(A1

F ). Let

f := measdg1(K1)�1f1 K1 ,

where K1 is the characteristic function. Then ⇡(f)' is K1-finite. We have

|P�(⇡(f)')� P�(')| =

�����

Z

AG\G(AF )

f(g) (P�(⇡(g)')� P�(')) dg

����� .

Here we have used Corollary 14.3.3 to justify switching the order of integra-
tion. The above is bounded by

Z

AG\G(AF )

f(g) |P�(⇡(g)')� P�(')| dg. (14.8)

By Corollary 14.3.3 P�(⇡(g)') is continuous as a function of g 2 G(AF ).
Thus (14.8) can be made as small as we wish by adjusting U and ". ut

14.4 Spherical varieties

Let G be a reductive group over a field F and let H  G be a subgroup.
We assume for this section that the characteristic of F is zero because the
majority of references restrict to this case.

There is an important class of subgroupsH for which one can conjecturally
characterize H-distinguished representations. Define the quotient scheme
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X := G/H (14.9)

as in §1.10. It may not be a�ne. Let B  GF be a Borel subgroup.

Definition 14.3. A subgroup H  G is said to be spherical if B has an
open orbit on GF /HF .

More generally, letX be a separated normal (not necessarily a�ne) scheme
of finite type over F equipped with an action of G. Again let B  GF be a
Borel subgroup.

Definition 14.4. The scheme X is a spherical variety if B has an open
orbit on XF .

Thus if H  G is a spherical subgroup then G/H is a spherical variety. A
spherical variety X is of the form G/H for some spherical subgroup H if and
only if it is homogeneous, that is, consists of a single G-orbit (see Proposition
17.2.2).

For any spherical variety X, Gaitsgory and Nadler [GN10] defined a dual
group bGX . In [SV17] Sakellaridis and Venkatesh sketched an argument im-
plying the existence of an embedding

bGX ⇥ SL2 �! bG (14.10)

of reductive groups over C satisfying certain desiderata. The existence of the
embedding was later proved by Knop and Schalke [KS17]. When X = G/H
and H is a reductive symmetric subgroup in the sense of §14.5 there are an-
tecedents of the definition of bGX in [Ric82, JLR93]. These antecedents do not
include the SL2-factor. This factor is crucial for understanding nontempered
distinguished representations. We give an example at the end of §14.5 below.

Assume that X = G/H is a spherical variety where G is split. Assume
moreover that F is a local field. Let GX be the split group over F with
LG�

X = bGX . To avoid discussing A-parameters we assume that the SL2-factor
of (14.10) is trivial. Thus (14.10) is an embedding

LGX �! LG. (14.11)

Assume that the local Langlands correspondence is known for tempered rep-
resentations of G(F ). In this case the basic local principle of Sakellaridis and
Venkatesh is the following:

Principle 14.4.1 A tempered L-parameter ⇢ : W 0

F ! LG factors through
(14.11) if and only if some ⇡ 2 ⇧(⇢) is H-distinguished.

Due to work of Sakellaridis [Sak08, Sak13] we have a robust understanding
of Principle 14.4.1 when the L-parameter is unramified. Generalizing Sakel-
laridis’ work to arbitrary unramified groups G is an important (and probably
accessible) task.
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We have used “principle” instead of “conjecture” because it might be false
as stated. One issue is that it might be necessary to enlarge the L-packet to a
so-called Vogan L-packet that includes representations of pure inner forms
of G. See §14.7 for the definition of pure inner forms. More serious issues can
also occur. A case in point is when H is an orthogonal group On and G is
the general linear group GLn (see §14.5 below). We refer to [SV17, §16] for
explicit conjectures.

Now assume that F is a global field and G is a reductive group over F.
Let H  G be a spherical subgroup. By Exercise 14.4, if ⇡ = ⌦0

v⇡v is a
cuspidal automorphic representation of G(AF ) that is H-distinguished then
⇡v is H-distinguished for all places v of F. In general, the converse statement
is false. There is usually an additional global constraint that can be phrased
in terms of L-functions. We will illustrate this with examples in the next few
sections.

Under suitable assumptions, in [SV17] Sakellaridis and Venkatesh gave a
systematic conjectural description of this additional global constraint. As-
sume that G is split, let GX be the split reductive group over F with
LG�

X = bGX , and assume that the SL2-factor in (14.10) is trivial. Thus we
again have the embedding (14.11) in this global setting.

Principle 14.4.2 A tempered cuspidal automorphic representation ⇡ of G(AF )
is H-distinguished if and only if

(a) it is a functorial transfer from GX(AF ) with respect to (14.11) and
(b) a certain value or residue of a particular quotient of L-functions is

nonzero.

Assuming Principle 14.4.1, condition (a) is essentially equivalent to ⇡v being
H-distinguished for all v. This is only a principle and not a conjecture for
the same reasons mentioned in the local setting. We refer to [SV17, §17] for
a precise conjecture.

There are antecedents of this principle in the special case of symmetric
varieties in the work of Jacquet and his collaborators [JLR93, Jac05a]. These
theorems together with the Gan-Gross-Prasad conjecture discussed in §14.7
were among the motivations for Principle 14.4.2.

In [SV17, §17] there is even a conjectural formula for the period integral
P(') for ' in the space of ⇡ in terms of L-functions. It is known as the
Ichino-Ikeda conjecture. It was first posed in a special case in [II10]. The
power and beauty of the conjectures of Sakellaridis and Venkatesh lies in the
fact that they provide a uniform perspective on many proved and unproved
conjectures in local representation theory and period integrals. At the same
time they suggest many new avenues of research. They are currently the most
precise enunciation of what has become known as the relative Langlands
program.

Before moving to examples of spherical subgroups in the next few sections,
let us consider a general separated integral scheme X of finite type over F
(not necessarily a�ne) equipped with an action of G. Knop and Schalke
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[KS17] have defined a dual group bGX equipped with a morphism bGX ! bG
in this generality. It would be interesting to investigate whether or not this
generalized dual group can be used to generalize Principle 14.4.1.

14.5 Symmetric subgroups

Assume that F is a characteristic zero field. Let � : G ! G be an automor-
phism of order 2. For F -algebras R, let

G�(R) := {g 2 G(R) : g� = g} (14.12)

be the subgroup fixed by � and denote by H = (G�)� its neutral component.
In this case we refer to X := G/H as a symmetric variety and H as a

symmetric subgroup. We have the following theorem of Vust [Vus74, §1.3]:

Theorem 14.5.1 A symmetric subgroup is a spherical subgroup. ut

When F is the real numbers andH(F ) is compact, the quotientG(F )/H(F )
is a finite union of Riemannian symmetric spaces. These were classified by
Élie Cartan. A standard reference for this result is [Hel01]. Over arbitrary
fields symmetric subgroups have been classified by Helminck [Hel00]. The
classification is somewhat complicated. To get a feel for what is going on, it
is illuminating to consider the case of classical groups over an algebraically
closed field. When the field is C, there is a nice discussion in [GW09, §11.3.4].
In particular, SOn and GLm ⇥ GLn�m for 1  m < n are symmetric sub-
groups of GLn and Spn is a symmetric subgroup of GLn when n is even. Every
symmetric subgroup of GLn is GLn(F )-conjugate to one of these groups.

We now describe some results on distinction by symmetric subgroups of
GLn or ResE/FGLn when E/F is a quadratic extension of number fields.
There is a great deal known in this setting.

One of the motivations for Jacquet’s development of the relative trace
formula was to prove the following theorem [Jac10]:

Theorem 14.5.2 Let E/F be a quadratic extension of number fields, let
G = ResE/FGLn and let H be a quasi-split unitary group attached to the
extension E/F. Then a cuspidal automorphic representation ⇡ of G(AF ) is
H-distinguished if and only if ⇡ ⇠= ⇡�, where h�i = Gal(E/F ). ut

See also [FLO12] for refinements of this theorem. This is sometimes known
as the Jacquet-Ye case since its proof was more or less reduced to a local
statement known as the Jacquet-Ye fundamental lemma in [JY96] and later
proved in two di↵erent manners by Ngô [Ngô99a, Ngô99b] and Jacquet [Jac04,
Jac05b] (see §19.6 for more details). The condition that ⇡ ⇠= ⇡� is equivalent
to ⇡ being a base change lift from GLn(AF ), by work of Arthur and Clozel
[AC89] (see Theorem 13.4.1).
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We point out that Theorem 14.5.2 appeared in the literature prior to the
conjectures of Sakellaridis and Venkatesh discussed in the previous section.
The same is true of all of the theorems in this section and the principal the-
orems and conjectures in §14.6 and §14.7. Thus it would be misleading to
say that these results confirm the predictions of the conjectures of Sakellar-
idis and Venkatesh because they predate the formulation of the conjectures.
In fact, whenever the group G is nonsplit principles 14.4.1 and 14.4.2 have
never been made precise. Moreover there are additional settings in which the
conjectures require refinement. One example, the case of distinction of au-
tomorphic representations of GLn(AF ) by On, is discussed below. However,
even in cases that technically are not addressed by the conjectures of Sakel-
laridis and Venkatesh known results are consonant with the essence of these
conjectures. Moreover the conjectures of Sakellaridis and Venkatesh provide
an influential organizing principle and we will indicate the relationship of it
to the results below.

Returning to the case of G = ResE/FGLn, we could also take the H to
be GLn, the split outer form of the group in Theorem 14.5.2. Using the
Rankin-Selberg method Flicker and Zinoviev proved the following theorem
(see [Fli88, FZ95], Theorem 11.5.2 and Exercise 14.7):

Theorem 14.5.3 For G as in Theorem 14.5.2, a cuspidal automorphic rep-
resentation ⇡ of AG\G(AF ) is GLn-distinguished if and only if the Asai L-
function L(s,⇡,AsE/F ) has a pole at s = 1. ut

Here the Asai L-function is the Langlands L-function attached to the Asai
representation defined in (13.18).

A representation
⇢ : GalE �! GLn(C)

extends uniquely to a homomorphism

⇢ : GalF �! LResE/FGLn

commuting with the projections to GalF on the L-group side. Thus to each
such ⇢ we can associate the representation

AsE/F (⇢) := AsE/F � ⇢ : GalF �! GLn[E:F ](C).

Assume that E/F is Galois. Then

AsE/F (⇢)
��
GalE

⇠= ⌦⌧2Gal(E/F )⇢
⌧ .

Thus the Asai representation AsE/F (⇢) is a canonical extension of

⌦⌧2Gal(E/F )⇢
⌧

to GalF . Suppose now that E/F is quadratic and that ⌧ is the gen-
erator of Gal(E/F ). Let ⇡ be a cuspidal automorphic representation of
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AResE/FGLn
\ResE/FGLn(AF ). In this case the analytic properties of the Asai

L-function are understood by Theorem 13.7.2. The discussion above (with
global Galois groups replaced by local Weil-Deligne groups) implies that

L(s,⇡ ⇥ ⇡⌧ ) = L(s,⇡,AsE/F )L(s,⇡,AsE/F ⌦ ⌘E/F ) (14.13)

where ⌘E/F is the character attached to Gal(E/F ) by class field theory. In
particular, by Theorem 11.7.1 if L(s,⇡,AsE/F ⌦ ⌘iE/F ) has a pole for some

i 2 {0, 1} then ⇡ ⇠= ⇡_⌧ . Moreover, if L(s,⇡,AsE/F ⌦ ⌘iE/F ) has a pole at
s = 1 then ⇡ is a functorial transfer from a quasi-split unitary group with
respect to an L-map depending on the parity of n and i [Mok15, Theorem
2.5.4(a), Remark 2.5.5].

If n = 2, F = Q and E is a real quadratic extension then Theorem 14.5.3
was proven in [HLR86]. It was then used to prove many cases of the Tate con-
jecture for Hilbert modular surfaces. As mentioned in the introduction, this
paper is significant because it was where the notion of a distinguished repre-
sentation was first defined. Extensions of Harder, Langlands and Rapoports’
results are contained in [Ram04, GH14].

We now move on to symmetric subgroups of GLn (not ResE/FGLn). Let

�m,n : GLm+n �! GLm+n

be conjugation by
�
Im

�In

�
. Then let

H := GL�m+n = GLm ⇥GLn.

The following is [FJ93, Proposition 2.1]:

Proposition 14.5.4 Suppose that m > n. Then no cuspidal automorphic
representation of GLm+n(AF ) is (GLm,� � det)-distinguished for any quasi-
character � : F⇥\A⇥

F ! C
⇥. ut

Here we view GLm as the subgroup GLm⇥1 of GLm⇥GLn = H. In particular,
if m > n no cuspidal automorphic representation of GLm+n(AF ) is (H,�)-
distinguished for any �.

Thus from the point of view of cuspidal representations, the only interest-
ing case is when m = n. In this case, consider the quasi-character

µs : H(AF ) �! C
⇥

✓
a
b

◆
7�!

����
det b

det a

����
s�1/2

�

✓
det b

det a

◆
⌘�1(det b),

where � and ⌘ are characters of [Gm]. In particular they are trivial on AGm
. In

this setting, Jacquet and Friedberg [FJ93, Theorem 4.1] prove the following:

Theorem 14.5.5 Let ⇡ be a cuspidal automorphic representation of GL2n(AF )
with central character !⇡. Assume that ⌘n!⇡ = 1. The representation ⇡ is
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(H,µs0)-distinguished if and only if L(s,⇡,^2 ⌦ ⌘) has a pole at s = 1 and
L(s0,⇡ ⌦ �) 6= 0. ut

In fact Friedberg and Jacquet prove that, for ' in the space of ⇡, the period
integral Pµs0

(') is a holomorphic multiple of L(s0,⇡ ⌦ �) (under the as-
sumption that L(s,⇡,^2⌦⌘) has a pole at s = 1). Ash and Ginzburg [AG94]
use Theorem 14.5.5 to construct p-adic L-functions under certain technical
hypotheses, one of which was removed in [Sun19].

Consider the L-map

r : cSO2n+1(C)⇥GalF = Sp
2n(C)⇥GalF �! cGL2n(C)⇥GalF .

If ⌘ = 1 and ⇡ has trivial central character, the condition that L(s,⇡,^2)
has a pole at s = 1 is equivalent to the statement that ⇡ is a transfer of
a cuspidal automorphic representation of SO2n+1(AF ) with respect to r by
Theorem 13.7.4. On the other hand the map

bGGL2n/GLn⇥GLn
⇥ SL2 �! cGL2n

of (14.10) is trivial on the SL2 factor and on the

bGGL2n/GLn⇥GLn
= Sp

2n

factor it is the natural inclusion Sp
2n ! cGL2n = GL2n, at least after pass-

ing to Lie algebras [KS17, Table 3]. Thus Theorem 14.5.5 is consistent with
Principle 14.4.2.

If we take G = GLn and take �(g) = J�1g�tJ for a symmetric matrix
J 2 GLn(F ) then G� is an orthogonal group On. In the case n = 2, one has a
complete characterization of representations of GL2 that are O2-distinguished
via work of Waldspurger reinterpreted and reproved in [Jac86]. In general,
the representations of GLn(AF ) that are On-distinguished should be func-
torial lifts from the topological double cover of GLn(AF ). This expectation
is stated as a precise conjecture in [Mao98]. In the same paper, it is more
or less reduced to a local conjecture known as the Jacquet-Mao fundamental
lemma. The Jacquet-Mao fundamental lemma is now known [Do15, Do20]
so it seems likely that the expected characterization of distinguished repre-
sentations mentioned above will be proven in the near future. We point out
that the topological double cover of GLn(AF ) is not the adelic points of an
algebraic group. Thus Principle 14.4.2 must be modified to incorporate this
setting.

If we take G = GL2n and take �(g) := J�1g�tJ for a skew-symmetric ma-
trix J 2 GL2n(F ) then G� is a symplectic group Sp

2n. It is not hard to check
that all of these subgroups are conjugate under GL2n(F ), so the choice of J
is irrelevant (see Exercise 14.1). It is known that there are no cuspidal auto-
morphic representations of GL2n(AF ) that are Sp

2n-distinguished by [JR92,
Proposition 1]. However there are discrete automorphic representations of
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GL2n that are Sp
2n-distinguished; these are classified in [O↵06b]. In this case

the map (14.10) is the tensor product of the two standard representations

GLn ⇥ SL2 �! GL2n.

[SV17, Example 1.3.2]. We have omitted a discussion of Arthur’s conjec-
tures on nontempered automorphic representations in this book. However, a
suitable combination of Arthur’s conjectures and the conjectures of Sakellar-
idis and Venkatesh has the following implication. Whenever the SL2 factor
of (14.10) is nontrivial a distinguished cuspidal automorphic representation
should have the property that its local components are not tempered. In fact
the degree to which they fail to be tempered should be controlled by the SL2

factor. Thus Sakellaridis and Venkatesh’s conjectures, when restricted to the
case at hand, imply the known result that cuspidal automorphic representa-
tions of GL2n(AF ) are never Sp

2n-distinguished. This puts the theory on a
more satisfactory conceptual framework than the less precise antecedents to
the conjectures mentioned after (14.10) above.

14.6 Relationship with the endoscopic classification

We continue to let F be a number field. When the locally symmetric spaces
attached to a reductive F -group G are hermitian, one can exploit the link
between algebraic and arithmetic geometry and distinction explained in §15.6
to produce many interesting results. As recalled in the introduction to this
chapter, this was the original motivation for the notion of distinction. From
this point of view, the results in §14.5 on distinction of cuspidal automorphic
representations of GLn(AF ) and ResE/FGLn(AF ) with respect to symmetric
subgroups su↵er a serious drawback: the locally symmetric spaces attached
to GLn are never hermitian for n > 2.

In order to obtain results on distinction relevant to algebraic and arith-
metic geometry, the theory of Shimura varieties exposed in §15.8 suggests
investigating automorphic representations of classical groups. Of course this
is also of interest independently of applications to algebraic or arithmetic
geometry.

The first author and Wambach [GW14] provide one means of relating dis-
tinction of automorphic representations of general linear groups to distinction
of automorphic representations of unitary groups (including those defining
hermitian locally symmetric spaces). It is suggestive of broader phenomena
that merit study.

We observe that for any quadratic extension of number fields M/F and
any reductive group G over F we have a canonical L-map

r : LG �! LResM/FG. (14.14)
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It is written down explicitly in a special case in (13.16). Assume that E/F
is a quadratic extension with E totally real. Let h�i = Gal(E/F ), and let
M/F be a quadratic extension with M totally imaginary. Let H be a quasi-
split unitary group in n variables attached to the extension M/F and let
G := ResE/FH. It is the restriction of scalars down to F of a quasi-split
unitary group attached to the extension ME/E. In this case ResM/FG =
ResEM/FGLn.

The following is the main theorem of [GW14] under some simplifying as-
sumptions:

Theorem 14.6.1 Let ⇡ be a cuspidal automorphic representation of G(AF ).
Suppose that ⇡ satisfies the following assumptions:

(a) There is a finite dimensional representation V of ResF/QG such that ⇡ is
V -cohomological.

(b) There are finite places v1 6= v2 of F totally split in ME/F such that ⇡v1
and ⇡v2 are supercuspidal.

(d) For all places v of F such that ME/F is ramified, one of the extensions
M/F or E/F is split.

Then the representation ⇡ admits a transfer r(⇡) to

ResM/EG(AE) = GLn(AME) = ResME/MGLn(AM ).

If the Asai L-function L(s, r(⇡),AsME/M ) has a pole at s = 1 then some
cuspidal automorphic representation ⇡0 of G(AF ) in the weak L-packet of ⇡
is H-distinguished. Moreover, we can take ⇡0 to be V -cohomological. ut

The notion of V -cohomological is explained in §15.5 below. To ease com-
parison with §15.5, in assumption (a) we are identifying ⇡ with a cuspidal
automorphic representation of ResF/QG(AQ).

The proof is based on a particular case of a general principle which we
now explain. Let G be a reductive group over the global field F, let M/F be
a quadratic extension, let h⌧i = Gal(M/F ), and let

eG := ResM/FG.

Let � be an automorphism of G of order 2 and let H := G�  G and eG�  eG
be the subgroups fixed by �. Let ✓ = � � ⌧, viewed as an automorphism of eG,
and let eG✓  eG be the subgroup fixed by ✓. We have an L-map

r : LG �! L eG (14.15)

as in (14.14). Let ⇧ 2 LPw,aut(H) be a weak automorphic L-packet. The
machinery developed in [GW14] together with suitable fundamental lemmas
should imply the following general principle:
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Principle 14.6.2 There is a cuspidal automorphic representation in r(⇧)
that is eG�-distinguished and eG✓-distinguished if and only if there is a cuspidal
automorphic representation in ⇧ that is H-distinguished.

We have not asserted this principle as a conjecture because it may be false
as stated. In particular one might need to work with, for instance, (H,�)-
distinguished representations for characters � or incorporate pure inner forms
of the groups involved. Moreover there might be an additional constraint
involving L-functions.

In Theorem 14.6.1 the group G is a unitary group and eG is the restriction
of scalars of a general linear group. Even if we only consider G of this form
there are more interesting cases to consider. For example, one can apply
Principle 14.6.2 to study the unitary analogue of Theorem 14.5.5. This was
first investigated in the PhD thesis of J. Polák [Pol15, Pol16]. Part of the proof
of Principle 14.6.2 in this case was announced by W. Zhang, and another part
has been completed by Leslie [Les19, Les22]. It is also natural to consider the
unitary analogue of the setting of Jacquet and Mao mentioned above. For
preliminary work in this case see [Lee21].

It is reasonable to expect a generalization of Principle 14.6.2 to the setting
where � and ⌧ are arbitrary commuting involutions of an arbitrary reduc-
tive group eG. Since classical groups are, roughly, the neutral components of
the fixed points of involutions on GLn, this would allow one to classify the
distinguished representations of classical groups in terms of their transfer to
general linear groups. Thus one would have an analogue of the twisted endo-
scopic classification of the automorphic discrete spectrum of classical groups
in terms of the general linear group (see §13.8 and [Art13, Mok15]). We re-
mark that in many cases one direction of the principle can be obtained as
a consequence of known results on Langlands functoriality and the so-called
residue method. For a family of examples, we refer to [PWZ21].

14.7 Period integrals in the Gan-Gross-Prasad setting

The Gan-Gross-Prasad conjecture characterizes representations of suitable
products of groups distinguished by a “diagonally embedded” subgroup. It
can be viewed as a special case of the Sakellaridis-Venkatesh conjectures
mentioned in §14.4, though the Gan-Gross-Prasad conjecture is older (the
orthogonal case was formulated in [GP92]).

For simplicity, we will only state the conjectures of Gan, Gross and Prasad
in a restricted setting, referring to [GGP12a, GGP12b] for the general setup.
Let F be a local or global field and let E be an étale F -algebra of degree 1 or
2. In other words E = F, E = F � F, or E/F is a quadratic field extension.
We let

� : E �! E
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be the generator of Gal(E/F ). Let V be a finite rank free E-module. We let
V0 be the fixed points of � acting on V. Thus V0 is an F -vector space. An
E-Hermitian form h , i on V is a pairing

h , i : V ⇥ V �! E

that is E-linear in the first variable and satisfies

hv, ui = �(hu, vi). (14.16)

We assume that h , i is nondegenerate. We let eGV be the group whose points
in an F -algebra R are given by

eGV (R) := {g 2 GLV0(E ⌦F R) : hgv, gwi = hv, wi for all v, w 2 V ⌦F R}.

Let GV be the neutral component of eGV . Then GV is a classical group. We
list the possibilities in the following table:

E GV

E = F SOV

E = F � F GLV0

E/F quadratic UV

Here SOV and UV are the special orthogonal and unitary group of V, respec-
tively.

In order to proceed we require the definition of a pure inner form of an
algebraic group G. We will give two equivalent definitions, one using Galois
cohomology, the other an ad-hoc definition using the specific features of our
given situation. The reader unfamiliar with Galois cohomology could consult
§17.4, but should feel free to skip to the ad-hoc definition below.

Let k be a field with separable closure ksep. Two algebraic groups G and
G0 over k are said to be forms of each other if Gksep ⇠= G0

ksep . We alert
the reader that in positive characteristic this terminology is not universally
accepted; sometimes one merely requires forms to become isomorphic upon
base change to an algebraic closure k̄ of k. The forms G and G0 are said to
be equivalent if G ⇠= G0 (as algebraic groups over k). For an algebraic group
H over a field k, we let

H1(k,H) := H1(Galk, H(ksep)) (14.17)

denote the usual Galois cohomology set. The set of equivalence classes of
forms of G is in bijection with H1(k,Aut(G)). The so-called inner forms
are those forms corresponding to the subgroup of inner automorphisms. This
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means that the corresponding cocycles are in the image of the map

H1(k,G/ZG) �! H1(k,Aut(G)).

where ZG is the center of G. The pure inner forms are those corresponding
to cocycles in the image of the map

H1(k,G) �! H1(k,G/ZG) �! H1(k,Aut(G)).

Two pure inner forms are said to be equivalent if the corresponding cocycles
in H1(k,G) are equivalent.

Now let us revert to the notation at the beginning of this section, so F is a
global or local field and E is an étale F -algebra of degree 1 or 2. The pure inner
forms of GV are the groups of the form GV 0 for free E-modules V 0 equipped
with nondegenerate E-Hermitian forms such that rankEV = rankEV 0, and,
when E = F, disc(V ) = disc(V 0). When E = F, two pure inner forms GV

and GV 0 are equivalent if and only if V and V 0 are isomorphic as quadratic
spaces. When E = F � F all pure inner forms are equivalent. Finally, when
E/F is quadratic two pure inner forms GV and GV 0 are equivalent if and
only if V is isomorphic to V 0 as a hermitian space [GGP12b, §2].

We have the following:

Proposition 14.7.1 If G and G0 are reductive groups over a global field F
and are inner forms of each other, then there exists a finite set S of places
of F such that for v 62 S one has an isomorphism GFv

!̃G0

Fv
.

Proof. There is a finite set S of places of F such that GFv
and G0

Fv
are quasi-

split for v 62 S [Spr79, Lemma 4.9]. On the other hand, two inner forms of the
same quasi-split reductive group are necessarily isomorphic [Mil17, Corollary
23.53]. ut

Thus for S as in the proposition, we can unambiguously identify isomorphism
classes of representations of G(AS

F ) and G0(AS
F ). We say that automorphic

representations ⇡ of G(AF ) and ⇡0 of G0(AF ) are nearly equivalent if ⇡S ⇠=
⇡0S for some finite set S of places as above. The notion of near equivalence
is unchanged if we enlarge S.

Let W < V be a subspace nondegenerate with respect to h , i such that
rankEV/W = 1. Then the restriction of h , i toW is naturally an E-Hermitian
form and we can form the group GW as above. Moreover one has a natural
embedding ◆ : GW ,! GV and hence an embedding of GW into

G := GV ⇥GW

given on points in an F -algebra R by

GW (R) �! GV (R)⇥GW (R)

g 7�! (◆(g), g).
(14.18)
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We let H be the image of GW . Let GW 0 be a pure inner form of GW

with corresponding cocycle c 2 Z1(F,GW ). The image of c under the map
Z1(F,GW ) ! Z1(F,GV ) induced by the inclusion yields a pure inner form
GV 0 of GV . We call the pair (GW 0 , GV 0) a pure inner form of (GW , GV ),
and say two such forms are equivalent if the corresponding cocycles in
Z1(F,GW ) are equivalent. Thus the equivalence classes of pure inner forms
of (GW , GV ) are in bijection with H1(F,GW ). If (GW 0 , GV 0) is a pure inner
form of (GW , GV ) then we let

G0 := GW 0 ⇥GV 0

and let

H 0 < G0 (14.19)

be the image of GW 0 under the obvious analogue of (14.18).
Assume that GW and GV are quasi-split. We then have the L-maps rV

from LGV and rW from LGW given in the table of §13.7 and we can form
the tensor product representation rV ⌦rW . In the special case where GV and
GW are general linear groups, we take rV and rW to be the identity map.

Assume for the remainder of the section that F is a global field. Let ⇡
be a cuspidal automorphic representation of AG\G(AF ) that lies in a global
discrete generic L-packet in the sense of §13.8. In the special case where GV

and GW are general linear groups, this simply means that ⇡ is a cuspidal
automorphic representation.

Conjecture 14.7.2 (Gan-Gross-Prasad) One has that

L
�
1

2
,⇡, rV ⌦ rW

�
6= 0

if and only if there is a pure inner form (GW 0 , GV 0) of (GW , GV ) and a
cuspidal automorphic representation ⇡0 of G0(AF ) nearly equivalent to ⇡ that
is H 0-distinguished.

There is a local version of the conjecture which we omit. The import of
the local version for the global Conjecture 14.7.2 is that it allows one to
detect fairly explicitly which ⇡0 in the near equivalence class of ⇡ is distin-
guished. Stating this in a reasonable form seems to require one to collect
representations on the adelic points of all the pure inner forms of G into a so-
called Vogan L-packet. We prefer not to make this precise and instead refer
the reader to the lucid explanation in [GGP12b]. Assuming certain expected
properties of Vogan L-packets, the local Gan-Gross-Prasad conjecture has
been proven for generic L-packets of representations on orthogonal groups
over nonarchimedean local fields of characteristic zero by Mœglin and Wald-
spurger [MW12]. For tempered L-packets of representations of unitary groups
over characteristic zero local fields (either archimedean or nonarchimedean),
it has been proven by Beuzart-Plessis [BP16a].
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We state now what is known about the global conjecture. When E = F�F,
the groups GV and GW are general linear groups. In this case, the conjecture
is true (see Exercise 14.8). In fact, by Hilbert’s theorem 90, the general linear
group admits only one isomorphism class of pure inner form. Thus in the
statement of the conjecture we may take G = G0 and H = H 0 in this case.

Under suitable assumptions, Ginzburg, Jiang and Rallis proved one impli-
cation of the Gan-Gross-Prasad conjecture. More precisely they proved that
if some representation in the near equivalence class of ⇡ is distinguished,
then the central L-value is nonzero [GJR04, GJR05, GJR09]. The proof is
elegant in its simplicity. It is a clever application of the theory of automor-
phic descent which explicitly constructs the inverse of the functorial lift from
classical groups to the general linear group. It is this theory that underlies
one proof of Theorem 13.7.4.

Currently the most definitive result on the global Gan-Gross-Prasad con-
jecture is in the unitary case:

Theorem 14.7.3 Assume that E/F is a quadratic extension of number fields
so that G is a product of unitary groups. Then Conjecture 14.7.2 is true. ut

The method of proof is quite beautiful and was suggested by Jacquet and
Rallis [JR11]. One reduces Theorem 14.7.3, the unitary case of the Gan-Gross-
Prasad conjecture, to the (known) general linear case using a comparison of
relative trace formulae. The approach is an antecedent of Principle 14.6.2. It
is interesting to note that allowing pure inner forms is necessary for Theorem
14.7.3 to be true. This was not necessary in the settings considered in §14.5
and in Theorem 14.6.1. It is expected that including pure inner forms will
also be necessary to precisely formulate and prove Principle 14.6.2 in general.

Executing the strategy of Jacquet and Rallis required the work of many
mathematicians. The first key step was the proof of a local conjecture known
as the Jacquet-Rallis fundamental lemma by Z. Yun [Yun11]. W. Zhang es-
tablished another important local result (the smooth transfer) in the nonar-
chimedean case, and then proved a slightly weaker version of Theorem 14.7.3
[Zha14]. Smooth transfer in the archimedean case was proved by H. Xue
[Xue17]. Other necessary local results were completed by Bleuzart-Plessis
[BP21]. Finally, as with most trace formula comparisons, to obtain a com-
plete result requires delicate arguments to deal with the fact that the geomet-
ric and spectral sides of trace formulae are rarely convergent. In the current
setting, this work was undertaken by Chaudouard and Zydor. The theorem
in the form stated above is [BPCZ22, Theorem 1.1.5.1] (see also [BPLZZ21]).
Since the proof of Theorem 14.7.3 does not proceed via the twisted trace
formula, it is not contingent on the stabilization of the twisted trace formula
(see §13.8 for a discussion).

The work above does not generalize in an obvious way to the orthogonal
case of Conjecture 14.7.2. However, an approach to this case has recently
been proposed [Kri19].
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We close this section by mentioning an exciting analogue of Conjecture
14.7.2 that (in certain cases) gives a formula for L0( 1

2
,⇡, rV ⌦ rW ) when

L( 1
2
,⇡, rV ⌦ rW ) = 0. The derivative can in some cases be related to heights

of algebraic cycles, and the relationship represents an important link be-
tween representation theory and arithmetic geometry. A formula of this type
was conjectured in [GGP12b] and is known as the arithmetic Gan-Gross-
Prasad conjecture. It generalizes the famous Gross-Zagier formula [GZ86],
which is a key input into the best known results on the Birch and Swinnerton-
Dyer conjecture in the number field case. In the unitary setting, the arithmetic
Gan-Gross-Prasad conjecture was essentially reduced to a local conjecture
known as the arithmetic fundamental lemma by W. Zhang [Zha12b]. Z. Yun
and W. Zhang together used related ideas to prove the best known results
towards the Birch and Swinnerton-Dyer conjecture in the function field case
[YZ17, YZ19].

14.8 Necessary conditions for distinction

Assume for the moment that F is a global field. One should be aware that for
general reductive groups G and connected subgroups H  G, there do not ex-
ist cuspidal automorphic representations of G(AF ) that are H-distinguished.
A somewhat trivial example is given by taking H to be the unipotent radi-
cal of a parabolic subgroup. In this case there are no cuspidal automorphic
representations of G(AF ) that are H-distinguished by the very definition of
a cuspidal representation.

A more substantial result was obtained by Ash, Ginzburg, and Rallis in
[AGR93]:

Theorem 14.8.1 If (G,H) is one of the following pairs of split reductive
groups over a number field F, then there are no cuspidal automorphic repre-
sentations of G(AF ) that are H-distinguished:

(GLn+k, SLn ⇥ SLk) for n 6= k,
(GL2n, Sp2n),
(GL2n+1, Sp2n),
(SO2n, SLn) for n odd,
(Sp

2(n+k), Sp2n⇥ Sp
2k),

(Sp
2n, Sp2(n�`)) with 4` < n.

ut

There is an additional case in [AGR93] which we omit since it involves cusp
forms on (disconnected) orthogonal groups and we have not defined cusp
forms on such groups. We also point out that the theorem is stated in the
case F = Q in [AGR93] but this is not used in the proofs. We refer to [AGR93]
for the definition of the embeddings of H into G.
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Let F be a nonarchimedean local field of characteristic not equal to 2 and
let G be a quasi-split reductive group over F equipped with an automorphism

� : G �! G

of order 2. Let
H := ((G�)�)der.

In this setting, Prasad [Pra19, Theorem 1] gave a beautifully simple criterion
for there to exist generic representations of G(F ) distinguished by H(F ):

Theorem 14.8.2 If there is an irreducible admissible generic representation
of G(F ) distinguished by H(F ), then there is a Borel subgroup B < GF such
that B \ �(B) is a maximal torus of GF . ut

One also has the following partial converse [Pra19, Proposition 11]:

Proposition 14.8.3 If there is a Borel subgroup B < G such that B \�(B)
is a maximal torus of G, then there exists an irreducible unitary admissible
generic representation of G(F ) distinguished by G�(F ). ut
In this proposition we are assuming B is a subgroup of G, not GF .

Exercises

14.1. Let G be a reductive group over a local or global field F and let
H,H 0  G be subgroups that are G(F )-conjugate. If F is local, prove that an
irreducible admissible representation of G(F ) is H-distinguished if and only
if it is H 0-distinguished. If F is global and H� is the direct product of a reduc-
tive and a unipotent group, prove that a cuspidal automorphic representation
⇡ of G(AF ) is H-distinguished if and only if it is H 0-distinguished.

14.2. Let H be a reductive group over the nonarchimedean local field F,
viewed as a subgroup of G := H ⇥H via the diagonal embedding. Show that
an irreducible admissible representation ⇡1 ⇥ ⇡2 of G(F ) is H-distinguished
if and only if ⇡1 ⇠= ⇡_

2
.

14.3. LetH be a reductive group over the global field F viewed as a subgroup
of G := H ⇥ H via the diagonal embedding. Let ⇡1 and ⇡2 be cuspidal
automorphic representations of AH\H(AF ) and let ⇡ = ⇡1 ⌦ ⇡2 be their
exterior tensor product, viewed as a cuspidal automorphic representation of
AG\G(AF ). Show that ⇡1 ⌦ ⇡2 is H-distinguished if and only if ⇡1 ⇠= ⇡_

2
.

14.4. Let G be a reductive group over a global field F, let H  G be a
subgroup, and let � : H(AF )! C

⇥ be a quasi-character trivial on H(F ). Let
⇡ = ⌦0

v⇡v be a cuspidal automorphic representation of G(AF ) that is (H,�)-
distinguished. Prove that for all nonarchimedean places v, the representation
⇡v is smoothly (H,�v)-distinguished.
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14.5. Give an example of a subgroup H  GL2⇥GL2 over a global field F, a
quasi-character � : AGL

2
2
\AGL

2
2
H(AF ) ! C

⇥ trivial on H(F ) and a smooth
function ' in a cuspidal automorphic representation of (AGL2\GL2(AF ))2

such that the integral
Z

AGL2
2
H(F )\AGL2

2
H(AF )

��'(h)��1(h)
�� drh

diverges.

14.6. Prove (14.13).

14.7. Let E/F be a quadratic extension of local fields. Prove that if ⇡ is a uni-
tary generic admissible representation of ResE/FGLn(F ) then L(s,⇡,AsE/F )
is holomorphic and nonzero for Re(s) � 1.

14.8. Prove the Gan-Gross-Prasad conjecture when E = F � F (and hence
GV and GW are general linear groups) using the Rankin-Selberg method.



Chapter 15

The Cohomology of Locally Symmetric
Spaces

We are in a forest whose trees
will not fall with a few timid
hatchet blows. We have to take
up the double-bitted axe and the
cross-cut saw, and hope that our
muscles are equal to them.

R. P. Langlands

Abstract We discuss how automorphic representation theory controls the
cohomology of arithmetic locally symmetric spaces.

15.1 Introduction

A fruitful application of the theory of automorphic representations is to give
the decomposition of the cohomology of locally symmetric spaces as a mod-
ule under certain algebras of correspondences. We survey this application in
this chapter. The primary technical tool one uses to make the connection is
(g,K1)-cohomology. The definition is given in §15.4.

One case that is particularly important is when the locally symmetric space
is the C-points of a quasi-projective scheme over a number field. Shimura was
the first to study this case systematically, and in his honor, such varieties are
called Shimura varieties. We state Deligne’s reformulation of the notion of
a Shimura variety at the end of this chapter. Part of the reason that this case
is so important is that it is one of the few cases where there is a direct re-
lationship between automorphic representations and Galois representations.
We point the reader to some of the vast body of work that has been done
elucidating this relationship in §15.8.

Our real motivation for this chapter, however, is to explicitly discuss the
relationship between distinguished representations and cycles on locally sym-

393
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metric spaces. This was in fact the original motivation for Harder, Langlands,
and Rapoport’s introduction of the notion of a distinguished automorphic
representation [HLR86]. In this paper, they related period integrals of au-
tomorphic representations to algebraic cycles on Hilbert modular varieties.
Using this relation, they proved cases of the Tate conjecture for these va-
rieties. There has been work generalizing their results, but even very basic
questions remain. We point out one such question explicitly in §15.6. We hope
that in the near future, the knowledge one now has about the étale cohomol-
ogy of Shimura varieties can be combined with the relative trace formula to
systematically study the Tate and Beilinson-Bloch conjectures for these va-
rieties. It is beyond the scope of this book to make this completely precise,
but we mention some promising results that have been obtained in §15.8.

Understanding the material in this chapter requires some knowledge of
sheaves and cohomology. Not all of the schemes we discuss in this chapter are
a�ne. More seriously, in §15.8 we even briefly discuss the étale cohomology of
Shimura varieties. The results will not be used in the remainder of the book,
so the reader should feel free to skip this chapter on a first reading. However,
we encourage the reader to at some point investigate the fascinating interplay
between arithmetic geometry and automorphic forms that is the subject of
Langlands’ quote in the epigraph.

15.2 Locally symmetric spaces

Unless otherwise specified, throughout this chapter G is a reductive group
over Q. We let K1  G(R) be a compact subgroup containing the maximal
connected compact subgroup (in the real topology) and, as before, let

AG  G(R)

be the identity component in the real topology of the maximal Q-split torus
in the center of G. To ease notation, we write K for K1  G(A1

Q ), a compact
open subgroup. Finally we set

X := XG := AG\G(R)/K1.

Any connected component of X is a symmetric space. One can essentially
take this to be the definition of a symmetric space, although it is not the
most natural definition. We let

ShK := Sh(G,X)K := G(Q)\(X ⇥G(A1

Q )/K) (15.1)

and refer to it as a Shimura manifold. As in explained (2.22), this is a finite
union of locally symmetric spaces. Indeed, if we take a set of representatives
(gi)i2I for the finite set G(Q)\G(A1

Q )/K, then
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a

i2I

�i\X�̃!ShK (15.2)

�ix 7�! G(Q)(x, giK)

where �i = giKg�1

i \G(Q).
To relate this setting to the traditional perspective on locally symmetric

spaces, it is useful to have in mind the notions of an arithmetic subgroup and
a congruence subgroup. These were already introduced in §2.6, but we recall
the definition for the convenience of the reader:

Definition 15.1. A subgroup �  G(Q) is arithmetic if there is some
faithful representation ⇢ : G ! GLn such that ⇢(� ) is commensurable with
⇢(G(Q)) \GLn(Z). The group �  G(Q) is a congruence subgroup if it is
of the form G(Q) \K for some compact open subgroup K  G(A1

Q ).

Congruence subgroups are arithmetic (see Exercise 15.3). The famous con-
gruence subgroup problem asks whether every arithmetic subgroup is con-
gruence. The answer is in general no, but the failure of arithmetic subgroups
to be congruence can be controlled via techniques that originated in the in-
fluential paper [BMS67] (see also [Men65]). In particular, every arithmetic
subgroup of SLn(Q) for n � 3 and Sp

2n(Q) for n � 2 is a congruence sub-
group (see loc. cit.). The survey by Prasad and Rapinchuk in [Mil10] is a
source for more up to date information.

A useful assumption on a subgroup �  G(Q) is that it is torsion free.
This implies, for example, that

�\X (15.3)

is a manifold, as opposed to an orbifold (see Exercise 15.2). Unfortunately, the
property of being torsion free is not preserved under certain constructions,
such as intersecting with a parabolic subgroup and mapping to the Levi
quotient. A more robust condition is that of being neat:

Definition 15.2. An element g 2 GLn(Q) is neat if the subgroup of Q
⇥

generated by its eigenvalues is torsion free. An arithmetic subgroup �  G(Q)
is neat if given any (equivalently, one faithful) representation ⇢ : G! GLn,
⇢(g) is neat for all g 2 �.

Clearly if � is neat then � is torsion free. Moreover, if � is neat, then all
subgroups and homomorphic images of � are neat.

Lemma 15.2.1 Any congruence subgroup �  G(Q) contains a congruence
subgroup of finite index that is neat.

Proof. When G = GLn, we can take the neat subgroup to be of the form

{g 2 GLn(Z) : g ⌘ I (mod N)}

for a su�ciently divisible integer N. The general case follows from this. ut
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Definition 15.3. A compact open subgroupK  G(A1

Q ) is neat if G(Q)\K
is neat.

An elaboration of the proof of Lemma 15.2.1 implies the following (see Ex-
ercise 15.4):

Lemma 15.2.2 A compact open subgroup K < G(A1

Q ) contains a neat sub-
group of finite index. If K is neat then so is gKg�1 for all g 2 G(A1

Q ). ut

Our motivation for introducing this notion is the following:

Lemma 15.2.3 If K is neat then ShK is a smooth manifold.

Proof. Since K is neat, gKg�1 \ G(Q) is torsion free for all g 2 G(A1

Q ) by
Lemma 15.2.2. It follows that the �i occurring in the decomposition (15.2)
are all torsion free. As mentioned above, this implies that the �i\X are all
manifolds. ut

In §5.2 we discussed the Hecke algebra C1
c (G(A1

Q ) //K). We recall that
this is the space of C-linear combinations of characteristic functions of double
cosets KgK for g 2 G(A1

Q ). We now explain how these operators can be
realized geometrically as correspondences. Let K and K 0 be compact open
subgroups of G(A1

Q ), and g 2 G(A1

Q ) be such that K 0  gKg�1. Then we
have a map

Tg : ShK
0

�! ShK (15.4)

G(Q)(x, hK 0) 7�! G(Q)(x, hgK).

It is finite étale if K and K 0 are neat.
The geometric realization of the characteristic function of KgK is the

correspondence

ShK\g�1Kg

ShK ShK .
TI T

g�1

(15.5)

It acts on functions via pullback T ⇤

I along TI followed by pushforward Tg�1⇤

along Tg�1 . In other words, for functions ' on ShK and '0 on ShK\g�1Kg we
have that

T ⇤

I (')(x, h(K \ g�1Kg)) = '(x, hK),

Tg�1⇤('
0)(x, hK) =

X

k2K/(K\gKg�1)

'0(x, hkg(K \ g�1Kg)).

Set
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T (g) := Tg�1⇤ � T ⇤

I . (15.6)

Then for any function ' : ShK ! C,

T (g)' = R( KgK)', (15.7)

where

R( KgK)'(x) :=

Z

G(A1

Q )

KgK(g0)'(xg0)dg0

with the Haar measure dg0 normalized so that dg0(K) = 1.

15.3 Local systems

A well-known classical fact is that if � is a congruence subgroup of GL2Q
contained in the subgroup of matrices with positive determinant and H is the
upper half-plane, then the cohomology group

H1(�\H,C)

can be decomposed as a direct sum of three summands, one isomorphic to
the space of weight 2 cusp forms S2(� ) on � with trivial nebentypus (see
§6.7 for the definition), one isomorphic to the space

{z 7! f(z) : f 2 S2(� )}

of antiholomorphic forms, and one isomorphic to a certain space of Eisenstein
series. In order to give a geometric interpretation of modular forms of weight
bigger than 2, it is necessary to introduce certain local systems. We now
explain their construction. Our treatment is largely modeled on that of the
thesis of S. Morel [Mor08].

Until further notice, �  G(Q) is a neat arithmetic subgroup. Let V0 be
a representation of the algebraic group G, let k be a characteristic zero field
and let

V := V0(k). (15.8)

It is a representation of G(k) and hence G(Q) by restriction. We equip it
with the discrete topology. A local system on a topological space is a locally
constant sheaf of abelian groups on the topological space. The representation
V defines a local system over �\X as follows. Form the quotient

V� := �\(V ⇥X) (15.9)

by the diagonal action of � on the product. Consider the projection
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V� �! �\X (15.10)

This is the total space of a locally constant sheaf of vector spaces. For each
open set U ✓ �\X, we let

V� |U := {continuous sections s : U �! V� } (15.11)

be the abelian group of sections of the map (15.10). Then the functor

{open U ✓ �\X} �! Ab

U 7�! V� |U
(15.12)

from the category of open sets of �\X with morphisms given by inclusions
to the category of abelian groups Ab is a sheaf. It is called the sheaf of
sections of V� . Its sheaf cohomology is denoted

H•(�\X,V� ). (15.13)

To orient the reader, we point out that in the special case where V = k is
the trivial representation

H•(�\X,V� ) = H•(�\X, k),

the usual singular or Betti cohomology group of �\X with coe�cients in k.
We now turn to the adelic setting. Let V be as above. For K  G(A1

Q ) a
compact open neat subgroup, define

VK := G(Q)\(V ⇥X ⇥G(A1

Q )/K), (15.14)

where for � 2 G(Q),

�(v, x, gK) = (�.v, �.x, �gK).

We thus have a natural map VK ! ShK . This is again the total space of a
local system. We define the associated sheaf of sections and sheaf cohomology
as above.

It is straightforward to relate the adelic and nonadelic constructions above.
Fix g 2 G(A1

Q ) and let � = gKg�1 \G(Q). We then have an embedding

◆ : �\X �! ShK (15.15)

�x 7�! G(Q)(x, gK).

One has that ◆�1VK ⇠= V� where ◆�1VK is the inverse image sheaf.
We now explain how for each g 2 G(A1

Q ) the correspondence T (g�1) of
(15.6) induces a homomorphism

T (g�1) : H•(ShK ,VK) �! H•(ShK ,VK). (15.16)
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We have written g�1 in places of g so that the formulae below have less
inverses and the isomorphism (15.27) below intertwines T (g) with KgK .

We first note that for any neat compact open subgroups K,K 0  G(A1

Q )
with K 0  gKg�1, one has an isomorphism of sheaves

✓ : VK0

�̃!T�1

g VK = VK ⇥Sh
K ShK

0

(v, (x, hK 0)) 7�! ((v, (x, hgK)), (x, hK 0)).
(15.17)

Here T�1

g VK is the inverse image sheaf and the object on the right is the

fiber product over the canonical projection VK ! ShK and the morphism
Tg : ShK

0

! ShK . We have stipulated the isomorphism of sheaves by giving
the map it induces on the total spaces. The isomorphism ✓ is called a lift of
the correspondence. This isomorphism canonically induces the morphism
(15.16). Concretely the procedure is to take a cocycle on ShK with values

in VK , pull it back to ShK
0

, use the isomorphism ✓ to produce a cocycle on
ShK

0

with values in T�1

g VK , and then sum over the fibers of T�1

g VK ! VK

to obtain a cocycle on ShK .
Alternately, one can work at the level of sheaves as follows. By generalities

on sheaf cohomology [Har11, (4.33)], one has a homomorphism

H•(ShK ,VK) �! H•(ShK
0

, T�1

I VK) = H•(ShK
0

,VK0

). (15.18)

Here I is the identity in G(A1

Q ) and the equality is a consequence of the

identification T�1

I VK = VK0

. The isomorphism ✓ induces an isomorphism

✓ : H•(ShK
0

,VK0

)�̃!H•(ShK
0

, T�1

g VK). (15.19)

To finish, we construct a “trace” homomorphism

H•(ShK
0

, T�1

g VK) �! H•(ShK ,VK). (15.20)

Composing (15.18), (15.19), and (15.20) then gives

T (g�1) : H•(ShK ,VK) �! H•(ShK ,VK). (15.21)

To construct (15.20), we follow [Ive86, §VII.4], to which we refer for more
details. We note that the assertions below all heavily depend on the fact that
Tg is a covering map. For any sheaf F of abelian groups on ShK and any
y 2 ShK , one has

(Tg⇤T
�1

g F)y = �x2T�1
g (y)Fy.

One can check that there is a unique morphism of sheaves

tr : Tg⇤T
�1

g F �! F
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given on the fiber over y by taking the sum. Now let

VK �! I•

be an injective resolution of VK . We then obtain a morphism

tr : Tg⇤T
�1

g I• �! I•. (15.22)

We apply the “cohomology of global sections” functor to obtain a map

H•� (ShK , Tg⇤T
�1

g I•) �! H•(ShK ,VK).

But T�1

g transforms injectives into injectives. Hence

H•� (ShK , Tg⇤T
�1

g I•) = H•(ShK
0

, T�1

g VK).

15.4 (g,K1)-cohomology

A fundamental tool for describing H•(ShK ,VK) as a Hecke module is
(g,K1)-cohomology. We give its definition in this section. The basic ref-
erence is [BW00].

Let g � k be the Lie algebras of GR and K1 respectively. Let A be a
g-module (not necessarily of finite dimension). For q 2 Z�0, let

Cq(g, k;A) = Homk(^q(g/k),A). (15.23)

Here the action of k on ^q(g/k) is the adjoint action. More precisely,
Homk(^q(g/k),A) is the subspace of HomC(^q(g/k),A) consisting of func-
tions f satisfying

qX

i=1

f(x1, . . . , [x, xi], . . . , xq) = x.f(x1, . . . , xq)

for x 2 k, where [ , ] is the Lie bracket of g. We define a di↵erential

d : Cq(g, k;A) �! Cq+1(g, k;A)

on the complex by

(df)(x0, . . . , xq) =
qX

i=1

(�1)ixi · f(x0, . . . , bxi, . . . , xq)

+
X

1i<jq

(�1)i+jf([xi, xj ], x0, . . . , bxi, . . . , bxj , . . . , xq).



15.5 The cohomology of Shimura manifolds 401

Here a hat denotes an omitted argument. One checks that this is well-defined
(i.e. independent of the choice of representative of the cosets xi+ k) and that
d � d = 0. We then let H•(g, k;A) denote the cohomology of this complex:

Hq(g, k;A) := Hq(C•(g, k;A), d) :=
ker d : Cq(g, k;A) �! Cq+1(g, k;A)

im d : Cq�1(g, k;A) �! Cq(g, k;A)
.

This is called the (g, k)-cohomology of A. This cohomology is insensitive to
the group of connected components of K1. It is therefore desirable to refine
it.

Assume now that A is a (g,K1)-module. The group K1 acts in a natural
manner on C•(g, k;A) via the action of K1 on A and the adjoint action on
g. For this action, define

C•(g,K1;A) = C•(g, k;A)K1 .

Denote by H•(g,K1;A) the cohomology of this complex.

Definition 15.4. The (g,K1)-cohomology of the (g,K1)-module A is
H•(g,K1;A).

15.5 The cohomology of Shimura manifolds

Until otherwise stated we assume that V is a complex vector space (that is,
k = C in (15.8)). We now relate (g,K1)-cohomology and the cohomology of
ShK with coe�cients in VK . We refer to [BW00, §VII.2] for proofs.

Let m := dimR X for X = AG\G(R)/K1. Fix a basis !i, 1  i  m, of
left G(R)-invariant 1-forms on X. For

I = {i1, . . . , iq} ✓ {1, . . . ,m}

with ij < in for j < n, set

!I := !i1 ^ · · · ^ !iq .

Let
AK := C1(G(Q)\G(AQ)/K).

Denote by
Aq(ShK ,VK)

the space of di↵erential q-forms on ShK with coe�cients in VK . Any element
of Aq(ShK ,VK) can be written as

⌘ =
X

I

fI!
I (15.24)
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with fI 2 (A⌦ V )AG . Let

aG := LieAG. (15.25)

The equalities (15.24) as ⌘ vary yield an identification

A•(ShK ,VK) = C•(aG\g,K1; (AK ⌦ V )AG) (15.26)

commuting with the di↵erentials, which in turn yields an isomorphism

H•(ShK ,VK) ⇠= H•(aG\g,K1; (AK ⌦ V )AG). (15.27)

This gives an explicit link between cohomology and automorphic representa-
tions. This isomorphism is Hecke equivariant in the sense that for g 2 G(A1

Q ),
the action of the correspondence T (g) is intertwined with the action of KgK .
We leave the proof of this Hecke equivariance assertion to the reader as Ex-
ercise 15.7.

The isomorphism (15.27) motivates the following definition:

Definition 15.5. A vector ' 2 AK is cohomological if there is a v 2 V
and !I on X such that

'!I ⌦ v 2 C•(aG\g,K1; (AK ⌦ V )AG)

defines a nonzero class in H•(aG\g,K1; (AK ⌦ V )AG).

If we wish to specify the representation V we say that ' is V -cohomological.
Now A is naturally a (g,K1)⇥G(A1

Q )-module. Let us decompose it under
the action of G(A1

Q ). We assume henceforth that there is a quasi-character

⇠ : AG �! R>0

such that AG acts on V via ⇠�1. Such a quasi-character exists when V is
irreducible. Let

A(⇠)K := {' 2 AK : '(ag) = ⇠(a)'(g) for (a, g) 2 AG ⇥G(AQ)}.

Then
(AK ⌦ V )AG = A(⇠)K ⌦ V.

As usual [G] := AGG(Q)\G(AQ). There is a G(AQ)1-intertwining map

A(⇠)K �! C1([G])K

' 7�! (g 7�! ⇠0(g)'(g))
(15.28)

for an appropriate quasi-character ⇠0 : G(AQ) ! R>0 (see Appendix D for
more details). We let

A(⇠)K
cusp
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be the inverse image of L2

cusp
([G])K \ C1([G])K under the map (15.28). It

follows from Theorem 9.7.3 that A(⇠)K
cusp

is also the inverse image of

AAGK
cusp

 L2

cusp
([G])K \ C1([G])K

under (15.28).
By Corollary 9.1.2,

A(⇠)K
cusp

=
M

⇡

(⇡K)m(⇡)

where the sum is over isomorphism classes of cuspidal automorphic repre-
sentations ⇡ of G(AQ) and m(⇡) is the multiplicity of ⇡ in A(⇠)cusp. By
loc. cit. m(⇡) is finite for all ⇡. By (15.27)

H•(ShK ,VK) � H•

cusp
(ShK ,VK) := H•(aG\g,K1;A(⇠)K

cusp
⌦ V ) (15.29)

=
M

⇡

H•
�
aG\g,K1;⇡K ⌦ V

�m(⇡)
.

The group H•
cusp

(ShK ,VK) is known as the cuspidal cohomology. Its com-
plement is described in terms of so called Eisenstein cohomology. For
some information about the decomposition of the whole of the cohomology,
see [BLS96]. As a module under C1

c (G(A1

Q ) //K), one has

H•

cusp
(ShK ,VK) =

M

⇡

�
H•(aG\g,K1;⇡1 ⌦ V )⌦ ⇡1K

�m(⇡)
. (15.30)

This decomposition is sometimes called Matsushima’s formula. For a cus-
pidal automorphic representation ⇡ of G(AQ) we refer to

H•

cusp
(ShK ,VK)(⇡1) :=

M

⇡0:⇡01⇠=⇡1

�
H•(aG\g,K1;⇡0

1
⌦ V )⌦ ⇡1K

�m(⇡0
)

as the ⇡1-isotypic component of the cohomology.

Definition 15.6. A cuspidal automorphic representation ⇡ of G(AQ) is co-
homological if there is a representation V of as above such that

H•(aG\g,K1;⇡1 ⌦ V ) 6= 0.

A vector ' in the space of ⇡ is cohomological if there exists an embedding
from the space of ⇡ into L2

cusp
([G]) such that the image of ' is cohomological.

Thus if there is a vector in the space of ⇡ that is cohomological, then ⇡
itself is cohomological. If we wish to be more specific, we can speak of V -
cohomological representations or V -cohomological vectors.
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The condition that ⇡ is cohomological is very restrictive. An easy way to
quantify this is given by the following theorem [BW00, Corollary I.4.2]:

Theorem 15.5.1 Assume V is irreducible. If H•(aG\g,K1;⇡1 ⌦ V ) 6= 0
then the infinitesimal character of ⇡_

1
is equal to the infinitesimal character

of V. ut

Corollary 15.5.2 A cohomological cuspidal representation ⇡ of G(AQ) is
C-algebraic in the sense of Definition 12.7.

Proof. This follows from Theorem 15.5.1, Lemma 12.8.1 and Lemma 12.8.2.
ut

The link between geometry and representation theory given by Mat-
sushima’s formula is key to a great deal of beautiful mathematics. It is of
interest to see if this link can be generalized. There is an important gener-
alization involving cohomology with coe�cients in coherent sheaves in the
special case where the symmetric space X is hermitian [Har90, BHR94]. For
applications to Galois representations, see [PS16a, GK19], and for vanishing
results see [Lan16]. In this theory the space under consideration does not
change. It is always the Shimura manifold ShK .

We would like to point out a generalization where the space does change.
Specifically, consider spaces of the form

G(Q)\(AG\G(R)/K1 ⇥G(A1

Q )/K) (15.31)

where G is a reductive group over Q and K1 < G(R) is a compact subgroup
which is not necessarily maximal. It would be interesting to see if some
analogue of Matsushima’s formula holds in this level of generality, possibly
employing a generalization of (g,K1)-cohomology.

If K1 satisfies certain desiderata the spaces AG\G(R)/K1 are known as
period domains (see [CMSP17]). For suitable period domains an analogue
of Matsushima’s formula exists [Wil91]. Using this analogue of Matsushima’s
formula, Carayol has obtained results suggesting ties between the arithmetic
of certain automorphic representations and period domains [Car05, Car15].

15.6 The relation to distinction

Usually in the literature, one finds references to cohomological representations
but no references to cohomological vectors. Despite this, the notion of a
cohomological vector is of great importance.

Suppose that H  G are reductive Q-groups. We assume for simplicity
that the corresponding symmetric spaces can be chosen so that the inclusion
of H(R) into G(R) induces an injection

XH ,�! X := XG.
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Then there is an embedding

Sh(H,XH)K\H(A1

Q ) �! Sh(G,X)K =: ShK .

For the remainder of this section, we assume for simplicity that ShK is com-
pact, which is to say that Gder has no nontrivial Q-split subtorus by Theorem
2.6.3. This implies that every automorphic representation of G(AQ) is cuspi-
dal, and hence

H•

cusp
(ShK ,VK) = H•(ShK ,VK).

We also assume Sh(H,XH)K\H(A1

Q ) and ShK are orientable.
Let V be a representation as in (15.8) and let V _ be the dual representation

with corresponding local system (V_)K . We denote by VH the local system
on Sh(H,XH)K\H(A1

Q ) attached to V |H(Q). Let n be the real dimension of

ShK and let q be the real codimension of Sh(H,XH)K\H(A1

Q ) in ShK . There
is a cycle class map

H0(Sh(H,XH)K\H(A1

Q ),VH) �! Hq(ShK ,VK) (15.32)

defined as follows. For a class [Z] 2 H0(Sh(H,XH)K\H(A1

Q ),VH), we have a
linear functional

Hn�q(ShK , (V_)K) �! C

⌘ 7�!
Z

[Z]

⌘.
(15.33)

Poincaré duality [Har11, Theorem 4.8.9] furnishes a perfect pairing

Hn�q(ShK , (V_)K)⇥Hq(ShK ,VK) �! C (15.34)

so [Z] defines an element of Hq(ShK ,VK), yielding the cycle class map
(15.32).

Describing the C1
c (G(A1

Q ) //K)-span of the image of (15.32) is an impor-
tant (and mostly open) problem. This is especially true in the situation where
ShK and Sh(H,XH)K\H(A1

Q ) are Shimura varieties, not just manifolds, due
to the connection with the Tate conjecture (see §15.8).

We now explain the precise connection between the image of (15.32) and
distinguished representations and point out an important technical problem
that deserves additional study. By Matsushima’s formula (15.30), to describe
the C1

c (G(A1

Q ) //K)-span of the image of (15.32), it su�ces to describe its
projection to

Hq(ShK ,VK)(⇡01)

for all automorphic representations ⇡0 of G(AQ).
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Unwinding the considerations of §15.5 and the definition of the cycle class
map, we see that the projection of the image of (15.32) to H•(ShK ,VK)(⇡01)
is nonzero if and only if there is

• a (cuspidal) automorphic representation ⇡ of G(AQ) with ⇡1 ⇠= ⇡01_,
• (v_, v) 2 V _ ⇥H0(Sh(H,XH)K\H(A1

Q ),VH),
• a V _-cohomological vector ' in the space of ⇡ and an !I on X such that

Z

[Sh(H,XH)
K\H(A1Q )

]

'!Iv_(v) 6= 0. (15.35)

This motivates the following question:

Question 15.6.1 If an automorphic representation ⇡ of G(AQ) is H-distinguished
and V _-cohomological, then is there

(v_, v) 2 V _ ⇥H0(Sh(H,XH)K\H(A1

Q ),VH),

an !I on X, and a V _-cohomological vector ' in the space of ⇡ such that
(15.35) holds?

Recall that ⇡ is H-distinguished if and only if
Z

AGH(Q)\AGH(AQ)
'(h)dh 6= 0

for some smooth ' 2 L2(⇡), the ⇡-isotypic subspace of L2([G]). A priori,
it could happen that no such ' satisfies the additional stipulations of the
question. For example, it could be that no such ' is V _-cohomological.

We do not know, even conjecturally, the answer to Question 15.6.1 in any
degree of generality. In important special cases, the question above can be
answered in the a�rmative (see [KS15, Sun17, Sun19] for example).

In this section we have assumed that ShK is compact. The considerations
above are of course still of interest in the noncompact case, but even defining
the cycle class map (15.32) in any level of generality is complicated. Extending
the cycle class map to the noncompact case is another open problem that
has not received the scrutiny it deserves. We refer to [GG12] for an example
where the di�culties caused by noncompactness of ShK are overcome in a
very special case.

15.7 More on (g,K1)-cohomology

We have seen that the question of whether or not a given automorphic rep-
resentation contributes to the cohomology of a Shimura manifold with coe�-
cients in a local system is completely determined by the (g,K1)-cohomology
of its factor at infinity. Fortunately (g,K1)-cohomology is a very pleasant
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object with which to work. In this section, we list some properties of these
groups; the canonical reference is [BW00].

For i = 1, 2, let Gi be a reductive group over R and let Ki1  Gi(R) be
a maximal compact subgroup. Moreover let Ai be an admissible (gi,Ki1)-
module. Then one has a Künneth formula [BW00, §I.1.3]:

Theorem 15.7.1 (Künneth formula) For any n 2 Z�0 one has natural
isomorphisms

Hn(g1�g2,K11⇥K21;A1⌦A2) =
M

p+q=n

Hp(g1,K11;A1)⌦Hq(g2,K21;A2).

ut

For the statement of the next theorem, let G be a reductive group over Q
(we only use the Q-structure to define AG). Let g be the Lie algebra of GR
and let K1  G(R) be a maximal compact subgroup. Let A be an irreducible
admissible (aG\g,K1)-module. The following is [BW00, Proposition I.7.6]:

Theorem 15.7.2 (Poincare duality) One has that

Hq(aG\g,K1;A) ⇠= H(dimR X)�q(aG\g,K1;A_)_.

ut

Combining theorems 15.7.1 and 15.7.2 we see that to compute the (g,K1)-
cohomology of a (g,K1)-module, it su�ces to understand the case where g

is simple over R and when q  dimR X/2.
We now consider the cohomology of admissible representations of the form

⇡1 ⌦ V

where ⇡1 is an irreducible unitary (g,K1)-module and V is irreducible.
Here when we say ⇡1 is unitary we mean that ⇡1 is the (g,K1)-module
underlying a unitary representation of G(R). Such a unitary representation
is uniquely determined up to unitary equivalence by Theorem 4.4.7. Let

✓ : g �! g (15.36)

be the Cartan involution. Its fixed point subalgebra is k, the Lie algebra of
K1. Let p be its �1 eigenspace.

When ⇡1 is trivial, we have the following proposition [BW00, Corollary
II.3.2]:

Proposition 15.7.3 Assume as above that V is irreducible. One has that

H•(g,K1;V ) =

(
0 if V is nontrivial,

(^•p)K1 if V is trivial.
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ut

We can interpret this proposition as saying that much of the cohomology
vanishes when V is nondegenerate. This phenomenon persists for other ⇡1.
We now state a vanishing theorem for cohomology in this context. Combined
with Poincaré duality, it implies that the cohomology of ShK is concentrated
around the degree equal to 1

2
dimRSh

K .
For each ✓-stable parabolic subalgebra q  g⌦C, let n(q) be its nilradical.

Let
P(V ) := {✓-stable parabolic subalgebras q : dimV n(q) = 1}

and let
c(V ) := min{dim(n(q) \ p) : q 2 P(V )}.

The following is the vanishing theorem mentioned above [BW00, Theorem
II.10.1]:

Theorem 15.7.4 Assume as above that ⇡1 is an irreducible unitary (g,K1)-
module and that V is irreducible. If g is semisimple and the largest subalgebra
of g that acts trivially on the space of ⇡1 is contained in k then

Hi(g,K1;⇡1 ⌦ V )

vanishes for i < c(V _). ut

We close this section by pointing out that Vogan and Zuckerman have
provided a classification of all unitary (g,K1)-modules with nonzero coho-
mology and computed the cohomology of these modules (see [VZ84]).

15.8 Shimura varieties

In this section we define the notion of a Shimura variety. Although much
of the theory of Shimura varieties was established by Shimura, a simpler
formulation was introduced by Deligne in [Del71]. Deligne’s formulation has
been almost universally adopted in the literature and we will use it here. An
introduction to [Del71] is contained in [Mil05]. Proofs for the results we state
below can be found in these references.

For a reductive group G, let Gad := G/ZG be the adjoint group. The
Deligne torus is

S := ResC/R(Gm). (15.37)

Note that S(R) = C
⇥. The following definition is due to Deligne:

Definition 15.7. Let G be a reductive group over Q and let X be a G(R)-
conjugacy class of homomorphisms h : S ! GR. The pair (G,X) is a
Shimura datum if
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(a) For h 2 X, only the characters z/z, 1, and z/z occur in the representation
of S on (LieGad)C defined by h,

(b) ✓ = ad(h(
p
�1)) is a Cartan involution of Gad,

(c) Gad has no Q-factors on which the projection of h is trivial.

Condition (b) is equivalent to the statement that

{g 2 Gad(C) : g = ✓(g)}

is compact. Conditions (a) and (b) together imply that X is a Hermitian
symmetric space for G.

Since ShK is a complex manifold in this case, a natural question is whether
ShK can be realized as the complex points of some variety. This is indeed the
case by a basic theorem of Baily and Borel. It states that ifK is neat then ShK

can be given the structure of the complex points of smooth quasi-projective
scheme over C in a canonical manner. One can say even more.

For each characteristic zero field k we may consider the set

C(k) := G(k)\Hom(Gmk, Gk)

of G(k)-conjugacy classes of algebraic group morphisms from Gmk to Gk.
This is in fact the k-points of a scheme over Q, as follows from [DG74, §XI,
Corollary 4.2] (see also [Bri22, Proposition 4.8]) combined with the theory
of GIT quotients we develop in §17.2 below. Upon choosing an embedding
Q! C we obtain an isomorphism

C(Q)�̃!C(C) (15.38)

by [Mil05, Lemma 12.1] and the discussion following it. We use this isomor-
phism to identify C(Q) and C(C). The utility of this identification lies in the
fact that C(Q) admits a natural action of GalQ.

We identify SC = Gm ⇥ Gm in such a way that the automorphism of S
given by complex conjugation induces the automorphism

S(C) �! S(C)

(z1, z2) 7�! (z2, z1).

For each x 2 X, we have a cocharacter

ux(z) := hxC(z, 1),

where xC denotes the base change of x to C. The image of ux in

C(C) = C(Q)

is independent of the choice of x. Let E(G,X) be the smallest field such that

ux 2 C(Q)GalE(G,X)
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It is a number field, independent of the choice of x 2 X. It is called the reflex
field of (G,X).

Theorem 15.8.1 For each neat K  G(A1

Q ), there exists a smooth quasi-

projective scheme M(G,X)K over the reflex field E(G,X) such that

ShK = M(G,X)K(C)

and for all g 2 G(A1

Q ) the maps

Tg : ShgKg�1

�! ShK

of (15.4) are induced by morphisms

Tg : M(G,X)gKg�1

�!M(G,X)K (15.39)

of quasi-projective schemes over E(G,X). Furthermore, the scheme M(G,X)K

is canonically characterized by the action of GalE(G,X) on certain special
points. ut

Definition 15.8. The Shimura variety attached to (G,X) is the projective
limit

M(G,X) := lim �
K

M(G,X)K .

The maps (15.39) yield an action of G(A1

Q ) on M(G,X). This is one advan-
tage of working with the projective limit. If one prefers to work with a fixed
K as we did in the previous sections of this chapter, one can observe that
the fact that (15.39) is defined implies that for any K 0  gKg�1 the map
(15.4) is induced by a map Tg : M(G,X)K

0 ! M(G,X)K of schemes over
E(G,X), and hence the maps in the definition of the correspondence T (g) in
(15.6) are all induced by maps of quasi-projective schemes over E(G,X). We
will use this observation to define the action of a Hecke algebra on certain
étale cohomology groups below.

Definition 15.9. A morphism of Shimura data (G,X)! (G0, X 0) is a mor-
phism of algebraic groups G! G0 such that the induced map G(R)! G0(R)
sends X to X 0.

Definition 15.10. A morphism of Shimura varieties M(G,X)!M(G0, X 0)
is an inverse system of morphisms of schemes over E(G,X) compatible with
the actions of G(A1

Q ) and G0(A1

Q ).

Theorem 15.8.2 A morphism of Shimura data induces a morphism of
Shimura varieties over the compositum E(G,X)E(G0, X 0). Moreover, it is
a closed immersion if G! G0 a closed immersion. ut

Example 15.1. Let G = GL2Q and let h(a + b
p
�1) =

�
a b
�b a

�
. In this case,

each Sh(G,X)K is a finite union of modular curves (see the end of §2.6).
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Example 15.2. Let G = ResF/QGL2, where F/Q is totally real. Take

h(a+ b
p
�1) =

Y

�:F!R

⇣
�(a) �(b)
��(b) �(a)

⌘
.

Here the product is over all embeddings of fields � : F ! R. Then the
associated Shimura varieties are known as Hilbert modular varieties.

Example 15.3. Let J 0
2n =

�
Jn

�Jn

�
where Jn is the usual antidiagonal sym-

metric matrix (13.12). Let G = GSp
2n. For a Z-algebra R, let

GSp
2n(R) = {g 2 GL2n(R) : gtJ 0

2ng = c(g)J 0

2n for some c(g) 2 R⇥}.

Let h(a+ b
p
�1) =

�
aIn bJn

�bJn aIn

�
. The associated Shimura varieties are known

as Siegel modular varieties. This example can be generalized to totally
real number fields as in the previous example, yielding Hilbert-Siegel modular
varieties.

Let D be an associative algebra with unit over a field F. We do not require
D to be commutative. An involution of D is an F -linear bijection ⇤ : D ! D
such that (yx)⇤ = x⇤y⇤.

Example 15.4. Let F be a totally real number field and k/F a totally imagi-
nary quadratic extension. LetD be a simple algebra with center k and assume
D admits an involution ⇤ that induces the nontrivial automorphism of k/F.
For Q-algebras R, set

G(R) := {x 2 D ⌦Q R : xx⇤ 2 R⇥}.

Assume that we are given a homomorphism

h0 : C �! D ⌦Q R

such that h0(z)⇤ = h0(z). The map

◆ : D �! D

x 7�! h0(
p
�1)�1x⇤h0(

p
�1)

is then an involution of D. We assume it is positive in the sense that
trD/Q(x◆(x)) > 0 for x 2 D � {0}. The restriction of h0 to C

⇥ defines

h : S �! GR.

Let X be the G(R)-conjugacy class of h. Then (G,X) is a Shimura datum.
The associated Shimura varieties are sometimes called Kottwitz varieties
since Kottwitz employed them to fantastic e↵ect in the construction of Galois
representations attached to automorphic representations [Kot92]. There are
two key properties that make these varieties pleasant objects to consider.
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First, if D is chosen appropriately, then ShK is compact. Second, the group
G is a form of a unitary similitude group, and thus for essentially half the
primes p, the group GQp

is a product of general linear groups. This fact was
exploited in the original proofs of the local Langlands correspondence for
GLn [HT01, Hen00].

Example 15.5. For n > 2 there does not exist a Shimura datum of the
form (GLn, X). However, it is shown in [GT03a, GT03b] that the real
points of Siegel modular varieties may be naturally identified with finite
unions of spaces of the form �\GLn(R)/Kn for suitable arithmetic subgroups
�  GLn(Q). Here Kn is the standard maximal compact subgroup of (4.1).
As Goresky and Tai suggest, it would be interesting to investigate both gen-
eralizations of this result and arithmetic applications.

Suppose that (G,X) is a Shimura datum with reflex field E. Let K 
G(A1

Q ) be a neat compact open subgroup. For simplicity, assume that ShK

is compact. We can then consider the étale cohomology groups

H•

ét
(M(G,X)KQ ,Q`) := H•

ét
(M(G,X)K ⇥E Q,Q`). (15.40)

We can also consider versions of these groups with coe�cients in a local
system, but let us take trivial coe�cients for simplicity. We refer the reader
to [Mil80] for proofs of the properties of étale cohomology we use below.

For fields k let

Cc(G(A1

Q ) //K, k) :=

⇢
f : G(A1

Q )! k :
f(k1gk2) = f(g) for

(g, k1, k2) 2 G(A1

Q )⇥K2

�
.

(15.41)

Then the groups (15.40) are modules under

Q`[GalE ]⌦Q` C
1

c (G(A1

Q ) //K,Q`)

where Q`[GalE ] is the group algebra. The action of C1
c (G(A1

Q ) //K,Q`) is
defined by stipulating that the characteristic function KgK is sent to the
correspondence T (g).

Upon choosing an isomorphism ◆ : Q`!̃C and an embedding Q ,! C, one
obtains a comparison isomorphism

H•

ét
(M(G,X)KQ ,Q`)�̃!H•(ShK ,C). (15.42)

Using ◆ we identify Cc(G(A1

Q )) //K,Q`) and Cc(G(A1

Q )) //K). Then (15.42)
is C1

c (G(A1

Q ) //K)-equivariant.
Combining (15.42) with Matsushima’s formula (15.30), we obtain a de-

composition

Hi
ét
(M(G,X)KQ ,Q`) =

M

⇡1

Hi
ét
(⇡1)⌦ ⇡1K
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as Q`[GalE ] ⌦Q` C
1
c (G(A1

Q ) //K)-modules. Here Hi
ét
(⇡1) is a continuous

representation of GalE on which C1
c (G(A1

Q ) //K) acts trivially and GalE
acts trivially on ⇡1K . The sum is over all isomorphism classes of irreducible
admissible G(A1

Q )-representations ⇡1 such that there exists a discrete au-
tomorphic representation ⇡0 of AG\G(AQ) with ⇡01 ⇠= ⇡1. The GalE-
representation Hi

ét
(⇡1) is of dimension

X

⇡1

m(⇡1 ⌦ ⇡1) dimHi(aG\g,K1;⇡1)

where the sum is over isomorphism classes of irreducible admissible repre-
sentations of AG\G(R) and m(⇡1 ⌦ ⇡1) is the multiplicity of ⇡1 ⌦ ⇡1 in
L2([G]).

One has a conjecture describing theQ`[GalE ]⌦Q`C
1
c (G(A1

Q ) //K)-module

Hi
ét
(⇡1)⌦ ⇡1K (15.43)

in terms of global L-parameters. A nice survey is given in [BR94b]. The de-
scription can be made independent of the existence of the Langlands group
LQ using analogues of the considerations of §12.8. In more detail, one ex-
pects that packets of tempered automorphic representations of G(AQ) that
are related to cohomology correspond under the global Langlands correspon-
dence to global L-parameters that factor through GalQ. Here we are ignoring
the distinction between L-algebraic and C-algebraic representations for sim-
plicity. In many cases one can use Shimura varieties both to construct the
global L-parameters attached to cohomological automorphic representations
and to prove the conjectural description of (15.43) mentioned above (see
[CHLN11, Mor08, Mor10, Shi11] for instance).

Lest the reader be misled, the description of the étale cohomology group
H•

ét
(M(G,X)KQ ,Q`) in terms of automorphic representations is useful for

more than proving cases of the global Langlands correspondence. In fact,
this description is only the beginning of the story. These étale cohomology
groups are intimately tied to two of the deepest conjectures in algebraic and
arithmetic geometry, namely the Tate [Tat94] and Beilinson-Bloch conjec-
tures [Nek94, Sch88].

Let CHp(X)Q` denote the Chow group of codimension p cycles on X (with

Q` coe�cients). There is a cycle class map

cl : CHp(X)Q` �! H2p
ét
(XQ,Q`(p))

GalE . (15.44)

Here (p) is the Tate twist.

Conjecture 15.8.3 (Tate) The map (15.44) is surjective.

The Beilinson-Bloch conjecture gives a description of the kernel of cl. We
will not make the conjecture precise. To indicate the depth of the conjecture,
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we point out that it contains the Birch and Swinnerton-Dyer conjecture as a
special case.

Now for general X, it is di�cult to compute H2p
ét
(XQ,Q`(p))

GalE , and
even more di�cult to exhibit any elements in CHp(X)Q` . Shimura vari-
eties provide an example where one can compute the Galois representation
H2p

ét
(XQ,Q`(p)) and produce at least some elements of CHp(X)Q` as we now

explain.
Assume that (H,XH) is a Shimura datum with reflex field EH :=

E(H,XH) that is equipped with a morphism

(H,XH) �! (G,X).

For simplicity, assume that H is a subgroup of G and the map XH ! X is
injective and induced by the inclusion H(R)! G(R). For each compact open
subgroup K  G(A1

Q ) we then have a closed immersion

M(H,XH)KH

EEH
�!M(G,X)KEEH

(15.45)

where KH := K \G(A1

Q ). Here EEH is the compositum of the reflex fields
E := E(G,X) and EH .

Write q for the real codimension of the image of (15.45); it is independent
of the choice of K. In the étale setting, we again have a cycle class map

H0

ét
(M(H,XH)KH

Q ,Q`) �! Hq
ét
(M(G,X)KQ ,Q`(q/2))

GalEEH . (15.46)

The map (15.46) is compatible with the cycle class map of (15.32) under the
comparison isomorphism (15.42) and its analogue for M(H,XH) [DMOS82,
§I]. The image of (15.46) is contained in cl(CHq/2(M(G,X)KEEH

)Q`). Moti-
vated by the Tate conjecture, one is lead to the following question:

Question 15.8.4 What subspace of

Hq
ét(M(G,X)KQ ,Q`(q/2))

GalEEH

is in the C1
c (G(A1

Q ) //K)-span of the image of (15.46)?

As explained in §15.6, this question can be rephrased in terms of the exis-
tence of distinguished representations satisfying certain local assumptions.
This was, in fact, the original motivation for the definition of a distinguished
representation as mentioned in the beginning of this chapter, and the an-
swer is still not well-understood. However, many interesting cases have been
studied [GH14, GW14, Kud97, MR87, Ram04].

There is also a connection between distinguished representations and
the Beilinson-Bloch conjecture, though it is not as direct. For many years,
S. Kudla and his collaborators have investigated the conjecture for certain
Shimura varieties using an arithmetic version of the theta correspondence
[Kud04, KRY06]. Though the theory of distinguished representations is not
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emphasized in their work, it is lurking in the background. In a di↵erent setting
related to the Gan-Gross-Prasad conjecture W. Zhang conjectured a more
direct connection between distinguished representations and the Beilinson-
Bloch conjecture using a relative trace formula [Zha12a, Zha12b]. W. Zhang
has since made decisive progress towards establishing his conjecture [Zha21].
In the function field setting, analogues of the relative trace formula can
even be used to give the strongest results known towards the Birch and
Swinnerton-Dyer conjecture [YZ17, YZ19].

Exercises

15.1. Let Y be a Hausdor↵ topological space and let � be a discrete group
acting freely and properly discontinuously on it. Prove that there is a unique
topology on the set theoretic quotient �\Y such that the quotient map
Y ! �\Y is a local homeomorphism. In other words, for every y 2 Y,
there is an open neighborhood of y mapping homeomorphically onto an open
neighborhood of �y.

15.2. Let � and X be as in (15.3). Prove that there is a unique manifold
structure on �\X such that the quotient map X ! �\X is a local homeo-
morphism (see Exercise 15.1 above for the definition of the local homeomor-
phism).

15.3. Prove that a congruence subgroup is arithmetic.

15.4. Prove Lemma 15.2.2.

15.5. Compute the (gl
2
,O2(R))-cohomology of all irreducible admissible

(gl
2
,O2(R))-modules.

15.6. Prove the formula (15.7).

15.7. Prove that the isomorphism (15.27) is Hecke equivariant.

15.8. Prove that the pairs (G,X) in examples 15.1, 15.2, 15.3, and 15.4 are
Shimura data.





Chapter 16

Spectral Sides of Trace Formulae

A felicitous but unproved
conjecture may be of much more
consequence for mathematics
than the proof of many a
respectable theorem.

A. Selberg

Abstract The Arthur-Selberg trace formula, or more generally, the relative
trace formula, is an important tool in automorphic representation theory. We
investigate the spectral side of these identities in this chapter.

16.1 The automorphic kernel function

The remaining chapters of this book are devoted to stating and proving simple
versions of trace formulae and sketching some applications. These formulae
all have a geometric side involving integrals of a test function along certain
orbits and a spectral side involving period integrals of automorphic forms.

The first step is to employ a fundamental idea applied to the study of
automorphic forms by Selberg [Sel56] which we now describe. Let G be a
reductive group over a global field F and as in §2.6 let

[G] := AGG(F )\G(AF ). (16.1)

For x 2 AG\G(AF ), one has the regular representation

R(x) : L2([G]) �! L2([G])

' 7�! (g 7! '(gx)) .
(16.2)

For
f 2 C1

c (AG\G(AF )),

417
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consider the operator

R(f) : L2([G]) �! L2([G])

' 7�!
 
g 7!

Z

AG\G(AF )

f(x)'(gx)dx

!
.

(16.3)

Selberg observed that there is a simple formula for the kernel function of this
operator. Before we give the formula, let us make precise what we mean by
a kernel function. Let V  L2([G]) be a closed subspace and let

A : V �! V (16.4)

be a C-linear operator. We say a function K 2 C1([G] ⇥ [G]) is a kernel
function for A if y 7! K(x, y) is in L2([G]) for all x 2 [G] and

Z

[G]

K(x, y)'(y)dy = A'(x)

for all ' 2 V and almost every x 2 [G].

Lemma 16.1.1 If a C-linear operator A : V ! V admits a kernel function
then the kernel function is unique.

Proof. Suppose that K1,K2 2 C1([G]⇥ [G]) are kernel functions for A. Let
y0 2 [G] and let {'n}n2Z>0 2 C1

c ([G]) be a sequence of functions such that

lim
n!1

Z

[G]

'(x)'n(x)dx = '(y0)

for all ' 2 C1([G]). We can assume that the support of 'n is contained in a
compact subset of [G] independent of n. Then

K1(x, y0) = lim
n!1

Z

[G]

K1(x, y)'n(y)dy

= lim
n!1

Z

[G]

K2(x, y)'n(y)dy

= K2(x, y0)

for all x 2 [G]. ut

In view of the lemma, it makes sense to speak of “the” kernel function of an
operator. Selberg observed the following:

Lemma 16.1.2 The function

Kf (x, y) :=
X

�2G(F )

f(x�1�y). (16.5)
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is the kernel function for R(f).

Proof. One has that

R(f)'(x) =

Z

AG\G(AF )

f(y)R(y)'(x)dy

=

Z

AG\G(AF )

f(y)'(xy)dy

=

Z

AG\G(AF )

f(x�1y)'(y)dy

=

Z

[G]

X

�2G(F )

f(x�1�y)'(y)dy.

Here to justify the last step one uses unfolding (Lemma 9.2.5). To check that
Kf (x, y) is smooth as a function of x and y we show that for (x, y) in a fixed
compact set the sum is finite. Let

⌦1 ⇥⌦2 ⇢ AG\G(AF )⇥AG\G(AF )

be compact subsets and let

(x, y�1) 2 ⌦1 ⇥⌦2.

Then the only nonzero summands in Kf (x, y) correspond to � satisfying
� 2 ⌦1Supp(f)⌦2. Finally we check that y 7! K(x, y) is in L2([G]). One has

Z

[G]

Kf (x, y)Kf (x, y)dy

=

Z

[G]

0

@
X

�2G(F )

f(x�1�y)

1

A

0

@
X

�02G(F )

f(x�1�0y)

1

A dy

Unfolding, this is

X

�2G(F )

Z

AG\G(AF )

f(x�1�y)f(x�1y)dy. (16.6)

For each x, the integral over y has compact support, and hence the sum over
� has finite support. Thus (16.6) is finite. ut

The function Kf (x, y) is the automorpic kernel function attached to f.
The kernel Kf (x, y) can also be expanded spectrally. It is easiest to de-

scribe the contribution of the cuspidal spectrum as we now explain. We
will show in Theorem 16.2.3 below that the restriction Rcusp(f) of R(f)
to L2

cusp
([G]) admits a kernel function
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Kf,cusp(x, y) =
X

⇡

K⇡(f)(x, y), (16.7)

where the sum is over isomorphism classes of cuspidal automorphic represen-
tations ⇡ ofAG\G(AF ) andK⇡(f)(x, y) is the kernel function of the restriction
⇡(f) of R(f) to L2

cusp
(⇡), the ⇡-isotypical subspace of L2

cusp
([G]). Moreover,

the same theorem states that K⇡(f)(x, y) 2 L2([G]⇥ [G]), the sum in (16.7)
converges in L2([G]⇥ [G]) and the L2-expansion of K⇡(f)(x, y) is given by

K⇡(f)(x, y) =
X

'2B⇡

⇡(f)'(x)'(y) (16.8)

for B⇡ an orthonormal basis of the space of ⇡. We note that ⇡(f) need not
be of finite rank in general, but it is if f is K1-finite by admissibility of ⇡
(see Exercise 16.1).

We thus arrive at the identity that underlies all trace formulae:

X

�2G(F )

f(x�1�y) =
X

⇡

K⇡(f)(x, y) + ⇤ (16.9)

where the sum on the right is over isomorphism classes of cuspidal automor-
phic representations ⇡ of AG\G(AF ) and the ⇤ denotes the contribution of
the orthogonal complement of L2

cusp
([G]) in L2([G]). This contribution will

be made precise in §16.3. The left hand side is the geometric expansion of
the kernel. The right hand side is the spectral expansion of the kernel.

The key point here is that the right hand side manifestly contains all
automorphic representations of AG\G(AF ) whereas the left hand side, at
least a priori, does not involve automorphic representations at all. It packages
automorphic information in an entirely di↵erent manner. The goal is to play
these two di↵erent manners of encoding automorphic representations o↵ of
each other.

One method of extracting information from (16.9) is taking traces as we
now explain. Theorem 16.2.3 implies that K⇡(f)(x, y) is smooth in (x, y).
Moreover it is the kernel function of a trace class operator by Theorem 9.1.1.
Thus by [Bri91, Corollary 3.2] one has

X

⇡

Z

[G]

K⇡(f)(x, x)dx =
X

⇡

m(⇡)tr⇡(f), (16.10)

where m(⇡) is the multiplicity of ⇡ in L2

cusp
([G]).

Thus (16.10), in principle, is equal to the integral of the left hand side of
(16.9) over the diagonal (minus the contribution of ⇤). We say in principle
because the integral of the left hand side over the diagonal is rarely conver-
gent. In any case, at the expense of a massive amount of work, one can make
sense of the integral over the diagonal of the left hand side of (16.9) and one
obtains the Arthur-Selberg trace formula.
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For the moment we leave the geometric expansion of the kernel and focus
on the spectral side. We return to the geometric side in §18.2 when we discuss
trace formulae in simple settings.

16.2 Relative traces

Let ⇡ be a cuspidal automorphic representation of AG\G(AF ). As just men-
tioned, the integral of K⇡(f)(x, y) over the diagonal copy of [G] gives the trace
of the operator m(⇡)⇡(f), where m(⇡) is the multiplicity of ⇡ in L2

cusp
([G]).

There is no need to just integrate over the diagonal copy of [G] however.
Jacquet was the first to systematically study the integrals of K⇡(f)(x, y) over
subgroups other than the diagonal copy of [G] (apart from twisted versions
of the diagonal embedding that appear in the twisted trace formula) [Jac97,
Jac05a]. These new integrals are called relative traces. They are introduced
in this section.

LetHS denote the C-vector space of Hilbert-Schmidt operators on L2([G]).
It becomes a Hilbert space with respect to the pairing

HS ⇥HS �! C

(A,B) 7�! tr(A �B⇤).

Here B⇤ is the adjoint of B and the pairing is well-defined because the con-
volution of two Hilbert-Schmidt operators is trace class by Exercise 9.2.

Lemma 16.2.1 The map

HS �! L2([G]⇥ [G])

A 7�!
X

'

A'(x)'(y)

is an isometric isomorphism, where the sum is over an orthonormal basis of
L2([G]). The map is independent of the choice of basis.

Proof. If A is of finite rank, then the sum
P

'A'(x)'(y) has only finitely
many nonzero terms. With this in mind, it is easy to check that the map
is an isometry when restricted to the subspace of finite rank operators. On
the other hand the space of finite rank operators is dense in HS, so the map
extends by continuity to an isometry. This implies in particular that the sum
over ' converges in L2([G]⇥ [G]). The inverse of the map is given by sending
K 2 L2([G]⇥ [G]) to the operator

' 7�!
 
x 7!

Z

[G]

K(x, y)'(y)dy

!
;
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this operator is Hilbert-Schmidt by Exercise 9.4. The map in the lemma is
independent of the choice of orthonormal basis because its inverse is inde-
pendent of the choice of orthonormal basis. ut

For f 2 C1
c (AG\G(AF )), let

f_(g) := f(g�1) and f⇤(g) = f(g�1). (16.11)

Lemma 16.2.2 Let V  L2([G]) be a closed AG\G(AF )-invariant subspace
such that the restriction R(f)|V to V is Hilbert-Schmidt. Then

(R(f)|V )⇤ = R(f⇤)|V .

Proof. Let BV be an orthonormal basis of V. If '1,'2 2 BV then
Z

[G]⇥[G]

X

'2BV

R(f)'(x)'(y)'
2
(x)'1(y)dxdy

=

Z

[G]

R(f)'1(x)'2
(x)dx

=

Z

AG\G(AF )

Z

[G]

f(g)'1(xg)'2
(x)dxdg

=

Z

AG\G(AF )

Z

[G]

'1(x)f(g)'2
(xg�1)dxdg

=

Z

[G]

'1(x)R(f_)'2(x)dx

=

Z

[G]⇥[G]

X

'2BV

'(x)'(y)R(f_)'
2
(x)'1(y)dxdy.

Here the manipulation of integrals is justified by the fact that the sums
converge in L2([G]⇥ [G]) by Lemma 16.2.1. We deduce that

X

'2BV

R(f)'(x)'(y) =
X

'2BV

'(x)R(f_)'(y) (16.12)

almost everywhere on [G] ⇥ [G]. Therefore the lemma follows from Lemma
16.2.1. ut

We now prove a theorem already employed in §16.1. To motivate the as-
sumptions in the theorem, recall that the operator Rcusp(f) is of trace class
by Theorem 9.1.1, and (at least when F is a number field) the restriction of
R(f) to the whole discrete spectrum of L2([G]) is of trace class by Theorem
9.1.3. Moreover, by Exercise 9.3 trace class operators are Hilbert-Schmidt.

Theorem 16.2.3 Let V  L2([G]) be a closed AG\G(AF )-invariant sub-
space such that the restriction R(f)|V to V is Hilbert-Schmidt and let BV be
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an orthonormal basis of this subspace. For f 2 C1
c (AG\G(AF )) the restric-

tion R(f)|V admits a kernel function

Kf,V (x, y) 2 L2([G]⇥ [G]) \ C1([G]⇥ [G])

with L2-expansion

X

'2BV

R(f)'(x)'(y). (16.13)

Here when we say that (16.13) is an L2-expansion of Kf,V (x, y) we mean that
the sum converges in L2([G]⇥ [G]) to Kf,V (x, y).

Proof. Since V is closed in L2([G]) we can extend the operator R(f)|V by 0
to obtain a Hilbert-Schmidt operator on L2([G]). We apply Lemma 16.2.1 to
conclude that (16.13) converges in L2([G]⇥ [G]). If there is a smooth function
Kf,V (x, y) that is equal almost everywhere to (16.13) then it is easy to check
that Kf,V (x, y) is a kernel function for R(f)|V .

By the Dixmier-Malliavin lemma (Theorem 4.2.8) and its obvious analogue
in the nonarchimedean case, we can write f as a finite sum of functions of
the form

f1 ⇤ f2 ⇤ f3
for f1, f2, f3 2 C1

c (AG\G(AF )). It clearly su�ces to prove the theorem for
f of this special form, so we assume that f = f1 ⇤ f2 ⇤ f3. Thus using (16.12)
one has that

X

'2BV

R(f1 ⇤ f2 ⇤ f3)'(x)'(y)

=
X

'2BV

R(f2 ⇤ f3)'(x)R(f_

1
)'(y)

= (R(f2)⇥R(f_

1
))
X

'2BV

R(f3)'(x)'(y).

(16.14)

Here all equalities are of functions in L2([G] ⇥ [G]). The function on the
bottom line of (16.14) is smooth as a function of (x, y) by Theorem 4.2.3,
Proposition 4.2.6, and their obvious analogues in the nonarchimedean case.
Thus we take Kf,V (x, y) to be the last line of (16.14). ut

We now prepare to define relative traces. Let

H  G⇥G

be a subgroup. We assume that the neutral component of H is the direct
product (not semidirect product) of a unipotent and a reductive group. We
set



424 16 Spectral Sides of Trace Formulae

AG,H := H(AF ) \ (AG ⇥AG). (16.15)

Then the natural map

AG,H\H(AF ) �! (AG ⇥AG)\(AG ⇥AG)H(AF )

is an isomorphism. Implicit in the definition of R(f) is a choice of measure on
AG\G(AF ). To define relative traces, we additionally choose a Haar measure
d(h`, hr) on AG,H\H(AF ). It induces a rightH(AF )-invariant Radon measure
on AG,HH(F )\H(AF ).

Let
� : H(AF ) �! C

⇥

be a quasi-character trivial on AG,HH(F ), let ⇡ be a cuspidal automorphic
representation of AG\G(AF ) and let f 2 C1

c (AG\G(AF )). The relative
trace of ⇡(f) with respect to H and � is

rtrH,� ⇡(f) :=

Z

AG,HH(F )\H(AF )

K⇡(f)(h`, hr)�
�1(h`, hr)d(h`, hr). (16.16)

If H and � are understood we often drop them from notation, writing

rtr⇡(f) := rtrH,� ⇡(f).

These relative traces are well-defined by the following lemma:

Lemma 16.2.4 For any closed subspace V  L2

cusp
([G]), one has that

Z

AG,HH(F )\H(AF )

��Kf,V (h`, hr)�
�1(h`, hr)

�� d(h`, hr) <1.

Proof. This is an immediate consequence of Theorem 16.2.3 and Corollary
14.3.3. ut

The relative trace of ⇡(f) is a generalization of the trace of ⇡(f). Indeed,
if ⇡ is a cuspidal automorphic representation of AG\G(AF ) and H  G⇥G
is the group G embedded diagonally, then

rtrH,� ⇡(f) = tr⇡(f).

by Theorem 9.1.1 and [Bri91, Corollary 3.2].
The key property of relative traces is contained in the following proposi-

tion:

Proposition 16.2.5 Suppose that ⇡ is a cuspidal automorphic representa-
tion of AG\G(AF ). The representation ⇡ ⌦ ⇡_ of (AG\G(AF ))2 is (H,�)-
distinguished if and only if rtrH,� ⇡(f) 6= 0 for some f 2 C1

c (AG\G(AF )).

Proof. Recall the definition of the period integral P� from (14.4). One has
that
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P�
�
K⇡(f)

�
= rtrH,� ⇡(f),

where the convergence is justified by Lemma 16.2.4. Certainly K⇡(f) lies
in the ⇡ ⌦ ⇡_-isotypic subspace of L2

cusp
([G] ⇥ [G]) so we deduce the “if”

direction.
Now assume that ⇡ ⌦ ⇡_ is (H,�)-distinguished. By Lemma 14.3.4 and

Exercise 16.4, there are K1-finite smooth functions ','0 2 L2

cusp
(⇡) such

that P�('0 ⌦ ') 6= 0. Using Proposition 4.5.5 and Exercise 5.7, choose
f 2 C1

c (AG\G(AF )) such that ⇡(f) maps ' to '0 and sends any vector
in L2

cusp
(⇡) orthogonal to ' to zero. Then

rtrH,� ⇡(f) = P�('0 ⌦ ').

ut

Thus investigating which representations of (AG\G(AF ))2 are (H,�)-
distinguished is equivalent to studying the linear functionals

C1

c (AG\G(AF )) �! C

f 7�! rtrH,� ⇡(f).

The main result of this chapter relates the kernel function Kf,cusp(x, y) to
these linear functionals. It amounts to the computation of the cuspidal con-
tribution to the spectral side of the relative trace formula:

Theorem 16.2.6 Let f 2 C1
c (AG\G(AF )). One has that

Z

AG,HH(F )\H(AF )

Kf,cusp(h`, hr)�
�1(h`, hr)d(h`, hr) =

X

⇡

rtrH,� ⇡(f),

where the sum on the right is over isomorphism classes of cuspidal automor-
phic representations ⇡ of AG\G(AF ). Moreover, the integral on the left and
the sum on the right are absolutely convergent. In particular, if R(f) has
cuspidal image then

Z

AG,HH(F )\H(AF )

Kf (h`, hr)�
�1(h`, hr)d(h`, hr) =

X

⇡

rtrH,� ⇡(f).

After the proof of Theorem 16.2.6, we describe the general spectral expansion
ofKf (x, y) and then, in §16.4, describe one method for constructing functions
f such that R(f) has cuspidal image.

Proof. We assume that F is a number field. The proof in the function field
case is easier and is left as Exercise 16.2.

By Theorem 9.1.1, for any f 2 C1
c (AG\G(AF )) the operator Rcusp(f)

is of trace class, hence Hilbert-Schmidt, and the same is true of ⇡(f) for
any cuspidal automorphic representation ⇡ of AG\G(AF ). These facts will
be used several times below.
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By the Dixmier-Malliavin lemma (Theorem 4.2.8) we can assume f =
f1 ⇤ f2 ⇤ f3. Using (16.12) we have

X

⇡

��K⇡(f)(x, y)
�� =

X

⇡

��⇡(f2)⇥ ⇡(f_

1
)K⇡(f3)(x, y)

��
(16.17)

where the sum is over isomorphism classes of cuspidal automorphic repre-
sentations of AG\G(AF ). Let S(t) be a Siegel domain in G(AF ) such that
G(F )AGS(t) = G(AF ). By Proposition 9.4.7 and with the notation of that
proposition, for (x, y) 2 S(t)⇥S(t) the sum (16.17) is bounded by a constant
depending on S(t), B1, B2 2 R>0 and f1, f2 times

X

⇡

min
↵1,↵22�

↵1(sx)
�B1↵2(sy)

�B2kK⇡(f3)k2

= min
↵1,↵22�

↵1(sx)
�B1↵2(sy)

�B2kKf3,cuspk2
(16.18)

Here we have used the fact that that Kf3,cusp 2 L2([G] ⇥ [G]) by Theorem
16.2.3 and the fact that K⇡(f3) and K⇡0(f3) are orthogonal in L2([G] ⇥ [G])
if ⇡ 6⇠= ⇡0. Thus the sum

X

⇡

K⇡(f)(x, y) (16.19)

converges absolutely and uniformly in (x, y) 2 [G]⇥ [G] and hence is a con-
tinuous function on [G]⇥ [G]. On the other hand, Kf,cusp(x, y) is smooth and
equal to (16.19) almost everywhere by Theorem 16.2.3. We conclude that
Kf,cusp(x, y) is equal to (16.19) pointwise. In particular

Z

AG,HH(F )\H(AF )

Kf,cusp(h`, hr)�
�1(h`, hr)d(h`, hr)

=

Z

AG,HH(F )\H(AF )

 
X

⇡

K⇡(f)(h`, hr)

!
��1(h`, hr)d(h`, hr).

(16.20)

In the previous paragraph we proved the estimate

X

⇡

��K⇡(f)(x, y)
��⌧ min

↵1,↵22�
↵1(sx)

�B1↵2(sy)
�B2

X

⇡

kKf,cuspk2

where the implied constant depends on S(t), f1, f2, B1, B2. This implies thatP
⇡

��K⇡(f)(x, y)
�� is rapidly decreasing. Applying Proposition 14.3.2 we see

that the integral in the top line of (16.20) is absolutely convergent, that we
can bring the sum inside the integral in (16.20), and that the sums in the
statement of the theorem are absolutely convergent. ut
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16.3 The full expansion of the automorphic kernel

Using Langlands’ decomposition of the entire spectrum of L2([G]), we now
give the full spectral expansion of Kf (x, y), not just its restriction to the
cuspidal subspace. Assume for this section that F is a number field.

We will use the notation and terminology developed in Chapter 10. In par-
ticular we fix a minimal parabolic subgroup P0 of G with Levi decomposition
P0 = M0N0 and assume that the Levi decomposition P = MN of a standard
parabolic subgroup P is chosen so that M �M0.

Let f 2 C1
c (AG\G(AF )). The automorphic kernel function Kf (x, y) has

an expansion

Kf (x, y) =
X

P

n�1

P

X

�

Z

ia⇤

P

X

'2B(�)

E(x, I(�,�)(f)',�)E(y,',�)d� (16.21)

where the sum on P is over all standard parabolic subgroups of G, the sum on
� is over all isomorphism classes of irreducibleAM\M(AF )-subrepresentations
of L2

disc
([M ]), and B(�) is an orthonormal basis of IndGP (L

2

disc
([M ])(�)) con-

sisting of vectors in the subspace IndGP (L
2

disc
([M ])(�))0 defined in (10.8). A

priori, this expression only converges in the sense that for each x it is an
L2-expansion of Kf (x, y) as a function of y. However, one can make sense of
it pointwise by an analogue of the argument in the proof of Theorem 16.2.3.
See [Art78, §4] or below [Art05, Theorem 7.2].

16.4 Functions with cuspidal image

The general spectral expansion (16.21) of Kf (x, y) is formidable, and it be-
comes more serious when one tries to integrate the kernel. In particular, it is
not integrable over [G] embedded diagonally into [G]⇥ [G]. To remedy this,
Arthur introduced truncated versions of the kernel that are integrable over
the diagonal and can be given spectral interpretations [Art05]. This work
was used in the construction of the functorial transfers discussed in §13.4
and §13.8.

As we have seen, if we assume that R(f) has cuspidal image then the
spectral expansion of Kf (x, y) is much simpler. Happily, there are now sev-
eral fairly flexible methods available to construct R(f) with cuspidal image
[BPLZZ21, LV07, Mai22]. We will content ourselves with explaining an older
but simpler method. Although it has limitations that will be explained below,
it is still quite useful in practice.

Definition 16.1. Let v be a nonarchimedean place of a global field F. A
function fv 2 C1

c (G(Fv)) is said to be supercuspidal if
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Z

N(Fv)

fv(gnh)dn = 0

for all proper parabolic subgroups P < GFv
(defined over Fv) with unipotent

radical N and all g, h 2 G(Fv).

Lemma 16.4.1 Let v be a finite place of F, let fv 2 C1
c (AG\G(Av

F )), and
let fv 2 C1

c (G(Fv)) be supercuspidal. Let f(g) = fv(gv)fv(gv), so that f 2
C1

c (AG\G(AF )). Then R(f) has cuspidal image.

Proof. Let P < G be a proper parabolic subgroup with unipotent radical N.
As usual, let [N ] := N(F )\N(AF ). For ' 2 L2([G]), R(f)' is smooth and
hence can be integrated over any compact subset. For all x 2 AG\G(AF ),
unfolding (see Lemma 9.2.5) we have

Z

[N ]

R(f)'(nx)dn =

Z

[N ]

Z

AG\G(AF )

f(g)'(nxg)dgdn

=

Z

[N ]

Z

AG\G(AF )

f(x�1n�1g)'(g)dgdn

=

Z

[N ]

Z

AGN(F )\G(AF )

X

�2N(F )

f(x�1n�1�g)'(g)dgdn

=

Z

AGN(F )\G(AF )

Z

[N ]

X

�2N(F )

f(x�1n�1��1g)'(g)dndg

=

Z

AGN(F )\G(AF )

Z

N(AF )

f(x�1n�1g)'(g)dndg

= 0,

where the last equality follows from the fact that the inner integral
Z

N(AF )

f(x�1n�1g)'(g)dn

vanishes since fv is supercuspidal. ut

Essentially all examples of supercuspidal functions are obtained using the
following lemma (see Exercise 16.5):

Lemma 16.4.2 Assume that ZG(Fv) is compact for some v and that (⇡v, V )
is an irreducible supercuspidal representation of G(Fv). If fv is a matrix
coe�cient of ⇡v then fv is supercuspidal.

The assumption that ZG(Fv) is compact is not essential; see the discussion
of truncated matrix coe�cients in [HL04]. This lemma indicates the intrinsic
limitation of supercuspidal functions: supercuspidal functions can only be
used to study representations that are supercuspidal at some place. For a
precise statement, see Exercise 16.6.
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Proof. Let P be a proper parabolic subgroup of GFv
with unipotent radical

N. Let VN and V _

N be the Jacquet modules defined as in (8.13) in §8.3.
Assume that Z

N(Fv)

fv(gnh)dn 6= 0

for some g, h 2 G(Fv). Realize V ⌦V _ as a subspace of C1
c (G(Fv)) as in the

proof of Proposition 8.5.3. We then obtain a nonzero map

V ⌦ V _ �! VN ⌦ V _

N

fv 7�!
 
(g, h) 7!

Z

N(Fv)

fv(g
�1nh)dn

!

contradicting the supercuspidality of ⇡v. ut

Exercises

16.1. LetK1 be a maximal compact subgroup ofG(F1). If f 2 C1
c (AG\G(AF ))

is K1-finite and ⇡ is a discrete automorphic representation of AG\G(AF )
then prove that ⇡(f) has finite image.

16.2. Prove Theorem 16.2.6 when F is a function field.

16.3. Let v be a nonarchimedean place of a global field F. A function fv 2
C1

c (G(Fv)) is said to be F -supercuspidal if

Z

N(Fv)

fv(gnh)dn = 0

for all proper parabolic subgroups P < G (defined over F ) with unipotent
radical N and all g, h 2 G(Fv). Prove that the conclusion of Lemma 16.4.1
remains valid if we assume fv is F -supercuspidal.

16.4. For 1  i  2, let Gi be a reductive group over a number field F, let
Ki1  AGi

\Gi(F1) be maximal compact subgroup, and let ⇡i be a cuspidal
automorphic representation of AGi

\Gi(AF ). Then a smooth function in

L2

cusp
([G1]⇥ [G2])(⇡1 ⌦ ⇡2) (16.22)

need not be in the algebraic tensor product

L2

cusp
([G1])(⇡1)⌦ L2

cusp
([G2])(⇡2).

Despite this, show that a K11 ⇥K21-finite smooth function in (16.22) is a
finite sum of functions of the form '1 ⌦ '2 where 'i is a Ki1-finite smooth
function in L2

cusp
([Gi])(⇡i) for 1  i  2.
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16.5. Let F be a nonarchimedean local field and let G be a reductive group
over F. Assume that ZG(F ) is compact. Prove that any supercuspidal func-
tion in C1

c (G(F )) is a finite sum of matrix coe�cients of supercuspidal rep-
resentations of G(F ).

16.6. Under the assumptions of Exercise 16.5, let f 2 C1
c (G(F )) be a matrix

coe�cient of an irreducible supercuspidal representation ⇡0. Prove that if ⇡
is an irreducible admissible representation of G(F ) such that ⇡(f) 6= 0 then
⇡ ⇠= ⇡0

16.7. Let K1 be a maximal compact subgroup of G(F1). If f is K1-finite,
prove that

rtrH,� ⇡(f) =
X

'2B⇡

P�(⇡(f)'⇥ '),

where we take the basis B⇡ to consist of K1-finite vectors (which are smooth
by Proposition 4.4.4).



Chapter 17

Orbital Integrals

When I suggested the term
endoscopy to Shelstad I didn’t
know it had a medical meaning.

A. Ash

Abstract We define and study orbital integrals. In the next chapter, we
explain how the geometric sides of trace formulae are written in terms of
orbital integrals.

17.1 A refined study of orbits

The geometric side of any relative trace formula is a sum of orbital integrals,
that is, integrals of a test function over the orbit of a group action, indexed
by the set of all orbits. Thus it is not surprising that a robust understanding
of orbital integrals is crucial in many applications of relative trace formulae.

The study of orbital integrals amounts to successively refining our under-
standing of orbits of algebraic group actions. At the first level of refinement
one views orbits from the optic of algebraic geometry. Thus we review the
theory of algebraic group actions in §17.2 and discuss quotients in the sense
of geometric invariant theory in §17.3. This is necessary to give algebraic
structure to the space of orbits. Out of necessity we pay particular attention
to the description of the points of schemes over nonalgebraically closed fields.

Let H be an algebraic group over a field k. An essential feature of the
theory is that the k-points of an orbit of H in the sense of algebraic geometry
do not coincide with the orbits of the abstract group H(k) in general. We
discuss the local cohomological constructions necessary to come to grips with
this phenomenon in §17.4. This is the second level of refinement of our study
of orbits. It is an arithmetic refinement because it depends heavily on the
structure of the fields involved. The final level of refinement comes when

431
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we integrate test functions over orbits to form relative orbital integrals as
in §17.5. This is a topological refinement; to prove convergence results we
ultimately intersect compact and closed subsets of the points of schemes over
local fields.

At the end of §17.5 we will have the basic features of the theory over a
local field in hand. We then treat the adelic version. It is most satisfactory to
proceed by employing Galois cohomology over the rings of integers of global
fields and related Dedekind domains. For this purpose we discuss torsors for
group schemes over rings in §17.6. We then turn to adelic points of orbits in
§17.7. This is used to prove that global relative orbital integrals are convergent
under appropriate assumptions (Proposition 17.8.1), and that the sum over all
relative orbital integrals satisfying analogous assumptions is again convergent
(Theorem 17.8.4).

Just as in the local case, these global convergence results boil down to
topology. We endow Galois cohomology sets with topologies and prove various
properness statements so that we can use the fact that our test functions
are compactly supported. In particular, Proposition 17.8.1 is essentially a
consequence of the properness of a certain map. Let F be a global field.
Theorem 17.8.4 follows from the assertion that the space of closed orbits of a
reductive group acting on an a�ne scheme is again an a�ne scheme together
with the fact that for any a�ne F -scheme X, the subset X(F ) ✓ X(AF ) is
closed and discrete.

In this chapter we use more serious algebraic geometry and Galois coho-
mology than in other chapters. Moving forward, the main concepts that we
will require are various constructions and definitions related to relative classes
contained in §17.2 and §17.3 and the definition of relative orbital integrals,
given in §17.5 in the local setting and §17.8 in the adelic setting. If desired,
the other sections of this chapter can be omitted.

However, all of the concepts in this chapter will be helpful for the reader
desiring working knowledge of relative trace formulae. In particular, we have
written the chapter so that the reader has the foundational results necessary
to prestabilize (in the sense of [Lab99, §4.2]) any simple relative trace formula
one may encounter.

17.2 Group actions, orbits, and stabilizers

We discuss the notion of an algebraic group action and some related con-
structions. Our references for the algebraic geometry in this chapter are
[Mil17, MFK94, Poo17].

Let k be a commutative ring with identity, let H be a smooth (a�ne)
group scheme over k, and let X be a separated scheme of finite type over k.
We do not yet assume that X is a�ne, although this is the primary case of
interest for us. A morphism
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a : X ⇥H �! X (17.1)

is a (right) action of H on X if the diagram

X ⇥H ⇥H X ⇥H

X ⇥H X

a⇥1H

1X⇥m a

a

commutes and the composite

X
1X⇥e����! X ⇥H

a����! X

is the identity. Here m is the multiplication map and e : Spec(k) ! H is
the identity section. These assumptions imply, in particular, that for every
k-algebra R,

a : X(R)⇥H(R) �! X(R)

is a right action. One can formulate the notion of a left action in the analogous
manner. Let a : X ⇥H ! X and a0 : X 0 ⇥H ! X 0 be right actions of H on
a�ne schemes X and X 0 of finite type over k, respectively. An H-equivariant
morphism is a morphism of schemes b : X ! X 0 such that

X ⇥H X

X 0 ⇥H X 0

a

b⇥1H b

a0

commutes. It is an isomorphism if b is an isomorphism.
For � 2 X(k), we have a morphism

a(�, ·) : H �! X.

We denote by H� the stabilizer of �. Thus H� is the subgroup scheme of H
given by the fiber product

H� = Spec(k)⇥X H

over � : Spec(k)! X and a(�, ·) : H ! X. For k-algebras R one has that

H�(R) = {h 2 H(R) : a(�, h) = �}. (17.2)

When k is a field, the map Spec(k)! X defined by � is a closed immersion,
and hence H� is a closed subgroup scheme of H. The action a is often omitted
from notation; in such case one writes

�h := �.h := a(�, h).
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Assume for the remainder of this section that k is a field. As usual,
we denote by ksep  k a separable and algebraic closure of k, respectively.

If I  H is a subgroup, then one can always define a quotient scheme I\H
as in §1.10. The following is [Mil17, Proposition 7.17]:

Proposition 17.2.1 The natural map

H�\H �! X

is an immersion. ut

For k-schemes Y denote by |Y | the underlying topological space of Y. The
morphism a(�, ·) induces a continuous map of topological spaces |H|! |X|.
The image

a(�, |H|) ✓ |X|

is locally closed (i.e. open in its closure). Let

O(�) ⇢ X (17.3)

be the subscheme with a(�, |H|) as its underlying topological space, given the
reduced induced scheme structure. The subscheme O(�) ✓ X is the H-orbit
of �.

Recall that we have assumed H is smooth.

Proposition 17.2.2 The map a(�, ·) induces an isomorphism

H�\H �! O(�).

The scheme O(�) is smooth. Moreover, the map

H �! O(�)

is smooth if H� is smooth.

Proof. See [Mil17, Propositions 7.12] for the first assertion and see [Mil17,
Proposition 7.4 and Proposition 7.15] for the last two assertions. ut

For technical reasons later, we will require the following complementary
results:

Lemma 17.2.3 The quotient H�\H is finite étale.

Proof. See [Mil17, Proposition 5.58]. Milne takes étale to mean finite étale
[Mil17, §A(i)]. ut

Lemma 17.2.4 If I  H is a subgroup then the morphism

I�\H �! I\H

is finite and flat and in particular proper.
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Proof. This follows from Lemma 17.2.3 and [Mil17, Proposition 7.15]. ut

We say that a Y is a reduced subscheme of a k-scheme Z if Y is the
reduced induced scheme structure on a locally closed subset of |Z|. Thus for
all � 2 X(k) the orbit O(�) is a reduced subscheme of X. If k is perfect
and Y is a reduced subscheme of Z then Yk is a reduced subscheme of Zk.
However this is false for general k.

For any scheme Z there is a canonical reduced scheme Zred equipped with
a morphism Zred ! Z that induces a homeomorphism on the underlying
topological spaces. If Y is a reduced subscheme of Z we identify (Yk)red with
the reduced induced subscheme structure on |Yk|. In particular, if k is perfect
then Yk = (Yk)red

Definition 17.1. A reduced subscheme O ✓ X with the property that
(Ok)red = O(�) for some � 2 X(k) is an H-orbit.

It is important to note that though O(k) is nonempty for any H-orbit O, it
may very well happen that O(k) is empty.

To study this phenomenon we require a basic result from descent theory.
Given a scheme Y over ksep and � 2 Galk, let �Y be the base change of Y
along � : ksep ! ksep. Thus, for instance, if

Y = Spec(ksep[x1, . . . , xn]/(f1, . . . , fd))

for some f1, . . . , fd 2 ksep[x1, . . . , xd] then

�Y = Spec(ksep[x1, . . . , xn]/(�(f1), . . . ,�(fd))).

If Y is a subscheme of Xksep , then for all � 2 Galk the scheme �Y is
naturally a subscheme of �X = X. Hence it is meaningful to ask whether
�Y = Y.

The following theorem is a very special case of the general theory of Galois
descent discussed in [Poo17, §4.4].

Theorem 17.2.5 Assume that Y 0 is a quasi-projective subscheme of Xksep

such that �Y 0 = Y 0 for all � 2 Galk. Then there is a subscheme Y of X such
that Y 0 = Yksep . ut

Applying Galois descent to our situation we obtain the following:

Lemma 17.2.6 Assume that X is a�ne. There is a bijection

{H-orbits O ✓ X}�̃!{Autk(k)-stable H(k)-orbits in X(k)}
O 7�! O(k)

Proof. We construct an inverse to the map in the lemma. Suppose we are
given an Autk(k)-stable H(k)-orbit O0 ⇢ X(k). Choose an element � 2 O0.
Let O(�) ✓ Xk be the Hk-orbit of �. The scheme O(�) is independent of
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the choice of �, and we have an isomorphism a(�, ·) : H�k\Hk!̃O(�) by
Proposition 17.2.2.

The map a(�, ·) : H(k) ! O(�)(k) is surjective by Proposition 1.10.5.
Hence O(�)(k) = O0. We may identify the topological spaces |Xksep | = |Xk|,
and hence O0 may be identified with a locally closed subset of |Xksep |. Let
Y 0 ⇢ Xksep be the reduced induced scheme structure on O0. Then (Y 0

k
)red =

O(�). The fact that Y 0(k) = O0 is Autk(k)-invariant implies that for all
� 2 Galk we have �Y 0 = Y 0. Moreover, Y 0 is a reduced subscheme of an
a�ne scheme, hence it is quasi-a�ne (that is, an open subscheme of an a�ne
scheme). This implies that Y is quasi-projective [Sta16, Tag 0B43]. Applying
Theorem 17.2.5 we deduce that Y 0 = Yksep for some subscheme Y of X. Since
Y 0 is reduced Y is reduced. Thus Y is an H-orbit satisfying Y (k) = O0, and
we have constructed our desired inverse. ut

Definition 17.2. If O(�) ✓ X is closed, we say that � is relatively
semisimple. We say that � is relatively regular if the dimension of O(�)
is maximal among all � 2 X(k).

Here the adjective relatively is short for relative to the action of H.
When X is a�ne, the following theorem gives necessary conditions for an

element of X(k) to be relatively semisimple:

Theorem 17.2.7 Assume that H� is reductive and that � 2 X(k). The orbit
O(�) is a�ne if and only if (H�)� is reductive. In particular, if X is a�ne
and O(�) is closed, then (H�)� is reductive. ut

Proof. If I  H is a subgroup, then I\H is a�ne if and only if I� is re-
ductive by the main result of [Hab78] or [Ric77], generalizing earlier work of
Matsushima in characteristic zero [Mat60]. Combining this with Proposition
17.2.2 we deduce the theorem. ut

We point out that if the neutral component of H� is reductive then O(�)
need not be closed (see Exercise 17.2).

The following theorem implies that if our smooth group H is unipotent
and X is a�ne, then every � 2 X(k) is relatively semisimple:

Theorem 17.2.8 (Kostant-Rosenlicht) If H is a smooth unipotent group
scheme and X is a�ne then every H-orbit in X is closed.

Proof. This is [Mil17, Theorem 17.64]. ut

Example 17.1. The multiplication H ⇥ H �! H defines a (right) action of
H on itself. For any subgroup I  H this action descends to an action of H
on I\H.

Example 17.2. Let X = H and let H act on X via conjugation. Thus for
k-algebras R, the action is given by
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X(R)⇥H(R) �! X(R)

(�, h) 7�! h�1�h.

We refer to this as the group case. In this setting, O(�)(k) is the H(k)-
conjugacy class of � and H� is the centralizer of �. Assume that k is perfect.
Then an element � 2 X(k) is relatively semisimple if and only if it is semisim-
ple in the usual sense of Definition 1.14 (see [Ste65, Corollary 6.13]). More-
over, � is relatively regular if and only if � is regular in the sense of [Ste65].
This is the reason for the terminology relatively semisimple and relatively
regular.

Example 17.3. Let X = h, where h := LieH, and let H act on X via the
adjoint action. Even if one is primarily interested in the group case, it has
proven crucial to use this infinitesimal model of conjugation. For example,
the proof of the fundamental lemma was reduced to a Lie algebra version
by Waldspurger [Wal97, Wal06, Wal08, Wal09a, Wal09b]. It was this version
that was proved by Ngô [Ngô10b].

Example 17.4. Let G be a reductive group, let X = G, and let H  G ⇥ G
be a subgroup. Then we have an action

G(R)⇥H(R) �! G(R)

(g, (h`, hr)) 7�! h�1

` ghr. (17.4)

We can recover Example 17.2 by taking H to be G embedded diagonally into
G⇥G.

17.3 Classes and quotients

We maintain the assumptions of the previous section. Thus k is a field and

a : X ⇥H ! X

is an action of a smooth algebraic group H over k on a separated scheme X
of finite type over k.

Definition 17.3. Let R be a k-algebra. A class is an element of

� (R) := X(R)/H(R).

A relatively semisimple class is an element of

�ss(k) := {� 2 X(k) : � is relatively semisimple}/H(k). (17.5)

We use the notation [�] for the class of �.
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From the point of view of algebraic geometry, the notion of a class is
too refined. In fact it turns out to be too refined even for some purposes in
automorphic representation theory. One needs to consider the coarser notion
of a geometric class. This entails some understanding of quotients of a�ne
schemes by reductive group actions, so we digress to discuss this topic.

For the remainder of this section we assume that X is a�ne. The
action of H on X corresponds to a morphism of k-algebras

ba : O(X) �! O(X)⌦k O(H), (17.6)

where O(Y ) is the coordinate ring of the a�ne scheme Y (see §1.2). In other
words, a defined in (17.1) is just the map of a�ne schemes induced by the
map ba of k-algebras. Call an element r 2 O(X) invariant if ba(r) = r ⌦ 1.
The set of invariant elements is a k-subalgebra, and by abuse of notation, we
let

O(X)H  O(X) (17.7)

be this subalgebra.
If H� is reductive, we set

X/H := Spec(O(X)H). (17.8)

It is an a�ne scheme of finite type over k [MFK94, Theorem 1.1]. This is the
Geometric Invariant Theory quotient of X by H, or GIT quotient for
short. The inclusion (17.7) induces a morphism

p : X �! X/H.

Let us explain why X/H deserves to be regarded as a quotient. Let p1 :
X⇥H ! X denote the projection to the first factor. A categorical quotient
of X by H is a k-scheme Y and a morphism p : X ! Y such that

X ⇥H X

X Y

a

p1 p

p

(17.9)

commutes and for any morphism q : X ! Z from X to another k-scheme Z
such that

X ⇥H X

X Z

a

p1 q

q

(17.10)

commutes, there is a unique morphism � : Y ! Z such that q = � � p.
Concretely, the assertion that (17.10) commutes is a way to make precise the
assertion that q is constant on H-orbits. The universal property states that
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any morphism constant on H-orbits factors through the categorical quotient.
As usual with universal properties, the definition immediately implies that
the categorical quotient is unique up to unique isomorphism if it exists. We
emphasize that in this definition we are allowing Z to be any k-scheme, we
do not assume that it is a�ne. Unless otherwise stated, all of our categorical
quotients are understood to be in the category of k-schemes. This distinction
is important. Indeed, if H� is not reductive, we may still consider the a�ne
scheme Spec(O(X)H), though it may not be of finite type [Nag59]. Moreover,
it is a categorical quotient in the category of a�ne schemes by Exercise 17.3,
but not necessarily a categorical quotient in the category of schemes (see
Example 17.5 below).

As the reader probably has guessed, the GIT quotient is a categorical
quotient [MFK94, Theorem 1.1]. Thus it is reasonable to call it a quotient.
We remark that the quotients I\H are also categorical quotients [Mil17,
Definition B.6, Theorem B.37]. The formation of these quotients commutes
with base change in the following sense. If k0/k is a field extension then there
are canonical identifications

(X/H)k0 = Xk0/Hk0 and (I\H)k0 = Ik0\Hk0 . (17.11)

The first identification is part of [MFK94, Theorem 1.1]. The second identifi-
cation follows from the construction of the quotient I\H in terms of sheaves
given in §1.10.

Example 17.5. Let N  SL2 be the subgroup of strictly upper-triangular ma-
trices, so N(R) := {( 1 x

1
) : x 2 R}. Denote by G

2

a�{0} the open complement
of {0} in G

2

a. One has a commutative diagram

N\SL2 Spec(O(SL2)N )

G
2

a � {0} G
2

a

⇠ ⇠

Here the vertical arrows are isomorphisms induced by the maps

SL2(R) �! R2

g 7�! (0, 1)g

for k-algebras R, the top horizontal arrow is the map induced by the universal
property of categorical quotients (in the category of k-schemes), and the
bottom horizontal arrow is the canonical open immersion. In particular the
top horizontal arrow is not an isomorphism.

Often in the literature, the GIT quotient is denoted byX //H and the stack
theoretic quotient is denoted by X/H or [X/H]. In this book we only consider
two types of quotients, namely GIT quotients and the representable fppf
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sheaf quotients defined in §1.10. In settings where both are defined they are
naturally isomorphic since they are both categorical quotients. In particular,
we only use the notation X/H for Spec(O(X)H) in the special case when X
is a�ne and H� is reductive.

For our purposes we need to understand the points of X/H. We observe
that for any c 2 X/H(k) the fiber p�1(c) of p : X ! X/H is a closed
subscheme of X. We describe X/H in terms of these fibers:

Proposition 17.3.1 Assume that H� is reductive. There is a bijection

{closed H-orbits in X} �! (X/H)(k)

O 7�! p(O(k))
(17.12)

The inverse is given by sending c 2 (X/H)(k) to the unique closed H-orbit
O in p�1(c).

If we identify the two sets in (17.12) using the given bijection then the map
X(k) ! (X/H)(k) sends an H(k)-orbit �H(k) to the unique closed H-orbit
in the Zariski closure of O(�) in X.

Proof. Assume first that k = k. The morphism p : X ! X/H is surjec-
tive (even universally submersive) [MFK94, Theorem 1.1]. Hence p�1(c)(k)
is nonempty. Let O ✓ p�1(c) be an H-orbit of minimal dimension. We claim
that it is closed. Indeed, let O be the closure of O. Then O�O, if nonempty,
is a union of H-orbits of dimension strictly smaller than the dimension of
O. Thus O is closed. Any two closed H-orbits in X can be separated by an
element of O(X)H (see Chapter 1.2, Corollary 1.2 and Appendix 1.C, Corol-
lary A.1.3 of [MFK94]). Thus O is the unique closed Hk-orbit in p�1(c). This
yields an injection

(X/H)(k) �! {closed H-orbits O ✓ X} (17.13)

given by sending c 2 (X/H)(k) to the unique closed H-orbit in p�1(c). The
map (17.13) is the inverse of (17.12). This implies that (17.12) is a bijection
when k = k.

We now allow k to be an arbitrary field. We have a commutative diagram

{closed H-orbits O ✓ X} (X/H)(k)

{closed Hk-orbits Ok ✓ Xk} (X/H)(k)

C 7!p(C)

O 7!(O
k
)red

O0
7!p(C0

)

(17.14)

The right vertical arrow is the caonnical map, both vertical arrows are injec-
tive, and we have already shown that the bottom arrow is a bijection. Thus
it su�ces to prove that the top vertical arrow is surjetive. Let c 2 (X/H)(k)
and let O0 be the unique closed Hk-orbit in p�1(c)k. Since p�1(c)(k) is fixed
under Autk(k) it follows that O0(k) is fixed under Autk(k). Applying Lemma
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17.2.6 we deduce that there is an H-orbit O ⇢ X such that (Ok)red = O0.
Hence the top horizontal arrow is surjective.

We have already obtained the description of the inverse of (17.12) claimed
in the proposition. The last assertion of the proposition follows from the first.

ut

We now drop our running assumption that H has reductive neutral com-
ponent.

Definition 17.4. A geometric class is a nonempty set of the form O(k)
where O ✓ X is an H-orbit.

We observe that �1, �2 2 X(k) are in the same geometric class if and only if
O(�1) = O(�2). The condition that � is relatively semisimple depends only
on the geometric class of � by Exercise 17.15. It therefore makes sense to
speak of the set

�geo,ss(k) (17.15)

of relatively semisimple geometric classes.
By Proposition 17.3.1, when H has reductive neutral component, one has

a bijection

�geo,ss(k)�̃!Im
�
X(k) �! (X/H)(k)

�
. (17.16)

Still assumingH has reductive neutral component, one has a natural sequence
of maps

�ss(k) �! X(k)/H(k) �! �geo,ss(k). (17.17)

If k = ksep, then the composite is an isomorphism by Proposition 17.3.1.
However, in general the left map is not surjective and the right map is not
injective (even if k = ksep) (see Exercise 17.5). If k 6= ksep then the right map
is not in general surjective.

For use in §17.8, we record two lemmas.

Lemma 17.3.2 If � 2 X(k) is relatively semisimple with respect to H� then
it is relatively semisimple with respect to H.

Proof. We can assume k = k. Let O(�) be the H-orbit of � in X and let O(�)0

be the H�-orbit of � in X. Then using | · | to denote underlying topological
spaces,

|O(�)| =
[

h2H�(k)\H(k)

|O(�)0h|.

Therefore |O(�)| is a finite union of closed subspaces of |X| and hence is
closed. ut
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Assume that

H� := Hr ⇥Hu (17.18)

with Hr reductive and Hu unipotent.

Lemma 17.3.3 An element � 2 X(k) is relatively semisimple with respect
to the action of H if it is relatively semisimple with respect to the action of
Hr.

Proof. We can assume k = k. By Lemma 17.3.2, it su�ces to treat the case
H = H�. Throughout this proof, � is relatively semisimple with respect to
Hr. We first deal with the case where � is additionally relatively regular with
respect to the action of Hr.

Identify X(k) with the set of closed points in |X|. There is a unique open
subset Z of |X| such that Z \X(k) is the set of elements that are relatively
regular with respect to Hr. This is a consequence of the upper semicontinuity
of the dimension of stabilizers [MFK94, §0.3]. Let

Xreg ⇢ X

be the open subscheme of X with underlying topological space Z given the
reduced induced scheme structure. Thus Xreg(k) is the set of elements of
X(k) that are relatively regular with respect to Hr. It is easy to see that
Xreg is an H-invariant subscheme.

Assume for the moment that � 2 Xreg(k). Now consider the GIT quotient

p : X �! X/Hr.

Using the universal property of categorical quotients and the fact that Hu

and Hr commute, we see that the action of Hu on X induces an action of
Hu on X/Hr such that p is equivariant.

Now p�1(p(�)) is a union ofHr-orbits, and there is a unique closedH-orbit
in p�1(p(�)) by Proposition 17.3.1, namely the Hr-orbit �Hr of �. By the
proof of loc. cit., �Hr is also the Hr-orbit of minimal dimension in p�1(p(�)).
On the other hand � is relatively regular with respect to Hr, so we must have
p�1(p(�)) = �Hr. Let p(�)Hu denote the Hu-orbit of p(�). Since the actions
of Hr and Hu commute we deduce that the H-orbit of � is p�1(p(�)Hu). On
the other hand, by Theorem 17.2.8, p(�)Hu ✓ X/Hr is closed. Hence the
H-orbit p�1(p(�)Hu) ✓ X of � is closed.

Thus we have proven the proposition for � 2 Xreg(k), in other words,
when � is relatively regular with respect to Hr. We now reduce the general
case to this one. Let X0 = X, X1 = X � Xreg, and for i > 1, let Xi =
Xi�1� (Xi�1)reg. These subschemes are all preserved by H. Thus we have a
sequence of closed subschemes

X = X0 ◆ X1 ◆ · · · .
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Since X is Noetherian, this sequence stabilizes. It follows that there exists an
n such that (Xn)reg = Xn. Thus our sequence is

X = X0
) X1

) · · · ) Xn
) ;

where for each i, one has Xi�1 �Xi = (Xi�1)reg. Let i be the largest index
such that � 2 Xi(k). Then � is relatively regular in Xi(k) with respect to the
action of Hr. Let O(�) be the Hr-orbit of � in X. Its intersection with Xi is
O(�) itself, and it is closed (being the intersection of two closed subschemes).
Moreover the H-orbit of � in X is contained in Xi. Thus we have reduced to
the case where � is relatively regular with respect to Hr, as desired. ut

17.4 Local geometric classes

Let k be a field. Suppose that the stabilizer H� of � 2 X(k) is smooth (we do
not assume that H has reductive neutral component). We have an injection

H�(k)\H(k) �! (H�\H)(k)

and we can identify the set on the right with O(�)(k) by Proposition 17.2.2.
We now explain how to describe H�(k)\H(k) and its complement within
(H�\H)(k) using Galois cohomology. Our primary reference is [Ser02, §I.5].

For a smooth a�ne algebraic group H over k, define Z1(k,H), the set of
1-cocycles of Galk in H(ksep), to be the set of continuous maps

c : Galk �! H(ksep)

� 7�! c(�)

that satisfy the cocycle condition

c(�1�2) = c(�1)�1(c(�2)) (17.19)

for all �1,�2 2 Galk. Here we give H(ksep) the discrete topology. Two 1-
cocycles c and c0 are called cohomologous if there is an h 2 H(ksep) such
that c0(�) = h�1c(�)�(h) for all � 2 Galk. This is an equivalence relation
and the set of equivalence classes is denoted by

H1(k,H). (17.20)

It is the first Galois cohomology set of Galk in H (or more precisely in
H(ksep)). This is not a group unless H is commutative, but it does come
with a distinguished element, called the neutral element. It is the class of
the 1-cocycle sending every element of Galk to 1. These cohomology sets are
functorial in H in the obvious sense. We also mention that, though this is
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not at all obvious from the definition, the sets H1(k,H) can be computed in
many interesting cases. We refer to [Ser02] for more details.

When H is commutative, the set H1(k,H) has a group structure, and us-
ing this fact, Borovoi defined a group structure on H1(k,H) for all reductive
H when k is of characteristic zero [Bor98b]. Though we will not use Borovoi’s
work, we point out that it can be used to give an elegant treatment of the
stabilization of the trace formula [Lab99]. In fact, Borovoi’s definition is mo-
tivated by constructions occuring in Kottwitz’s work on the stabilization of
the trace formula [Kot84, Kot86b].

If I ! H is a morphism of smooth group schemes over k, let

D(k, I,H) := ker(H1(k, I)! H1(k,H)). (17.21)

Here the kernel is defined to be all classes that are sent to the neutral element
of H1(k,H).

Now suppose that I  H is a smooth subgroup scheme. We leave the
following lemma as Exercise 17.10:

Lemma 17.4.1 The map

cl : (I\H)(k) �! D(k, I,H)

I(ksep)h 7�! (� 7! h�(h�1))

defines a bijection between the H(k)-orbits in (I\H)(k) and D(k, I,H). ut

In other words, the set of classes in the geometric class of � is in bijection
with D(k, I,H). This observation is the germ of the theory of endoscopy.
The groundwork of the theory was laid by Kottwitz, Langlands and Shel-
stad [Kot84, Kot86b, Lan83, LS87, She82] and more recent useful references
include [KS99, Lab99].

We refer to the map cl in the lemma as the class map. The lemma implies
that there is an exact sequence of pointed sets

1 �! I(k)\H(k) �! (I\H)(k)
cl�! D(k, I,H) �! 1. (17.22)

The fact that (17.22) is exact only gives us a description of the fiber of cl
over the neutral element. It is natural to ask for a description of the other
fibers. By Proposition 1.10.5, any element of (I\H)(k) is a coset I(ksep)h for
some h 2 H(ksep) satisfying h�(h�1) 2 I(ksep) for all � 2 Galk. Let Ih be the
stabilizer of I(ksep)h under the action of H. It is independent of the choice
of h 2 H(ksep) representing the coset I(ksep)h. Then we have

(I\H)(k) =
a

I(ksep)h

I(ksep)hH(k)

=
a

I(ksep)h

Im(Ih(k)\H(k)! (I\H)(k)),
(17.23)
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where the disjoint union is over a set of representatives for the H(k)-orbits
in (I\H)(k) and the implicit maps are the injections given by

Ih(k)\H(k) �! (I\H)(k)

Ih(k)x 7�! I(ksep)hx.
(17.24)

We note that

Im(Ih(k)\H(k)! (I\H)(k)) = cl�1([� 7! h�(h�1)]). (17.25)

where [� 7! h�(h�1)] is the class of the 1-cocycle � 7! h�(h�1).
The groups Ih are not necessarily isomorphic as h varies, but they are

related in an important manner. Two smooth algebraic groups Q and eQ over
k are said to be forms of each other if there is an isomorphism

' : Qksep�̃! eQksep . (17.26)

The concept of a form arises naturally in the classification of algebraic groups.
One can proceed in many circumstances by classifying groups of a certain
type over ksep and then classifying all of the groups over k that base change
to a given group over ksep. A pair ( eQ,') consisting of an algebraic group eQ
over k and an isomorphism ' as in (17.26) is called an inner form of Q if
for all � 2 Galk, the automorphism '�1 � � � ' � ��1 of Qksep is an inner
automorphism. Usually the isomorphism ' is omitted from notation. It is
easy to check that the Ih are all inner forms of I (see Exercise 17.11).

Now suppose that k is a local field. In keeping with our usual notation for
local and global fields, we let k = F. We record the following useful result
(see [Poo17, Proposition 3.5.73]):

Proposition 17.4.2 If X ! Y is a smooth map of separated schemes of
finite type over F, then X(F )! Y (F ) is open. ut

Using this proposition, we prove the following lemma:

Lemma 17.4.3 Let I  H be a smooth algebraic subgroup. The map

cl : (I\H)(F ) �! D(F, I,H)

is continuous if we give D(F, I,H) the discrete topology. In particular, the
image of I(F )\H(F ) in (I\H)(F ) is closed.

Proof. The last assertion follows from the first and Lemma 17.4.1. To prove
the first assertion, it su�ces to show that the preimage under cl of any point
in D(F, I,H) is open. By (17.25), this is equivalent to the assertion that the
maps

Ih(F )\H(F ) �! (I\H)(F ) (17.27)

of (17.24) have open image.
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Let bh = I(ksep)h 2 (I\H)(k). Let a : I\H ⇥H ! I\H be the canonical
action. Then the image of (17.27) is the image of

a(bh, ·) : H(F ) �! (I\H)(F )

This map is the F -points of the map a(bh, ·) : H ! I\H, and hence it by
Proposition 17.4.2 it su�ces to check that a(bh, ·) is smooth. But Ih is an
inner form of the smooth group I, hence it is smooth. Thus we can apply
Proposition 17.2.2 to conclude that a(bh, ·) is smooth. ut

The following theorem gives conditions under which D(F, I,H) is finite:

Theorem 17.4.4 Assume I is a smooth algebraic group over the local field
F. If I is reductive or F has characteristic zero, then H1(F, I) is finite.

Proof. If F has characteristic zero, this is contained in [Ser02, §III.4.2 and
4.3]. In the reductive case, see [Ser02, §III.4.3, Remarks]. ut

17.5 Local relative orbital integrals

Let F be a local field and let X⇥H �! X be an action of a smooth algebraic
group over F on a separated scheme X of finite type over F. We define local
relative orbital integrals attached to such an action in this section.

Assume we are given a quasi-character � : H(F )! C
⇥.

Definition 17.5. An element � 2 X(F ) is �-relevant if � is trivial on
H�(F ).

If � is understood, we often omit it from notation and speak simply of relevant
elements. We require the notion of relevance to define local orbital integrals,
and only relevant � will contribute to the global trace formula (see Theorem
17.8.4 below). If � is trivial then all elements of X(F ) are relevant.

We let Cc(X(F )) denote the space of continuous compactly supported
functions on X(F ). if F is nonarchimedean it is equal to C1

c (X(F )), the
space of locally constant compactly supported smooth functions. When X is
smooth and F is archimedean C1

c (X(F )) is also defined. In any case we have

Cc(X(F ))  C1

c (X(F ))

with equality in the nonarchimedean case.
We require one more assumption on � 2 X(F ) before defining local relative

orbital integrals.

Definition 17.6. We say � 2 X(F ) is relatively unimodular if �H |H� =
�H� .
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See §3.2 for definition of the modular character �H . If H� is reductive and X
is a�ne then relatively semisimple � are unimodular by Theorem 17.2.7.

Now suppose we are given f 2 Cc(X(F )) and a relevant relatively semisim-
ple and relatively unimodular � 2 X(F ). We fix right Haar measures drh on
H(F ) and drh� on H�(F ). Because � is relatively unimodular, the quotient
measure drh

drh�
is defined by Theorem 3.2.2. We can then form the local rel-

ative orbital integral

RO�(f) := RO�
� (f) =

Z

H�(F )\H(F )

f(�h)��1(h)
drh

drh�
. (17.28)

Note that we have used the fact that � is �-relevant to define this integral.
The integral depends on the choice of measures, but traditionally they are
not encoded in the notation. In some settings it may be necessary to replace
H� by some subgroup of H� containing (H�)�.

Theorem 17.5.1 If � 2 X(F ) is relevant, relatively unimodular and rel-
atively semisimple and H� is smooth then the integral defining RO�(f) is
absolutely convergent.

Proof. Since the measure drh
drh�

is a Radon measure on H�(F )\H(F ), to show

the integral is well-defined and absolutely convergent, it is enough to con-
struct a pull-back map

Cc(X(F )) �! Cc(H�(F )\H(F ))

attached to the map

H�(F )\H(F ) �! X(F )

H�(F )h 7�! �h.
(17.29)

Thus it su�ces to show that (17.29) is proper. The orbit O(�) of � is closed
in X. Hence O(�)(F ) is closed in X(F ) by Proposition 2.2.3.

It therefore su�ces to treat the case where X = O(�) = H�\H. In this
case, we invoke Lemma 17.4.3 to see that the image of H�(F )\H(F ) in
(H�\H)(F ) is closed. ut

17.6 Torsors

In this section we discuss torsors, which play a key role in §17.7. It is con-
venient to return to the setting of §17.2. Thus H is a smooth a�ne group
scheme over a commutative ring k acting (on the right) on a separated scheme
X of finite type over k :

a : X ⇥H �! X.
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For example, one could take X = H with the natural right H-action. This is
known as the trivial H-torsor. This example can be profitably generalized
as we now explain.

A scheme Y over k is said to be fppf over k if it is faithfully flat and locally
of finite presentation over k. This notion was discussed in the a�ne case in
§1.10.
Definition 17.7. The scheme X is an H-torsor if it is fppf over k and the
map

1X ⇥ a : X ⇥H �! X ⇥X

is an isomorphism.

An equivalent (and more intuitive) way to define an H-torsor is to say that it
is a scheme fppf over k equipped with an action ofH that becomes isomorphic
to the trivial H-torsor after an fppf base extension. For more details, we refer
the reader to [Poo17, §6.5.1]. The set of all isomorphism classes of H-torsors
is denoted by

H1

fppf
(k,H) = H1

fppf
(Spec(k), H). (17.30)

It is a pointed set with the class of the trivial torsor as neutral element. An
H-torsor X is isomorphic to the trivial torsor if and only if X(k) 6= ; (see
[Poo17, Proposition 6.5.3]). Since we have assumed H is smooth, H-torsors
will in fact be smooth over Spec(k) [Poo17, Remark 6.5.2]. Assume that k0

is a k-algebra. Then one has a natural map

H1

fppf
(k,H) �! H1

fppf
(k0, H) (17.31)

given by sending an H-torsor Y to its base extension Yk0 .
Suppose that I  H is a smooth closed subgroup scheme. Let Y be an

I-torsor. One has an action of I⇥H on Y ⇥H given on points in a k-algebra
R by

Y (R)⇥H(R)⇥ I(R)⇥H(R) �! Y (R)⇥H(R)

(y, h, i, h0) 7�! (yi, i�1hh0).
(17.32)

The actions of I and H commute. We now wish to take the quotient under
this action. For this we use some terminology from §1.10. Certainly we have
a presheaf, that is, a set-valued functor, on the category of k-algebras Algk

given on objects by
R 7�! Y (R)⇥H(R)/I(R).

It turns out that the sheafification of this presheaf is representable by a k-
scheme (Y ⇥H)/I when k is Noetherian [Poo17, Theorem 6.5.10].

Definition 17.8. The contracted product of Y and H

Y ^I H := (Y ⇥H)/I
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is the quotient of Y ⇥H by the action of I.

The contracted product Y ^I H is an H-torsor, where the action is inherited
from the action of H in (17.32). It follows from the construction of the quo-
tient via fppf sheaves that Y ^I H is a categorical quotient of Y ⇥H by I.
Moreover, for any k-algebra k0 there is a canonical identification

(Y ^I H)k0 = Yk0 ^Ik0 Hk0 . (17.33)

The contracted product provides us with a morphism of pointed sets

H1

fppf
(k, I) �! H1

fppf
(k,H) (17.34)

sending the isomorphism class of an I-torsor Y to the isomorphism class of
Y ^I H.

Assume momentarily that k is a field. Then there is a canonical bijection

H1

fppf
(k,H)�̃!H1(k,H). (17.35)

It is constructed as follows. Suppose we are given an H-torsor X. Then, since
X is smooth, we can choose x 2 X(ksep) by Lemma 1.10.4. Since the map

1X ⇥ a : X ⇥H �! X ⇥X (17.36)

is an isomorphism, we see that the map a(x, ·) : H(ksep) ! X(ksep) is a
bijection. In particular, for each � 2 Galk, there is a c(�) 2 H(ksep) such
that �(x) = x.c(�). One checks that c(�) is a 1-cocycle and that replacing X
by an equivalent H-torsor X 0 and x by x0 2 X 0(ksep) yields a cohomologous
1-cocycle. The map (17.35) sends the equivalence class of X to the class of
c. We omit the construction of the inverse map (see [Poo17, §5.12.4]). If c
is a 1-cocycle in H(ksep) constructed from X and a choice of x 2 X(ksep)
as above we say that c is a 1-cocycle in H(ksep) attached to X. Using
(17.35), we occasionally allow ourselves to identify H1

fppf
(k,H) and H1(k,H)

when k is a field.

Lemma 17.6.1 Assume k is a field and that I is a smooth subgroup of H.
One has a commutative diagram

H1

fppf
(k, I) H1

fppf
(k,H)

H1(k, I) H1(k,H),

⇠ ⇠

where the vertical arrows are given by the bijection (17.35), the top arrow is
given by (17.34) and the bottom arrow is given by observing that a 1-cocycle
in I(ksep) is a 1-cocyle in H(ksep).
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Proof. The universal property of categorical quotients gives a Galk-equivariant
map

(Y (ksep)⇥H(ksep))/I(ksep) �! (Y ^I H)(ksep). (17.37)

We claim that this map is bijective.
To see this we employ the useful technique of reduction to the trivial torsor.

Choose y 2 Y (k0) for some finite separable extension k0/k using Lemma
1.10.4. There is then an isomorphism (I ⇥H)k0!̃(Y ⇥H)k0 given on points
in a k0-algebra R by

I(R)⇥H(R)�̃!Y (R)⇥H(R)

(i, h) 7�! (yi, i�1h).

This intertwines the right action of Ik0 on (I⇥H)k0 induced by its right action
on Ik0 with the right action of Ik0 on (Y ⇥H)k0 . Using the universal property
of categorical quotients we deduce that there is a commutative diagram

Ik ⇥Hk Yk ⇥Hk

Ik0 ⇥Hk0/Ik0 Yk0 ^Ik0 Hk0 ,

⇠

⇠

where the horizontal arrows are the quotient maps. The fact that (17.37) is
bijective now follows from (17.33) and Proposition 1.10.5 applied to Ik0 ⇥
Hk0/Ik0 .

Let y 2 Y (ksep) and for each � 2 Galk, let c(�) 2 I(ksep) be the element
such that �(y) = yc(�). Thus c is a 1-cocycle in I(ksep) attached to Y. Now
(y ⇥ 1)I(ksep) 2 (Y ^I H)(ksep) and

�(y ⇥ 1)I(ksep) = (yc(�)⇥ 1)I(ksep) = (y ⇥ c(�))I(ksep).

Thus c is also a 1-cocycle in H(ksep) attached to Y ^I H. ut

17.7 Adelic classes

Let F be a global field and let H be a smooth algebraic group over F acting
on a separated scheme X of finite type over F on the right. Thus we are
in the setting of §17.2 in the special case in which F = k. We now develop
topological results on H(AF )-classes in X(AF ) that are necessary to study
global relative orbital integrals (see Proposition 17.8.1). Our exposition is
based on the treatment in [GH15] and generalizes some of the results of
loc. cit.
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Theorem 17.7.1 Suppose that � is relatively semisimple and H� is smooth.
Then the map

H�(AF )\H(AF ) �! X(AF )

is proper.

For � as in the statement of the theorem, one has that O(�)(AF ) is closed
in X(AF ) by Theorem 2.4.11. It is therefore no loss of generality to assume
that X = O(�), which is to say that there is a smooth subgroup I of H such
that X = I\H. Recall that for any finite set S of places of F including the
infinite places we set

bOS
F =

Y

v 62S

OFv
and OS

F := F \ bOS
F .

Thus OS
F < F is the set of elements of F that are integral outside of the

finite places in S. We also recall the notion of a model of an a�ne scheme
reviewed in §2.4. For a su�ciently large set S of places of F, we can choose
a model H of H over OS

F , and a separated scheme X of finite type over OS
F

with XF = X := I\H such that there is a map

H �! X

whose generic fiber is the canonical map H ! X [Poo17, Theorem 3.2.1].
We let I be the schematic closure of I in H. By loc. cit., upon enlarging S if
necessary we can assume that H and I are smooth over OS

F .

The map bOS
F ! A

S
F induces an open topological embedding

X ( bOS
F ) �! X (AS

F ) = X(AS
F ) (17.38)

by [Con12b, §4] (or Exercise 2.2 if X is a�ne). Similarly by Lemma 2.4.10
for every finite place v one has open topological embeddings

X (OFv
) �! X (Fv) = X(Fv). (17.39)

By Proposition 2.4.7 we have a homeomorphism of topological spaces

X(AF ) ⇠=
Y0

v

X(Fv), (17.40)

where the restricted direct product is taken with respect to the open sets
X (OFv

). This discussion is also valid with X and X replaced by H (resp. I)
and H (resp. I). In fact we discussed the algebraic group case in §2.3. Thus
there are isomorphisms of topological groups

H(AF ) ⇠=
Y0

v

H(Fv) and I(AF ) ⇠=
Y0

v

I(Fv), (17.41)
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where the restricted direct product is taken with respect to the subgroups
H(OFv

) (resp. I(OFv
)) for all finite places v. These isomorphisms are compat-

ible with the group actions X(Fv)⇥H(Fv)! X(Fv) and X(AF )⇥H(AF )!
X(AF ) because the generic fiber of H ! X is H ! X. It is tempting to try
to define the quotient I\H and relate it to X , but we do not wish to dis-
cuss representability of quotients over Dedekind rings. Fortunately, coming
to grips with this issue is unnecessary for our purposes.

Lemma 17.7.2 Assume that I is connected. For a large enough finite set S
of places of F including the infinite places, the inverse image of X ( bOS

F ) in

H(AS
F ) is equal to I(AS

F )H( bOS
F ). The morphism H! X induces a bijection

I( bOS
F )\H( bOS

F )�̃!X ( bOS
F ).

Proof. Since I is connected and the map H ! X is smooth by Proposition
17.2.2, the map

H(AF ) �! X(AF )

is open by part (e) of Theorem 2.4.11. For any finite set S of places of F con-
taining the infinite places, the subset H( bOS

F ) ⇢ H(AS
F ) is open and compact

and so its image is open and compact in X(AS
F ). Upon enlarging S, we see

that this image must be X ( bOS
F ) by definition of the restricted direct topology

on X(AF ) (see Exercise 17.13).
Let v 62 S be a place of F. Two elements h, h0 2 H(Fv) have the same

image in X(Fv) if and only if h 2 I(Fv)h0. Applying the conclusion of the
previous paragraph, an element h 2 H(Fv) is in the inverse image of X (OFv

)
if and only if there is an h0 2 H(OFv

) such that h 2 I(Fv)h0. Thus we deduce
the first assertion of the lemma.

Similarly h, h0 2 H(OFv
) have the same image in X (OFv

) if and only if
hh0�1 2 I(Fv). Since H(OFv

) \ I(Fv) = I(OFv
) this occurs if and only if

hh0�1 2 I(OFv
). This implies the second assertion of the lemma. ut

Proof of Theorem 17.7.1: As mentioned below the statement of Theorem
17.7.1, we can assume that X = O(�) = H�\H. Since the map

H�

�\H �! H�\H

is proper by Lemma 17.2.4, the map

(H�

�\H)(AF ) �! (H�\H)(AF )

is proper by part (d) of Theorem 2.4.11.
Thus we are reduced to showing that for any connected smooth subgroup

I  H, the map
I(AF )\H(AF ) �! (I\H)(AF )
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is proper. To keep notation consistent with Lemma 17.7.2, we write X = I\H
and let X and H be defined as above that lemma.

Let ⌦ ⇢ X(AF ) be a compact set. We must show its inverse image in
I(AF )\H(AF ) is compact. Let S be a finite set of places of F including the
infinite places. It su�ces to treat the case ⌦ = ⌦S ⇥⌦S where ⌦S ⇢ X(FS)
is compact and ⌦S = X ( bOS

F ) since any compact subset admits a finite cover
by open sets whose closure is of this form.

Taking S su�ciently large and invoking Lemma 17.7.2, we see that the
inverse image of ⌦S in I(AS

F )\H(AS
F ) is I(AS

F )H( bOS
F ), hence compact. On

the other hand, the inverse image of ⌦S in I(FS)\H(FS) is compact by
Lemma 17.4.3. 2

We observe the following:

Lemma 17.7.3 If Y is an a�ne scheme of finite type over F then Y (F ) is
discrete and closed in Y (AF ).

Proof. The set F < AF is discrete and closed by Lemma 2.1.3 and hence we
conclude by Exercise 2.2. ut

In the local setting, we analyzed classes in a geometric class using the class
map of Lemma 17.4.1. We now provide the adelic analogue.

Let S0 ✓ S be two finite sets of places of F. We allow S0 to be empty and
we require S to contain the infinite places. Let I  H be a smooth algebraic
subgroup of the smooth algebraic group H over F. We do not assume that
H is reductive. Let X = I\H and let I, H and X be schemes over OS

F with
generic fibers I, H, and X, respectively, satisfying the assumptions above.

Recall the cohomology sets of (17.30). For v 62 S set

Dfppf(OFv
, I,H) := ker(H1

fppf
(OFv

, I) �! H1

fppf
(OFv

,H)), (17.42)

where the map is given as in (17.34). We have a diagram

H1

fppf
(OFv

, I) H1

fppf
(OFv

,H)

H1(Fv, I) H1(Fv, H),

(17.43)

where the vertical arrows are given by functoriality (17.31) and (17.35), the
top arrow is given by (17.34), and the bottom arrow is the canonical map.
The commutativity of the diagram follows from Lemma 17.6.1. Recall from
(17.21) that

D(F, I,H) : = Im(H1(F, I) �! H1(F,H)),

D(Fv, I,H) : = Im(H1(Fv, I) �! H1(Fv, H)).

We let
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D(OFv
, I,H) := Im(Dfppf(OFv

, I,H) �! D(Fv, I,H)) (17.44)

and set

D(AS0
F , I,H) :=

Y0

v 62S0

D(Fv, I,H), (17.45)

where the prime indicates that we take the restricted direct product with
respect to D(OFv

, I,H) ✓ D(Fv, I,H) for all v 62 S. We note that if S0 ◆ S
is finite then the natural map

D(AS0
F , I,H) �! D(AS0

F , I
OS0

F

,H
OS0

F

)

is an isomorphism.
Assume now that D(Fv, I,H) is finite for all v. Consider sets of the form

⌦S0 ⇥
Y

v 62S0

D(OFv
, I,H) (17.46)

for some finite set S0 of places of F containing S, where ⌦S0 is any subset
of
Q

v2S0�S0
D(Fv, I,H). They form a base of open sets for a topology on

D(AS0
F , I,H). With respect to this topology, every set of the form (17.46) is

a compact open set.
The most important properties of D(AS0

F , I,H) are contained in the fol-
lowing theorem:

Theorem 17.7.4 The image of the diagonal map D(F, I,H)!
Q

v D(Fv, I,H)
is contained in D(AS0

F , I,H). If H1(Fv, I/I�) is finite for all v, then

D(F, I,H) �! D(AS0
F , I,H)

is proper if we give D(F, I,H) the discrete topology.

Proof. Using Lemma 17.6.1 we may regard an element of D(F, I,H) as the
isomorphism class of an I-torsor Y such that Y ^I H is isomorphic to the
trivial H-torsor. By spreading out [Poo17, Theorem 3.2.1], for a su�ciently
large finite set of places S0 ◆ S, the I-torsor Y is isomorphic as an I-torsor

to the generic fiber of an I
OS0

F

-torsor Y such that Y ^
I
OS0

F H
OS0

F

is isomorphic

to a trivial H
OS0

F

-torsor. This implies the first assertion of the theorem.

We claim that the inverse image of

Y

v2S0�S0

D(Fv, I,H)⇥
Y

v 62S0

D(OFv
, I,H) (17.47)

in D(F, I,H) is finite for all S0 ◆ S. This is enough to deduce the second
assertion of the theorem. It su�ces to show that the inverse image of
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Y

v2S0�S0

H1(Fv, I)⇥
Y

v 62S0

Im(H1

fppf
(OFv

, I) �! H1(Fv, I))

in H1(F, I) is finite. This set is denoted by H1

S0(F, I) in [Poo17, Theorem
6.5.13] and we conclude by part (a) of that theorem. ut

The following lemma is a general version of Hensel’s lemma [BLR90, §2.3,
Proposition 5]:

Lemma 17.7.5 (Hensel’s Lemma) Let O be a local Henselian ring with
residue field  and let Y be a smooth scheme over O. Then the map

Y (O) �! Y ()

is surjective. ut

For every nonarchimedean place v of F, let Onr

Fv
be the ring of integers of

the maximal unramified extension F nr

v of Fv in some algebraic closure. We
will use the following lemma several times below:

Lemma 17.7.6 Let v be a nonarchimedean place of F. If Y is a smooth
scheme over OFv

then
Y (Onr

Fv
) 6= ;.

Proof. Let  be the residue field of OFv
and let  be the residue field of Onr

Fv
.

It is an algebraic closure of . The surjection Onr

Fv
!  induces a surjection

Y (Onr

Fv
) �! Y ()

by Lemma 17.7.5. On the other hand, since Y is smooth, Y () is nonempty
by Lemma 1.10.4. ut

Lemma 17.7.7 A class in H1(Fv, H) is in the image of the map from
H1

fppf
(OFv

,H) if and only if it is represented by a 1-cocycle in H(OE) for
some finite unramified Galois extension E/Fv.

Proof. Let Y be an HOFv
-torsor. It is smooth over OFv

, and hence there
is a finite unramified Galois extension E/Fv such that Y (OE) is nonempty
by Lemma 17.7.6. The 1-cocycle defined using a point y 2 Y (OE) as in the
definition of (17.35) will take values in H(OE). This implies the “only if”
implication.

Conversely, let c : GalFv
! H(OE) be a 1-cocycle, where E/Fv is an

unramified Galois extension. This defines an e↵ective descent datum on
HOE

[Poo17, Proposition 4.4.4(i), Corollary 4.4.6, Remark 4.4.7]. In par-
ticular the descent datum is obtained from an H-torsor Y by pullback
along Spec(OE) ! Spec(OFv

). The image of this torsor under the map
H1

fppf
(OFv

,H) ! H1(Fv, H) is cohomologous to c, so we deduce the con-
verse assertion. ut
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Lemma 17.7.8 Assume that H has connected fibers. Then for all v 62 S the
cohomology set H1

fppf
(OFv

,H) is trivial.

Proof. Let Y be an HOFv
-torsor. By Lang’s theorem [Poo17, Theorem

5.12.19(a)] Y (OFv
/$v) is nonempty. Since Y is smooth the map

Y (OFv
) �! Y (OFv

/$v)

is surjective by Lemma 17.7.5, and hence Y (OFv
) is nonempty. This implies

that Y is isomorphic to the trivial H-torsor. ut

For each place v, we have a class map cl : (I\H)(Fv)! D(Fv, I,H) as in
the proof of Lemma 17.4.1.

Lemma 17.7.9 The local class maps induce a continuous map

cl : (I\H)(AS0
F ) �! D(AS0

F , I,H).

Proof. Let Onr

Fv
be the ring of integers of the maximal unramified extension

F nr

v of Fv in F sep

v . For a finite set of places S0 ◆ S that is large enough,
the map H

OS0

F

! X
OS0

F

is smooth [Poo17, Theorem 3.2.1]. Hence the map

H(Onr

Fv
) ! X (Onr

Fv
) is surjective for v 62 S0 by Lemma 17.7.6 applied to the

fibers of the morphism HOFv
! XOFv

for v 62 S0. Thus for v 62 S0 and given
x 2 X (OFv

), we can choose h 2 H(Onr

Fv
) such that I(F sep

v )h = x. This implies
cl(x) is contained in D(OFv

, I,H) by Lemma 17.7.7. This implies that the
map cl is well-defined.

To prove continuity, let S0 be a finite set of places of F containing S and
consider the set

⌦S0 ⇥
Y

v 62S0

D(OFv
, I,H) (17.48)

where ⌦S0 ✓
Q

v2S0�S0
D(Fv, I,H) is any subset. As S0 and ⌦S0 vary these

sets form a basis for the open sets in D(AS0
F , I,H). On the other hand,

I\H(AS0
F ) is the union of the open subsets

I\H(FS00)⇥ X ( bOS00

F ) (17.49)

as S00 ranges over all finite sets of places containing S. The inverse image of
(17.48) in (17.49) is open by the previous paragraph and the corresponding
local assertion, Lemma 17.4.3. This implies that cl is continuous. ut

Proposition 17.7.10 One has a commutative diagram

1 I(F )\H(F ) (I\H)(F ) D(F, I,H)

1 I(AS0
F )\H(AS0

F ) (I\H)(AS0
F ) D(AS0

F , I,H).

cl

↵ �

cl
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The top row is an exact sequences of pointed sets, and the map � is proper if
we give D(F, I,H) the discrete topology and H1(Fv, I/I�) is finite for all v.

Proof. The commutativity of the diagram is clear, the top line is exact since
(17.22) is exact, and � is proper by Theorem 17.7.4. ut

We now prove that suitable subsets of the set of relative classes inside a
geometric class are finite:

Theorem 17.7.11 Assume that H1(Fv, I/I�) is finite for all v. Let ⌦ ✓
(I\H)(AS0

F ) be a compact set. There are only finitely many H(F )-orbits
xH(F ) ✓ (I\H)(F ) such that xH(AS0

F ) intersects ⌦.

Proof. We use the diagram in Proposition 17.7.10. Let x 2 (I\H)(F ).
The bottom cl map is constant on H(AS0

F )-orbits. Thus if xH(AS0
F ) \ ⌦ is

nonempty then
cl � ↵(x) 2 cl(⌦).

By commutativity of the diagram this implies

� � cl(x) 2 cl(⌦)

and hence
cl(x) 2 ��1(cl(⌦)).

Thus by Lemma 17.4.1 the set of H(F )-orbits xH(F ) in (I\H)(F ) such that
xH(AS0

F ) intersects ⌦ is mapped injectively via cl into ��1(cl(⌦)). The set
cl(⌦) is compact by Lemma 17.7.9. Since � is proper, ��1(cl(⌦)) is finite. ut

Previously in this section we replaced X by I\H with no loss of generality.
For the following lemma we consider more general actions:

Lemma 17.7.12 Assume H is a reductive group over F acting on an a�ne
scheme X of finite type over F. Let ⌦ ✓ X(AF ) be a compact set. There are
only finitely many closed H-orbits O 2 (X/H)(F ) such that �H(AF ) \⌦ is
nonempty for some � 2 O(F ).

Proof. Let
p : X(AF ) �! (X/H)(AF )

be the canonical map. Let O 2 (X/H)(F ) be a closed H-orbit. If �H(AF ) \
⌦ 6= ; for some � 2 O(F ), then O 2 p(⌦). Thus the set of closed H-orbits
O 2 (X/H)(F ) such that �H(AF )\⌦ is nonempty for some � 2 O(F ) injects
into

(X/H)(F ) \ p(⌦). (17.50)

But p(⌦) is compact and (X/H)(F ) is discrete and closed in (X/H)(AF ) by
Lemma 17.7.3, so (17.50) is finite. ut
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We observe that if S0 is nonempty and ⌦ ⇢ X(AS0
F ) is compact then there

may very well be infinitely many closed H-orbits O 2 (X/H)(F ) such that
�H(AS0

F ) \ ⌦ is nonempty for some � 2 O(F ). Indeed, this is already true
when H is the trivial group and X = Ga by Theorem 2.1.4, the strong ap-
proximation theorem. This is in marked contrast to the situation in Theorem
17.7.11.

17.8 Global relative orbital integrals

We continue to assume that F is a global field. Let X⇥H ! X be an action
of a smooth a�ne algebraic group over F on a separated scheme X of finite
type over F. We fix a separated scheme of finite type over OS

F with generic
fiber X and denote it again by X by abuse of notation. Here S is a su�ciently
large set of places of F including all infinite places. Then for all v 62 S, the
characteristic function X(OFv

) of X(OFv
) is an element of C1

c (X(Fv)). For
S0 a set of places of F including the infinite places we define

Cc(X(AS0

F )) = ⌦0

v-S0Cc(X(Fv)),

where the restricted tensor product is taken with respect to the functions

X(OFv
) . It turns out that Cc(X(AS0

F )), defined in this manner, is equal
to the C-vector space of compactly supported locally constant functions on
X(AS0

F ) (see Exercise 17.12). When X is smooth we write C1
c (X(AS0

F )) for
Cc(X(AS0

F )).
Now assume S0 is a set of infinite places of F. If F is a function field,

we let Cc(X(FS0)) be the space of continuous (hence locally constant)
compactly supported functions on X(FS0). When X is smooth we write
C1

c (X(FS0)) := Cc(X(FS0)). If F is a number field, we let Cc(X(FS0)) be
the space of compactly supported continuous functions on X(FS0). When X
is smooth, we let C1

c (X(FS0)) be the space of smooth compactly supported
functions on X(FS0), viewed as a real manifold. If S0 is an arbitrary set of
places of F, we then set

Cc(X(AS0

F )) := Cc(X(F1�S0))⌦ Cc(X(AS0
[1

F )).

and when X is smooth we set

C1

c (X(AS0

F )) := C1

c (X(F1�S0))⌦ C1

c (X(AS0
[1

F )).

Assume that
� : H(AF ) �! C

⇥

is a quasi-character trivial on H(F ). We continue to denote by � the quasi-
character
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H(AS0

F ) ,�! H(AF )
��! C

⇥.

Here the first arrow is the canonical injection.

Definition 17.9. A relatively semisimple element � 2 X(F ) is �-relevant
if � is trivial on H�(AF ).

For fS0 2 Cc(X(AS0

F )) and relevant, relatively unimodular � 2 X(F ) we
consider the global relative orbital integral

RO�(f
S0

) := RO�
� (f

S0

) =

Z

H�(AS0

F
)\H(AS0

F
)

fS0

(�h)��1(h)
drh

drh�
. (17.51)

Here drh is a right Haar measure on H(AS0

F ) and drh� is a right Haar measure

on H�(AS0

F ).
As above, we let S0 be a finite set of places of F (possibly empty).

Proposition 17.8.1 If � 2 X(F ) is relevant, relatively semisimple, rela-
tively unimodular, and H� is smooth then the integral defining RO�(fS0

) is
absolutely convergent.

Proof. As in the proof of Theorem 17.5.1, it su�ces to show that the map

H�(A
S0

F )\H(AS0

F ) �! X(AS0

F )

is proper. This is the content of Theorem 17.7.1. ut

Globarl relative orbital integrals factor into local relative orbital inte-
grals. In more detail, suppose that f = ⌦v 62S0fv 2 Cc(X(AS0

F )) where
fv 2 Cc(X(Fv)) for all places v 62 S0. Thus fv = X(OFv

) for all but finitely
many places v. Assume that � 2 X(F ) is relevant, relatively semisimple and
relatively unimodular. Normalize the Haar measures drh� , drh�,v, drh, and

drhv on H�(AS0

F ), H�(Fv), H(AS0

F ) and H(Fv), respectively, so that

drh� =
Y

v 62S0

drh�,v and drh =
Y

v 62S0

drhv.

We moreover assume without loss of generality that there are compact open
subgroups

K1

� =
Y

v-1
K�,v  H�(A

1

F ) and K1 =
Y

v-1
Kv  H(A1

F )

such that measdrh�,v (K�,v) = measdrhv
(Kv) = 1 for v -1. By Exercise 17.13

one has K�,v = Kv \H�(Fv) for all but finitely many v.

Lemma 17.8.2 Under the assumptions of Proposition 17.8.1 one has that
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RO�(f
S0

) =
Y

v 62S0

RO�(fv), (17.52)

where for each v the local orbital integral RO�(fv) is defined as in (17.28).
In fact, for all but finitely many v, RO�( X(OFv

)) = 1.

Proof. Let S00 ◆ S0 be a set of places of F such that S00 � S0 is finite and
let fS00

= ⌦v 62S00fv. Then by Theorem 17.5.1, Proposition 17.8.1, and the
Fubini-Tonelli theorem we have

RO�(f
S0

) = RO�(f
S00

)
Y

v2S00�S0

RO�(fv). (17.53)

Thus to prove the lemma we are free to replace S0 by S00 ◆ S0 where S00�S0

is finite.
By Theorem 17.7.1 the map H�(AS0

F )\H(AS0

F ) ! X(AS0

F ) is proper. This

implies that the inverse image ⌦ of X( bOS0

F ) in H�(AS0

F )\H(AS0

F ) is compact
and open. One has a canonical homeomorphism

H�(A
S0

F )\H(AS0

F )�̃!
Y0

v 62S0

H�(Fv)\H(Fv) (17.54)

where the restricted direct product is with respect to the sets H�(Fv)Kv for
all v 62 S0. Applying Exercise 17.13 and replacing S0 by a larger set of places
if necessary we may assume that the image of ⌦ under (17.54) is

Y

v 62S0

H�(Fv)Kv.

We can moreover assume that S0 is chosen large enough that � is trivial on
Kv and K�,v = Kv \H�(Fv) for all v 62 S0. Then

RO�
� ( X(OFv

)) = 1

for all v 62 S0. The lemma follows. ut

In practice, one requires more than Proposition 17.8.1. More precisely, one
needs conditions under which the integral

Z

H(F )\H(AF )

X

�

f(�h)��1(h)drh (17.55)

converges. This is a very delicate question in general and we will only address
it in special cases. We first make the assumption that

H� := Hr ⇥Hu (17.56)
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where Hr is reductive and Hu is unipotent. We also restrict to relatively
unimodular elements so that our orbital integrals are well-defined, and to
elements whose Hr-orbit is closed, because otherwise even the contribution
of a single orbital integral can diverge [Art05, p. 21].

Let CX be the stabilizer of X under Hr, and let

A := ACX
(17.57)

where ACX
is defined as in (2.19). Clearly if A is nontrivial then (17.55) is

not absolutely convergent. Therefore we consider instead
Z

AH(F )\H(AF )

X

�

f(�h)��1(h)drh, (17.58)

where f 2 C1
c (X(AF )). There is an obvious obstruction to the absolute con-

vergence of this expression. Namely, it is possible that AH�
�
strictly contains

A for some �, which implies that the contribution of the class of � to (17.58)
is not absolutely convergent by the unfolding argument in the proof of The-
orem 17.8.4 below. We exclude this possibility using the notion of an elliptic
element. Let drh� be a right Haar measure on A\H�(AF ). We abuse nota-
tion and denoted again by drh� the A\H�(AF )-invariant Radon measure on
AH�(F )\H�(AF ) induced by this right Haar measure.

Definition 17.10. A � 2 X(F ) is relatively elliptic if

⌧(H�) := measdrh� (AH�(F )\H�(AF )) (17.59)

is finite.

If H� has reductive neutral component then � 2 X(F ) is relatively elliptic if
and only if AH�  A by Theorem 2.6.3.

The following lemma will be used to show that only relevant � contribute
to (17.58):

Lemma 17.8.3 If � is relatively elliptic and � is trivial on A then
Z

AH�(F )\H�(AF )

��1(h�)drh�

converges absolutely. It is equal to ⌧(H�) if �|H�(AF ) is trivial and equal to 0
otherwise. ut

We leave the proof as Exercise 17.16. We emphasize that we do not assume
that � : H(AF )! C

⇥ is unitary in Lemma 17.8.3.
We say that � 2 H(F ) is relatively unimodular if its image in H(Fv) is

relatively unimodular for all (or equivalently any) place v of F. This assump-
tion is convenient for making sense of local orbital integrals. Since we have
assumed (17.56), the group H(AF ) is unimodular. Hence the assumption that
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� is relatively unimodular is equivalent to the assertion that H�(AF ) is uni-
modular. If H� = Hr, X is a�ne, and the Hr-orbit of � is closed then the
group H�(AF ) is unimodular by Theorem 17.2.7 and Lemma 3.6.4.

In the function field case, there are serious di�culties having to do with
the fact that stabilizers may be nonsmooth and H1(Fv, I) can be infinite for
nonreductive I. This motivates the following definition:

Definition 17.11. An element � 2 X(F ) is gcf (Galois cohomologically
finite) if H� is smooth and

��H1(Fv, H�/H
�

� )
�� <1

for all places v of F.

We emphasize that in the number field case, all � are gcf by theorems 1.5.2
and 17.4.4. Clearly � is gcf if and only if every element of its class is gcf so it
makes sense to speak of a class being gcf.

Upon restricting our attention to the summands in (17.58) that satisfy the
various desiderata above, the corresponding integral does indeed converge
absolutely:

Theorem 17.8.4 Assume (17.56), that X is a�ne, and that � is trivial on
A. The expression

Z

AH(F )\H(AF )

X

�

��f(�h)��1(h)
�� dh (17.60)

is convergent. Here the sum is over � 2 X(F ) that are gcf, relatively uni-
modular and relatively elliptic, and such that the Hr-orbit of � is closed.
Moreover

Z

AH(F )\H(AF )

X

�

f(�h)��1(h)dh =
X

[�]

⌧(H�)RO�(f) (17.61)

where the sum over � on the left is as before and the sum on the right is over
all classes that are relevant, gcf, relatively unimodular, and relatively elliptic
and such that the Hr-orbit of � is closed.

Two remarks are in order. First, the assumption that the Hr-orbit of � is
closed implies that � is relatively semisimple with respect to H (see Lemma
17.3.3). We will use this fact without further mention below. Second, in the
definition of RO�(f), we use the measure dh

dh�
on

H�(AF )\H(AF ) = (A\H�(AF ))\(A\H(AF ))

where dh� is a Haar measure on A\H�(AF ). We use the same measure dh�
in the definition of ⌧(H�).
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Proof. We first prove that (17.60) is convergent. We reduce to the case H =
H� as follows. The natural map

AH�(F )\H�(AF ) �! AH(F )\H(F )H�(AF )

is a homeomorphism. Hence
Z

AH(F )\H(AF )

X

�

��f(�h)��1(h)
�� dh

=

Z

H(F )H�(AF )\H(AF )

 Z

AH�(F )\H�(AF )

X

�

��f(�h�h)��1(h�h)
�� dh�

!
dh

dh�

where dh� is induced by a Haar measure onH�(AF ). The setH�(AF )\H(AF )
is compact by Proposition 14.3.1, so to prove that (17.60) is convergent, we
can assume H� = H.

A � 2 X(F ) has closed Hr-orbit if and only if any element of its H-orbit
O(�) has closed Hr-orbit. Moreover, by Exercise 17.15, a � 2 X(F ) is gcf
(resp. relatively unimodular, relatively elliptic) if and only if any element of
O(�) is gcf (resp. relatively unimodular, relatively elliptic). Thus we can talk
about a geometric class having closed Hr-orbit, etc. With this in mind, one
has that

Z

AH(F )\H(AF )

X

�

��f(�h)��1(h)
�� dh

=
X

O

Z

AH(F )\H(AF )

X

�2O(F )

��f(�h)��1(h)
�� dh.

(17.62)

Here the outer sum is over closed H-orbits O ✓ X such that any � 2 O(F )
has closed Hr-orbit and is gcf, relatively unimodular and relatively elliptic.
Unfolding the inner integral for a fixed O, we obtain

Z

AH(F )\H(AF )

X

�2O(F )

��f(�h)��1(h)
�� dh

=
X

[�]

Z

AH�(F )\H(AF )

��f(�h)��1(h)
�� dh

where the bottom sum is over the relative classes [�] in O(F ). By Lemma
17.8.3 the sum above is

X

[�]

measdh� (AH�(F )\H�(AF ))

Z

H�(AF )\H(AF )

��f(�h)��1(h)
�� dh

dh� (17.63)
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where for each relatively unimodular �, the measure dh� is a Haar measure
on A\H�(AF ). The measure

⌧(H�) = measdh� (AH�(F )\H�(AF ))

is finite for all � in (17.63) since all such � are relatively elliptic. Thus (17.63)
is finite by Proposition 17.8.1 and Theorem 17.7.11 with S0 =1.

It therefore su�ces to show that there are only finitely many closed H-
orbits O ✓ X that can contribute a nonzero summand to (17.62). The sum
(17.62) is equal to

X

O

Z

AHr(F )\Hr(AF )⇥[Hu]

X

�2O(F )

��f(�hrhu)�
�1(hrhu)

�� dhrdhu

=
X

O

Z

AHr(F )\Hr(AF )

X

�2O(F )

��� ef(�hr)�
�1(hr)

��� dhr

(17.64)

where ef(x) :=
R
F
|f(xhu)��1(hu)|dhu 2 Cc(X(AF )) with F a compact fun-

damental domain for Hu(F ) acting on Hu(AF ) (see Theorem 2.6.3). Here

the sum over O is as in (17.62). Let ⌦ ⇢ X(AF ) be the support of ef ; it is a
compact set. If the summand corresponding to O in (17.64) is nonzero, then
for some Hr-orbit

OHr
2 (O/Hr)(F ) ⇢ (X/Hr)(F )

and some � 2 OHr
(F ) one has �Hr(AF ) \⌦ 6= ;. But there are only finitely

many such Hr-orbits OHr
by Lemma 17.7.12. Thus there are only finitely

many H-orbits O contributing a nonzero summand to (17.64), which is equal
to (17.62).

We now prove the identity in the theorem. All of the manipulations with
integrals occurring in this proof are justified by the convergence of (17.60).
Consider

Z

AH(F )\H(AF )

X

�

f(�h)��1(h)dh (17.65)

where the sum is over � with closed Hr-orbit that are relatively elliptic,
relatively unimodular and gcf. We unfold the integral to obtain

X

[�]

Z

AH�(F )\H(AF )

f(�h)��1(h)dh

=
X

[�]

Z

AH�(F )\H�(AF )

��1(h�)dh�RO�(f)

=
X

[�]

⌧(H�)RO�(f)
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where the first and second sums over [�] are over H(F )-orbits in X(F ) with
closed Hr-orbit that are gcf, relatively elliptic, and relatively unimodular. By
Lemma 17.8.3, the third sum is over relevant, gcf, relatively elliptic, relatively
unimodular classes in X(F ) with closed Hr-orbit. ut

Exercises

17.1. Let X ⇥ H ! X be an action of an algebraic group H on an a�ne
scheme X over a field k. Let � 2 X(k). Prove that the stabilizer H�  H is a
closed subgroup scheme and deduce that it is again an a�ne algebraic group.

17.2. Give an example of a reductive group H acting on an a�ne scheme
X over a field k and a � 2 X(k) such that O(�) is not closed but H� is
reductive.

17.3. Let X ⇥ H ! X be an action of an algebraic group H on an a�ne
scheme X over a field k. Prove that Spec(O(X)H) is a categorical quotient
in the category of a�ne schemes (but see Example 17.5).

17.4. Let � : H ! H be an automorphism of the smooth algebraic group H
over a field k. Prove that the functor H� which assigns to any k-algebra the
group H�(R) := {h 2 H(R) : �(h) = h} is an algebraic subgroup of H.

17.5. Give examples to show that the map �ss(k)! H(k)\X(k) need not be
surjective and that the map

H(k)\X(k) �! �geo,ss(k)

need not be injective.

17.6. Let k be an algebraically closed field. Assume that � 2 GLn(k) has
finite order and that either k is of characteristic zero or that the order of
� is coprime to the characteristic of k. Prove that � is semisimple. Give a
counterexample to show that if the characteristic of k is positive and divides
the order of � 2 GLn(k) then � need not be semisimple.

17.7. Let k be a field with algebraic closure k. Prove that two elements of
GLn(k) are GLn(k)-conjugate if and only if they are GLn(k)-conjugate.

17.8. Let k be a field with separable closure ksep. Prove that a conjugacy
class in GLn(ksep) that is stable under Gal(ksep/k) contains an element in
GLn(k).

17.9. Let G be a reductive group over a field k and let H  G ⇥ G be the
diagonal copy of G. Construct a bijection between G(k)-conjugacy classes in
G(k) and

H(k)\G(k)/H(k).
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17.10. Using Proposition 1.10.5, prove Lemma 17.4.1.

17.11. Prove that the groups Ih appearing in (17.23) are all inner forms of
I.

17.12. Let S be a set of places of the global field F including the archimedean
places. Prove that the space Cc(X(AS

F )), defined as a restricted direct product
as in §17.8, is equal to the space of locally constant compactly supported
functions on X(AS

F ).

17.13. Let {X↵}↵2A be a set of locally compact topological spaces indexed
by a countable set A, and for all ↵ outside a finite subset S0 of A, letK↵ ✓ X↵

be a compact open subset of X↵. Let

X :=
Y0

↵2A

X↵

be the restricted direct product with respect to the K↵. For all nonempty
compact open subsets ⌦ ⇢ X, prove that there is a finite subset A0 of A such
that

⌦ = ⌦A0 ⇥
Y

↵2A�A0

K↵,

where ⌦A0 ✓
Q
↵2A0 X↵ is a compact open set.

17.14. Prove that if G is a commutative smooth algebraic group over a field
k and c1, c2 are 1-cocycles, then

� 7�! c1(�)c2(�)

is a 1-cocycle. This defines a binary operation on H1(k,G). Deduce that this
binary operation endows H1(k,G) with an abelian group structure with the
class of the neutral element as the identity element.

17.15. Let F be a global field and let H be a smooth algebraic group over F
acting on an a�ne scheme X of finite type over F on the right. Prove that
� 2 X(F ) is relatively semisimple if and only if any element of O(�)(F ) is
relatively semisimple. Prove that the following conditions depend only on the
relative geometric class of a � 2 X(F ):

(a) � is relatively unimodular.
(b) � is relatively elliptic.
(c) � is gcf.

17.16. Prove Lemma 17.8.3.



Chapter 18

Simple Trace Formulae

It is rare that you can take a
proof in the geometric setting
and convert it to the genuine
number theoretic setting. That is
what has transpired through
Ngô’s achievement (the proof of
the fundamental lemma). Ngô
has provided a bridge and now
everybody is using this bridge.

P. Sarnak

Abstract In this chapter we prove a simple general relative trace formula
and overview its various specializations. This recovers (simple versions of)
many trace formulae that have appeared in the literature. In particular, one
such specialization yields the Petersson-Bruggeman-Kuznetsov trace formula.
Due to its continuing importance in analytic number theory we discuss this
case in some detail.

18.1 A brief history of trace formulae

The trace formula is a powerful tool for understanding automorphic repre-
sentations of reductive groups. It is an expression for the integral operator
R(f) of §16.1 on the space of cusp forms in terms of orbital integrals. Rel-
ative trace formulae, which include the trace formula as a special case, are
formulae that describe period integrals of automorphic forms in terms of the
relative orbital integrals of Chapter 17.

The original trace formula was introduced by Selberg in his seminal 1956
paper [Sel56]. Let G be a semisimple group over the real numbers and let � 
G(R) be a discrete subgroup. Selberg proved a trace formula valid whenever
�\G(R) is compact, and also treated in detail certain special noncompact

467



468 18 Simple Trace Formulae

quotients such as SL2(Z)\SL2(R) using the theory of Eisenstein series. He
succeeded in proving the existence of cusp forms on SL2(Z)\SL2(R) invariant
under SO2(R) on the right. In fact, he proved an asymptotic for the number
of such forms as a function of their Laplacian eigenvalue. Results of this type
are known as Weyl laws since the corresponding asymptotics were proven by
Weyl for general compact manifolds [Wey12]. This is discussed in §19.2 in
the next chapter.

A key di�culty in extending Selberg’s work to arbitrary reductive groups
G over number fields F was proving the analytic continuation of Eisenstein
series in general and using them to decompose L2([G]). Langlands achieved
this in the groundbreaking work [Lan76], summarized in Chapter 10. Lang-
lands’ study of Eisenstein series in turn led him to the formulation of his
functoriality conjecture. All of this earned him an Abel prize in 2018.

Giving a decomposition of L2([G]) in terms of Eisenstein series is a first
step to generalizing Selberg’s trace formula, but it is not enough by itself.
Over a lifetime of work, Arthur used the theory of Eisenstein series as the
basis for a completely general trace formula for an arbitrary reductive group.
The technical di�culties he overcame were so immense that the trace for-
mula is often called the Arthur-Selberg trace formula in honor of his
contributions.

Let f 2 C1
c (AG\G(AF )). The basic idea behind the proof of the trace for-

mula is to integrate the automorphic kernel function Kf (x, y) of (16.5) along
the diagonal copy of [G] and evaluate the expression in two di↵erent manners.
Later, in [Jac86] (see also [Jac05a]), Jacquet realized that the trace formula
could be generalized in a profitable manner. The idea behind Jacquet’s rela-
tive trace formula is to replace the diagonal integration in the usual trace
formula by integration along a pair of subgroups H1⇥H2  G⇥G. Exercises
18.11-18.15 below explain why this is indeed a generalization.

Our first goal in this chapter is to prove Theorem 18.2.5, the general simple
relative trace formula. This is a matter of collecting our preparatory work in
Chapter 16 and Chapter 17. Our setup is a variant of Jacquet’s in that we
work with a general subgroup H  G ⇥ G that need not decompose as a
product of the projections to the two factors. For example, one can take H
to be the diagonal copy of G, in which case one obtains the usual simple trace
formula as explained in §18.4.

In the proof, we impose assumptions on the test function f to ensure
that various analytic di�culties disappear. This is the reason we call the
formula simple. The disadvantage is that in most cases, these assumptions
restrict the class of automorphic representations one can treat. In the context
of the usual trace formula, Arthur’s work mentioned above removes these
assumptions. In the relative setting, this is the subject of ongoing work. See
[Lap06, Zyd19, Zyd20].

After proving Theorem 18.2.5 we devote the remainder of the chapter to
illustrating it via examples, recovering various (simple) trace formulae in the
literature.
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18.2 A general simple relative trace formula

For the rest of this chapter we let G be a reductive group over a number
field F. We omit a discussion of the function field case to avoid distracting
subtleties. We have already laid the foundation of the theory in chapters 16
and 17. Thus the interested reader should be able to deduce a function field
analogue of the simple general relative trace formula of Theorem 18.2.5 below
if desired.

Before proceeding we must come to grips with certain technicalities in-
volving the subgroup AG.

Lemma 18.2.1 If H  G then

AH \AG = H(AF ) \AG = AH\ZG
.

Proof. By applying Weil restriction of scalars we can assume that F = Q.
Let TG be the largest split subtorus of ZG and let TH be the largest split
subtorus in ZH . Theorem 4.4.1 implies that the groups TH(R) \ TG(R) and
H(R) \ TG(R) have finitely may components in the Hausdor↵ topology, and
hence the same is true of the groups AH \AG and H(AQ)\AG = H(R)\AG.
By Exercise 18.1 we deduce that the groups AH \ AG and H(AQ) \ AG are
connected.

The group (H \ TG)� is a split torus by Exercise 18.2. Thus TH \ TG �
(H \ TG)�. On the other hand, TH \ TG  H \ TG, so we deduce

(TH \ TG)
�(R) = (H \ TG)

�(R). (18.1)

By the comments in the first paragraph we deduce that the neutral compo-
nent of (TH\TG)�(R) is AH\AG and the neutral component of (H\TG)�(R)
is H(AQ) \AG, proving the first equality.

On the other hand (TH \TG)� is the maximal split torus in H\ZG. Hence
the neutral component of (TH \ TG)�(R) is AZG\H . ut

We now let
H  G⇥G

be a subgroup. We always assume that H� is the direct product of a reductive
and a unipotent group. This implies in particular that H(AF ) is unimodular.
Consider the action of H on G given on points in an F -algebra R by

a : G(R)⇥H(R) �! G(R)

(g, (h1, h2)) �! h�1

1
gh2.

(18.2)

Let

AG,H : = H(AF ) \ (AG ⇥AG),

A : = H(AF ) \�(AG)
(18.3)
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where
� : G �! G⇥G

is the diagonal embedding. To ease notation we sometimes write

G2 = G⇥G,

so AG2 = AG ⇥AG and

G2(AF ) = AG2G2(AF )
1.

Since H� is the direct product of a unipotent and a reductive group, there
is a canonical homomorphism from H� to the unipotent radical Hu of H�.
The kernel of this homomorphism is the unique maximal reductive subgroup
Hr of H. We assume

Hr(AF ) = (Hr(AF ) \AG2)(Hr(AF ) \G2(AF )
1). (18.4)

This is not automatic by Exercise 18.6. However, it is no essential loss of
generality for our purposes as we will explain after stating Theorem 18.2.5
below.

Lemma 18.2.2 The assumption (18.4) implies that

H(AF ) = (H(AF ) \AG2)(H(AF ) \G2(AF )
1).

Proof. Let
p : G2(AF ) �! AG2�̃!R

n
>0

be the composite of the canonical quotient map and a choice of isomorphism.
It su�ces to show that

p(H(AF )) = p(H(AF ) \AG2).

It is clear that p(H(AF )) � p(H(AF ) \ AG2) so we are left with the reverse
inclusion.

We claim that in fact

p(H(AF )) = p(Hr(AF ) \AG2). (18.5)

The decomposition (18.4) implies that

p(Hr(AF )) = p(Hr(AF ) \AG2)�̃!R
m
>0

(18.6)

for some n � m � 0. Here the isomorphism is the restriction of the isomor-
phism in the definition of p. Clearly p(H�(AF )) = p(Hr(AF )). Thus there is
a continuous injection

p(H(AF ))/p(H
�(AF )) ,�! R

n�m
>0

. (18.7)
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Since H(AF )/H�(AF ) is compact by Proposition 14.3.1 the group on the left
in (18.7) is trivial. Hence

p(H(AF )) = p(H�(AF )) = p(Hr(AF )) = p(Hr(AF ) \AG2)

by (18.6), proving (18.5). ut

Let CG  Hr be the stabilizer of G under Hr.

Lemma 18.2.3 One has that A = ACG
.

Thus the definition of A in this section is consistent with the definition (17.57)
in the special case X = G.

Proof. By Lemma 18.2.1 we have

A = H(AF ) \�(AG) = (H \�(G))(AF ) \A�(G) = AH\�(ZG).

On the other hand

CG(R) = {(z, z) 2 H(R) : z 2 ZG(R)} = H(R) \�(ZG)(R).

Thus ACG
= AH\�(ZG). ut

Let
� : AG,H\H(AF ) �! C

⇥

be a quasi-character trivial on H(F ) and let f 2 C1
c (AG\G(AF )). As in

(16.16), we define the relative trace of ⇡(f) with respect to H and � to be

rtr⇡(f) =

Z

AG,HH(F )\H(AF )

K⇡(f)(h1, h2)�
�1(h1, h2)d(h1, h2). (18.8)

This depends on the choice of Haar measure d(h1, h2) on AG,H\H(AF ).
We now define relative orbital integrals in this context. For all � 2 G(F )

one has

AG,H \H�(AF ) = A. (18.9)

Hence

AG,HH�(AF )\H(AF ) = (A\H�(AF ))\(AG,H\H(AF )). (18.10)

Assume that � is relevant (i.e. �|H�(AF ) = 1) relatively semisimple (i.e. has
closed H-orbit) and relatively unimodular (i.e. H�(AF ) is unimodular). We
can then define an orbital integral

RO�(f) =

Z

(A\H�(AF ))\(AG,H\H(AF ))

f(h�1

1
�h2)�

�1(h1, h2)
d(h1, h2)

dh�
.

(18.11)
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This is slightly di↵erent from the definition in (17.51). The root of this is that
it is more convenient for the spectral side of the trace formula to work with
functions on AG\G(AF ) instead of G(AF ). In (18.11) dh� is a Haar measure

on AG,H\H�(AF ). Thus
d(h1,h2)

dh�
is an AG,H\H(AF )-invariant Radon measure

on
(A\H�(AF ))\(AG,H\H(AF )).

In order for Theorem 18.2.5 below to be valid, it is important that we use
the same Haar measure d(h1, h2) on AG,H\H(AF ) used in the definition of
the relative trace.

We now check that (18.11) is well-defined by slightly modifying the proof
of Proposition 17.8.1:

Proposition 18.2.4 If � is relatively unimodular and relatively semisimple
then

Z

(A\H�(AF ))\(AG,H\H(AF ))

��f(h�1

1
�h2)�

�1(h1, h2)
�� d(h1, h2)

dh�
<1.

Proof. By Proposition 17.8.1 with S0 =1 it su�ces to check that

Z

(A\H�(F1))\(AG,H\H(F1))

��f(h�1

1
�h2)�

�1(h1, h2)
�� d(h1, h2)

dh�
<1. (18.12)

Using Lemma 18.2.2 one checks that the stabilizer of AG� 2 AG\G(F1)
in H(F1) is AG,HH�(F1). In view of (18.10) this implies that we have a
commutative diagram

H�(F1)\H(F1) G(F1)

(A\H�(F1))\(AG,H\H(F1)) AG\G(F1)

p (18.13)

where the vertical arrows are the quotient maps and the horizontal arrows
are induced by the action of H(F1) on G(F1). We observe that p has a
continuous section given by the inverse of the canonical isomorphism

G(F1)1 := G(AF )
1 \G(F1)�̃!AG\G(F1).

Moreover the image of the top horizontal arrow is closed by Lemma 17.4.3.
We deduce that the bottom horizontal map is proper.

As in the proof of Theorem 17.5.1 the properness of the bottom arrow of
(18.13) su�ces to prove (18.12). ut

Since A = ACG
by Lemma 18.2.3 the measure

⌧(H�) := measdh� (AH�(F )\H�(AF )) (18.14)
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of (17.59) is finite if � is relatively elliptic in the sense of Definition 17.10.
Here we have abused notation and denoted again by dh� the A\H�(AF )-
invariant Radon measure induced by the Haar measure on A\H�(AF ) used
in the definition of the relative orbital integral (18.11).

Recall that we are assuming F is a number field and that H� is the direct
product of a reductive group Hr and a unipotent group Hu. We moreover
assume Hr satisfies (18.4).

The following is the general simple relative trace formula:

Theorem 18.2.5 Under the assumptions above, let f 2 C1
c (AG\G(AF )) be

a function such that R(f) has cuspidal image and such that if the H(AF )-
orbit of � intersects the support of f then � is relatively elliptic, relatively
unimodular, and the Hr-orbit of � is closed. Then

X

⇡

rtr⇡(f) =
X

[�]

⌧(H�)RO�(f)

where the sum on the left is over (H,�)-distinguished cuspidal automorphic
representations ⇡ and the sum on the right is over relevant classes [�] that
are relatively unimodular, relatively elliptic, and such that the Hr-orbit of �
is closed. Both sums are absolutely convergent.

We recall that if the Hr-orbit of � is closed, then � is relatively semisimple by
Lemma 17.3.3. Following Langlands, the left hand side of the trace formula is
called the spectral side and the right hand side of the trace formula is called
the geometric side. We call the trace formula of Theorem 18.2.5 simple
because we have imposed assumptions on f to eliminate analytic di�culties
on the spectral and geometric sides. It is general because it includes (simple
versions of) most trace formulae in the literature as special cases.

We now explain why assumption (18.4) is no essential loss of generality. If
we replace an arbitrary subgroup H  G⇥G with H(ZG⇥ZG) then (18.4) is
satisfied. This has the e↵ect of isolating cuspidal automorphic representations
that have a particular central character depending on �. We chose not to
assume that ZG⇥ZG  H for aesthetic reasons. In particular, in the settings
of §18.4, §18.5 and Theorem 18.9.2 assuming ZG ⇥ ZG is a subgroup of H
complicates the formula for local orbital integrals at nonarchimedean places.

We require the following analogue of Lemma 17.7.12:

Lemma 18.2.6 Assume that H  G⇥G is reductive and (18.4) holds, that
is,

H(AF ) = (H(AF ) \AG2)(H(AF ) \G2(AF )
1).

Let ⌦ ⇢ AG\G(AF ) be a compact set. The set of relatively semisimple geo-
metric classes in G(F ) whose H(AF )-orbit intersects ⌦ is finite.

Proof. Let
H(AF )

0 = H(AF ) \G2(AF )
1
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and AG,H = H(AF ) \AG2 as above. Then

AG,HH(AF )
0 = H(AF ), (18.15)

by assumption and AG,H \ H(AF )0 = 1. Using the fact that G(AF ) is the
direct product of AG and G(AF )1 and H(AF ) is the direct product of AG,H

and H(AF )0 we deduce that there is a homeomorphism

AG/a(1, AG,H)⇥G(AF )
1/H(AF )

0�̃!G(AF )/H(AF )

(z, g) 7�! zg
(18.16)

where a(·, ·) is the action map of (18.2). Here the quotients G(AF )1/H(AF )0

and G(AF )/H(AF ) are with respect to the action a. If we let AG act via
its canonical left actions on AG/a(1, AG,H) in the domain and on G(AF ) in
the codomain, the homeomorphism (18.16) is AG-equivariant. Thus (18.16)
induces a homeomorphism

G(AF )
1/H(AF )

0 �! AG\G(AF )/H(AF ). (18.17)

We observe that H(AF )0 � H(AF )1 � H(F ) and G(AF )1 � G(F ). The
considerations above yield a commutative diagram

G(F )/H(F )

AG\G(AF )/H(AF ) G(AF )1/H(AF )0 a(1, AG,H)G(AF )1/H(AF )
⇠ ⇠

(18.18)
where all arrows are the canonical maps and the horizontal arrows are home-
omorphisms.

We claim that given a compact subset

⌦ ✓ a(1, AG,H)G(AF )
1/H(AF ),

there are only finitely many relatively semisimple geometric classes in G(F )
whose image in a(1, AG,H)G(AF )1/H(AF ) intersects ⌦. The commutativity
of the diagram (18.18) shows that the claim implies the lemma. Let

p : a(1, AG,H)G(AF )
1/H(AF ) �! (G/H)(AF )

denote the restriction of the natural map G(AF )/H(AF )! (G/H)(AF ). The
set p(⌦) is compact and (G/H)(F ) is discrete and closed in (G/H)(AF ) by
Lemma 17.7.3, hence

p(⌦) \ (G/H)(F )

is finite. In view of Proposition 17.3.1 this implies the claim. ut
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Proof of Theorem 18.2.5: Let

Kf (g, h) =
X

�2G(F )

f(g�1�h).

Since we have assumed that R(f) has cuspidal image, one has that

Kf (g, h) = Kf,cusp(g, h)

in the notation of (16.7). By Theorem 16.2.6 we have that

Z

AG,HH(F )\H(AF )

Kf (h1, h2)�
�1(h1, h2)d(h1, h2) =

X

⇡

rtr⇡(f). (18.19)

At this point, if AG,H = A then we can invoke Theorem 17.8.4 to finish the
proof. In general we can still follow the argument of the proof of Theorem
17.8.4. We now give the details. We will check below that it is permissible to
unfold the integral in (18.19). Assuming this for the moment, the integral in
(18.19) is equal to

X

[�]

Z
f(h�1

1
�h2)�

�1(h1, h2)
d(h1, h2)

dh�

Z

AH�(F )\H�(AF )

��1(h�)dh� ,

where the left integral is over

(A\H�(AF ))\(AG,H\H(AF ))

and the sum on [�] is over classes that are relatively unimodular, relatively
elliptic, and such that the Hr-orbit of � is closed. Applying Lemma 17.8.3
the sum above is equal to

X

[�]

⌧(H�)

Z

(A\H�(AF ))\(AG,H\H(AF ))

f(h�1

1
�h2)�

�1(h1, h2)
d(h1, h2)

dh�

=
X

[�]

⌧(H�)RO�(f),
(18.20)

where the sum is over classes [�] as in the statement of the theorem.
To justify unfolding, using Lemma 17.8.3 it su�ces to check that

X

[�]

⌧(H�)

Z ��f(h�1

1
�h2)�

�1(h1, h2)
�� d(h1, h2)

dh�
<1 (18.21)

where the integral and the sum on [�] are as above (18.20). The integral
in (18.21) converges absolutely by Proposition 18.2.4. It therefore su�ces to
prove that only finitely many classes [�] can contribute a nonzero summand to
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(18.21). Consider the contribution of a particular relatively semisimple class
[�0]. By Theorem 17.7.11, for any compact set ⌦ ⇢ (H�0\H)(A1

F ), there
are only finitely many H(F )-orbits xH(F ) ⇢ (H�\H)(F ) such that xH(A1

F )
intersects ⌦. Here we are using that F is a number field, so the condition
that H1(Fv, H�/H�

� ) is finite is automatic by Theorem 17.4.4. This implies
that there are only finitely many relative classes in the geometric class of [�0]
that can contribute to the sum.

Lastly we show that there are only finitely many geometric classes that can
contribute to the sum. By a minor variant of the argument used in the proof of
Theorem 17.8.4, it su�ces to show that for any compact set ⌦ ⇢ AG\G(AF ),
there are only finitely many geometric classes in G(F ) with closed Hr-orbit
whose Hr(AF )-orbit intersects ⌦. This is the content of Lemma 18.2.6. 2

We now make some comments on the assumptions on f in Theorem 18.2.5.
For more information on the assumption on f involving the geometric side
of the trace formula, we refer to exercises 18.3, 18.4 and 18.5.

In order to ensure that f has cuspidal image, one can choose a finite place
v and assume

f(g) = fv(gv)f
v(gv) (18.22)

where fv 2 C1
c (AG\G(Av

F )) and fv 2 C1
c (G(Fv)) is supercuspidal. This

su�ces to ensure R(f) has cuspidal image by Lemma 16.4.1. Unfortunately,
assuming that fv is supercuspidal limits the set of ⇡ that can be studied using
the simple relative trace formula:

Lemma 18.2.7 Let v be a finite place of F. Assume that f 2 C1
c (G(Fv)) is

supercuspidal. If ⇡v is an irreducible admissible representation of G(Fv) and
⇡v(f) 6= 0, then ⇡v is supercuspidal.

Proof. To ease notation, we drop the subscript v, writing F := Fv, etc.
When ZG(F ) is compact the lemma follows from Exercise 16.6. We reduce to
this case. This provides an opportunity to illustrate some techniques useful
for considering restrictions of representations to derived subgroups. For the
facts recalled in the remainder of this paragraph see [GK82, Lemma 2.1].
The restriction of ⇡ to ZG(F )Gder(F ) decomposes as a finite direct sum of
irreducible admissible representations, all with the same multiplicity. Since
ZG(F ) acts via scalars on the space of ⇡, the restriction of ⇡ to Gder(F ) also
decomposes into a finite direct sum of irreducible representations, all with
the same multiplicity:

⇡|Gder(F ) = �n
i=1

⇡�m
i .

Here ⇡i ⇠= ⇡j if and only if i = j. The group G(F ) acts via conjugation
on the set of isomorphism classes of the ⇡i. If we let G(F )⇡1  G(F ) be
the subgroup fixing the isomorphism class of ⇡1, the group G(F )/G(F )⇡1

permutes the isomorphism classes of the ⇡i’s transitively.
Since supercuspidal representations are representations whose matrix co-

e�cients are compactly supported modulo the center, ⇡ is supercuspidal if
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and only if ⇡i is supercuspidal for all i, which is equivalent to ⇡i being su-
percuspidal for a single i due to the transitive action of G(F )/G(F )⇡1 .

Since ⇡(f) 6= 0, there is a ' in the space of ⇡ such that

Z

G(F )

f(g)⇡(g)' 6= 0

which implies that there exists an a 2 G(F ) such that

Z

Gder(F )

f(ga)⇡(ga)' 6= 0.

Let fa(g) := f(ga). For some i, the operator ⇡i(fa) is nonzero. Our assump-
tion that f is supercuspidal implies that fa supercuspidal as a function on
Gder(F ). Since ZGder(F ) is compact we deduce that ⇡i is supercuspidal. As
already mentioned, this implies that ⇡ is supercuspidal. ut

Thus if we assume that fv is supercuspidal, we can only study cuspidal
automorphic representations ⇡ such that ⇡v is supercuspidal using functions
f as in (18.22). Fortunately there are now more flexible methods available to
construct functions f 2 C1

c (AG\G(AF )) such that R(f) has cuspidal image.
When F = Q and G is split and adjoint, Lindenstrass and Venkatesh [LV07]
introduced one such construction. Their functions are fixed under a maxi-
mal compact subgroup at infinity, but this assumption was later removed
in [Mai22]. Another construction is contained in [BPLZZ21]. Under mild as-
sumptions on a cuspidal representation ⇡, they prove that there exist f in an
enlargement of C1

c (AG\G(AF )) such that R(f) is defined and has cuspidal
image and ⇡(f) 6= 0. The assumptions are mild enough that they are satisfied
for every cuspidal automorphic representation of GLn(AF ). Interestingly, the
method requires test functions that are not compactly supported at infinity,
but merely Schwartz in an appropriate sense.

18.3 Products of subgroups

Assume that H = H1⇥H2  G⇥G, where both H1 and H2 are subgroups of
G, and for each i the neutral component H�

i is either unipotent or reductive.
Then

G(F )/H(F ) = H1(F )\G(F )/H2(F ). (18.23)

Assume moreover that H satisfies (18.4), and that � = �1 ⌦ �2, where �i is
a character of Hi(AF ). In this case, the formula in Theorem 18.2.5 simplifies
somewhat. Let K1 be a maximal compact subgroup of G(F1).
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Corollary 18.3.1 Under the assumptions above, let f 2 C1
c (AG\G(AF ))

be a K1-finite function. Assume that R(f) has cuspidal image and that if
the H(AF )-orbit of � intersects the support of f then � is relatively elliptic
and the Hr-orbit of � is closed. Then

X

⇡

X

'2B(⇡)

P�1(⇡(f)')P�2(') =
X

[�]2H1(F )\G(F )/H2(F )

⌧(H�)RO�(f)

where B(⇡) is an orthonomal basis of L2

cusp
(⇡) consisting of K1-finite (and

hence smooth) vectors. Here the sum on the right is over relevant [�] that are
relatively elliptic and such that the Hr-orbit of � is closed.

Here we are using the notation (14.4) for the period integrals occurring in
the corollary. It is important to point out that only ⇡ that are both (H1,�1)
and (H2,�2)-distinguished contribute a nonzero summand to the identity
in Corollary 18.3.1. Moreover the assumption on relative unimodularity in
Theorem 18.2.5 can be (and is) dropped in the case at hand. This sort of
relative trace formula first appeared in work of Jacquet [Jac86], and has been
applied many times in the intervening years.

Proof. Let ⇡ be a cuspidal automorphic representation of AG\G(AF ). By
Proposition 4.4.4, K1-finite vectors are dense in L2

cusp
(⇡). Thus we can

choose an orthonormal basis B(⇡) of this space consisting of K1-finite vec-
tors. Since f is K1-finite we deduce that in the expansion

K⇡(f)(x, y) =
X

'2B(⇡)

⇡(f)'(x)'(y) (18.24)

of (16.13) only finitely many ' can contribute a nonzero summand. Since
K1-finite vectors are smooth by Proposition 4.4.4 for each ' 2 B(⇡) the
functions ⇡(f)'⌦' on [G]2 are rapidly decreasing by Corollary 9.6.4. Hence
Proposition 14.3.2 implies that

rtr⇡(f) =
X

'2B(⇡)

P�1(⇡(f)')P�2(').

To complete the proof, we show that a relatively semisimple element of
G(F ) is automatically relatively unimodular. IfH�

1
andH�

2
are both reductive

and � is relatively semisimple then H� has reductive neutral component by
Theorem 17.2.7. Thus by Lemma 3.6.4, H�(AF ) is unimodular.

Now assume that H�
1
is unipotent. For F -algebras R, one has that

H�(R) = {(h, ��1h�) 2 H1(R)⇥H2(R)}.

The neutral component of this group is isomorphic to a subgroup of H�
1
.

Hence it is unipotent, which implies that H�(AF ) is unimodular by Exercise
18.9. ut
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18.4 The simple trace formula

For � 2 G(F ) let

C�(R) := {g 2 G(R) : g�g�1 = �} (18.25)

be the centralizer of � and let

O�(f) =

Z

C�(AF )\G(AF )

f(g�1�g)
dg

dg�
(18.26)

whenever this integral is well-defined. This is the usual orbital integral of
f along the conjugacy class of �. We say an element � 2 G(F ) is elliptic if
the measure of AGC�(F )\C�(AF ) is finite with respect to an AG\C�(AF )-
invariant Radon measure.

The simple trace formula of Deligne and Kazhdan [DKV84, Rog83] is
essentially the following special case of the simple relative trace formula of
Theorem 18.2.5:

Corollary 18.4.1 Let f 2 C1
c (AG\G(AF )). Assume that R(f) has cuspidal

image and that any element of G(F ) that is G(AF )-conjugate to the support
of f is elliptic and semisimple. Then

X

⇡

m(⇡)tr⇡(f) =
X

[�]

⌧(C�)O�(f), (18.27)

where the sum on the left is over isomorphism classes of cuspidal automorphic
representations of AG\G(AF ), m(⇡) is the multiplicity of ⇡ in the cuspidal
spectrum of L2([G]) and the sum on the right is over elliptic semisimple
conjugacy classes in G(F ).

As in the statement of Theorem 18.2.5, some care must be taken with
measures in order for the identity above to be correct. We choose a Haar
measure dg0 on AG\G(AF ) and a Haar measure dg0� on AG\C�(AF ) for each
semisimple �. Then we use dg0 to define the operator ⇡(f) (and hence its
trace) and use dg0� to define ⌧(C�). Finally, we normalize the Radon measure
dg
dg�

on C�(AF )\G(AF ) used to define O�(f) so that it corresponds to dg0

dg0
�

under the canonical isomorphism

C�(AF )\G(AF )�̃!(AG\C�(AF ))\(AG\G(AF )). (18.28)

Proof. In Theorem 18.2.5, we take � to be trivial and take H to be the
diagonal copy of G inside G⇥G. Then (18.4) is satisfied, A = AG,H = �(AG),
and a class is just a conjugacy class in G(F ). Thus RO�(f) = O�(f).

All classes are trivially relevant, and � 2 G(F ) is semisimple in the usual
sense if and only if it is relatively semisimple by [Ste65, Corollary 6.13].
Thus C�

� is reductive for all semisimple � by Theorem 17.2.7. This implies
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all semisimple classes are relatively unimodular by Lemma 3.6.4. Finally,
it is clear that � is relatively elliptic if and only if it is elliptic. Thus the
geometric side of the trace formula of Theorem 18.2.5 is equal to the right
hand of (18.27).

As for the left hand side,

rtr⇡(f) :=

Z

[G]

K⇡(f)(g, g)dg = m(⇡)tr⇡(f)

by the discussion around (16.10). Thus the spectral side of the trace formula
of Theorem 18.2.5 is equal to the left hand side of (18.27). ut

To understand Corollary 18.4.1 it is helpful to have some qualitative un-
derstanding of orbital integrals. Since orbital integrals factor as explained in
Lemma 17.8.2, it su�ces to consider local orbital integrals. Thus let v be a
nonarchimedean place of F which we omit from notation, writing F := Fv.
Let K  G(F ) be a compact open subgroup and let K be its characteristic
function. Then for semisimple � one has that

O�( K)

:=

Z

C�(F )\G(F )

K(g�1�g)
dg

dg�

=
X

C�(F )gK2C�(F )\G(F )/K
g�1�g2K

meas dg
dg�

(C�(F )\C�(F )gK)

=
X

C�(F )gK2C�(F )\G(F )/K
g�1�g2K

measdg(K)

measdg� (C�(F ) \ gKg�1)
.

(18.29)

For general linear groups when K is hyperspecial this can be made much
more explicit. We refer to [Kot05, §5] for the computation and many similar
computations when G = GL2 and [Yun13] for the case when G = GLn.
In these cases orbital integrals can be evaluated in fairly elementary terms.
However, the situation is wild when one ventures beyond the general linear
group [Hal94].

18.5 The simple twisted trace formula

Let ✓ be a finite order, hence semisimple automorphism of a reductive group
G over number field F. One then has a right action of G on itself by ✓-
conjugation, given on points in an F -algebra R by
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G(R)⇥G(R) �! G(R)

(x, g) 7�! g�1x✓(g).
(18.30)

When ✓ is the identity, this is simply conjugation. Following the lead of §18.4,
we let

C✓
�(R) := {g 2 G(R) : g�1�✓(g) = �} (18.31)

be the ✓-centralizer of �. Write

A✓G := {a 2 AG : ✓(a) = a}.

We define the twisted orbital integral

TO�(f) :=

Z

A✓
G
\C✓

�
(AF )\(AG\G(AF ))

f(g�1�✓(g))
dg

dg�
. (18.32)

We say � is ✓-semisimple if its G-orbit under ✓-conjugation is closed and
✓-elliptic if

⌧(C✓
�) := measdg� (A

✓
GC

✓
�(F )\C✓

�(AF ))

is finite.
We have an operator

I✓ : L
2([G]) �! L2([G])

' 7�! (g 7! '(✓�1(g)))
(18.33)

that preserves L2

cusp
([G]). For each f 2 C1

c (AG\G(AF )) the composite

R(f) � I✓ : L2([G]) �! L2([G])

has kernel function Kf (g, ✓(h)). Since Rcusp(f) := R(f)|L2
cusp([G]) is of trace

class by Theorem 9.1.1, the same is true of Rcusp(f) � I✓.
For each cuspidal automorphic representation ⇡, the operator R(f) � I✓

restricts to induce an operator

⇡(f) � I✓ : L2(⇡) �! L2(⇡✓), (18.34)

where
⇡✓(g) := ⇡(✓(g)).

The spectral counterpart of a twisted orbital integral is the twisted trace
of ⇡(f) with respect to ✓:

tr(⇡(f) � I✓) :=
Z

[G]

K⇡(f)(g, ✓(g))dg. (18.35)
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We observe that if ⇡ occurs with multiplicity greater than 1 then this is
incorporated into the twisted trace. In contrast, we separated the trace
and the multiplicity in the statement of Corollary 18.4.1. The twisted trace
tr(⇡(f) � I✓) vanishes unless ⇡ ⇠= ⇡✓ by Exercise 14.2. When ⇡ ⇠= ⇡✓, so
⇡(f)� I✓ is an endomorphism of L2(⇡), then

R
[G]

K⇡(f)(g, ✓(g))dg is the trace

of the trace class operator (18.34) by [Bri91, Corollary 3.2].
The following is a simple version of the twisted trace formula:

Corollary 18.5.1 Let f 2 C1
c (AG\G(AF )). Assume that R(f) has cuspidal

image and that any element of G(F ) that is ✓-conjugate under G(AF ) to the
support of f is ✓-elliptic and ✓-semisimple. Then

X

⇡

tr(⇡(f) � I✓) =
X

[�]

⌧(C✓
�)TO�(f), (18.36)

where the sum over ⇡ is over isomorphism classes of cuspidal automorphic
representations of AG\G(AF ) such that ⇡ ⇠= ⇡✓ and the sum on the right is
over ✓-conjugacy classes in G(F ) that are ✓-elliptic and ✓-semisimple.

Proof. In Theorem 18.2.5, we take � to be trivial and takeH to be the twisted
diagonal copy of G in G⇥G; that is, for F -algebras R,

H(R) = {(g, ✓(g)) : g 2 G(R)}.

In this setting, classes are just ✓-conjugacy classes and

AG,H = {(a, ✓(a)) : a 2 AG} and A = {(a, a) : a = ✓(a), a 2 AG}.

In particular (18.4) is valid and the relative orbital integral RO�(f) is
TO�(f).

All classes are trivially relevant, all ✓-semisimple (resp. ✓-elliptic) elements
are relatively semisimple (resp. relatively elliptic), and all ✓-semisimple ele-
ments are relatively unimodular by Theorem 17.2.7. ut

The fact that the twisted trace formula isolates representations satisfying
⇡ ⇠= ⇡✓ was the primary motivation for its development. We explain why this
fact is useful in §19.4 below. The twisted trace formula was first introduced
by Saito [Sai75] and Shintani [Shi79]. For a completely general twisted trace
formula, we refer to [LW13]. A relative version of the simple twisted trace
formula (which is another special case of Theorem 18.2.5) was introduced in
[Hah09].
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18.6 A variant

It has proven to be beneficial to work with a variant of the simple relative
trace formula of Theorem 18.2.5. In this section we discuss the variant in im-
pressionistic terms to aid the reader when it is encountered in the literature.

Let X be a smooth a�ne scheme over the global field F equipped with
a (right) action of the reductive F -group G. We assume for simplicity that
AG = 1. Since X is smooth, C1

c (X(AF )) is defined (see §17.8).
Let H  G be a subgroup such that H� is the direct product of a reductive

group and a unipotent group and let � : H(AF )! C
⇥ be a character trivial

on H(F ). For each x 2 X(F ) with closed orbit under G, the stabilizer Gx

has reductive neutral component by Theorem 17.2.7 and we can consider the
subgroup

Hx := Gx ⇥H  G⇥G. (18.37)

The character � extends to a character

Gx(AF )⇥H(AF ) �! C
⇥

(g, h) 7�! �(h)

which we will continue to denote by �. We are now in the setting of §18.2
and we can form the relative trace

rtrHx,�⇡(f)

for any f 2 C1
c (G(AF )).

Now let � 2 C1
c (X(AF )). We assume that

Z

H(F )\H(AF )

X

x2X(F )

���(xh)��1(h)
�� dh

converges absolutely. For conditions ensuring convergence, see Theorem
17.8.4. Thus the integral

Z

H(F )\H(AF )

X

x2X(F )

�(xh)��1(h)dh (18.38)

is well-defined.
Assume that for each x 2 X(F ), we can choose fx 2 C1

c (G(AF )) such
that

�(xy) =

Z

Gx(AF )

fx(g
�1y)dg (18.39)

for y 2 G(AF ) (this is not always possible). Then
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Z

H(F )\H(AF )

X

x2X(F )

�(xh)��1(h)dh

=
X

x2X(F )/G(F )

Z

Hx(F )\Hx(AF )

X

�2G(F )

fx(h
�1

1
�h2)�

�1(h2)dh1dh2.
(18.40)

Thus (18.38) is a sum over x 2 X(F )/G(F ) of geometric sides (or spectral
sides) of relative trace formulae for the various Hx. Studying (18.38) amounts
to studying distinction of automorphic representations by (Hx,�) as x varies.
This method of packaging distinction problems together has proven useful in
practice. We point out that even when it is not possible to choose fx as in
(18.39), it is still possible to expand the function

X

x2X(F )

�(xg) 2 C1([G])

spectrally. More or less it will give something like the right hand side of
(18.40), but the fx involved will not necessarily be compactly supported.

In some sense this is the key point. Replacing G by X has the e↵ect of
changing the function space from C1

c (G(AF )) to C1
c (X(AF )). As an exam-

ple, let E/F be a quadratic extension, let ✓ be the generator of Gal(E/F ),
and let G = ResE/FGLn. Of course AG 6= 1, but the discussion above can be
modified to treat this setting. Temporarily let

X(R) := {x 2Mn(E ⌦F R) : ✓(x) = xt}

be the space of Hermitian matrices with respect to E/F. Then there is a right
action of G on X given on points in an F -algebra R by

X(R)⇥G(R) �! X(R)

(x, g) 7�! gtx✓(g).

The stabilizer of any invertible element of X(F ) is a unitary group. Jacquet
took H to be the unipotent radical of a Borel subgroup of G and � to be a
generic character and then studied (18.38) in order to prove Theorem 14.5.2
[Jac05b, Jac10] (see also [Ngô99a, Ngô99b]). The fact that X is a linear space,
and hence admits a Fourier transform, turns out to be crucial.

Thus studying smooth a�ne varietiesX equipped with actions of reductive
groups G that are not homogeneous leads to new insights. One might ask if
it is sensible to also consider nonsmooth X. At least if X is spherical this
is indeed sensible. Moreover pursuing this line of inquiry leads to exciting
new avenues towards Langlands functoriality that are the subject of ongoing
research. We refer the reader to [BK00, BK02, BNS16, Get20, GL19, GH20,
GHL21, Gu21, Hsu21, JLZ20, Ngô14, Ngô20, Sak12, SW22].
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18.7 The Petersson-Bruggeman-Kuznetsov formula

Given two nonzero integers m and n and a positive integer c, the classical
Kloosterman sum is defined as

K(m,n; c) :=
X

1ac
(a,c)=1

e2⇡i(am+an)/c,

where aa ⌘ 1 (mod c). Petersson [Pet32] expressed a certain sum of Fourier
coe�cients of holomorphic weight k cusp forms in terms of the Bessel function
Jk�1 and Kloosterman sums. Historically, this was the first relative trace for-
mula, although cosmetically Petersson’s proof appears di↵erent. It involved
constructing a Poincaré series and computing its coe�cients in two di↵erent
manners rather than integrating an automorphic kernel function. Brugge-
man [Bru78] and Kuznetsov [Kuz80] later showed how to incorporate Maass
forms into the formula. Traditionally, the formula is called the Kuznetsov
formula.

Using the formula, Kuznetsov was able to prove estimates for the sum

1X

c=1

K(m,n; c)

c
�

✓
2⇡
p
mn

c

◆

for suitable � 2 C1(R>0). We refer to [IK04, Chapter 16] for more details.
There are many other analytic number theory papers that use the formula,
for example [Iwa02, GS83]. It has also played a role in work on Langlands’
beyond endoscopy proposal [Her11a, Her12, Her16, Sak22, Sar, Ven04].

Following Jacquet, we will derive the Kuznetsov formula as a relative trace
formula (see [KL08, KL13] for a nice exposition for GL2, and [Ye00] for a
slightly di↵erent take on the higher rank case). The beautiful fact about
this trace formula is that the general simple relative trace formula (Theorem
18.2.5) together with a small additional argument for the spectral side can be
used to derive it in complete generality, with no additional assumptions on
the test functions involved. We state this precisely in Theorem 18.9.2 below.
In this sense, it is analytically the simplest trace formula. The Petersson-
Kuznetsov formula remains an important tool in analytic number theory and
has not been fully exploited in higher rank (see [BB20] for example for recent
results for GL3). We have therefore structured our treatment of the formula
with applications to analytic number theory in mind.

We now set notation. Let N := Nr  GLr be the unipotent radical of
the Borel B := Br of upper triangular matrices and let T := Tr  B be the
maximal torus of diagonal matrices. For this trace formula, we take

H := N ⇥N  GLr ⇥GLr.

Thus we have a right action
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GLr ⇥N ⇥N �! GLr

given on points by (n1, n2) · � = n�1

1
�n2. For a global or local field F, we

denote the stabilizer of a � 2 GLr(F ) under this action by

(N ⇥N)� := H�  N ⇥N.

Thus for F -algebras R, one has that

(N ⇥N)�(R) :=
�
(n, ��1n�) : n 2 N(R) \ �N(R)��1

 
. (18.41)

Lemma 18.7.1 Every element � 2 GLr(F ) is relatively unimodular, rela-
tively elliptic, and relatively semisimple.

Proof. The stabilizer (N⇥N)� is unipotent, hence � is relatively unimodular
by Exercise 18.9. Moreover the fact that (N ⇥N)� is unipotent implies that
[(N ⇥ N)� ] is compact by Theorem 2.6.3; we deduce that � is relatively
elliptic. Finally Theorem 17.2.8 implies that � is relatively semisimple. ut

The partial determinants

deti : GLr �! Ga

given on points by
deti (

⇤ ⇤

Ai ⇤ ) = det(Ai)

are invariant under the action of N ⇥ N for 1  i  r. Here Ai is an i ⇥ i
matrix.

For every representative w 2 GLr(F ) of the Weyl group, we define a
morphism (of schemes, not group schemes)

⌥w : Gr
m �! GLr (18.42)

by

⌥w(c1, . . . , cr) =

0

BBBBB@

cr/cr�1

cr�1/cr�2

. . .
c2/c1

c1

1

CCCCCA
w. (18.43)

By the Bruhat decomposition (10.12), one has

GLr(F ) =
a

w2W (GLr,T )(F )

N(F )T (F )wN(F )

and thus every element of N(F )\GLr(F )/N(F ) has a representative of the
form ⌥w(c) for some c 2 (F⇥)r. The orbit of a given w 2 W (GLr, T )(F )
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under B ⇥B is called a Bruhat cell. Let

w0 =

0

B@
1
...

1

1

CA

be (the standard representative of) the long Weyl element. The orbit of w0

is the unique open Bruhat cell [Mil17, Theorem 21.73].

Lemma 18.7.2 The morphism ⌥w0 induces a bijection

⌥w0 : (F⇥)r �! N(F )\B(F )w0B(F )/N(F ).

Moreover, the stabilizer (N ⇥N)� of any � 2 B(F )w0B(F ) is trivial.

This lemma implies in particular that all elements of the open Bruhat cell
are relevant with respect to any quasi-character in both the local and the
global setting.

Proof. It is clear that any element of N(F )\B(F )w0B(F )/N(F ) is in the
image of the map ⌥w0 . On the other hand, the partial determinants deti are
all N ⇥N -invariant and

deti(⌥w0(c)) = ±ci,

where ci is the ith entry of c and the sign ± depends only on i and r. Thus
⌥w0 is injective and induces a bijection as claimed.

For the claim on triviality of stabilizers, we can assume � = tw0 for t 2
T (F ) by what we have already proven. Then if (n1, n2) 2 (N ⇥N)�(F ), one
has

w�1

0
t�1n1tw0 = n2. (18.44)

The left hand side is in the unipotent radical of the Borel opposite to B, so
both sides must be equal to Ir. ut

18.8 Kloosterman integrals

The geometric side of the Kuznetsov formula is a sum of Kloosterman inte-
grals. We define Kloosterman integrals in this section and discuss their basic
properties. The reader unfamiliar with integrals over totally disconnected
groups may want to consult Appendix C and complete the exercises of that
appendix before reading this section.

We define a morphism

⌫ : Gr�1

m �! T (18.45)
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via

⌫(m) :=

0

BBBBB@

Qr�1

i=1
mi

. . .
mr�2mr�1

mr�1

1

1

CCCCCA
. (18.46)

We note that

⌫(m)

0

BBB@

1 x1 ⇤
. . .

. . .
1 xr�1

1

1

CCCA
⌫(m)�1 =

0

BBB@

1 m1x1 ⇤
. . .

. . .
1 mr�1xr�1

1

1

CCCA
. (18.47)

Let F be a global field and fix a nontrivial character

 : F\AF �! C
⇥.

It factors as  :=
Q

v  v, where  v : Fv ! C
⇥ is a nontrivial character. For

m = (mi) 2 F r�1, we set

 m

0

BBB@

1 x1 ⇤
. . .

. . .
1 xr�1

1

1

CCCA
:=  

 
r�1X

i=1

mixi

!
. (18.48)

We also use the obvious local analogue of this notation.
We thus obtain a character

 m1 ⌦  m2
: N(AF )⇥N(AF ) �! C

⇥ (18.49)

trivial onN(F )⇥N(F ).We now discuss which elements ofN(F )\GLr(F )/N(F )
are  m1 ⌦  m2

-relevant. One has that

Sr�̃!W (GLr, T )(F ).

The map sends a permutation � 2 Sr to the class of the permutation matrix
w� such that w� has nonzero entries in the (i,�(i)) positions.

The following lemma was attributed to Piatetski-Shapiro in [Fri87, p. 175].

Lemma 18.8.1 Assume m1,m2 2 (F⇥)r�1. A class in N(F )\GLr(F )/N(F )
is  m1 ⌦  m2

-relevant only if it is a subset of N(F )T (F )w�N(F ) where
��1(i) < ��1(i + 1) implies ��1(i + 1) � ��1(i) = 1 for 1  i < r. In other
words, a class contained in N(F )T (F )w�N(F ) is relevant only if
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w� =

0

BBB@

Ir1
Ir2

. .
.

Irk

1

CCCA

where
Pk

i=1
ri = r.

Proof. Consider u := I +
Pr�1

i=1
xiEi,i+1 where xi 2 AF and Ei,j is the

elementary matrix with a 1 in the (i, j) position and zeros elsewhere. One
has that

w�uw
�1

� = I +
r�1X

i=1

xiE��1(i),��1(i+1).

Suppose that ��1(i) < ��1(i+ 1). Then

�
(I + xiE��1(i),��1(i+1), I + xiEi,i+1) : xi 2 AF

 
 (N ⇥N)w� (AF ).

In order for  m1 ⌦  m2
to be trivial on this subgroup of (N ⇥N)w� (AF ), it

is necessary that ��1(i+ 1)� ��1(i) = 1. This proves that N(F )w�N(F ) is
 m1⌦ m2

-relevant only if ��1(i) < ��1(i+1) implies ��1(i+1)���1(i) = 1
for 1  i < r. On the other hand, for c 2 (F⇥)r�1 and a 2 F⇥ the element
a⌫(c)w� is  m1⌦ m2

-relevant only if w� is  m1c⌦ m2
-relevant by a change

of variables. Here

m1c := (m11c1, . . . ,m1(r�1)cr�1),

wherem1 = (m11, . . . ,m1(r�1)) and c = (c1, . . . , cr�1). Thus we deduce that a

general element of N(F )T (F )w�N(F ) is  m1⌦ m2
-relevant only if ��1(i) <

��1(i+ 1) implies ��1(i+ 1)� ��1(i) = 1 for 1  i < r. ut

For f 2 C1
c (AGLr

\GLr(AF )) and  m1 ⌦  m2
-relevant � 2 GLr(F ), we

define the orbital integral

RO�(f,m1,m2)

:=

Z

(N⇥N)�(AF )\N2(AF )

f(n�1

1
�n2) m1(n1) m2

(n2)dn1dn2.
(18.50)

By Proposition 18.2.4 and Lemma 18.7.1, the integral in (18.50) is absolutely
convergent. It is sometimes called a Kloosterman integral. We use the
analogous notation and terminology in the local setting.

Proposition 18.8.2 The sum

X

[�]2N(F )\GLr(F )/N(F )

⌧((N ⇥N)�) |RO�(f,m1,m2) |

is convergent and
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Z

[N ]2

Kf (n1, n2) m1(n1) m2
(n2)dn1dn2

=
X

[�]2N(F )\GLr(F )/N(F )

⌧((N ⇥N)�)RO�(f,m1,m2)

where the sum is over  m1 ⌦  m2
-relevant classes.

Proof. By Lemma 18.7.1, every � is relatively unimodular, relatively elliptic,
and relatively semisimple. Thus the proposition follows from the proof of
Theorem 18.2.5. ut

In the remainder of this section we assume that F is nonarchimedean with
ring of integers OF . We also assume that  |OF

is trivial, and  |$�`OF
is

nontrivial for all ` > 0. Here $ is a choice of uniformizer. For � in the open
Bruhat cell, we will relate RO�( GLr(OF ),m1,m2) to classical Kloosterman
sums.

We start with some easy observations (compare [Fri87, Ste87]):

Lemma 18.8.3 The Kloosterman integral RO�( GLr(OF ),m1,m2) is nonzero
only if det � 2 O⇥

F and deti(�) 2 OF for 1  i  r.

Proof. This follows from the fact that the partial determinants deti are in-
variant under the action of N ⇥N on GLr. ut

Lemma 18.8.4 Let f_(g) := f(g�1). Then one has that

RO⌥w(c)(f,m1,m2) = RO⌥w(c)�1(f_,�m2,�m1).

Proof. We compute that

RO⌥w(c)(f,m1,m2)

=

Z
f(n�1

1
⌥w(c)n2) m1(n1) m2

(n2)dn1dn2

=

Z
f_((n�1

1
⌥w(c)n2)

�1) m1(n1) m2
(n2)dn1dn2

=

Z
f_(n�1

2
⌥w(c)

�1n1) m1(n1) m2
(n2)dn1dn2, (18.51)

where the integrals are over (N ⇥ N)⌥w(c)(F )\N(F ) ⇥ N(F ). We have a
bijection

(N ⇥N)⌥w(c)(F )\N(F )⇥N(F ) �! (N ⇥N)⌥w(c)�1(F )\N(F )⇥N(F )

(n1, n2) 7�! (n2, n1).

Changing variables using this bijection we see that (18.51) is equal to

Z
f_(n�1

1
⌥w(c)

�1n2) m2
(n1) m1(n2)dn1dn2
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=RO⌥w(c)�1(f_,�m2,�m1)

where the integral is now over (N ⇥N)⌥w(c)�1(F )\N(F )⇥N(F ). ut

Under suitable assumptions Kloosterman integrals on GLr can be written
in terms of Kloosterman integrals on GLr�1.

Lemma 18.8.5 Assume that c = (c1, c2, . . . , cr) 2 (OF \ F⇥)r and that
c1, cr 2 O⇥

F . Then one has that

RO⌥w0 (c)
( GLr(OF ),m1,m2)

= OF
(m1(r�1)) OF

(m21)RO⌥fw0
(ec)( GLr�1(OF ), em1, em2),

where ew0 2 GLr�1(F ) is the standard representative for the long Weyl ele-
ment,

ec := (c2/c1, c3/c1, . . . , cr/c1) 2 (OF \ F⇥)r�1,

and

em1 := (m11,m12, . . . ,m1(r�2)), em2 := (m22,m22, . . . ,m2(r�1)) 2 F r�2.

Proof. To ease notation, let C be the (r � 1)⇥ (r � 1) matrix given by

C :=

0

B@
cr/cr�1

...
c2/c1

1

CA .

For n1, n2 2 Nr�1(F ), ↵1,↵2 2 F r�1 (the latter viewed as column vectors)
we compute

✓
n1 ↵1

1

◆✓
C

c1

◆✓
1 ↵t

2

n2

◆
=

✓
c1↵1 n1C
c1

◆✓
1 ↵t

2

n2

◆
=

✓
c1↵1

eC
c1 c1↵t

2

◆
. (18.52)

Here
eC = c1↵2↵

t
1
+ n1Cn2

is an (r�1)⇥(r�1) matrix, c1↵1 is a column vector, and c1↵t
2
is a row vector.

Since we assumed that c1 2 O⇥

F and cr 2 O⇥

F , (18.52) is in GLr(OF ) if and
only if ↵1,↵2 2 Or�1

F and n1Cn2 2 GLr�1(OF ). The lemma follows. ut

Proposition 18.8.6 Assume that c = (c1, . . . , cr) 2 (OF \F⇥)r where cr 2
O⇥

F , cj 62 O⇥

F , and ci 2 O⇥

F for all i 6= j. Then

RO⌥w0 (c)
( GLr(OF ),m1,m2) = 0

unless m1,m2 2 Or�1

F , in which case it is equal to
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X

x2(OF /cj)⇥

 

✓�m2jx+m1(r�j)cj+1cj�1x

cj

◆
. (18.53)

Here x 2 OF is chosen so that xx ⌘ 1 (mod c) and we set cj�1 = 1 if j = 1.

When F = Qp, (18.53) is a classical Kloosterman sum. This explains why the
relative orbital integral RO⌥w0 (c)

( GLr(OF ),m1,m2) is called a Kloosterman
integral.

Proof. By Lemma 18.8.5 iterated j � 1 times, we have that

RO⌥w0 (c)
( GLr(OF ),m1,m2) = 0

unless m1(r�1), . . . ,m1(r�j+1),m21, . . . ,m2(j�1) 2 OF . Here m1i and m2i are
the ith entry of m1 and m2 respectively. Assuming this is the case, the same
lemma implies that

RO⌥w0 (c)
( GLr(OF ),m1,m2) = RO⌥fw0

(ec)( GLr�(j�1)(OF ), em1, em2).

Here ew0 2 GLr�(j�1)(F ) is the standard representative for the long Weyl
element and

ec := (cj/cj�1, cj+1/cj�1, . . . , cr/cj�1),

em1 := (m11, . . . ,m1(r�j)),

em2 := (m2j , . . . ,m2(r�1)).

We now apply Lemma 18.8.4 to write this as

RO⌥fw0
(ec)�1( GLr�(j�1)(OF ),�em2,�em1)

= RO⌥fw0
(cr�1/cr,cr�2/cr,...,cj�1/cr)( GLr�(j�1)(OF ),�em2,�em1).

Applying Lemma 18.8.5 again, this vanishes unless

m11, . . . ,m1(r�j�1),m2(j+1), . . . ,m2(r�1) 2 OF

in which case it is

RO⌥
( 1

1
)
(cj/cj+1,cj�1/cj+1)

( GL2(OF ),�m2j ,�m1(r�j)).

We compute this directly. It is equal to

Z
GL2(OF )

✓✓
1 �x

1

◆✓
cj�1/cj

cj/cj+1

◆✓
1 y
1

◆◆
 (m2jx) (m1(r�j)y)dxdy

=

Z
GL2(OF )

✓
�cjx/cj+1 �cjxy/cj+1 + cj�1/cj
cj/cj�1 cjy/cj+1

◆
 (m2jx) (m1(r�j)y)dxdy
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=
1

|cj |2

Z
GL2(OF )

 
�x/cj+1

�xy/cj+1+cj�1

cj

cj/cj�1 y/cj+1

!
 

✓�m2jx+m1(r�j)y

cj

◆
dxdy.

This vanishes unless m1(r�j),m2j 2 OF , in which case it is equal to

X

x2(OF /cj)⇥

 

✓�m2jx+m1(r�j)cj+1cj�1x

cj

◆
,

which completes the proof. ut

18.9 Sums of Whittaker coe�cients

The spectral side of the Kuznetsov formula is a sum of Whittaker coe�cients.
We make this precise in the current section and then prove the Kuznetsov
formula in Theorem 18.9.2 below.

Let f 2 C1
c (AGLr

\GLr(AF )). If ⇡ is a cuspidal automorphic representa-
tion of AGLr

\GLr(AF ) then we can form the relative trace

rtr(⇡(f),m1,m2) :=

Z

[N ]2

K⇡(f)(n1, n2) m1(n1) m2
(n2)dn1dn2. (18.54)

Since [N ] is compact, this is absolutely convergent. We then have the following
theorem:

Theorem 18.9.1 Assume that R(f) has cuspidal image. Then one has an
equality of absolutely convergent sums

X

⇡

rtr(⇡(f),m1,m2)

=
X

[�]2N(F )\GLr(F )/N(F )

⌧((N ⇥N)�)RO�(f,m1,m2)
(18.55)

where the sum on the left is over isomorphism classes of cuspidal automorphic
representations of AGLr

\GLr(AF ) and the sum on the right is over  m1 ⌦
 m2

-relevant classes.

Proof. This is immediate from Theorem 16.2.6 and Proposition 18.8.2. ut

We now use Langlands’ spectral expansion of the automorphic kernel func-
tion Kf (x, y) from §16.3 to give a general version of Theorem 18.9.1 that
requires no assumption on f. For unexplained notation below we refer to
Chapter 10.

Let B  GLr be the Borel subgroup of upper triangular matrices. Call a
parabolic subgroup P  GLr standard if it contains B. We let M  P be
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the unique Levi subgroup containing the maximal torus of diagonal matrices.
Let AP  ResF/QM(R) be the connected component of the identity (in the
real topology) and let

aP := LieAP .

Then Langlands’ spectral decomposition of L2([GLr]) implies that

Kf (x, y) =
X

P

n�1

P

X

�

Z

iaP

KI(�,�)(f)(x, y)d� (18.56)

where the sum on P is over standard parabolic subgroups of GLr, nP is the
order of the association class of P and the sum on � is over isomorphism
classes of irreducible AM\M(AF )-subrepresentations of L2

disc
([M ]). Here

KI(�,�)(f)(x, y) :=
X

'2B(�)

E(x, I(�,�)(f)',�)E(y,',�), (18.57)

where B(�) is an orthonormal basis of the �-isotypic subspace of

IndGLr

P (L2

disc
([M ])(�))

consisting of vectors in

IndGLr

P (L2

disc
([M ])(�))0,

defined as in (10.8). The expression (18.57) is merely an L2-expansion of the
kernel as a function of y for each fixed x. If f is finite under a maximal
compact subgroup of GLr(F1) then the sum can be taken to be finite and
hence the identity (18.57) is valid pointwise. Even if this is not the case,
the sum is still represented by a smooth function of x and y. We refer to
[Art78, §4] for proofs of these assertions. In fact they can be proven by an
easy analogue of the argument proving Theorem 16.2.3.

We set

rtr(I(�,�)(f),m1,m2) :=

Z

[N ]2

KI(�,�)(f)(n1, n2) m1(n1) m2
(n2)dn1dn2.

Since [N ] is compact, this is absolutely convergent.
The following is the full version of the Petersson-Bruggemann-Kuznetsov

formula:

Theorem 18.9.2 One has that

X

P

n�1

P

X

�

Z

iaP

|rtr(I(�,�)(f),m1,m2)|d� <1.

Moreover
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X

P

n�1

P

X

�

Z

iaP

rtr(I(�,�)(f),m1,m2)d�

=
X

[�]2N(F )\GLr(F )/N(F )

⌧((N ⇥N)�)RO�(f,m1,m2),

where the sum on the right is over  m1 ⌦  m2
-relevant classes.

Proof. The absolute convergence statement follows from the fact that [N ] is
compact together with the estimates on the terms in the spectral expansion
(18.56) contained in [Art78, §4]. Thus by (18.56), we conclude that

Z

[N ]2

Kf (n1, n2) m1(n1) m2
(n2)dn1dn2

=
X

P

n�1

P

X

�

Z

iaP

rtr(I(�,�)(f),m1,m2)d�.

The theorem now follows from Proposition 18.8.2. ut

It is important to observe that for m1,m2 2 (F⇥)r�1 only generic repre-
sentations can contribute to the spectral side of Theorem 18.9.2. In particular,
for P = G, only cuspidal representations contribute by the following theorem:

Theorem 18.9.3 If ⇡ is a generic discrete automorphic representation of
AGLr

\GLr(AF ), then ⇡ is cuspidal.

Proof. This is a combination of the main theorem of [MgW89] and [JL13,
Proposition 2.1]. ut

In analytic number theory it is useful to understand the dependence of the
quantities rtr(I(�,�)(f),m1,m2) on m1 and m2. We now make this explicit.
Let  :=  (1,...,1), where  m is defined in (18.48).

Assume I(�,�) is unramified outside a finite set S of places of F including
the infinite places. Using the notation of (11.4) for Whittaker models, we
have the following lemma:

Lemma 18.9.4 Let � be a discrete automorphic representation of AM\M(AF )
and let � 2 iaP . If I(�,�) admits a nonzero global  -Whittaker functional
then there is a unique vector

WS 2W(I(�,�)S , S)GLr(
bOS

F
) :=

Y

v 62S

W(I(�v,�), v)
GLr(OFv

)

such that WS(I) = 1.

Proof. For v -1 the representation I(�,�)v is irreducible for � 2 iaP [Ber84].
Since it admits a nonzero  v-Whittaker functional it is generic. Thus the
lemma is an immediate corollary of Theorem 11.4.1. ut
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For f 2 C1
c (AGLr

\GLr(AF )) and m1S ,m2S 2 (F⇥

S )r�1, let

fm1S ,m2S (g) := f(⌫(m1S)g⌫(m2S)
�1) 2 C1

c (AGLr
\GLr(AF )), (18.58)

where ⌫ is defined as in (18.46).

Lemma 18.9.5 Let � be discrete automorphic representation of AM\M(AF )
and let � 2 iaP . Assume that f and I(�,�) are unramified outside S and that
rtr(I(�,�)(f),1,1) 6= 0. One has that

rtr(I(�,�)(fm1S ,m2S ),m1,m2) = WS(⌫(m1))WS(⌫(m2))rtr(I(�,�)(f),1,1),

where WS is as in Lemma 18.9.4.

Here the 1 refers to the vector in (F⇥)r�1 that is identically 1 in all entries.
The quantity WS(⌫(m1)) can be computed using the Casselman-Shalika for-
mula (see (11.13)).

Proof. To ease notation in the proof, write

ef := fm1S ,m2S .

We change variables

(n1, n2) 7�! (⌫(m1)
�1n1⌫(m1), ⌫(m2)

�1n2⌫(m2))

and use (18.47) to see that

rtr(⇡( ef),m1,m2)

=

Z

[N ]2

KI(�,�)( ef)(⌫(m1)
�1n1⌫(m1), ⌫(m2)

�1n2⌫(m2)) 1(n1) 1
(n2)dn1dn2

=

Z

[N ]2

KI(�,�)( ef)(n1⌫(m1), n2⌫(m2)) (n1) (n2)dn1dn2.

Here we have used the fact that KI(�,�)( ef)(g1, g2) is left invariant under

GLn(F )⇥GLn(F ). This in turn is equal to

Z

[N ]2

KI(�,�)(f)(n1⌫(m
S
1
), n2⌫(m

S
2
)) (n1) (n2)dn1dn2. (18.59)

The function

GLn(A
S
F )⇥GLn(A

S
F ) �! C (18.60)

(gS
1
, gS

2
) 7�!

Z

[N ]2

KI(�,�)(f)(n1g
S
1
, n2g

S) (n1) (n2)dn1dn2

(18.61)
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lies inW(I(�,�)S , S)⌦W(I(�,�)S , 
S
). Here in the integral we have written

gSi for the element of GLn(AF ) whose projection to GLn(AS
F ) is g

S
i and whose

projection to GLn(FS) is the identity. Thus the lemma follows from Lemma
18.9.5. ut

Exercises

18.1. Let H  R
n be a closed real Lie subgroup of Rn with finitely many

connected components. Prove that H ⇠= R
m for some m  n.

18.2. Let T be a split torus over a characteristic zero field k. Prove that any
connected subgroup of T is a split torus.

For the next three problems we assume that we are in the setting of §18.2,
although we allow F to be a global function field. Let v be a finite place of
the global field F and let

fv 2 C1

c (AG\G(Av
F )), fv 2 C1

c (G(Fv)), f := fvf
v.

Let � 2 G(F ) and let ⌦ ⇢ AG\G(AF ) be the H(AF )-orbit of �.

18.3. Prove that if fv is supported in the set of elements of G(Fv) with closed
Hr-orbit and f(x) 6= 0 for some x 2 ⌦ then � is relatively semisimple.

18.4. Prove that if fv is supported in

{�0 2 G(Fv) : H�0 = H�

�0 is smooth}

and f(x) 6= 0 for some x 2 ⌦ then � is gcf.

18.5. Prove that if fv is supported in

{�0 2 G(Fv) : X
⇤((H \�(ZG))\H�0) = 0}

and f(x) 6= 0 for some x 2 ⌦ then � is relatively elliptic. Here, as before,
� : G! G⇥G is the diagonal embedding.

18.6. Give an example of a pair of reductive groups H  G such that

H(AF ) 6= (AG \H(AF ))(G(AF )
1 \H(AF )).

18.7. State and prove an analogue of (18.29) for twisted orbital integrals.

18.8. For f 2 C1
c (AGLr

\GLr(F1)) and m1,m2 2 (F⇥
1
)r�1, let

fm11,m21(g) := f(⌫(m1)g⌫(m2)
�1).
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For c := (c1, . . . , cr) 2 (F⇥
1
)r, prove that

RO⌥w(c)(fm11,m21 ,m1,m2) 6= 0

only if for all v|1 one has that

|cr det(⌫(m1m
�1

2
))|v ⇣f Y

for some Y 2 R>0 independent of v|1 and

|deti(⌫(m1)⌥w(c)⌫(m2)
�1)|v ⌧f |cr det ⌫(m1m

�1

2
)|i/rv

for all v|1 and 1  i  r. In particular, if w = w0, then

RO⌥w0 (c)
(fm11,m21 ,m1,m2) = 0

unless

|ci|v ⌧f |cr det ⌫(m1m
�1

2
)|i/rv |deti(⌫(m1)w0⌫(m

�1

2
))|�1

v

for all v|1 and 1  i  r.

18.9. Let H be a unipotent algebraic group over a global field F. Prove that
H(AF ) is unimodular.

18.10. Let X be the space of n⇥nmatrices, equipped with the natural action
of GLn on the right. Let f 2 C1

c (AGLn
\X(AF )). Prove that the restriction

of f to AGLn
\GLn(AF ) is smooth but not compactly supported.

The remaining exercises explain how the simple trace formula of §18.4 is
a special case of the relative trace formula of §18.3. Thus for the remaining
exercises let F be a global field and let G0 be a reductive group over F. Let
G = G0 ⇥ G0 and in the notation of §18.3 let H1 = H2 be the the image of
the diagonal embedding G0 ! G0 ⇥G0. Thus H = H1 ⇥H2 in the notation
of §18.2.

18.11. Let ⇡1 and ⇡2 be cuspidal automorphic representations ofAG0\G0(AF ).
For f1, f2 2 C1

c (AG0\G0(AF )) prove that

rtrH,1 ⇡1 ⌦ ⇡2(f1 ⌦ f2) 6= 0

if and only if ⇡1 ⇠= ⇡_
2
. Here 1 denotes the trivial character of H(AF ).

18.12. Assuming that rtrH,1 ⇡1 ⌦ ⇡2(f1 ⌦ f2) 6= 0 prove that

rtrH,1 ⇡1 ⌦ ⇡2(f1 ⌦ f2) = tr⇡1(f
_

2
⇤ f1)

for a suitable choice of Haar measures. Here f_
2
(g) := f2(g�1).
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18.13. Prove that there is a bijection

H1(F )\G(F )/H2(F ) �! G0(F )/ ⇠
(g1, g2) 7�! g�1

2
g1

where the right hand side is the set of conjugacy classes in G0(F ). Show that
the bijection induces an isomorphism

H(g1,g2) �! Cg�1
2 g1

18.14. Show that (g1, g2) 2 G(F ) is relatively semisimple (resp. relatively
elliptic) if and only if g1g

�1

2
is semisimple (resp. elliptic).

18.15. If (g1, g2) is relatively semisimple prove that

RO(g1,g2)(f1 ⌦ f2) = Og�1
2 g1

(f_

2
⇤ f1)

for a suitable choice of measures. If (g1, g2) is relatively elliptic prove that

⌧(H(g1,g2)) = ⌧(Cg�1
2 g1

)

for a suitable choice of measures.





Chapter 19

Applications of Trace Formulae

What we know is not much.
What we do not know is
immense.

P.-S. de Laplace

Abstract In this chapter we discuss applications of relative trace formulae.
Our goal is to provide an introduction to the key motifs of existence and
comparison underlying these applications.

19.1 Existence and comparison

Selberg’s motivation for proving the trace formula for SL2 over Q was to
prove the existence of cusp forms that are fixed by SO2(R). In the process,
he actually estimated the number of such cusp forms in a suitable family and
showed that they exist in abundance. This was the first application of the
trace formula, and it can be viewed as a quantitative existence result. We
discuss this in §19.2.

Motivated by the Langlands functoriality conjecture, Jacquet and Lang-
lands [JL70] gave a very di↵erent type of application of the trace formula.
They compared trace formulae on di↵erent groups in order to deduce a rela-
tion between automorphic representations on the two groups. This idea has
been extended to what is known as the theory of twisted endoscopy and con-
tinues to play a key role in automorphic representation theory. We discuss
this in the second part of the chapter. All sections of the chapter are more
or less brief surveys. Our aim is to whet the appetite of the reader and give
some guidance on the literature and future directions of research. We assume
for this chapter that F is a number field because most of the results we will
cite below are proven in this setting.

501
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19.2 The Weyl law

Let M be a smooth compact Riemannian manifold. Associated to M is a
Laplace-Beltrami operator �. Call a function ' 2 C1(M)\L2(M) a Lapla-
cian eigenfunction with eigenvalue � if

�' = �'.

It is known that each eigenvalue � is a positive real number, that the set of
eigenvalues is discrete, and that L2(M) is the Hilbert space direct sum of the
corresponding eigenspaces L2(M)(�). Moreover dimL2(M)(�) <1 for each
�. For x > 0, consider the counting function

N(x) :=
X

�x

dimL2(M)(�).

Here the sum is over the finite set of �  x such that L2(M)(�) 6= 0.
The following is the Weyl law (see [Wey12] and [MP49]):

Theorem 19.2.1 (The Weyl law) One has that

N(x) =
vol(M)

(4⇡)
dimM

2 �
�
dimM

2
+ 1
�xdimM/2 + o(xdimM/2) (19.1)

as x!1. ut

Consider the Shimura manifolds Sh(G,X)K of §15.2. These are finite unions
of Riemannian manifolds. When they are compact, the Weyl law implies the
existence of an abundance of automorphic forms on them. However they are
often noncompact (see Theorem 2.6.3 for a precise statement). Even if one
compactifies Sh(G,X)K , it is still unclear in the noncompact case whether the
eigenforms produced by the Weyl law correspond to the cuspidal spectrum.
Selberg developed the trace formula for SL2 over Q to address precisely this
question [Sel56], and he proved an analogue of Theorem 19.2.1 in this setting.

Müller [M0̈7] established the analogue of the Weyl law for G = SLn over
Q. His proof makes use of the full noninvariant trace formula of Arthur,
and his results are valid for cusp forms that are not necessarily fixed by
On(R). About the same time, Lindenstrauss and Venkatesh [LV07] proved
an analogous result for all split semisimple adjoint groups over Q. Notably,
their method is soft in that it does not require the full trace formula, only
a simple analogue. It is based on a novel construction of test functions with
purely cuspidal image. Their method originally only treated cusp forms that
are fixed by a maximal compact subgroup at infinity, but this restriction has
been removed in [Mai22].

Using the same technique, the authors [GH15] established a relative ana-
logue of the Weyl law under some assumptions via the general simple relative
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trace formula (Theorem 18.2.5). This relative Weyl law gives an asymptotic
formula for the number of Laplacian eigenfunctions on Sh(G,X)K weighted
by the L2-restriction norm over a locally symmetric subspace associated to
a subgroup H  G.

The approach to the Weyl law via the full Arthur-Selberg trace formula
is more complicated, but it still has its merits. The results of Lindenstrausss
and Venkatesh mentioned above give no control on the error term in the Weyl
law. Using the trace formula, a Weyl law for SLn over Q with remainder was
established by Lapid and Müller in [LM09] using the approach of [DKV79b,
DKV79a] combined with the Arthur-Selberg trace formula.

19.3 The comparison strategy

The Langlands functoriality conjecture predicts that for two reductive groups
G1 and G1 defined over the number field F and an L-map

r : LG1 �! LG2,

there should be a transfer from weak automorphic L-packets of G1 to weak
automorphic L-packets of G2. The question is, how can one prove such a
transfer? One option which has proven to be e↵ective is to study the geometric
sides of suitable trace formulae for G1 and G2.

In more detail, suppose that we are given subgroups Hi  Gi ⇥ Gi for
1  i  2 and characters

�i : (Hi(AF ) \ (AG ⇥AG))\Hi(AF ) �! C
⇥.

For F -algebras R, the groups Hi act on Gi via

Gi(R)⇥Hi(R) �! Gi(R)

(g, (h`, hr)) 7�! h�1

` ghr

(19.2)

as in (18.2). We assume that the neutral component ofHi is the direct product
of a unipotent and a reductive group. We write Hir for the unique maximal
reductive subgroup of H�

i .
Suppose that we can construct a correspondence

{�2-relevant � 2 G2(F )/H2(F )} ! {�1-relevant � 2 G1(F )/H1(F )}.

For example, one might have a bijection, but often the situation is more
complicated. We refer to this as a geometric correspondence between
relevant relative classes. We say that the class of � matches the class of �
if the two classes correspond. Suppose that for matching � and �, one can
relate the orbital integrals ⌧(G2�)RO�(f) and ⌧(G1�)RO�(fG1) for suitable
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test functions f 2 C1
c (AG2\G2(AF )) and fG1 2 C1

c (AG1\G1(AF )). Then
one can hope to prove an identity of the form

X

�2G2(F )/H2(F )

⌧(G2�)RO�(f) =
X

�2G1(F )/H1(F )

⌧(G1�)RO�(f
G1). (19.3)

Here the sums over � and � are over �1 and �2-relevant elements, respec-
tively, that are additionally relatively regular, relatively elliptic, relatively
unimodular and such that the H1r-orbit of � (resp. the H2r-orbit of �) is
closed. We are assuming these things so that the sums are convergent by
Theorem 18.2.5. Assuming that an identity like (19.3) can be established for
a su�ciently rich set of test functions, one can obtain a relationship between
(H1,�1)-distinguished representations of G1(AF ) ⇥ G1(AF ) and (H2,�2)-
distinguished representations of G2(AF ) ⇥ G2(AF ) and thereby deduce an
instance of Langlands functoriality (or its relative analogue due to Jacquet,
Sakellaridis, and Venkatesh). We will explain this in more detail momentarily.
In many cases one has to incorporate families of (Gi, Hi,�i) on both sides
of the formula. We ignore this complication because we are just speaking in
rough terms.

Let us elaborate what we mean by a relation between ⌧(G2�)RO�(f) and
⌧(G1�)RO�(fG1). We assume for simplicity that the geometric correspon-
dence is a bijection, though this is rarely the case. One needs to be able to
relate the measures ⌧(G2�) and ⌧(G1�) for matching � and �, but this is usu-
ally not the key issue. For simplicity we assume that measures can be chosen
so that ⌧(G2�) = ⌧(G1�) whenever � matches �.

For almost all finite places v, there exists a hyperspecial subgroup Kiv 
Gi(Fv) by Proposition 2.4.5. The map

r : LG1 �! LG2

induces an algebra homomorphism

br : C1

c (G2(Fv) //K2v) �! C1

c (G1(Fv) //K1v) (19.4)

via Theorem 7.5.1 (see also Exercise 19.2). Dual to this algebra homomor-
phism we have a transfer

⇡v 7�! r(⇡v) (19.5)

from the set of equivalence classes of K1v-unramified representations of
G1(Fv) to the set of equivalence classes of K2v-unramified representations
of G2(Fv). Here we are abusing notation and using the same notation for a
representation and its equivalence class. The transfer (19.5) is given by stipu-
lating that the Langlands class of r(⇡v) is the image under r of the Langlands
class of ⇡v. See below Corollary 7.5.2 for the definition of the Langlands class
of an unramified representation. By Exercise 19.2 for f 2 C1

c (G2(Fv) //K2v)
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one has

tr⇡v(br(f)) = tr r(⇡v)(f). (19.6)

Here we normalize the Haar measures implicit in the traces so that the Ki

are given measure 1.
Globally, assume S is a finite set of places of F including the infinite places

and for each i we are given compact open subgroups KS
i  Gi(AS

F ) is with
Kiv hyperspecial for all v 62 S. Assume moreover that ⇡S is an admissible
irreducible representation of G1(AS

F ) with a nonzero KS
1
-fixed vector. We

then define
r(⇡S) := ⌦0

v 62Sr(⇡v).

It is an irreducible admissible representation of G2(AS
F ) with a nonzero KS

2
-

fixed vector.
One wants to prove that if � and � match then for almost all finite places

v, one has the equality

RO�v (fv) = RO�v (br(fv)) (19.7)

for all fv 2 C1
c (G2(Fv) //K2v). This is often too näıve. The equality will only

hold up to a function of �v and �v called a transfer factor, but we suppress
this di�culty.

Formulae of the form (19.7) are known as the fundamental lemma for
the Hecke algebra. The identity (19.7) for fv = K2v is known as the
fundamental lemma, or the fundamental lemma for the unit element
of the Hecke algebra. In cases related to twisted endoscopy it is possible to
deduce the fundamental lemma for the Hecke algebra from the fundamental
lemma [Clo90a, Hal95, Lab90]. One hopes that the same reduction can be
made in general although it is not known how to do this.

Finally, one needs to know that for all places v, there is a su�ciently large
supply of functions fv 2 C1

c (G2(Fv)) and fG1
v 2 C1

c (G1(Fv)) that match,
meaning that when �v and �v match one has that

RO�v (fv) = RO�v (f
G1
v ). (19.8)

Statements of this type are known as transfer. Of course, for an arbitrary
f 2 C1

c (AG2\G2(AF )), we will have fv 2 C1
c (G2(Fv) //K2v) for almost all

v. In this case the fundamental lemma for the Hecke algebra implies that we
can take fG1

v = br(fv). As in the statement of the fundamental lemma, hoping
for an equality as simple as (19.8) is often too näıve; it will only hold up to
a transfer factor.

Given the fundamental lemma for the Hecke algebra and transfer, Theorem
18.2.5 implies an identity

X

⇡0

rtrH2,�2 ⇡
0(f) =

X

⇡

rtrH1,�1 ⇡(f
G1), (19.9)
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at least for f and fG1 satisfying the assumptions of Theorem 18.2.5. Here
the sum on the left is over isomorphism classes of cuspidal automorphic rep-
resentations ⇡0 of AG2\G2(AF ) such that ⇡0 ⌦ ⇡0_ is (H2,�2)-distinguished
and the sum on the right is over isomorphism classes of cuspidal automorphic
representations of AG1\G1(AF ) such that ⇡ ⌦ ⇡_ is (H1,�1)-distinguished.

If f (resp. fG1) is fixed on the left and right under KS
2

(resp. KS
1
) then

(19.9) implies that

X

⇡0

tr⇡0S(fS) rtrH2,�2 ⇡
0(fS KS

2
) =

X

⇡

tr⇡S(fG1S) rtrH1,�1 ⇡(f
G1
S KS

1
)

(see Exercise 19.4). Though the set of representations on each side of this
equation is in general infinite, in practice one can use a version of linear
independence of characters to refine it to an identity

tr r(⇡S
0
)(fS)

X

⇡0:⇡0S⇠=r(⇡S

0 )

rtrH2,�2(⇡
0(fS KS

2
))

= tr⇡S
0
(br(fS))

X

⇡:⇡S⇠=⇡S

0

rtrH1,�1(⇡(f
G1
S KS

1
))

(19.10)

for each cuspidal automorphic representation ⇡0 of AG1\G1(AF ). Of course,
both sums can be zero, but if one sum is nonzero, the other is also nonzero.
If one can establish (19.10), then one can use it to establish a transfer from
weak automorphic L-packets of G1 to weak automorphic L-packets of G2 and
characterize the image of the transfer. Often one can refine this comparison
to the level of L-packets. One can even use it to to define L-packets if G2

is the Weil restriction of scalars of a general linear group. Especially at this
level of refinement, in certain circumstances it may be more appropriate to
replace r : LG1 ! LG2 with an appropriate map of dual groups of spherical
varieties (see §14.4).

To recapitulate, we started with a geometric assumption of matching. As-
suming this, we further assumed the fundamental lemma for the Hecke alge-
bra and transfer. Given this pile of assumptions, we asserted that one could
prove instances of Langlands functoriality. Amazingly, it is possible to make
this heuristic method rigorous and prove fantastic results using it.

19.4 Jacquet-Langlands transfer and base change

In this section we describe some settings where the general strategy in §19.3
has been successfully applied. They are related to the trace formula and the
twisted trace formula of §18.4 and §18.5.
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We start by taking G1 to be an inner form of the quasi-split reductive
group G2 over F. Then there is an isomorphism

r : LG1 �! LG2 (19.11)

by Exercise 19.3. We assume that Gder

2
is simply connected so that we can

apply Theorem 19.4.1 below.
We take Hi  Gi ⇥ Gi to be the diagonal copy of Gi and we take �

to be trivial. Let Gi act on itself by conjugation and denote by Gi/ ⇠ the
GIT quotient. Then the quotient Gi/Hi with respect to the action (19.2) is
Gi/ ⇠ . In view of Proposition 17.3.1 and Example 17.2, (Gi/Hi)(F ) is the
set of semisimple conjugacy classes in Gi(F ) that are Gal(F/F )-invariant.

Using the definition of an inner form, one can construct an isomorphism
of a�ne F -schemes

G1/H1�̃!G2/H2. (19.12)

such that the base change of (19.12) to an appropriate finite extension E/F
is induced by an isomorphism G1E!̃G2E . We give the construction in a
special case in Lemma 19.4.2 below; the construction in general is essentially
the same. This is almost a geometric correspondence between relative classes
(which in the current setting are just conjugacy classes). However there is a
slight wrinkle. Consider the map

{semisimple � 2 Gi(F )} �! (Gi/Hi)(F ) (19.13)

sending � to its geometric class. Because G1 need not be quasi-split, for i = 1,
the map (19.13) need not be surjective. However, for i = 2, the group G2 is
quasi-split and hence the map (19.13) is surjective by the following theorem:
[Kot82]:

Theorem 19.4.1 (Kottwitz and Steinberg) Let G be a quasi-split reduc-
tive group over a characteristic zero field k with simply connected derived
group. A semisimple G(k)-conjugacy class fixed under Galk contains an ele-
ment of G(k). ut

In the current setting, the fundamental lemma for the Hecke algebra is
trivial because G1Fv

and G2Fv
are isomorphic for almost all place v (see

Exercise 19.6). Thus proving transfer of automorphic representations is re-
duced to understanding transfer of functions. Jacquet and Langlands [JL70]
were the first to introduce an argument of this type and they used it to give
a complete treatment of the special case where G1 is the unit group of a
quaternion algebra and G2 = GL2. Because of this, transfers attached to the
maps (19.11) are known as Jacquet-Langlands transfers. Though the full
theory of Jacquet-Langlands transfers is still not known, many results exist
in the literature. In particular, the theory for GLn is fairly complete.
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Let D be a simple algebra of dimension d2 over F. Let MnD be the a�ne
F -scheme whose points in an F -algebra R are given by

MnD(R) = Mn(D ⌦F R).

Let E/F be a finite Galois extension such that there is an isomorphism of
(noncommutative) E-algebras Md(E)!̃D ⌦F E. It induces an isomorphism

et : (Mnd)E�̃!(MnD)E (19.14)

which in turn induces an isomorphism of a�ne E-schemes

t : (Mnd)E/GLndE�̃!(MnD)E/(GLnD)E , (19.15)

where the quotients are the GIT quotients with respect to the conjugation
action.

For F -algebras R, let

GLnD(R) := (Mn(D ⌦F R))⇥.

Let GLnd act on itself by conjugation and denote by GLnd/ ⇠ the GIT
quotient. We define GLnD/ ⇠ similarly.

By restriction t induces an isomorphism

t : GLndE/ ⇠ �̃!(GLnD)E/ ⇠, (19.16)

Lemma 19.4.2 There is an isomorphism

t : GLnd/ ⇠ �̃!GLnD/ ⇠ .

whose base change to E is (19.16)

Proof. We will show that (19.15) is the base change to E of an isomorphism

Mnd/GLnd�̃!MnD/GLnD. (19.17)

By restricting this isomorphism to GLn/ ⇠ we obtain the isomorphism in the
lemma.

To check this, by Galois descent it su�ces to check that t is Gal(E/F )-
invariant. In more detail, for any a�ne scheme X of finite type over F, there
is an action of Gal(E/F ) (viewed as a constant group scheme over E, say)
on Spec(E) and on XE such that the structure map XE ! Spec(E) is equiv-
ariant. Concretely, at the level of points, for an E-algebra R, the set XE(R)
is a system of solutions in R to a set of polynomials defined over F and so
inherits a Gal(E/F )-action. If Y is another a�ne F -scheme of finite type, to
check that a morphism ' : XE ! YE the base change of a morphism X ! Y,
it su�ces to check that ' is Gal(E/F )-invariant. For a more sophisticated
perspective on Galois descent, [Poo17, §4.3-4.4] is a nice place to begin. Now
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for � 2 Gal(E/F ) consider

et�1 � � � et : (Mnd)E �! (Mnd)E .

This is an automorphism of (Mnd)E . It follows from the Skolem-Noether
theorem that et�1 �� �et is given by conjugation by some g� 2 GLnd(E). Thus
et�1 � � � et induces the identity automorphism of (Mnd)E/(GLnd)E for all �,
which is to say that t is Gal(E/F )-invariant. ut

For every place v, we have a diagram

{semisimple �v 2 GLnd(Fv)} {semisimple �v 2 GLnD(Fv)}

(GLnd/ ⇠)(Fv) (GLnD/ ⇠)(Fv)

p pD

t

where the quotients on the bottom are the GIT quotients of GLnd and GLnD

by the conjugation action of GLnd and GLnD, respectively, and the vertical
arrows are the canonical maps. The map p is surjective (see Exercise 19.7),
but pD is not. We say that �v and �v match if t(p(�v)) = pD(�v).

An irreducible admissible representation ⇡v of GLnd(Fv) isDv-compatible
if the character⇥⇡v

(�v) is nonzero for some regular semisimple �v 2 GLnd(Fv)
that matches a �v 2 GLnD(Fv). See Theorem 8.5.1 for the definition
of the character ⇥⇡v

in the nonarchimedean case. The archimedean case
is similar [Kna86, Theorem 10.25]. An automorphic representation ⇡ of
AGLnd

\GLnd(AF ) is D-compatible if ⇡v is Dv-compatible for all v. Let S be
the finite set of places v of F where Dv 6⇠= Md(Fv). Then ⇡ is D-compatible
if and only if ⇡v is D-compatible for all v 2 S.

The following theorem is due to Badulescu and Grbac [Bad08] following
several previous works [BDKV84, Rog83], going back to [JL70], where the
n = 2 case was treated.

Theorem 19.4.3 (Jacquet-Langlands correspondence) There exists a
unique injection r from the set of isomorphism classes of discrete automorphic
representations of AGLnD

\GLnD(AF ) to the set of isomorphism classes of
discrete automorphic representations of AGLnd

\GLnd(AF ) such that r(⇡)v ⇠=
⇡v for v 62 S. The image consists of discrete automorphic representations that
are D-compatible. ut

Here we are using the isomorphism GLnd(Fv) ⇠= GLnD(Fv) for v 62 S to make
sense of the assertion that r(⇡)v ⇠= ⇡v.

In the setting above, the groups G1 and G2 were not that di↵erent from
each other; indeed, they become isomorphic over the algebraic closure. Saito
and Shintani [Sai75, Shi79] discovered the first geometric correspondence in-
volving groups that are not isomorphic over the algebraic closure. It was fully
developed for GL2 by Langlands in [Lan80]. Take G1 = G to be reductive
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with simply connected derived group, let E/F be a cyclic field extension, and
let ✓ be a generator of Gal(E/F ). We then take G2 = ResE/FG, and let

r : LG �! LResE/FG

be the map given by the diagonal embedding on the neutral component and
the identity on the Galois factor. To set up our geometric correspondence,
we let �i be trivial, let H1 be the image of G in G ⇥ G under the diagonal
embedding, and let

H2(R) := {(g, ✓(g)) : g 2 ResE/FG(R)}. (19.18)

for F -algebras R. Thus G(F )/H1(F ) is the set of conjugacy classes in G(F )
and ResE/FG(F )/H2(F ) is the set of ✓-conjugacy classes in ResE/FG(F ) in
the sense of §18.5.

The geometric correspondence is defined as follows [Kot82]. Let � 2
ResE/FG(F ) and let

N(�) := ✓[E:F ]�1(�) · ✓[E:F ]�2(�) · · · �.

View N(�) as an element of G(E). Then

✓(N(�)) = �N(�)��1

which implies that the G(E)-conjugacy class of N(�) is fixed under Gal(E/F ).
Thus there is an element of G(F ) in the conjugacy class by Theorem 19.4.1.
We call such an element a norm of �. This gives us a map

{✓-semisimple conjugacy classes in ResE/FG(F )}

{semisimple conjugacy classes in G(F )}.

(19.19)

We say that a ✓-semisimple � and a semisimple � match if � is a norm of �
(see §18.5 for the notion of a ✓-semisimple class).

This geometric correspondence forms the basis for a comparison of the
trace formula of §18.4 and the twisted trace formula of §18.5. We point out
that one might anticipate such a comparison by consideration of the spectral
sides of the two trace formulae. Indeed, the image of the functorial transfer
induced by r is contained in the set of representations ⇡0 that satisfy ⇡0 ⇠= ⇡0✓,
and the spectral side of the twisted trace formula is given in terms of such
representations.

Unlike in the Jacquet-Langlands case, the fundamental lemma is nontrivial
in this setting. However Kottwitz found a beautiful, direct, and simple argu-
ment establishing it [Kot86a]. The fundamental lemma for the whole Hecke
algebra was then deduced by Clozel [Clo90a] and Labesse [Lab90]. This was
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the basis for the work of Arthur and Clozel on cyclic base change for GLn

stated in §13.4.

19.5 Twisted endoscopy

The twisted trace formula in §18.5 was formulated for an arbitrary finite
order automorphism ✓ of an arbitrary reductive group G. Thus one can try
to complete a comparison similar to that of the previous section in this level
of generality. There are serious new di�culties that appear. The key point
is that for essentially every reductive group other than GLn two semisimple
elements of G(F ) that are G(F )-conjugate need not be G(F )-conjugate.

Indeed, in the settings described in §19.4, we did not really relate ele-
ments of G1(F )/H1(F ) and G2(F )/H2(F ). We actually related elements of
(G1/H1)(F ) and (G2/H2)(F ). For general Gi and Hi, these are quite dif-
ferent. Because of this subtlety, to understand the quotient (G2/H2)(F ),
it is appropriate to place G1 into a whole family of so-called twisted en-
doscopic groups. Making this precise is part of the theory of twisted
endoscopy. It would take at least another book to discuss this fully and
fortunately such books are already available. The reader might start with
[Kot84, Kot86b] which are based on [Lan79b, Lan83]. More recent refer-
ences include [CHLN11, KS99, Lab99]. Perhaps the definitive treatment is
[MW16a, MW16b].

For arbitrary ✓, the geometric comparison was made precise fairly early
in the references mentioned above, though it is far more complicated than
the geometric comparisons mentioned in §19.4 for the general linear group.
Originally, it was expected that the fundamental lemma in this context would
be a routine combinatorial exercise as it was in the case of GL2, and this is
why it was described as a lemma. In fact, proving the fundamental lemma,
transfer, and then applying them became a struggle of Homeric proportions
involving at least two generations of mathematicians over a span of almost
30 years.

While the fundamental lemma was isolated and made precise by Shelstad
and Langlands [LS87], Arthur began developing the trace formula in a form
that was designed to apply the lemma. It would take too much space to record
his work and accomplishments here; fortunately there is a freely available
archive of his work online. Some of the fruits of his work are described in
§13.4 and §13.8. We will also not give an overview of the “long march” (in
the words of Ngô, [Ngô10a]) to the fundamental lemma, preferring to leave
this to the survey [Ngô10a] written by the person who completed the proof
in his Fields medal winning work.

We would be remiss not to point out that despite the amazing success
of twisted endoscopy, it has obvious drawbacks. As currently understood,
it can only hope to establish cases of functoriality where the image of the
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functorial lift consists of representations that are isomorphic to their conju-
gates under a single automorphism. A generalization to two automorphisms
is proposed in [Get12, Get20]. These papers are based on interconnected
ideas of Braverman, Kahzdan, L. La↵orgue, Langlands, Ngô, and Sakellar-
idis [BK00, Laf14, Lan04, Ngô14, Sak12].

19.6 The interplay of distinction and twisted endoscopy

The theory of twisted endoscopy discussed in the previous section has reached
a degree of maturity. One understands how to compare the twisted trace
formulae and the trace formula. Since Jacquet has given us the new tool of
the relative trace formula, we now have a much broader arena to apply the
experience gained in the theory of twisted endoscopy and prove new results.
We mention a few geometric correspondences here and connect them to the
results on distinction reviewed in Chapter 14.

We begin by explaining the comparison underlying Theorem 14.5.2, which
characterizes the cuspidal automorphic representations of ResE/FGLn(AF )
that are distinguished by a quasi-split unitary group. Here E/F is a quadratic
extension. Let G1 = GLn, G2 = ResE/FGLn, and let

r : LGLn �! LResE/FGLn

be the base change map. It is given by the diagonal embedding on the neutral
component and the identity on the Galois factor.

In this case, our basic outline from §19.3 must be modified along the lines
of §18.6. Thus for F -algebras R, we let

X(R) := {x 2Mn(E ⌦F R) : ✓(x) = xt},

where ✓ is the generator of Gal(E/F ). This admits an action of ResE/FGLn:

X(R)⇥ ResE/FGLn(R) �! X(R)

(x, g) 7�! ✓(g)txg.

The stabilizer of any x 2 X(F ) \ ResE/FGLn(F ) is a unitary group. For
f 2 C1

c (X(AF )), the function

g 7�!
X

x2X(F )

f(✓(g)txg)

is left G(F )-invariant. As in §18.6, it can be expanded spectrally in terms of
automorphic representations of ResE/FGLn(AF ) that are distinguished by a
unitary group.
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Let Nn be the unipotent radical of the Borel subgroup of upper triangular
matrices in GLn. It acts on X via restriction of the action of ResE/FGLn.
Let

�2 : ResE/FNn(AF ) �! C
⇥

u 7�!  (u✓(u)),

where  : Nn(AF )! C
⇥ is a generic character trivial on Nn(F ). We do not

need to modify the geometric setting for G1. We can simply take

H1(R) := {(u�t
1
, u2) : u1, u2 2 Nn(R)}

for an F -algebra R and let �1(u1, u2) =  (ut
1
u2). Note that this is precisely

the geometric setting of the Kuznetsov formula of §18.7, apart from slightly
modifying the action of the unipotent groups involved. Let T  GLn be the
maximal torus of diagonal matrices. We have a diagram

T (F )

p2

vv

p1

&&
X(F )/ResE/FNn(F ) G1(F )/H1(F )

where the two arrows send an element of T (F ) to its class. We say that a �2-
relevant � and �1-relevant � match if there is a t 2 T (F ) such that � 2 p2(t)
and � 2 p1(t). In this setting, the fundamental lemma was conjectured by
Jacquet and Ye [JY96] and proven in two di↵erent manners by Ngô [Ngô99a,
Ngô99b] and Jacquet [Jac04, Jac05b].

Jacquet and Rallis [JR11] later proposed a related comparison that even-
tually led to the proof of the results on the Gan-Gross-Prasad conjecture
discussed in §14.7. A useful reference is [Cha19]. Let E/F be a quadratic ex-
tension of number fields and let Un be the quasi-split unitary group of §13.7.
We take

G1 = Un+1 ⇥Un and G2 = ResE/FGLn+1 ⇥ ResE/FGLn

and let

r : L(Un+1 ⇥Un) �! L(ResE/FGLn+1 ⇥ ResE/FGLn)

be induced by L-maps LUn+1 ! LResE/FGLn+1 and LUn ! ResE/FGLn of
§13.7. We take Hi  Gi⇥Gi to be the subgroups with points in an F -algebra
R given by

H2(R) : = {(( g
1
) , g) : g 2 ResE/FGLn(R)}⇥GLn+1(R)⇥GLn(R),

H1(R) : = ◆(Un)(R)⇥ ◆(Un)(R),



514 19 Applications of Trace Formulae

where ◆ : Un ! Un+1⇥Un is defined by a special case of (14.18). Thus H2 is
isomorphic to ResE/FGLn⇥GLn+1⇥GLn and H1 is isomorphic to Un⇥Un.
Letting

⌘ : F⇥\A⇥

F /NE/F (A
⇥

E) �! {±1}

be the character attached to E/F by class field theory, we set

�2 (((
g
1
) , g) , (g1, g2)) = ⌘(det g1)

n+1⌘(det g2)
n.

We take �1 to be the trivial character. In this setting, one has an isomorphism
of GIT quotients

G2/H2
⇠= G1/H1

and we say that relatively regular semisimple � 2 G2(F ) and � 2 G1(F )
match if their geometric classes correspond under this isomorphism. It turns
out that regular semisimple elements have trivial stabilizers so the question
of relevance is irrelevant here.

In this setting, the fundamental lemma was proven by Z. Yun [Yun11].
W. Zhang [Zha14] proved transfer and used it to deduce the global Gan-
Gross-Prasad conjecture for unitary groups under certain local restrictions.
These were later removed by various authors as explained in §14.7.

Both of the comparisons mentioned above are in some sense much simpler
than the comparisons encountered in the theory of twisted endoscopy. The
origin of this is easy to pinpoint. It is that stabilizers of relatively regular
semisimple elements are trivial. As the reader can see from Chapter 17, the
Galois cohomology of centralizers creates a great deal of complication in
understanding orbital integrals. There is no reason to expect that one will
always be able to avoid nontrivial centralizers, and it is important to develop
relative analogues of the theory of twisted endoscopy discussed in §19.5.

As an example where it does not seem possible to avoid centralizers, we
discuss the comparison underlying Theorem 14.6.1. As discussed in §14.6,
this setup and its variants are fertile ground for future research.

For a quadratic extension E/F, we let UnE/F  ResE/FGLn be the quasi-
split unitary group defined in §13.7. We give ourselves a biquadratic extension

EM

E

�

L M

⌧

F

Thus � is a generator for Gal(E/F ) and ⌧ is a generator for Gal(M/F ). Let
G1 = ResE/FUnME/E and G2 = ResEM/FGLn. Theorem 14.6.1 is a result
characterizing cuspidal automorphic representations of
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ResE/FUnME/E(AF ) = UnEM/E(AE)

distinguished by UnM/F (under certain simplifying assumptions). To prove it
one studies the behavior of distinguished representations under the functorial
transfer attached to the L-map

r : LResE/FUnME/E �! LResEM/FGLn

induced by the L-map LUnM/F ! LResM/FGLn of §13.7.
The automorphism � induces an automorphism of ResE/FUnME/E with

UnM/F as its fixed point group and an automorphism (still denoted �) of
ResEM/FGLn with ResM/FGLn as its fixed point group. Likewise, the auto-
morphism ⌧ induces an automorphism of ResEM/FGLn with ResE/FUnME/E

as its fixed point group. We set ✓ = � � ⌧. Its fixed point group is
ResL/FUnEM/L. For F -algebras R, we take

H2(R) = ResM/FGLn(R)⇥ ResL/FUnEM/L(R),

H1(R) = UnM/F (R)⇥UnM/F (R).

To relate these two quotients we proceed as follows. We have morphisms (of
a�ne F -schemes, not groups)

B✓ : ResEM/FGLn �! ResEM/FGLn,

B� : ResE/FUnME/E �! ResE/FUnME/E

given on points by B✓(g) := g✓(g�1) and B�(g) := g�(g�1). Let S be the
scheme theoretic image of B✓ and Q the scheme theoretic image of B�. We
then have isomorphisms

G2/H2 �! S/ResM/FGLn,

G1/H1 �! Q/UnM/F ,

where ResM/FGLn acts via ⌧ -conjugation on S and UnM/F acts via conjuga-
tion on Q. This is formally similar to the geometric setting underlying base
change discussed in §19.4: one has a set of ⌧ -conjugacy classes and a set of
conjugacy classes that one wishes to relate. For a relatively regular relatively
semisimple � 2 ResEM/FGLn(F ), we say that � is a norm of � if there is an

h 2 ResM/FGLn(F ) such that

h��(��1)h�1 = �✓(��1)⌧(�✓(��1)).

One can show that every � that is relatively regular and relatively semisimple
admits a norm, and we say that

� 2 G2(F ) = ResEM/FGLn(F ) = GLn(EM)
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and
� 2 G1(F ) = ResE/FUnME/E(F ) = UnEM/E(E)

match if � is a norm of �. In this context, the fundamental lemma can be
obtained from the fundamental lemma for base change and transfer for cer-
tain test functions was proved in [GW14]. This provides enough informa-
tion to establish Theorem 14.6.1. However there is a relative analogue of
twisted endoscopy lurking here that has yet to be developed. This theory of
twisted relative endoscopy will probably be necessary to obtain a version of
Theorem 14.6.1 valid for arbitrary cuspidal automorphic representations of
UnEM/E(AE).

Exercises

19.1. Relate the Laplace-Beltrami operator on a Shimura manifold Sh(G,X)K

and the Casimir operator of Exercise 4.7.

19.2. For i = 1, 2, let Gi be a reductive group over the nonarchimedean field
F admitting a hyperspecial subgroup Ki  Gi(F ). If

r : LG1 �! LG2

is an L-map, prove that there is a unique algebra homomorphism

r : C1

c (G2(F ) //K2) �! C1

c (G1(F ) //K1) (19.20)

such that if ⇡ is an irreducible admissible K1-unramified representation of
G1(F ) with K2-unramified transfer r(⇡) to G2(F ) then

tr r(⇡)(f) = tr⇡(br(f))

for all f 2 C1
c (G2(F ) //K2). Here we normalize the Haar measures implicit

in the traces so that the Ki are given measure 1.

19.3. If G1 and G2 are two reductive groups over a local or global field F
that are inner forms of each other, prove that LG1 is isomorphic to LG2.

19.4. Let G be a reductive group over the global field F and let H  G⇥G
and � : AG,H\H(AF ) ! C

⇥ be as in §18.2. Let S be a finite set of places
of F including the infinite places and let KS < G(AS

F ) be a compact open
subgroup such that Kv is hyperspecial for v 62 S. Let

f = fSf
S 2 C1

c (AG\G(AF ) //K
S).

Prove that
rtr(⇡(f)) = tr⇡(fS)rtr(⇡(fS KS )).
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19.5. Construct the isomorphism (19.12).

19.6. Let G1 and G2 be reductive groups over a global field F that are inner
forms of each other. Prove that G1Fv

⇠= G2Fv
for all but finitely many places

v of F.

19.7. Let k be a field of characteristic zero Prove that every semisimple
conjugacy class in GLn(k) that is fixed by Galk has an element in GLn(k).
Prove moreover that two elements �1, �2 2 GLn(k) that are GLn(k)-conjugate
are GLn(k)-conjugate.

19.8. Let T  GLn be a maximal torus over a field k. Prove thatD(k, T,GLn),
defined as in (17.21), has only one element.





Appendix A

Groups attached to involutions of algebras

Abstract We define certain groups attached to involutions of algebras. Many
of the structures introduced in Chapter 1 are then described explicitly for
these groups.

A.1 Algebras with involution

Our goal in this appendix is to provide interesting examples of the general
theory of reductive groups outlined in Chapter 1. We focus on so-called clas-
sical groups. For more information about exceptional groups one possible
reference is [KMRT98].

Let D be a semisimple algebra over a field k0 of characteristic not equal to
2. We let ksep

0
be a separable closure of k0 and let k0 � ksep

0
be a an algebraic

closure. We assume that D is equipped with an involution ⇤ : D ! D,
that is, an k0-linear map x 7! x⇤ such that (x⇤)⇤ = x and (xy)⇤ = y⇤x⇤.
A homomorphism of algebras with involution � : (D, ⇤) ! (D0, †) is a
homomorphism of k0-algebras D ! D0 such that �(x⇤) = �(x)†. An isomor-
phism of algebras with involution is a bijective homomorphism of algebras
with involution.

We assume that one of the following holds:

(1) The center k of D is k0, k0 is fixed pointwise by ⇤, and D is simple.
(2) The center k of D is a quadratic extension of k0, the involution ⇤ induces

the nontrivial automorphism of k over k0, and D is simple.
(3) The center k of D is isomorphic to k0 � k0, the involution ⇤ induces the

nontrivial automorphism of k over k0, and D ⇠= D0 � D0 where D0 is a
simple k0-algebra.

In case (1) (resp. (2)) one refers to ⇤ as an involution of the first (resp. second)
kind. In case (3) one refers to ⇤ as a split involution of the second kind.

519
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Example A.1. Let D = Mn(k0), the space of n⇥n matrices over k0. Then for
any symmetric or skew-symmetric matrix J 2 GLn(k0) the map x 7! JxtJ�1

defines an involution of the first kind on D.

Example A.2. Assume k/k0 is a quadratic extension of fields; we denote the
action of the nontrivial element of Gal(k/k0) using a bar. LetD = Mn(k). Let
J 2 GLn(k) be a hermitian matrix, i.e. J t = J. Then the map x⇤ := JxtJ�1

defines an involution of the second kind on D.

We observe that given a field extension k0/k0 the base extension Dk0 :=
D⌦k0 k

0 is again a semisimple algebra, now over k0, and ⇤ induces a k0-linear
involution on Dk0 that we will continue to denote by ⇤. If ⇤ is an involution of
the first kind or a split involution of the second kind, then for any extension
k0/k the induced involution will again be of the first kind or a split involution
of the second kind, respectively. Assume we are in case (2). If k⌦k0 k

0 is again
a field then ⇤ is an involution of the second kind on Dk0 . If k ⌦k0 k

0 is not a
field then it is isomorphic to k0�k0 as a k0-algebra. This occurs, for example, if
k0 = k. If k⌦k0 k

0 is not a field then the center of Dk is isomorphic to k0� k0

and ⇤ induces a split involution of the second kind on Dk0 . The fact that
involutions of the second kind become split involutions after a field extension
is in fact our only motivation for discussing split involutions of the second
kind.

Let k0/k0 be a field extension. We say that D splits over k0 if Dk0 is
isomorphic to Mn(k ⌦k0 k

0). Here we view the space Mn(k ⌦k0 k
0) of n ⇥ n

matrices over k⌦k0 k
0 as an algebra via matrix multiplication. The following

is proved in [Sch85, §8.5]:

Theorem A.1.1 There exists a finite separable extension k0/k0 over which
D splits. ut

Choose a field k0/k0 over which D splits. We then have an embedding

D �! D ⌦k0 k
0 ⇠= Mn(k ⌦k0 k

0) (A.1)

for some n, where the arrow sends x to x ⌦ 1. For each x 2 D we can take
the image of x in Mn(k⌦k0 k

0) and then take its determinant and trace. For
all k0-algebras R this yields the reduced norm

N : D ⌦k0 R �! k ⌦k0 R (A.2)

and the reduced trace

Tr : D ⌦k0 R �! k ⌦k0 R (A.3)

respectively. The definition is independent of the choice of k0 and it follows
from the Skolem-Noether theorem that it is also independent of the choice
of isomorphism in (A.1). If D = Mn(k) where k is a field then the reduced
trace is the usual trace and the reduced norm is the determinant.
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There are various groups we can attach to these data. For k0-algebras R
we let

GLD(R) : = (D ⌦k0 R)⇥,

SLD(R) : = {g 2 GLD(R) : N(g) = 1}.
(A.4)

If D splits over k0 then GLDk0
⇠= GLnk0 via an isomorphism sending SLDk0

to SLnk0 in case (1) and
GLDk0

⇠= GL2

nk0

in case (2) and (3).
Consider the algebraic groups over k0 whose points in an k0-algebra R are

given respectively by

Iso(D, ⇤)(R) : = {g 2 (D ⌦k0 R)⇥ : gg⇤ = ID},
SIso(D, ⇤)(R) : = {g 2 (D ⌦k0 R)⇥ : gg⇤ = ID, N(g) = 1}.

(A.5)

Here ID is the identity of D. In case (3), ID = (ID0 , ID0). These groups are
referred to as the isometry group and the special isometry group of the
pair (D, ⇤), respectively. We have

SIso(D, ⇤)  Iso(D, ⇤). (A.6)

Lemma A.1.2 The group GLD is reductive, the group SLD is semisimple,
and GLder

D = SLD. The groups Iso(D, ⇤)� and SIso(D, ⇤) are reductive. When
SIso(D, ⇤) is semisimple then (Iso(D, ⇤)�)der = SIso(D, ⇤).

In fact it follows from theorems A.3.1, A.3.2, and A.3.3, below that in
most cases SIso(D, ⇤) is almost simple, that is, it is semisimple and its Lie
algebra is a simple Lie algebra.

Proof. An algebraic group G is semisimple (resp. reductive) if and only if its
base change along any field extension is semisimple (resp. reductive) [Mil17,
Proposition 19.5 and 19.13]. Thus GLD is reductive and SLD is semisimple.
Since the kernel of the reduced norm N : GLD ! Resk/k0

Gm is SLD we

have GLder

D  SLD. This inclusion is a monomorphism, and since it induces
an isomorphism GLder

D (k0)!̃SLD(k0) it is a quotient map (see the discussion
after Corollary 1.3.2). Hence the inclusion is an isomorphism, that is, GLder

D =
SLD.

Let G be a smooth a�ne algebraic group over k0 and let � : G! G be an
automorphism of order 2. Let

G�(R) := {g 2 G(R) : g� = g}

be the fixed points of this automorphism. Since we assumed the residual
characteristic of k0 is not 2 we have that G� is a smooth algebraic group
[Edi92, Proposition 3.4]. Moreover, if G is simply connected then G� is a
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reductive group by [Ste68, Theorem 8.1]. Setting (G,�) = (SLD, ((·)�1)⇤)
and observing that SLD is simply connected we deduce that SIso(D, ⇤) is
reductive.

On the other hand the reduced norm induces an isomorphism between
Iso(D, ⇤)�/SIso(D, ⇤) and a subgroup of Resk/k0

Gm. Since the unipotent
radical of Iso(D, ⇤)�

k0
has trivial image in (Resk/k0

Gm)k0
we deduce that

the unipotent radical of Iso(D, ⇤)�
k0

is contained in the unipotent radical of

SIsom(D, ⇤)k0
, which is trivial. Thus Iso(D, ⇤)� is reductive.

The fact that Iso(D, ⇤)�/SIso(D, ⇤) is isomorphic to a subgroup of Resk/k0
Gm

also implies that (Iso(D, ⇤)�)der  SIso(D, ⇤). When SIso(D, ⇤) is semisimple
it is its own derived group [Mil17, Summary 21.54]. We deduce the last as-
sertion of the lemma. ut

We leave the following lemma to the reader:

Lemma A.1.3 In case (3), there there is an isomorphism

Iso(D, ⇤)�̃!GLD (A.7)

that sends SIso(D, ⇤) to SLD. ut

Because of Lemma A.1.3, we assume that we are in case (1) or (2) for
the remainder of this appendix.

Let us describe the Lie algebras of the groups introduced above. The nat-
ural maps

SLD

SIso(D, ⇤) GLD

Iso(D, ⇤)

are all monomorphisms, or equivalently closed immersions. Using Proposition
1.3.1 and the definition of the Lie functor in (1.13) we see that we have
injections of k0-vector spaces

Lie SLD

Lie SIso(D, ⇤) LieGLD

Lie Iso(D, ⇤)

(A.8)

Thus all of these Lie algebras may be viewed as subalgebras of LieGLD, with
the bracket given by restriction of the bracket on LieGLD.
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Lemma A.1.4 There is a canonical k0-linear isomorphism LieGLD!̃D
that sends the Lie bracket on LieGLD to the commutator [x, y] := xy � yx
on D.

Proof. The canonical k0-linear isomorphism is given by

ker((D ⌦k0 k0[t]/(t
2))⇥ �! D⇥) = {ID + xt : x 2 D}�̃!D

ID + xt 7�! x.
(A.9)

Let V be D viewed as a k0-vector space. The left multiplication action of
D on V induces a faithful representation GLD �! GLV . This in turn yields
a commutative diagram

LieGLD LieGLV

D glV (k0)

⇠ ⇠

As discussed in §1.6, taking Lie algebras is a functor and the Lie algebra
bracket on glV (k0) is given by [X,Y ] = X � Y � Y � X. The description of
the Lie bracket on LieGLD follows. ut

Regard D as a k0-vector space. Combining (A.8) with Lemma A.1.4 we
see that we can identify each of the Lie algebras occurring in (A.8) with a
subspace of D. We use this identification without further comment below.

Lemma A.1.5 One has that

Lie SLD = {x 2 D : Tr(x) = 0},
Lie Iso(D, ⇤) = {x 2 D : x = �x⇤},

Lie SIso(D, ⇤) = {x 2 D : x = �x⇤ and Tr(x) = 0}.

Proof. For each x 2 D consider the element ID+xt of D⌦k0 k0[t]/(t
2). Using

the isomorphism (A.9) we see that

Lie SLD = {x 2 D : N(ID + xt) = 1}
= {x 2 D : Tr(x) = 0}.

Moreover

Lie Iso(D, ⇤) = {x 2 D : (ID + xt)(ID + xt)⇤ = ID}
= {x 2 D : x = �x⇤}.

Finally, since Lie SIso(D, ⇤) = Lie Iso(D, ⇤)\Lie SLD the last equality follows.
ut
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A.2 Split simple algebras

Assume D is split over k0. Thus there is an isomorphism

D ⇠= Endk0(V ) = Mn(k)

where V = kn. Here as above k is the center of D. We use this isomorphism
to identify D and Endk0(V ) in this section. We have a perfect pairing

h , i : V ⇥ V �! k

((vi), (wi)) 7�!
nX

i=1

viwi.
(A.10)

We denote by t the transpose with respect to this pairing; this is just the
standard transpose.

In case (1) and case (2) the involution ⇤ of D = Endk0(V ) can be described
as follows [KMRT98, Proposition 2.19 and 2.20]:

(1) There is a J 2 GLV (k0) such that for x 2 Endk0(V ) one has x⇤ = JxtJ�1

and one of the following holds:

(1a) J is symmetric (i.e. J t = J),
(1b) J is skew-symmetric (i.e. J t = �J).

(2) There is a J 2 GLV (k) that is hermitian (i.e. J
t
= J) such that for

x 2 Endk0(V ) one has x⇤ = JxtJ�1.

In case (1a) we say that the involution is of orthogonal type, in case (1b) we
say that the involution is of symplectic type, and in case (2) we say that the
involution is of unitary type. More generally, if (D0, ⇤) is a simple k0-algebra
(not necessarily split) with an involution, we say that (D0, ⇤) is of orthogonal
(resp. symplectic) type if (D0

ksep
0

, ⇤) is of orthogonal (resp. symplectic) type.

If ⇤ defines a split involution of the second type on D0

ksep
0

then we say (D0, ⇤)
is of unitary type. We point out that in case (1b) n must be even.

For v, w 2 V let

hv, wiJ := hv, Jwi. (A.11)

This is a nondegenerate bilinear form on V. We list its properties depending
on the cases mentioned above. Let v, w 2 V.

(1) The form h , iJ is k0-bilinear and

(1a) symmetric: hv, wiJ = hw, viJ ,
(1b) alternating: hv, wiJ = �hw, viJ .

(2) The form h , iJ is k-antilinear, that is, ahv, wi = hav, wi = hv, awi for
a 2 k⇥, and hermitian: hv, wiJ = hw, viJ .
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Lemma A.2.1 Let (D1, †1) and (D2, †2) be algebras with involution such
that dimk0 D1 = dimk0 D2. Assume that one of the following holds:

†1 and †2 are both involutions of the first kind of orthogonal type,
†1 and †2 are both involutions of the first kind of symplectic type,
†1 and †2 are both involutions of the second kind.

Then (D1ksep
0

, †1) is isomorphic to (D2ksep
0

, †2).

Proof. Recall that D1 and D2 split over a separable extension by Theorem
A.1.1. Thus in the third case †1 and †2 are split involutions of the second
kind. One checks that there is an integer n and an isomorphism

Diksep
0

⇠= Mn(k
sep

0
)�Mn(k

sep

0
)

sending †i to the involution (x, y) 7�! (y, x).
In the first and second cases by the discussion at the beginning of

this section we may assume that D1ksep
0

= D2ksep
0

= Mn(k
sep

0
) and that

x†i = JixtJ�1

i . The matrices J1 and J2 are both either symmetric or skew
symmetric, and in either case we can choose a g 2 GLn(k

sep

0
) such that

gJ1gt = J2. This implies the desired equivalence. ut

For k0-algebras R let

GJ(R) : = {g 2 GLn(k ⌦k0 R) : hgv, gwiJ = hv, wiJ},
SGJ(R) : = GJ(R) \ SLn(R).

(A.12)

Then

Iso(D, ⇤) = GJ and SIso(D, ⇤) = SGJ . (A.13)

There is standard notation for the groups GJ and SGJ and standard names
for the groups depending on the type of involution and J. They are given in
the following table:

Case Name GJ SGJ

(1a) orthogonal group of h , iJ OJ SOJ

(1b) symplectic group of h , iJ SpJ SpJ

(2) unitary group of h , iJ UJ SUJ

Here in case (1a) the group SOJ is known as the special orthogonal group
and in case (2) the group SUJ is known as the special unitary group. In case
(1b) SGJ = GJ .

In order to facilitate computations and simplify certain statements below,
let
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Jn :=

✓
1

. .
.

1

◆
2 GLn(Z)

be the antidiagonal matrix. Then let

J 0

n :=
⇣

Jn/2

�Jn/2

⌘
(A.14)

We set

On : = OJn
SOn : = SOJn

Spn : = SpJ 0
n

Un : = UJn
SUn : = SUJn

This agrees with the notation from §13.7.

Lemma A.2.2 Let n be the dimension of V as above. The rank and dimen-
sion of SGJ are given in the following table:

Case Rank Dimension

(1a) bn
2
c (n�1)n

2

(1b) n
2

(n+1)n
2

(2) n� 1 n2 � 1

Proof. The quantities considered in the lemma are unchanged under base
change so we may replace SGJ with (SGJ)k0

. Therefore by Lemma A.2.1
it su�ces to compute the rank and dimension of SOn, Spn, and SUn. One
can compute the rank directly. The dimension of a smooth algebraic group
over k0 is the same as the dimension of its Lie algebra as a k0-vector space
[Mil17, Proposition 1.37]. The dimension of Lie SOn, Lie Spn and Lie SUn can
be computed using Lemma A.1.5. ut

A.3 Classification of forms

We now drop the assumption that D is split and discuss the groups SG(D, ⇤)
as (D, ⇤) varies. Forms and inner forms of algebraic groups were defined in
§14.7. A form is said to be an outer form if it is not an inner form. The
following is [Mil17, Theorem 24.62]:

Theorem A.3.1 The forms of SOn are the groups SG(D, ⇤) where D is is a
simple algebra of dimension n2 over k0 and ⇤ is an involution of the first kind
of orthogonal type. Two such forms SG(D, ⇤) and SG(D0, †) are isomorphic
if and only if (D, ⇤) ⇠= (D0, †). ut
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We will not describe when the forms are inner and outer in this case.
The symplectic analogue is [Mil17, Theorem 24.47]:

Theorem A.3.2 Assume n is even. The forms of Spn are all inner. They
are the G(D, ⇤) where D is a simple algebra of dimension (2n)2 over k0 and ⇤
is an involution of the first kind of symplectic type. Two such forms SG(D, ⇤)
and SG(D0, †) are isomorphic if and only if (D, ⇤) ⇠= (D0, †). ut

Finally, the analogue for involutions of the second kind is [Mil17, Theorem
24.43 and 24.44]:

Theorem A.3.3 The inner forms of SLn over a field k0 are given by SLD

where D is a simple algebra of dimension n2 over k0. Two such inner forms
SLD and SLD0 are equivalent if and only if D ⇠= D0 as k0-algebras.

The outer forms are given by SG(D, ⇤) where (D, ⇤) is a simple algebra of
the second kind with center k, a quadratic field extension of k0, and where
dimk D = n2. Two such outer forms SG(D, ⇤) and SG(D0, †) are equivalent
if and only if (D, ⇤) is isomorphic to (D0, †). ut

The group SOn is almost simple for n > 2, the group Sp
2n is almost simple

for n � 1, and the groups SUn and SLn are almost simple for n > 1. This
justifies our claim after Lemma A.1.2 above.

A.4 Parabolic subgroups

In this section we collect some information about parabolic subgroups of the
groups G�

J and SGJ for the choices of J isolated in §A.2. First it is helpful to
state the behavior of parabolic subgroups when one restricts to the derived
group [DG74, §XXVI, Proposition 1.19]:

Proposition A.4.1 Let G be a reductive group. There is a bijection

{parabolic subgroups P  G}�̃!{parabolic subgroups P 0  Gder}
P 7�! P \Gder

Zt
GP

0 = NG(P
0) � [ P 0

where Zt
G is the maximal subtorus of ZG. Moreover, the unipotent radical of

P is equal to the unipotent radical of P \Gder. ut

To apply this proposition in the case at hand, it is helpful to point out that

ZGLD
(R) = {xID : x 2 (k ⌦k0 R)⇥}.

Because of Proposition A.4.1, to give a description of the parabolic subgroups
of G�

J , it su�ces to give a description of the parabolic subgroups of SGJ .
To ease notation, let
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SGn :=

8
><

>:

SOn in case (1a),

Spn in case (1b),

SUn in case (2).

(A.15)

Let Tn  GLn be the maximal torus of diagonal matrices, let Bn  GLn be
the Borel subgroup of upper triangular matrices, and let Nn be the unipotent
radical of Bn. Set

T := (Resk/k0
Tn \ SGn)

�, N := Resk/k0
Nn \ SGn, B := TN. (A.16)

Let ✏ 2 {1,�1} be 1 in case (1a) and (2) and �1 in case (1b). Let T0 be the
trivial group over k0 in case (1) and let

T0(R) := {a 2 (k ⌦k0 R)⇥ : a�1 = a} (A.17)

in case (2). If n = 2` is even, for k0-algebras R we have that

T (R) =
n⇣

t
J`t

�1J�1
`

⌘
: t 2 T`(k ⌦k0 R), det(tt

�1
) = 1

o
,

N(R) =

⇢⇣
u ux

J`(u
�1

)
tJ�1
`

⌘
:
(u, x) 2 N`(k ⌦k0 R)⇥M`(k ⌦k0 R)

J`x
tJ�1

` = �✏x

�
.

If n = 2`+ 1 is odd, we have that

T (R) =

⇢✓
t
a

J`t
�1J�1

`

◆
: (t, a) 2 T`(k ⌦k0 R)⇥ T0(R), det(tt

�1
) = a�1

�
,

N(R) =

⇢✓ u uy ux
1 �ytJ`

J`u
�tJ�1

`

◆
:

(u, y) 2 N`(k ⌦k0 R)⇥ (k ⌦k0 R)`

x 2M`(k ⌦k0 R), J`x
tJ�1

` + x = �y ⌦ (ytJ�1

` )

�
.

Here in case (1) the extension k/k0 is trivial and the bars are understood to
be the identity automorphism.

In general the intersection of a maximal torus of a reductive group G with
a subgroup H need not be a maximal torus of H, and the intersection of a
Borel subgroup of G with H need not be a Borel subgroup of H. Despite this,
we have the following lemma:

Lemma A.4.2 The group T is a maximal torus of SGn and B is a Borel
subgroup of SGn. In particular SGn is quasi-split.

Proof. Using Lemma A.2.2 one checks that dimT is equal to the rank of
SGn which implies that T is a maximal torus. Now B is a connected solvable
subgroup of SGn and hence to prove that it is a Borel subgroup it su�ces to
prove that its dimension equal to the dimension of a Borel subgroup B0 of
SGnk0

. We have

dimB0 =
dimSGnk0

2
+

dimTk0

2
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by the Bruhat decomposition [Mil17, Theorem 21.84], and the quantity on the
right may be computed using Lemma A.2.2. Upon computing the dimension
of B one deduces the lemma. ut

We combine Lemma A.4.2 with the discussion above to give some examples
illustrating groups that are not quasi-split and quasi-split but not split. It is
helpful to first state the following theorem [Mil17, Corollary 23.53]:

Theorem A.4.3 Let G be a quasi-split reductive group and let G0 be an
inner form of G. Then G0 is isomorphic to G if and only if G0 is quasi-split
as well. ut

This theorem, combined with theorems A.3.1, A.3.2, A.3.3 and Lemma
A.4.2, implies the following two corollaries:

Corollary A.4.4 If SG(D, ⇤) is quasi-split then D is split. ut

Corollary A.4.5 If k/k0 is a field extension then the group SUn is quasi-
split but not split. ut

We choose B as our minimal parabolic subgroup and describe the standard
parabolic subgroups of SGn. Let Ts  T be the maximal split torus. For k0-
algebras R one has

Ts(R) :=
n⇣

t
Jn/2tJ

�1
n/2

⌘
: t 2 Tn/2(R)

o
(A.18)

when n is even and

Ts(R) :=

⇢✓
t
1

J(n�1)/2tJ
�1
(n�1)/2

◆
: t 2 T(n�1)/2(R)

�
(A.19)

when n is odd. Thus T = Ts unless we are in case (2).
Let

t =

 
t1

. . .
tbn/2c

!
.

For 1  j  bn
2
c define

"j
⇣

t
Jn/2tJ

�1
n/2

⌘
:= tj

when n is even and

"j

✓
t
1

J(n�1)/2tJ
�1
(n�1)/2

◆
:= tj

when n is odd.
To determine the set of roots �(SGn, Ts) of Ts in SGn it su�ces to deter-

mine the set of positive roots �(SGn, Ts)+ defined by B, that is, the set of
roots in B. Indeed,
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�(SGn, Ts) = �(SGn, Ts)
+ q �(SGn, Ts)

� (A.20)

where �(SGn, Ts)� is the set of roots in the opposite parabolic Bop, and
hence

�(SGn, Ts)
� = {�� : � 2 �(SGn, Ts)

+}.

To avoid some degenerate special cases we assume n � 2. The set �(SGn, Ts)+

and the type of the root system is given by the following table:

Case �(SGn, Ts)+ Type

SOn, n even
"i � "j : 1  i < j  n

2

"i + "j : 1  i < j  n
2

Dn/2

SOn, n odd

"i � "j : 1  i < j  n�1

2

"i : 1  i  n�1

2

"i + "j : 1  i < j  n�1

2

B(n�1)/2

Spn, n even
"i � "j : 1  i < j  n

2

"i + "j : 1  i  j  n
2

Cn/2

SUn, n odd

"i � "j : 1  i < j  n�1

2

"i : 1  i  n�1

2

"i + "j : 1  i  j  n�1

2

BC(n�1)/2

SUn, n even same as Spn Cn/2

When n is even define

↵j :=

8
><

>:

"j � "j+1 if 1  j < n/2

"n/2�1 + "n/2 if j = n/2, SOn case

2"j if j = n/2, Spn case

(A.21)

and when n is odd

↵j =

(
"j � "j+1 if 1  j < (n� 1)/2

"j if j = (n� 1)/2.
(A.22)

The tuple � := (↵1,↵2, . . . ,↵bn/2c) is the set of simple roots associated to
B. To verify that the table above and the computation of the simple roots
is correct, the standard reference [Bou02, §VI.4] is helpful. For comparison
with loc. cit. we point out that BCr is the unique irreducible nonreduced
root system of rank r (see [Bou02, §VI.4.14]).

The derived groups of Levi subgroups of SGn are isomorphic to a product
of special linear groups together with a group isomorphic to SGk for some
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integer 0  k  n of the same parity as n. Let us restrict our attention to
maximal proper parabolic subgroups and make this precise.

Recall from §1.9 that standard parabolic subgroups (with respect to B) are
in bijection with subsets of the set of simple roots �. The standard maximal
proper parabolic subgroups are the parabolic subgroups of the form P��{↵j}

for 1  j  bn
2
c. The unique Levi subgroup of P��{↵j}

containing T is
M��{↵j}

. We leave the proof of the following proposition to the reader:

Proposition A.4.6 In case (1) the Levi subgroup M��{↵j}
(R) is

⇢✓ g
h

Jjg
�tJ�1

j

◆
: (g, h) 2 GLj(R)⇥ SGn�2j(R)

�
.

In case (2) the Levi subgroup M��{↵j}
(R) is

⇢✓ g
h

Jjg
�tJ�1

j

◆
: (g, h) 2 GLj(R)⇥Un�2j(R) : det(gg�1) deth = 1

�
.

ut

We end this section by describing the root data of SGn in case (1). Recall
that this is the tuple

(X⇤(T ), X⇤(T ),�(SGn, T ),�
_(SGn, T ))

defined in §1.8. We freely use the results of that section.
We have already described �(SGn, T ). We have also described the base

� ⇢ �(SGn, T ) corresponding to the Borel subgroup B above. As recalled
in §7.3 above, the set �_ := {↵_ : ↵ 2 �} is a base for the root system
�_(SGn, T ). It hence determines �_(SGn, T ) [Mil17, Proposition C.52]. For
x 2 R⇥ and 1  j  bn

2
c let

tj(x) :=

✓
Ij�1

x
Ibn/2c�j

◆
.

When n is even let

µj(x) :=
⇣

tj(x)

Jn/2tj(x)J
�1
n/2

⌘

and when n is odd let

µj(x) :=

✓
tj(x)

1

Jn�1/2tj(x)J
�1
(n�1)/2

◆
.

Proposition A.4.7 Assume we are in case (1). When n is even we have
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↵_

j :=

8
><

>:

µj � µj+1 if 1  j < n/2

µn/2�1 + µn/2 if j = n/2, SOn case

µj if j = n/2, Spn case

and when n is odd we have

↵_

j =

(
µj � µj+1 if 1  j < (n� 1)/2

2µj if j = (n� 1)/2.

Proof. Recall the reflection s↵j
of (1.27). As explained in (1.30), we must

show

s↵j
(�) = �� h�,↵_

j i↵j (A.23)

for all � 2 X⇤(T ). If 1  j < bn
2
c then the reflection s↵ is represented by

0

BBB@

0

@
Ij�1

1

1

In/2�j�1

1

A

Jn/2

0

@
Ij�1

1

1

In/2�j�1

1

AJ�1
n/2

1

CCCA

if n is even and
0

BBBB@

0

@
Ij�1

1

1

I(n�1)/2�j�1

1

A

1

Jn/2

0

@
Ij�1

1

1

I(n�1)/2�j�1

1

AJ�1
(n�1)/2

1

CCCCA

if n is odd. Thus for 1  j < bn
2
c we have s↵j

("j) = "j+1 and s↵j
("i) = "i if

i 62 {j, j+1}. This implies the formula for ↵_

j stated in the proposition when
1  j < bn/2c.

Assume n is even and we are in the SOn case. Then s↵n/2
is represented

by

0

B@

In/2�2

0 0 1 0

0 0 0 �1

�1 0 0 0

0 1 0 0

In/2�2

1

CA

Thus for 1  j < n
2
� 1 we have s↵n/2

("j) = "j and s↵n/2
("n/2�1) = �"n/2,

s↵n/2
("n/2) = �"n/2�1. We deduce that ↵_

n/2 = µn/2�1 + µn/2.
If n is odd and we are in the SOn case then s↵(n�1)/2

is represented by
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0

@
I(n�1)/2�1

0 0 1

0 �1 0

1 0 0

I(n�1)/2�1

1

A .

Thus for 1  j < bn
2
c we have s↵n/2

("j) = "j and s↵n/2
("n/2) = �"n/2. We

obtain ↵_

(n�1)/2 = 2µ(n�1)/2.
Finally if n is even and and we are in the Sp

2n case then s↵n/2
is represented

by

 
In/2�1

0 �1

1 0

In/2�1

!
.

Thus for 1  j < bn
2
c we have s↵j

("j) = "j and s↵n/2
("n/2) = �"n/2. This

implies ↵_

n/2 = µn/2. ut

Comparing Proposition A.4.7 with the description of the simple roots of
various root systems in (A.21) and (A.22) we obtain the following table:

Case Type of �(SGn, Ts) Type of �_(SGn, Ts)

SOn, n even Dn/2 Dn/2

SOn, n odd B(n�1)/2 C(n�1)/2

Spn, n even Cn/2 Dn/2





Appendix B

The Iwasawa Decomposition

Abstract We prove the existence of the Iwasawa decomposition using the-
orems of Bruhat and Tits to treat the ramified case. We also discuss the
compatibility of the Iwasawa decomposition and the Levi decomposition of
parabolic subgroups.

B.1 Introduction

Let F be a local or global field and let P be a parabolic subgroup of a
reductive F -group G. Fix a Levi subgroup M  P and let N  P be the
unipotent radical. Thus P = MN. In the local case, we say that a maximal
compact subgroup K  G(F ) is in good position with respect to (P,M)
if the Iwasawa decomposition

G(F ) = P (F )K (B.1)

holds and

P (F ) \K = (M(F ) \K)(N(F ) \K). (B.2)

Similarly, if F is a global field we say that a maximal compact subgroup
K =

Q
v Kv  G(AF ) is in good position with respect to (P,M) if Kv

is good position with respect to (PFv
,MFv

) for all places v of F.
Our main goal in this appendix is to prove the following theorem:

Theorem B.1.1 Let G be a reductive group over a global or local field F and
let P  G be a parabolic subgroup with Levi subgroup M. There exists a max-
imal compact subgroup K of G(AF ) or G(F ), respectively, in good position
with respect to (P,M). We can even assume that M(AF )\K and M(F )\K
are maximal compact subgroups of M(AF ) and M(F ), respectively.

535
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The proof of this theorem, in general, invokes the formidable work of
Bruhat-Tits. However, at least outside of a finite set S of places of F in-
cluding the infinite places that in practice one can control, one can obtain
the decomposition using much less. Our aim in this appendix is to explain
this to readers who have some background in algebraic geometry. The proof
will also explain precisely how one chooses K, at least outside of finite set
S of places of F. The reason for including this material is twofold. First, in
most applications one needs at least a basic understanding of the relationship
between the K and P (AF ) occurring in the Iwasawa decomposition. Second,
the proof gives us the opportunity to introduce concepts and techniques that
are useful in a broad context.

At the end of the appendix in §B.5 we record some complementary infor-
mation in the local unramified case. We include a statement of the Cartan
decomposition in this setting.

B.2 Some group schemes

In order to explain how one can choose K given P, it is useful to discuss
notions of reductive and parabolic subgroups over the base ring OF . Our
primary reference for this is [Con14]. Before beginning, we recall some ter-
minology that is ubiquitous in algebraic geometry (specialized to the case of
schemes over an a�ne base).

Let k be a commutative ring with identity. A geometric point of the
a�ne scheme Spec(k) is the spectrum s̄ := Spec(L) of an algebraic closure of
a field L equipped with a morphism

s �! Spec(k).

Recall from §1.2 that to give such a morphism is equivalent to giving a mor-
phism of commutative rings with identity k ! L. A geometric fiber of a
k-scheme X is the base change Xs where s is a geometric point of Spec(k).

Definition B.1. A reductive group scheme G over k is an a�ne smooth
group scheme such that its geometric fibers are reductive groups.

This (trivially) recovers our original definition of reductive group when k
is a field. Now suppose G is a reductive group scheme over k.

Definition B.2. A parabolic subgroup scheme P of G is a smooth a�ne
k-group scheme equipped with a monic homomorphism P ! G of group
schemes such that for all geometric points s ! Spec(k) the fiber Ps is a
parabolic subgroup of Gs. A Borel subgroup scheme is a parabolic sub-
group scheme B such that Bs is a Borel subgroup of Gs for all geometric
points s! Spec(k).
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If P is a parabolic subgroup of G then the map P ! G is a closed immersion
by [Con14, Proposition 5.2.3].

Assume we are given a reductive group scheme G and a parabolic subgroup
scheme P  G. Consider the functor which assigns to any k-algebra R the set
of closed subgroup schemes of G that are étale locally conjugate to P. Then
this functor is representable by a scheme called G/P over k. This scheme is not
a�ne, but it is smooth and proper and equipped with a canonical k-ample line
bundle (and hence admits a canonical embedding into a projective space over
k) [Con14, Corollary 5.2.8]. We note that there is a natural transformation
of functors G ! G/P given on points in a k-algebra R by

G(R) �! (G/P)(R)

g 7�! gP(R)g�1.
(B.3)

If R is a field the map (B.3) is surjective:

Lemma B.2.1 If k is a field then the map

G(k) �! (G/P)(k)

is surjective and induces a bijection G(k)/P(k)!̃(G/P)(k).

Proof. Let k be an algebraic closure of k. By the generalities on parabolic
subgroups over fields recalled after Theorem 1.9.1, every parabolic subgroup
of G(k) that is G(k)-conjugate to P is in fact G(k)-conjugate to P. ut

The following lemma is extremely useful:

Lemma B.2.2 Let H be a smooth a�ne group scheme of finite type over a
henselian local ring O with finite residue field  and let X be a H-torsor. If
the special fiber H is connected then

X (O) 6= ;.

Proof. Since G is smooth, so is X (see §17.6). Therefore, by Hensel’s lemma
(Lemma 17.7.5), the map X (O)! X () is surjective. It therefore su�ces to
show that X () 6= ;. But X is a torsor under the connected a�ne algebraic
group Hk, hence X () 6= ; by a theorem of Lang [Lan56]. ut

We can now prove a version of the Iwasawa decomposition if we assume
the existence of the parabolic subgroup scheme P:

Theorem B.2.3 Suppose that S is a finite set of places of a global field F
containing all infinite places, that G is a reductive group scheme over OS

F and
that P  G is a parabolic subgroup scheme over OS

F . Then

G(AS
F ) = P(AS

F )G( bOS
F ).
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Proof. Suppose that g 2 G(AS
F ). Then g 2 G(OFv

) for all but finitely many
places v, so it su�ces to show that for every v 62 S one has that

G(Fv) = P(Fv)G(OFv
).

Fix v 62 S and let $ 2 OFv
be a uniformizer.

One has a commutative diagram

G(OFv
) G(Fv)

(G/P)(OFv
) (G/P)(Fv).

a

b

The scheme G/P is projective over OFv
, hence proper, and thus the arrow

b is a bijection by the valuative criterion of properness. In view of Lemma
B.2.1 it therefore su�ces to show that the arrow a is surjective. The fiber
of a over any point of (G/P)(OFv

) is a P-torsor, and hence has a point by
Lemma B.2.2. ut

B.3 The dynamic method

In the statement of Theorem B.1.1, there is no mention of the group scheme
G or P; one has only the reductive group G and its parabolic subgroup P.
To apply Theorem B.2.3 in the setting of Theorem B.1.1 we must construct
G and P given G and P. One starts by choosing a faithful representation
G ! GLn. For a su�ciently large finite set S of places of F containing the
infinite ones, the schematic closure G of G in GLnOS

F

is then reductive by
Proposition 2.4.5. Thus we can construct G. We now construct P.

Proposition B.3.1 Let S be a finite set of places of a global field F con-
taining all infinite places and let G be a reductive group scheme over OS

F . Let
P be a parabolic subgroup of GF with Levi decomposition P = MN. After
possibly adding a finite set of places to S, the schematic closure P of P in G
is a parabolic subgroup scheme of G admitting a decomposition

P = MnN , (B.4)

where M is a reductive group scheme, N is a connected smooth group scheme
with unipotent fibers, MF = M, and NF = N.

In the setting of the lemma, we have P(OFv
) = M(OFv

) n N (OFv
) for

v 62 S. Moreover M and N are the schematic closures of their generic fibers
in G.

Applying Lemma 2.4.3 this implies that
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P (Fv) \ G(OFv
) = (M(Fv) \ G(OFv

))(N(Fv) \ G(OFv
)),

the condition required in (B.2). We also note that M(OFv
)  M(Fv) is a

hyperspecial subgroup (and in particular is maximal, see Theorem 2.4.1).
To prove Proposition B.3.1 we use the so-called dynamic description of

parabolic subgroups. Suppose that we are given an a�ne group scheme G of
finite presentation over a ring k and a cocharacter, i.e. a morphism of group
schemes

� : Gm �! G.

This defines a left action of Gm on G

� : Gm ⇥ G �! G

given on points by
�(t, g) := �(t)g�(t)�1.

We say that limt!0 �(t, g) exists if the morphism � extends to a morphism

� : Ga ⇥ G �! G.

Example B.1. Let � : Gm �! GL3 be the cocharacter given as

�(t) =

0

@
t
t�1

t�2

1

A .

Then

�(t)

0

@
a11 a12 a13
a21 a22 a23
a31 a32 a33

1

A�(t)�1 =

0

@
a11 t2a12 t3a13

t�2a21 a22 ta23
t�3a31 t�1a32 a33

1

A .

Thus limt!0 �(t, g) exists if and only if g is a point of the Borel subgroup of
upper triangular matrices. Moreover limt!0 �(t, g) = 1, the identity in GL3,
if and only if g lies in the group of strictly upper triangular matrices, and g
commutes with the action of � if and only if g is a diagonal matrix.

Let P (�) be the group functor on k-algebras given on a k-algebra R by

P (�)(R) := {g 2 G(R) : lim
t!0

�(t, g) exists}.

We also define

N(�)(R) = {g 2 G(R) : lim
t!0

�(t, g) = 1}

and let Z(�)(R)  G(R) be the subgroup that commutes with the action �.
We then have

P (�)(R) = Z(�)(R)nN(�)(R). (B.5)
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In the example above, P (�) turned out to be a parabolic subgroup of the
ambient group scheme. Moreover, the geometric fibers of N(�) (resp. Z(�))
turned out to be the unipotent radical (resp. Levi subgroup) of the corre-
sponding fiber of P (�). This is a general phenomenon, and is the basis of the
dynamic description of parabolic subgroups, which is summarized in The-
orem B.3.2 and Theorem B.3.3 below. For the proof of Theorem B.3.2 see
[Con14, Theorem 4.1.7, Example 5.2.2]:

Theorem B.3.2 Assume that G is smooth. Then the functor P (�) is rep-
resented by a closed smooth subgroup of G. If G has connected fibers then so
does P (�). If G is connected and reductive, T  G is a maximal torus, and �
has image in T then P (�) is a parabolic subgroup scheme of G. ut

Here a torus T over Spec(k) is a group scheme over k that is fppf locally
isomorphic to G

n
m for some n � 0. In other words, for each point x 2 Spec(k)

there exists a neighborhood U ✓ Spec(k) of x and a faithfully flat morphism
U 0 ! U of finite presentation such that TU 0

⇠= G
n
mU 0 . A torus T is a maximal

torus of G if it is a closed subgroup scheme of G such that for all geometric
points s of Spec(k), the fiber Ts is a maximal torus of Gs.

Theorem B.3.3 Assume that k is a field and G is a reductive group over
k. Let P  G be a parabolic subgroup with Levi decomposition P = MN.
There is a cocharacter � : Gm ! G such that P = P (�), M = Z(�), and
N = N(�).

Proof. By [Mil17, Theorem 25.1] there is a cocharacter � : Gm ! G such that
P = P (�). Then N = N(�) since both groups are the unipotent radical of
P. All Levi subgroups of P are conjugate under N(k) by [Spr09, Proposition
16.1.1], so upon conjugating � by an element of N(k) we may assume that
M = Z(�). ut

Using these theorems, we can now prove Proposition B.3.1:

Proof of Proposition B.3.1: Let P be a parabolic subgroup of G. Then there is
a cocharacter � : Gm ! G such that P = P (�) by Theorem B.3.3. Let T be a
maximal torus of P containing the image of �; then T is also a maximal torus
of G. Choose a faithful representation G! GLn. Upon choosing a su�ciently
large finite set S of places of F, we can assume that the schematic closure G of
G in GLnOS

F

is reductive (see Proposition 2.4.5), that the schematic closure
T of T in G is a maximal torus of G [Con14, Corollary 3.1.8 and Proposition
3.1.9], and that the cocharacter � : Gm ! T extends to a cocharacter ⇤ :
Gm ! T . Here we are using some basic facts on spreading out that are
summarized in [Poo17, §3.2]. Let

P := P (⇤).

Then by Theorem B.3.2, P is a parabolic subgroup of G. Since P is the
schematic closure of its generic fiber we deduce the proposition. 2
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B.4 Proof of Theorem B.1.1

We now complete the proof of Theorem B.1.1. In view of Theorem B.2.3 and
Proposition B.3.1, it su�ces to prove Theorem B.1.1 in the local case. Thus
we assume for the remainder of the section that F is a local field.

We will actually prove something more precise than what is required by
Theorem B.1.1. Fix a minimal parabolic subgroup P0  G and a Levi sub-
group M0  P0. We write N0 for the unipotent radical of P0. We call a
pair (P,M) consisting of a parabolic subgroup P  G and a Levi subgroup
M  P a standard parabolic pair if P0  P and M0 M.

Theorem B.4.1 Assume F is archimedean. There is a maximal compact
subgroup K  G(F ) such that for any standard parabolic pair (P,M), one
has that G(F ) = P (F )K, M(F )\K is a maximal compact subgroup of M(F ),
and P (F ) \K = M(F ) \K.

Proof. By [Kna02, Proposition 7.31], the Iwasawa decomposition G(F ) =
P (F )K holds for some maximal compact subgroup K  G(F ). Let G(F )+

be the neutral component of the real Lie group G(F ). All maximal compact
subgroups of G(F ) are G(F )+-conjugate by Theorem 4.4.2. Thus G(F ) =
P (F )K holds for all maximal compact subgroups K of G(F ).

By Theorem 4.4.1, any maximal compact subgroup of G(F ) intersects
all components of the real Lie group G(F ). Combining this statement with
the fact that all maximal compact subgroups of G(F ) are G(F )+-conjugate
one can prove the following assertion: A subgroup K  G(F ) is a maximal
compact subgroup if and only if K \G(F )+ is a maximal compact subgroup
of G(F )+ and K intersects all components of G(F ). In view of this, the
assertion that we can choose K so that M(F ) \ K is a maximal compact
subgroup of M(F ) is part of [HC75, Lemma 8].

Consider the image ofK in P (F )/N(F ) = M(F ). It is a compact subgroup
containing M(F ) \K, hence equal to M(F ) \K. If mn 2 K with (m,n) 2
M(F )⇥N(F ), we deduce that m 2M(F )\K, and hence n 2 N(F )\K = I.
This completes the proof of the last assertion. ut

We now prepare to prove the nonarchimedean analogue of Theorem B.4.1.
We require some results and terminology from Bruhat-Tits theory. The book
[KP23] is a wonderful resource for more details on the constructions that
follow.

Let BT (G) denote the Bruhat-Tits building of G over F. It is a topological
space equipped with a continuous action of G(F ) and is a union of subsets
called apartments A(G, T ) indexed by the maximal split tori T of G. We will
require the notion of special and hyperspecial points of BT (G); we refer to
[KP23, Definitions 1.3.39 and 7.11.1] for definitions. When consulting refer-
ences to [KP23] below, it is helpful to know that a special points exist and a
special point is a vertex in the terminology of loc. cit. (see [KP23, Proposition
1.3.43]). Let
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G(F )1 :=
\

�2X⇤(G)

ker(| · | � � : G(F ) �! R>0). (B.6)

Proposition B.4.2 If x 2 BT (G) is a special point, then the stabilizer
G(F )1x of x in G(F )1 is a maximal compact subgroup of G(F ).

Proof. By [KP23, Theorem 4.2.15(1)] G(F )1x is a maximal bounded open
subgroup ofG(F ). The groupG(F )1x is clearly closed inG(F ), hence compact.
On the other hand, any maximal compact subgroup of G(F ) is bounded, and
moreover is open by Theorem 2.4.2. The proposition follows. ut

Theorem B.4.3 Assume F is nonarchimedean. There is a maximal compact
subgroup K  G(F ) such that for any standard parabolic pair (P,M), one has
that G(F ) = P (F )K, M(F ) \ K is a maximal compact subgroup of M(F ),
and P (F ) \K = (M(F ) \K)(N(F ) \K).

Proof. Assume that T  M0 is a maximal split torus. Let x 2 A(G, T )
be a special point. Then K := G(F )1x is a maximal compact subgroup of
G(F ) by Proposition B.4.2. Moreover G(F )1x contains the parahoric subgroup
Px = G(F )0x attached to x (see [KP23, §7.4] for the definition of a parahoric
subgroup). Thus by [KP23, Theorem 5.3.4] one has P0(F )G(F )1x = G(F ).
It follows immediately that P (F )K = G(F ) for all standard parabolic sub-
groups P of G.

We now claim that M(F ) \K is a maximal compact subgroup of M(F ).
Assuming this, the rest of the theorem follows as in the proof of Theorem
B.4.1. The inclusion M  G induces a projection

p : A(G, T ) �! A(M,T ).

The image of a special point is again a special point [KP23, §6.7.2]. On the
other handM(F )\K = M(F )1p(x) by [KP23, Corollary 9.7.3]. ThusM(F )\K
is maximal by Proposition B.4.2. ut

B.5 Addenda in the hyperspecial case

Let F be a nonarchimedean local field with ring of integers OF . Let $ be a
uniformizer. Suppose that G is a reductive group over F that is unramified
(quasi-split and split over an unramified extension). Thus there is a smooth
model G of G over OF with reductive fibers by Theorem 2.4.1. The group
G(OF ) is a hyperspecial subgroup of G(F ).

Lemma B.5.1 There exists a Borel subgroup scheme B of G and a maximal
torus T of G satisfying T  B.

Proof. We first check that a Borel subgroup exists. The functor assigning
to an OF -scheme S the set of Borel subgroups of GS is representable by a



B.5 Addenda in the hyperspecial case 543

smooth proper OF -scheme, say X [DG74, XXII, Corollaire 5.8.3(i)]. We have
X (F ) = X (OF ) by the valuative criterion of properness, so there is a Borel
subgroup B  G. The existence of T is [DG74, XXII, Corollaire 5.9.7]. ut

Lemma B.5.2 Let B be a Borel subgroup scheme of G and let T  B be a
maximal torus. The subgroup T (OF ) = T (F )\G(OF ) is a maximal compact
subgroup of T (F ) and G(OF ) is in good position with respect to (BF , TF ).

Proof. The assertion that T (OF )  T (F ) is a maximal compact subgroup is
[Mac17, Proposition 4.6]. One has a decomposition

B = T nN

where N is a connected smooth group scheme with unipotent fibers [DG74,
XXVI, Proposition 1.6]. In particular, NF is the unipotent radical of BF .
This implies that

B(F )\G(OF ) = B(OF ) = T (OF )N (OF ) = (T (F )\G(OF ))(N (F )\G(OF )).

Moreover, B(F )G(OF ) = G(F ) by the argument proving Theorem B.2.3 ut

Let H be a smooth a�ne group scheme of finite type over OF . Say that a
torus T  H is a maximal split torus if its generic (resp. special) fiber is
a maximal split torus of the generic (resp. special) fiber of H.

Lemma B.5.3 Assume the special fiber of H is connected. Let T and T 0 be
maximal split tori of H. Then T and T 0 are H(OF )-conjugate.

Proof. For OF -algebras R let

Transp(T , T 0)(R) := {g 2 H(R) : gT g�1 = T 0}

It is represented by a smooth closed subscheme of H see [Con14, Proposition
2.1.2]. We are to show that Transp(T , T 0)(OF ) 6= ;. By Hensel’s lemma
(Lemma 17.7.5) it su�ces to check that Transp(T , T 0)(OF /$) 6= ;. This
follows from Theorem 1.7.2. ut

We now state the Cartan decomposition, which was introduced in a less
precise form in Theorem 5.5.2 above:

Theorem B.5.4 (The Cartan decomposition) Let T be a maximal split
torus of G let B � TF be a Borel subgroup of G. Then

G(F ) =
a

�

G(OF )�($)G(OF )

where the disjoint union is over all � 2 X⇤(TF ) that are dominant with respect
to B.
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Proof. By [Her11b, §3] there exists a reductive group scheme G0 with Borel
subgroup B0, and a maximal split torus T 0  B0 such that

G(F ) =
a

�

G0(OF )�($)G0(O) (B.7)

where the disjoint union is over all � 2 X⇤(T 0

F ) that are antidominant with
respect to B0

F . More specifically, in the notation of [KP23], G0 is the parahoric
group scheme G0

x attached to a hyperspecial point x 2 BT (G). We point out
that in [Her11b, §3] the author assumes that F is of characteristic zero, but
this is not used in the argument.

We claim that (B.7) remains valid if we instead take the disjoint union over
� that are antidominant with respect to any Borel subgroup B00  G con-
taining T 0

F . If B
00 contains T 0

F then it contains CG(T 0

F ). All Borel subgroups
containing CG(T 0

F ) are conjugate under NG(T 0

F )(F ) by [Bor91, §21.3]. On the
other hand, every element of NG(TF 0)(F ) lies in NG0(T )(OF )CG(T 0

F )(F ) by
[KP23, Proposition 9.9.1]. The claim follows. By replacing B00 by its opposite
we see that (B.7) remains valid if we instead take the disjoint union over �
that are dominant with respect to any Borel subgroup B00  GF containing
T 0

F .
By [KP23, Proposition 9.9.3], we can choose the hyperspecial point x so

that the identity on the generic fibers extends to an isomorphism

◆ : G �! G0.

In particular ◆ induces an identification G(OF ) = G0(OF ). By Lemma B.5.3,
◆(T ) and T 0 are G0(OF )-conjugate, and the theorem follows. ut



Appendix C

Poisson Summation

Abstract We define the adelic version of the Fourier transform on a vector
space and state the corresponding version of Poisson summation.

C.1 The standard additive characters

All of the material in this appendix is either implicit or explicit in Tate’s
thesis [Tat67]. A leisurely account is given in [RV99, Chapter 7].

The goal of this section is to fix a standard additive character on every
local field and an additive character of F\AF for every global field. We first
consider the case of completions of Q and Fp(t) for primes p. We let

 R : R �! C
⇥

a 7�! e�2⇡ia

and

 Qp
: Qp �! C

⇥

a 7�! e2⇡ipr(a).

Here the principal part pr(a) 2 Z[p�1] is any element such that

a ⌘ pr(a) (mod Zp).

If F is a characteristic zero local field then it is an extension of a completion
F0 of Q, and we let

 F :=  � trF/F0
: F �! C

⇥.

We now treat the characteristic p case. We define the additive character

545
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 Fp((t�1)) : Fp((t
�1)) �! C

⇥

rX

n=�1

ant
n 7�! e�2⇡ia1/p.

Here the ai are representatives in Z for ai 2 Fp. Let $ be an irreducible poly-
nomial in Fp[t] and let Fp(t)$ is the completion of Fp(t) at the corresponding
place. If k = Fp[t]/$ then we define

 Fp(t)$ : Fp(t)$ �! C
⇥

1X

n=r

an$
n �! e2⇡itrk/Fp (a�1)/p.

Here the ai are in k (or rather a fixed set of representatives for k = Fp[t]/$ in
Fp[t]). On the right, we are implicitly identifying trk/Fp

(a�1) with an element
of Z mapping to it under the quotient map Z ! Fp. If F is a characteristic
p local field then it is an extension of a completion F0 of Fp(t) and we let

 F :=  � trF/F0
: F �! C

⇥.

One checks that all of the  F we have defined are indeed nontrivial characters.
For an abelian topological group A let bA be the unitary dual of A. It is the

set of all continuous homomorphisms A! C
⇥. For the proof of the following

lemma see [Wei95, §II.5]:
Lemma C.1.1 If F is a local field and  : F ! C

⇥ is any nontrivial char-
acter then there is a bijection

F �! bF
↵ 7�! (x 7!  (↵x)) .

ut
If F is a global field we let

 F :=
Y

v

 Fv
. (C.1)

This defines a nontrivial character of AF that is trivial on F. The global
analogue of Lemma C.1.1 is the following lemma [Wei95, §IV.2]:

Lemma C.1.2 If F is a global field and  : F\AF ! C
⇥ is any nontrivial

character then there is a bijection

F �! \F\AF

↵ 7�! (x 7!  (↵x)) .

ut
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C.2 Local Schwartz spaces and Fourier transforms

Let F be a local field. If F is nonarchimedean we define S(F ) = C1
c (F ), and

if F is archimedean we let S(F ) denote the usual Schwartz space. We refer
to S(F ) as the Schwartz space of F.

If W is a finite dimensional F -vector space, we define S(W ) analogously.
Let

h , i : W ⇥W �! F (C.2)

be a perfect pairing, let  : F ! C
⇥ be a character, and let dy be a Haar

measure on W. In the case where W = F, the pairing is usually taken to be
hx, yi := xy. For f 2 S(W ), one has a Fourier transform

bf(x) :=
Z

W
f(y) (hx, yi) dy

which is also an element of S(W ). In the archimedean case the assertion that
bf 2 S(W )) is standard, and in the nonarchimedean case it is Exercise C.3.

The Fourier transform depends on  , the pairing h , i and the Haar measure
dy. Given  and h , i, there is a unique way to normalize dy so that for all
f 2 S(W ) the Fourier inversion formula holds:

f(x) =
bbf(�x). (C.3)

This Haar measure dy is known as the self-dual Haar measure (with
respect to the pairing and additive character).

It follows from the Fourier inversion formula that the Fourier transform
defines a C-linear isomorphism

b· : S(W )�̃!S(W ). (C.4)

C.3 Global Schwartz spaces and Poisson summation

Let F be a global field and let W be a finite dimensional F -vector space. For
an F -algebra R, let W (R) := W ⌦F R. We define

S(W (AF )) := S(W (F1))⌦C C1

c (W (A1

F )).

When F is a number field, we view W (F1) as an R-vector space to make
sense of S(W (F1)).

Let
h , i : W ⇥W �! F
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be a perfect pairing, let  : F\AF ! C
⇥ be a nontrivial character, and let dy

be a Haar measure on W (AF ). For f 2 S(W (AF )), we then have an adelic
Fourier transform

bf(x) :=
Z

W (AF )

f(y) (hx, yi) dy. (C.5)

Lemma C.3.1 One has that bf 2 S(W (AF )).

Proof. It su�ces to verify the lemma in the special case where W = F r and
h , i is the standard product

h(x1, . . . , xr), (y1, . . . , yr)i 7�!
rX

i=1

xiyi.

Let S be a finite set of places of F including the infinite places and all
places where Fv is ramified. If S is large enough then

f = fS ( bOS

F
)r
.

It follows from Lemma C.1.2 that  =  S S where  S =
Q

v 62S  Fv
. Finally

we can assume that dy = dySdyS where dyS =
Q

v 62S dyv and dyv(Or
Fv
) = 1

for v 62 S. Thus
bf = bfSb( bOS

F
)r
.

We already know that bfS 2 S(W (F1))⌦ S(W (F1

S )), so it su�ces to check
that b

( bOS

F
)r

=
( bOS

F
)r
. This is the content of Exercise C.5. ut

Given h , i and  , there is a unique choice of Haar measure dy on W (AF )
such that the Fourier inversion formula holds:

f(x) =
bbf(�x). (C.6)

This is the self-dual Haar measure (with respect to h , i and  ).
As in the local setting, the Fourier inversion formula implies that the

Fourier transform induces an isomorphism

b· : S(W (AF ))�̃!S(W (AF )). (C.7)

We can now state an adelic version of Poisson summation [Wei95, §VII.2]:

Theorem C.3.2 (Poisson summation) For f 2 S(W (AF )) one has that

X

�2W (F )

f(�) =
X

�2W (F )

bf(�).

ut
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Exercises

C.1. Let F be a local field. Prove that the maps  F defined in §C.1 are
characters.

C.2. Let F be a global field. Prove that  F is a character of AF trivial on F.

C.3. Let F be a nonarchimedean local field and let f 2 C1
c (F ). Prove that

bf 2 C1
c (F ). Here bf can be defined with respect to any Haar measure on F

and nontrivial character  : F ! C
⇥.

C.4. Prove that the Fourier inversion formula (C.3) holds when F is a nonar-
chimedean local field.

C.5. Let F be a nonarchimedean local field that is unramified over its prime
field. Show that

b
OF

= OF

where the Fourier transform is defined with respect to the standard additive
character  F and the Haar measure on F such that dy(OF ) = 1. Conclude
that this Haar measure is self-dual with respect to  F and the pairing (x, y) 7!
xy.





Appendix D

Alternate conventions related to adelic
quotients

Abstract Let G be a reductive group over a global field F. When there is
a nontrivial split torus in the center of G the quotient G(F )\G(AF ) is not
of finite measure. We discuss the relationship between several methods of
coming to grips with this fact.

D.1 The quotients G(F )\G(AF ), AGG(F )\G(AF ) and
G(F )\G(AF )1

Let G be a reductive group over a global field F. Recall the groups G(AF )1

and AG defined in §2.6. Choices of of Haar measures on G(AF ) and AG induce
G(AF )-invariant Radon measures on G(F )\G(AF ) and on AGG(F )\G(AF )
as explained in §3.6. The quotient

[G] := AGG(F )\G(AF )

is always of finite measure by Theorem 2.6.3, but the quotient

G(F )\G(AF )

has finite measure if and only if AG is trivial. This is why we have worked with
the quotient AGG(F )\G(AF ) throughout this book. In this section we explain
how this is no essential loss of generality. At the same time we indicate the
relationship between our conventions and some other common conventions
related to adelic quotients. To avoid some distracting complications we will
assume throughout this appendix that F is a number field.

Recall the homomorphism

HG : G(AF ) �! aG

defined in (10.1). For each � 2 a
⇤

GC let

551
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L2(G(F )\G(AF ),�) (D.1)

be the space of measurable functions ' : G(F )\G(AF )! C such that

'(ag) = ehHG(a),�if(g) for all (a, g) 2 AG ⇥G(AF ) (D.2)

and
R
G(F )\G(AF )1

|'(g)|2dg <1. This is a Hilbert space with inner product

('1,'2) :=

Z

G(F )\G(AF )1

'1(g)'2
(g)dg.

The right action of G(AF ) on G(F )\G(AF ) induces a left action of G(AF ) on
L2(G(F )\G(AF ),�). In this manner L2(G(F )\G(AF ),�) becomes a Hilbert
space representation of G(AF ). It is unitary if and only if � 2 ia⇤G.

Similarly L2(G(F )\G(AF )1) is a unitary representation of G(AF )1. For
each � 2 a

⇤

G let C(ehHG(·),�i) be a one-dimensional complex vector space
on which G(AF ) acts via ehHG(·),�i. Since F is a number field G(AF ) is the
internal direct product of AG and G(AF )1. Thus for each � 2 ia⇤G we have a
representation

C(ehHG(·),�i)⌦ L2(G(F )\G(AF )
1)

of AG ⇥ G(AF )1 = G(AF ). There is an equivalence of representations of
G(AF )

C(ehHG(·),�i)⌦ L2(G(F )\G(AF )
1)�̃!L2(G(F )\G(AF ),�) (D.3)

induced by the map sending ' 2 L2(G(F )\G(AF )1) to the function

AG ⇥G(AF )
1 �! C

(a, g) 7�! ehHG(a),�i'(g)

When � 2 iaG these equivalences are in fact unitary equivalences of repre-
sentations.

Upon restriction to G(AF )1 the representations L2(G(F )\G(AF ),�) all
become isomorphic, and as representations of G(AF ) they only di↵er by char-
acters of AG. Thus the spaces L2(G(F )\G(AF ),�) all encode essentially the
same information.

Lemma D.1.1 One has unitary equivalences of G(AF )-representations

L2(G(F )\G(AF )) ⇠=
Z

�

iaG

C(ehHG(·),�i)⌦ L2(G(F )\G(AF )
1)d�

⇠=
Z

�

iaG

L2(G(F )\G(AF ),�)d�.

Here the direct integrals are defined as in §3.8 and d� is a Haar measure on
iaG.
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Proof. Given the equivalence (D.3) it su�ces to prove the first isomorphism.
As mentioned above, since we have assumed F is a number field, the group
G(AF ) is the internal direct product of AG and G(AF )1. Hence the isomor-
phism HG : AG!̃aG induces an isomorphism G(AF )!̃aG ⇥ G(AF )1, which
in turn induces an isomorphism

G(F )\G(AF )�̃!aG ⇥G(F )\G(AF )
1.

This isomorphism is G(AF )-equivariant if we let G(AF ) act on the right via
(x, g).(a0g0) = (x+HG(a0), gg0) for (a0, g0) 2 AG ⇥G(AF )1. Thus we have a
G(AF )-equivariant isomorphism

L2(G(F )\G(AF ))�̃!L2(aG)b⌦L2(G(F )\G(AF )
1)

where the hat denotes the completed tensor product. By Fourier analysis

L2(aG) ⇠=
Z

�

ia⇤

G

C(ehHG(·),�i)d�.

The lemma follows. ut

The moral of the discussion above is that to study L2(G(F )\G(AF )) it
su�ces to study L2(AGG(F )\G(AF )) or equivalently L2(G(F )\G(AF )1). It
is more or less a matter of taste as to whether one works with G(AF )1 or
AG\G(AF ). However, when AG is nontrivial these spaces are not equal. The
reason that we chose to work with AG\G(AF ) in this book is that elements of
C1

c (AG\G(AF )) can all be written as finite sums of restricted direct products

f1 ⌦⌦0

v-1fv.

where f1 2 C1
c (AG\G(F1)) and fv 2 C1

c (G(Fv)) for all v - 1. This is
not true for elements of G(AF )1; they are merely restrictions to G(AF )1 of a
finite sum of restricted direct products

f 0

1
⌦⌦0

v-1f 0

v.

where f 0
1
2 C1

c (G(F1)) and fv 2 C1
c (G(Fv)) for all v -1. It can be slightly

awkward to work with these restrictions in certain situations.

D.2 Separating by central character

Let � : ZG(F )\ZG(AF )! C
⇥ be a quasi-character. We define

L2(G(F )\G(AF ),�) (D.4)
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be the space of measurable functions ' : G(F )\G(AF )! C such that

'(zg) = �(z)f(g) for all (z, g) 2 ZG(AF )⇥G(AF ) (D.5)

and
R
G(F )\G(AF )1

|'(g)|2dg <1. This is a Hilbert space with inner product

('1,'2) :=

Z

G(F )\G(AF )1

'1(g)'2
(g)dg.

The right action of G(AF ) on G(F )\G(AF ) induces a left action of G(AF )
on L2(G(F )\G(AF ),�) and this gives L2(G(F )\G(AF ),�) the structure of a
Hilbert space representation. It is unitary if and only if � is a character.

For every quasi-character � : ZG(F )\ZG(AF ) ! C
⇥ there is a unique

� 2 a
⇤

GC such that �ehHG(·),�i|ZG(AF ) is trivial on AG. On the other hand for
any � 2 a

⇤

GC we have an isomorphism of Hilbert spaces

L2(G(F )\G(AF ),�)�̃!L2(G(F )\G(AF ),�e
hHG(·),�i|ZG(AF ))

' 7�! 'ehHG(·),�i
(D.6)

that intertwines the actions of G(AF )1. Therefore there is no essential loss of
generality in assuming that � is trivial on AG.

Let � : AGZG(F )\ZG(AF )! C
⇥ be a character. We may view

L2(G(F )\G(AF ),�)

as a unitary representation of G(AF ), AG\G(AF ) (since AG acts trivially) or
G(AF )1 (by restriction). In the previous section we explained that as � varies
over a

⇤

GC the spaces L2(G(F )\G(AF ),�) encode equivalent representations
of G(AF )1. However, if �,�0 : AGZG(F )\ZG(AF ) ! C

⇥ are two distinct
characters, then no irreducible subrepresentation of

L2(G(F )\G(AF ),�)

is equivalent to an irreducible subrepresentation of L2(G(F )\G(AF ),�0).
Here we may view the two spaces as representations of G(AF ), AG\G(AF ),
or G(AF )1.

More precisely one has the following:

Lemma D.2.1 One has a unitary equivalence of AG\G(AF )-representations

L2([G])�̃!d
M

�
L2(G(F )\G(AF ),�)

where the Hilbert space direct sum is over characters

� : AGZG(F )\ZG(AF ) �! C
⇥.
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A discrete automorphic representation of AG\G(AF ) occurs in

L2(G(F )\G(AF ),�)

if and only if it has central character �.

Proof. The isomorphism in the lemma is simply the decomposition of L2([G])
into isotypical components indexed by the representations of the compact
group AGZG(F )\ZG(AF ) [DE09, Theorem 7.3.2]. The second assertion is a
direct consequence of the isomorphism. ut

Thus working with L2(G(F )\G(AF ),�) instead of L2([G]) isolates au-
tomorphic representations with central character �. In the literature when
authors work with L2(G(F )\G(AF ),�) they often modify the Hecke algebra
as well, replacing

C1

c (AG\G(AF ))

with the related space
C1

c (G(AF ),�
�1).

This is the space of smooth functions f : G(AF ) ! C that are compactly
supported modulo ZG(AF ) and satisfy f(zg) = ��1(z)f(g) for (z, g) 2
ZG(AF ) ⇥ G(AF ). In this book we did not use this convention because it
adds an extra layer of notation.





Hints to selected exercises

Chapter 1

1.12 Use the fact that parabolic subgroups would have unipotent elements.
This would imply that D has zero divisors, contradicting the assumption that
it is a division algebra.

Chapter 2

2.6 One approach uses the alternate definition of group schemes described
in Exercise 1.7.

2.7 See [CF86, Chapter II.6].

2.10 Note that GLn(FS) is an open subset of gln(FS) for any finite set of
places S and use weak approximation for AF (see Theorem 2.1.4).

2.14 In the archimedean case, use the Gram-Schmidt process. In the nonar-
chimedean case, one can proceed in an elementary manner using induction
on n. See [Bum97, Proposition 4.5.2].

2.15 Let HG : G(AF )! Hom(X⇤(G),R) be defined by

hHG(g),�i = log |�(g)|

for � 2 X⇤(G). Then kerHG = G(AF )1. Using (1.11) show that HG is
injective when restricted to AG. Show moreover that the subgroup index
[HG(AG) : HG(G(AF ))] is finite and that when F is a number fieldHG(AG) =
HG(G(AF )).

2.19 Using the description of GL2(Q)\GL2(AQ)/GL2(bZ) given at the end of
§2.6, the exercise can be deduced from the following well-known fact: Every

557
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element of the complex upper half plane is SL2(Z)-equivalent (under Möbius
transformations) to an element z satisfying � 1

2
 Re(z)  1

2
and |z| > 1.

Chapter 3

3.1 See [Fol95, Proposition 2.6].

3.2 Average a left Haar measure.

3.3 See [Fol95, §2.4], bearing in mind that �G(g) = �(g)�1 in the notation
of loc. cit.

3.15 Prove first that the complex vector space admits a G-invariant inner
product.

Chapter 4

4.2 See [Bum97, Theorem 2.4.1].

4.4 See [Bum97, Proposition 2.4.4].

4.10 The proof is an extension of the well-known construction of all the
finite dimensional irreducible representations of the Lie algebra sl2.

Chapter 5

5.6 Show that V has a countable basis and invoke Lemma 4.5.1.

5.11 See [Car79].

5.12 Mimic the proof of Proposition 4.2.6.

Chapter 7

7.3 Let C[M ] be the group algebra of a free abelian group M. We have a
commutative diagram
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0 C[X⇤(TsF sep)] C[X⇤(TF sep)] C[X⇤(TF sep)]

0 O[ bTs] O[ bT ] O( bT )

⇠

a

⇠

b

⇠

⌫⇤ c

where the vertical isomorphisms are given by Exercise 7.2, a is induced by the
inclusion Ts ! T and b(�) := ��1Fr � �. Here the action of Fr is well-defined
because T splits over an unramified extension. The map c is induced by

bT (R) �! bT (R)

t 7�! t�1Fr(t)

for C-algebras R. The fact that T splits over an unramified extension implies
that the top row of the diagram is exact, hence so is the bottom. The lemma
is a consequence of the exactness of the bottom row of the diagram.

7.4 See [Her11b, Lemma 2.1].

7.9 See [Lau96, Lemma D.1.5].

Chapter 8

8.5 Right exactness is the only point that is not obvious. Let (�, V ) and
(�0,W ) be smooth representations of G(F ) and let a : V ! W be an inter-
twining map. Let ' : G(F ) ! W be an element of IndGP (W ), and choose
a compact open subgroup K  G(F ) fixing '. By Lemma 8.2.1 for all
g 2 G(F ), one has

'(g) 2 V M(F )\gKg�1

.

Since V M(F )\gKg�1 ! WM(F )\gKg�1

is surjective by Exercise 7.9 there is a
vg 2 V M(F )\gKg�1

such that a(vg) = '(g). Fix a set of representatives X for
P (F )\G(F )/K. We then define

e' : G �! V

mnxk 7�! �1/2P (m)�(m)vx

for (n,m, x, k) 2 N(F )⇥M(F )⇥X⇥K. The function e' is fixed by K and is
therefore smooth, and by construction a(e') = '. Thus the map IndGP (V )!
IndGP (W ) is surjective.

8.6 Additivity is clear. Assume that

0 �! V1 �! V2 �! V3 �! 0
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is exact. It is easy to verify that V1N ! V2N ! V3N ! 0 is exact. On the
other hand, identifying V1 with its image in V2 we have

V1(N) = V1 \ V2(N).

It follows that V1N ! V2N is injective.

8.7 If ' 2 V and n0 2 N(F ) then there is a compact open subgroup KN 
N(F ) such that n0 2 KN . Choosing KN in this manner we see that

Z

KN

⇡(n)(⇡(n0)'� ')dn = 0.

Conversely, suppose that ' 2 V is such that
Z

KN

⇡(n)'dn = 0

for a compact open subgroup KN  N(F ). Choose a compact open subgroup
K 0

N  KN such that ' 2 V K0

N . Then

0 =

Z

KN

⇡(n)'dn =
1

[KN : K 0

N ]

X

n2KN/K0

N

⇡(n)'

which implies

' =
1

[KN : K 0

N ]

X

n2KN/K0

N

(⇡(n)'� ').

8.9 For each i let mi  C1
c (G(F ) //K) be the annihilator of Vi. It is

a maximal ideal, and mi = mj if and only if i = j. Choose f1, . . . , fn 2
C1

c (G(F ) //K) such that fi 2 mi and
Pn

i=1
fi = K , where we have normal-

ized the Haar measure so that K has measure 1. Then K �f1 is the identity
on V1 and zero on Vi for i 6= 1.

8.11 Show that if Q(�a,�a) and Q(�a0

,�a0) are linked then one of their
central characters is not unitary.

Chapter 9

9.4 See [DE09, Proposition 5.3.2].
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Chapter 10

10.5 Use Proposition 8.3.1.

10.7 See [Cas, §8].

Chapter 11

11.4 For µ dominant, relate the value of the Whittaker function at µ($) to
the action of GL2(OF )µ($)GL2(OF ) on J(�). Then use that the eigenvalues of
such an operator can be computed in terms of � by Proposition 7.6.9.

11.5 See [JS81b, §2.5].

11.7 See [Bum97, Theorem 3.6.1].

Chapter 12

12.1 Use Lemma 5.1.2 to prove that the kernel of the homomorphism is
open.

12.3 See [Bor79, §2.5].

12.8 Assume first that the ⇡i are all square integrable. Then none of them are
linked in the sense of §8.4. Hence we conclude by Theorem 8.4.4. The general
case can be reduced to this case by Theorem 8.4.5 and the transitivity of
induction.

Chapter 14

14.7 Use Theorem 11.5.2 and the local version of (14.13).

Chapter 15

15.4 Let
K(N) := {g 2 GLn(bZ) : g ⌘ In (mod NbZ)}.

Then GLn(Q)\K(N) is the group in the proof of Lemma 15.2.1 and hence is
neat for su�ciently divisibleN. The set of eigenvalues of matrices in GLn(Q)\
g�1K(N)g is independent of g 2 GLn(A1

Q ).
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Chapter 17

17.2 Consider the natural action of Gm on X = Ga.

Chapter 18

18.1 Let H  R
n be a closed real Lie subgroup with finitely many connected

components. Then by the correspondence between connected Lie groups and
Lie algebras we deduce that the neutral component H0  H (in the real
topology) is isomorphic to R

k for some k  n. Thus the quotient

H/H�  R
n/Rk

is a finite subgroup of Rn�k. Such a subgroup is trivial.

18.2 Any connected subgroup of a torus over a characteristic zero field
is again a torus [Mil17, Corollary 17.25]. Thus the assertion follows from
Theorem 1.7.1.

18.6 Let G = Gm⇥ SL2 and let H < G be the subgroup whose points in an
F -algebra R are given by

H(R) :=
��

t,
�
t
t�1

��
: t 2 R⇥

 
.

18.7 See [Kot86a].
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(H,�)-distinguished representation
cuspidal automorphic, 372
smooth, 370

(H,�)-functional, 370
(g,K)-module, 114

admissible, 114
(g,K1)⇥G(A1

F
)-module, 161

1-cocycle, 443
cohomologous, 443

A-packet, 336
local, 364

A-parameter, 363
C

⇤-algebra, 96
Dv-compatible, 509
F -supercuspidal function, 429
G-intertwining map, 78
H-distinguished representation

admissible, 370
cuspidal automorphic, 372

H-torsor, 448
trivial, 448

K-finite function, 161
K-type �, 113
L-group, 189

parabolic subgroup of, 191
Levi subgroup of, 193
relevant, 192
relevant Levi subgroup of, 193
standard, 191

L-indistinguishable, 337
weakly globally, 205

L-map, 189
L-packet

automorphic global, 333
global, 332
local, 327
unramified, 328

Vogan, 378, 388
weak automorphic, 206

L-parameter, 322
adelic, 332
almost tempered, 330
equivalent, 322
equivalent adelic, 334
tempered, 326
unramified, 327

R-points, 3
R-valued points, 3
Z(g)-finite, 157
�-distinguished representation

admissible, 370
cuspidal automorphic, 372

w-generic, 329
Fr-semisimple, 195
 -Whittaker function

global, 295
✓-conjugation, 480
✓-elliptic, 481
✓-semisimple, 481
v-adic metric, 46

absolute value, 46
archimedean, 46
equivalent, 46
nonarchimedean, 46
normalized, 46
trivial, 46

action
natural, 79
regular, 79

adele ring, 48
adelic quotient, 68
admissible C

1
c

(G)-module, 138
a�ne algebraic group, 12

563



564 Index

a�ne group scheme, 7
abelian, 8
additive, 8
constant, 22
linear, 9
monomorphism of, 9
multiplicative, 8
quotient, 10
quotient map of, 9
trivial, 22

a�ne scheme, 3
étale, 5
connected, 13
finite, 4
flat, 57
integral, 4
irreducible, 4
of finite presentation, 4
of finite type, 4
reduced, 4
smooth, 4

a�ne subgroup scheme, 9
approximate identity, 86
approximation

strong, 50, 64
weak, 64

Arthur-SL2, 363
Artin conjecture, 350

strong, 350
Artin reciprocity map, 315
automorphic form

classical, 157
cuspidal, 165, 262
over a function field, 164
over a number field, 161

automorphic induction, 348
automorphic kernel, 427
automorphic representation, 167

C-algebraic, 341
L-algebraic, 341
discrete, 91
over a function field, 165
over a number field, 163

automorphy factor, 174
automorpic kernel function, 419

base change
of a scheme, 11
of an admissible representation, 348

Borel subgroup scheme, 536
Bruhat cell, 487

Casselman-Shalika formula, 297
Cauchy identity, 305

central isogeny
equivalent, 29
of a�ne algebraic groups, 28
of root data, 28

character, 82
generic, 292
Hecke, 182
infinitesimal, 119, 124
of an admissible representation, 127,

223
of an algebraic group, 19

class, 437
association, 271
geometric, 441
Langlands, 195
map, 444
relatively semisimple, 437

classification
Bernstein-Zelevinsky, 220, 221
endoscopic, 361
Langlands, 129

closed immersion, 5
closed subscheme, 5
cocharacter, 19
cocycle condition, 443
coe�cient of ⇡, 225
cohomology

(g,K1), 401
cuspidal, 403
Eisenstein, 403

coinvariants, 216
commensurable, 70
complex dual, 30
conductor of ⇡, 304
constant group scheme FN , 194
constant term, 166

of f along B, 196
of f along P , 228

contracted product, 448
converse theorem, 310
coordinate ring, 3
coroot, 27
cusp form, 165, 172
cuspidal automorphic representation,

166, 167
discrete, 167

cuspidal support, 220

datum
cuspidal, 219
Shimura, 408
Whittaker, 328

Dirac sequence, 244
discrete series representation, 126
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discrete spectrum, 240
distinction, 369
distribution, 223
Dixmier-Malliavin lemma, 108
dual root system, 27
dynamic, 539, 540

Eisenstein series, 273
element

absolutely semisimple, 230
Casimir, 132
elliptic, 479
neat, 395
neutral, 443
nilpotent, 13
relatively elliptic, 461
relatively regular, 436
relatively semisimple, 436
relatively unimodular, 446
relevant, 446, 459
semisimple, 13
unipotent, 13

equalizer, 38
exact diagram, 38
exponent of the conductor, 304

factorizable module, 149
fiber

generic, 57
product, 6
special, 57

field
function, 45
global, 45
local, 46
number, 45

field of Hilbert spaces, 92
direct integral, 93
measurable, 92

field of operators, 93
direct integral, 93
measurable, 93

finite adeles, 49
finite length, 203
finiteness of class numbers, 67
first Galois cohomology, 443
Flath’s theorem, 150
form

equivalent, 386
equivalent pure inner, 387, 388
inner, 386, 445
of an algebraic group, 445
outer, 526
pure inner, 387, 388

formally smooth, 4
Fourier transform

adelic, 548
local, 547

fppf, 448
fppf cover, 37
fppf sheaf, 38
Fréchet space, 105
Frobenius

arithmetic, 315
geometric, 315

fundamental lemma, 505
Hecke algebra, 505
Jacquet-Mao, 382
Jacquet-Ye, 379

G̊arding subspace, 108
Gan-Gross-Prasad conjecture, 385
Gelfand-Pettis integral, 83
geometric

fiber, 536
point, 536

geometric correspondence, 503
geometric Langlands program, 195
geometric Satake correspondence, 195
global A-packet

discrete, 363
global A-parameter

discrete generic, 363
global L-packet

weak, 205
good position, 195, 227, 535
group

adjoint, 28
almost simple, 66
anisotropic, 32
definite unitary, 42
equal rank, 323
inertia, 319
isotropic, 32
Langlands, 334
Langlands dual, 189
quasi-split classical, 355
reductive, 14
root, 33
semisimple, 14
simply connected, 28
solvable, 13
split reductive group, 22
td-, 133
td-type, 133
twisted endoscopic, 511
unimodular, 81
unipotent, 13
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unramified reductive, 58, 144, 182
Weil, 315
Weil-Deligne, 318
Weyl, 22

Haar measure
left, 81
right, 81

Hamel basis, 152
Harish-Chandra homomorphism, 123
Harr measure, 81
Hecke algebra, 134

of K-type ⌅, 120
spherical, 144
unramified, 144, 182

Hecke eigenform, 172
Hecke eigenvalue, 172
Hecke operator, 172
Hilbert space, 78

separable, 78

Ichino-Ikeda conjecture, 378
infinitesimally equivalent, 117
involution

of orthogonal type, 524
of symplectic type, 524
of unitary type, 524

isometry group, 521
isomorphism

of a�ne group schemes, 7
Iwasawa decomposition, 70, 128, 196

Jacobi identity, 16
Jacobson density theorem, 121
Jacquet functor, 216
Jacquet module, 217
Jordan decomposition, 13

Künneth formula, 407
kernel function, 242
Kloosterman integral, 489
Kuznetsov formula, 485

Langlands L-function, 338
Langlands correspondence, 313

archimedean, 323
local, 325, 327

Langlands data, 129, 221
Langlands decomposition, 128
Langlands functoriality conjecture, 207
Langlands quotient, 129, 220
Langlands reciprocity, 313, 335
Langlands-Shahidi method, 353
Levi decomposition, 15

Lie algebra, 15
Lie bracket, 16
lift

of the correspondence, 399
weak, 347

limit of discrete series, 126
local system, 397
locally symmetric space, 394

Maass forms, 176
matching, 503, 505, 509, 510
matrix coe�cient, 110, 212
Matsushima’s formula, 403
maximal split torus, 21
measurable field of representations, 94

direct integral, 94
unitary, 94

model, 57
moderate growth, 157

adelic function of, 159
Fréchet representation of, 118

modular form, 172
morphism

of Lie algebras, 16
dominant, 6
fppf, 37
of a�ne group schemes, 7
of a�ne scheme, 3
of presheaf, 37
structure, 7
surjective, 6

multiplicity one, 301
strong, 307

neutral component, 13
nondegenerate module, 137
norm, 510

Hilbert-Schmidt, 238
trace, 238

operator
compact, 244
diagonal, 93
Hilbert-Schmidt, 238
intertwining, 269
trace class, 238

orbital integral, 231, 479
global relative, 459
local relative, 447
twisted, 481

orthogonal type, 362

parabolic descent, 200
of orbital integrals, 230
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of representations, 227
parabolic induction, 212, 213
parabolic subgroup scheme, 536
parameter

C-algebraic, 340
L-algebraic, 340

period integral, 241, 372
Peter-Weyl Theorem, 112
pinning, 186
place, 46

archimedean, 46
finite, 46
infinite, 46
nonarchimedean, 46

Poincaré duality, 407
Poincaré series, 242
Poisson summation, 548
pre-Hilbert space, 79
presheaf, 37
primitive ideal, 96
product formula, 47

quasi-character, 82
central, 131
modular, 82, 200, 211
unramified, 200

quasi-complete space, 84
quasi-split, 31
quotient

categorical, 438
GIT, 438

radical, 14
unipotent, 14

Ramanujan conjecture, 285
Ramanujan’s �-function, 176
rank

of a torus, 18
of an a�ne algebraic group, 21

Rankin-Selberg L-function, 291
global, 306
local, 301
unramified, 305

Rankin-Selberg integral
global, 308
local, 302

rapidly decreasing function, 261
reduced norm, 520
reduced trace, 520
reduction theory, 71
reductive group scheme, 536
reflex field, 410
regular element of a⇤

TC, 204
relative Langlands program, 378

relative to the action of H, 436
representable

fppf sheaf, 39
functor, 3

representation
adjoint, 18
admissible, 113, 138
admissible Hilbert, 139
Asai, 358, 380
cohomological, 403
conjugate dual, 359
conjugate self-dual, 359
contragredient, 141
dihedral, 352
discrete series, 126
equivalent, 78
faithful, 8
Frobenius-semisimple, 318
generic, 222, 293
Hermitian contragredient, 142
Hilbert space, 139
icosahedral, 352
induced, 129, 211, 267
isobaric, 208, 286
nearly equivalent, 387
nondegenerate, 294
octahedral, 352
odd, 352
of a locally compact group, 78
of an a�ne group scheme, 8
pre-unitarizable, 79
pre-unitary, 79
principal series, 125, 200
quasi-cuspidal, 212
quotient, 78
regular, 81, 237, 417
smooth, 118, 137
Speh, 287
spherical, 146
square integrable, 126
essentially, 126

Steinberg, 289
subquotient, 78
supercuspidal, 127, 212
tempered, 126
essentially, 126

tetrahedral, 352
unitarily equivalent, 78
unitarizable, 78
unitary, 78
unramified, 146, 182
unramified principal series, 203

restricted direct product, 56
restricted product topology, 48
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restricted tensor product
of algebras, 148
of vector spaces, 147

restriction map, 37
ring of integers, 47
root, 24

group, 26
positive, 25
defined by P , 36

simple, 25
spaces, 24

root datum, 26, 27
dual, 29
base, 186
reduced, 27

root system, 25
base, 25
rank, 25
reduced, 25
Weyl group, 25

Sakellaridis-Venkatesh conjecture, 378,
385

Satake isomorphism, 183
Satake parameter, 195
section, 37, 92

measurable, 93
segment, 222

linked, 222
self-dual Haar measure

adelic, 548
local, 547

semisimplification, 203
sheaf of sections, 398
sheafification, 39
Shimura manifold, 394
Siegel set, 71
Siegel upper-half space, 266
slowly increasing function, 157

adelic, 159
smooth dual, 141
smooth endomorphisms, 225
smooth function, 134
smooth linear functional, 141
space of K-finite vectors, 113
Speh representation

type, 362
stability of �-factors, 357
subgroup

ker�, 10
arithmetic, 69, 395
associated parabolic, 271
Borel, 31
congruence, 70, 395

derived, 13
hyperspecial, 58
Levi, 15
minimal parabolic, 32, 33
neat arithmetic, 395
neat compact open, 396
normal, 10
opposite parabolic, 34
parabolic, 31
proper parabolic, 31
spherical, 377
standard Levi, 35
standard parabolic, 33, 220, 268
symmetric, 379

subquotient theorem, 129
subrepresentation, 78
subspace
�-isotypic, 113
cuspidal, 166, 239

supercuspidal function, 427
symplectic type, 362

Tamagawa measure, 90
Tamagawa number, 90
topology

Fell, 95, 96
Hausdor↵, 52
hull-kernel, 96
Jacobson, 96
Zariski, 5

torus, 18
anisotropic, 20
Deligne, 11, 408
induced, 65
maximal, 21
quasi-trivial, 65
split, 18, 20

trace, 238
of ⇡(f), 223
relative, 424
twisted, 481

trace formula
geometric side, 473
relative, 369, 468
simple, 479
simple general relative, 473, 477
simple relative, 468
simple twisted, 480, 482
spectral side, 473

transfer, 505
Jacquet-Langlands, 507
weak, 347

transfer factor, 505
twisted endoscopy, 511
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type I group, 95, 97

unfolding, 242
uniform moderate growth, 157

adelic function of, 159
uniformizer, 47
unitary dual, 95
unramified outside of S

admissible representation, 206
group, 206

valuation, 45
variety

Hilbert modular, 411
Kottwitz, 411
Shimura, 393, 410
Siegel modular, 411
spherical, 377

symmetric, 379
vector

K-finite, 113
V -cohomological, 402
cohomological, 402, 403
smooth, 106, 169

vector field, 92

weight, 23
spaces, 23

Weil restriction of scalars, 11
Weyl chamber, 36

positive, 36
Weyl law, 502

relative, 503
Whittaker expansion, 296
Whittaker functional, 293
Whittaker model, 294
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Astérisque, (257):vi+161, 1999. Appendix A by Laurent Clozel
and Labesse, and Appendix B by Lawrence Breen. 432, 444, 511

[Laf02] L. La↵orgue. Chtoucas de Drinfeld et correspondance de Lang-
lands. Invent. Math., 147(1):1–241, 2002. 366

[Laf14] L. La↵orgue. Noyaux du transfert automorphe de Langlands et
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[Ngô10a] B. C. Ngô. Endoscopy theory of automorphic forms. In Proceed-
ings of the International Congress of Mathematicians. Volume I,
pages 210–237. Hindustan Book Agency, New Delhi, 2010. 511
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Classics. Birkhäuser Boston, Inc., Boston, MA, second edition,
2009. 2, 32, 34, 540

[Sta16] The Stacks Project Authors. Stacks project. http://stacks.
math.columbia.edu, 2016. 4, 6, 10, 39, 40, 58, 436

[Ste65] R. Steinberg. Regular elements of semisimple algebraic groups.
Inst. Hautes Études Sci. Publ. Math., (25):49–80, 1965. 184, 230,
437, 479

[Ste68] R. Steinberg. Endomorphisms of linear algebraic groups. Mem-
oirs of the American Mathematical Society, No. 80. American
Mathematical Society, Providence, R.I., 1968. 232, 522
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